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Abstract

According to a generalization of division (g-division) of fuzzy numbers, this paper is
concerned with the boundedness, persistence and global behavior of a positive fuzzy
solution of the third-order rational fuzzy difference equation

Xn
Xpy1 =A+————, n=0,1,...,
Xn-1Xn-2

where A and initial values xg, X_1, x_; are positive fuzzy numbers. Moreover, some
examples are given to demonstrate the effectiveness of the results obtained.
MSC: 39A10

Keywords: fuzzy difference equation; boundedness; persistence; global asymptotic
behavior

1 Introduction
It is well known that difference equations appear naturally as discrete analogs and as nu-
merical solutions of differential equations and delay differential equations having many
applications in economics, biology, computer science, control engineering, etc. (see, for
example, [1-11] and the references therein). Recently there has been a lot of work con-
cerning the global asymptotic stability, the periodicity, and the boundedness of nonlinear
difference equations. Moreover, similar results have been derived for systems of two non-
linear difference equations.

Papaschinopoulos and Schinas [12] investigated the global behavior for a system of the

following two nonlinear difference equations:

Yn Xn
xn+l:A+ ) yn+1:A+ ) }’l:(),l,...,

Xn-p Yn—q

where A is a positive real number, p, g are positive integers, and x_,...,%o, Yz, ..., Yo are
positive real numbers.
In 2005, Yang [13] studied the global behavior of the following system:

_ Xy
xn=A+y"71, ya=A+— n=12,...,

KXn-pYn-q Xn-rYn-s
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where p > 2, 49> 2,r>2,s>2, A is a positive constant, and initial values X1_max{p,r},
X2-max{p,r}s - - - 1%0s Y1-max{q,s}» Y2-max{g,s}s - - -» Yo are positive real numbers.

In 2012, Zhang et al. [14] investigated the global behavior for a system of the following
third-order nonlinear difference equations:

Xn-2 yn—2

Xnel = 5 Yl = >
B+ Yn-2Yn-1Yn A+ Xp—2Xn-1%n

where A, B € (0,00), and initial values x_;,y_; € (0,00),i=0,1,2.
Ibrahim and Zhang [15] studied dynamics of the third-order system of rational difference

equations
A1Yn-2 QXp-2
Xyl =7 Ynil=——————————
B1 + V1%nXn_1%42 B2 + VoYuYn-1Yn—2
n=0,1,2,..., where the parameters o, a3, B1, B2, ¥1, ¥» and initial conditions xg, x_1, x_»,

Yo, Y-1, Y—2 are positive real numbers.

Although difference equations and a system of difference equations are sometimes very
simple in their forms, they are extremely difficult to understand through the behavior of
their solutions. On the other hand, these models inherently process uncertainty or vague-
ness. In order to consider these uncertain factors, fuzzy set theory is a powerful tool for
modeling uncertainty and for processing vague or subjective information in a mathemati-
cal model. Particularly, the use of fuzzy difference equations is a natural way to model the
dynamical systems with embedded uncertainty.

Fuzzy difference equation is a difference equation where parameters and initial values
are fuzzy numbers, and its solutions are sequences of fuzzy numbers. Due to the appli-
cability of fuzzy difference equation for the analysis of phenomena where imprecision is
inherent, this class of difference equations and its applications is a very important topic
from theoretical point of view. Recently there has been an increasing interest in the study
of fuzzy difference equations (see [16—26]). For example, fuzzy difference equations are
suitable in finance problems. Chrysafis et al. [25] studied the fuzzy difference equation of
finance. Their research is in finance which is about the alternative methodology to study
the time value of money, the method of fuzzy difference equations. Studies have shown
that the fuzzy difference equations have a potential to be applied in the theory of fuzzy
time series, fuzzy differential equations and stochastic fuzzy differential equations. Read-
ers can refer to [27-32].

Motivated by the discussions above, according to a generalization of division (g-division)
of fuzzy numbers, we study the behavior of solutions of the following fuzzy difference
equation:

Xn

Xps1 = A+ n=0,1,..., @

Xp-1Xn-2 ’
where A and initial conditions x_;,y_; € (0,00), i = 0,1, 2, are positive fuzzy numbers.

The aim of this paper is to study the existence of positive solutions of (1). Furthermore,
we give some conditions so that every positive solution of (1) is bounded and persistent.
Finally, under some conditions we prove that (1) has a unique positive equilibrium x and
every positive solution of (1) tends to x as n — oco. Our results extend the result of refer-
ence [20].
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2 Preliminaries and definitions
For the convenience of the readers, we give the following definitions.

Definition 2.1 [20] A : R — [0,1] is said to be a fuzzy number if it satisfies conditions
(i)-(iv) written below:

(i) A isnormal, i.e., there exists x € R such that A(x) = 1;

(i) A is fuzzy convex, i.e., for all £ € [0,1] and x3,x; € R such that

A(txy + (1= 8)x2) = min{A(x), A(x2) };

(iii) A is upper semicontinuous;

(iv) the support of A, suppA = Uae(O,l] [A]y = {x: A(x) > 0} is compact.

For « € (0,1], we define the a-cuts of fuzzy number A with [A], = {x € R: A(x) > o} and
for @ = 0, the support of A is defined as suppA = [A]y = {x € RIA(x) > 0}. It is clear that
[A]. is a closed interval. A fuzzy number is positive if suppA C (0, 00).

It is obvious that if A is a positive real number, then A is a fuzzy number such that
[A]e = [A,A], @ € (0,1]. Then we say that A is a trivial fuzzy number.

Let A, B be fuzzy numbers with [A], = [A14,Arals [Ble = [Bia»Brel, @ € [0,1], and k > 0,
we define addition and multiplication as follows:

[A + B]ot = [Al,a + Bl,ouAr,oz + Br,oz]; (2)
[kA]a = [Ml,ou kAr,o(]c (3)

The collection of all fuzzy numbers with addition and multiplication as defined by Egs.
(2) and (3) is denoted by E*.

Definition 2.2 [20] The distance between two arbitrary fuzzy numbers A and B is defined
as follows:

D(A,B) = sup max{|A, — Bial, |Ara — Bral}- (4)
ael0,1]

It is clear that (E!, D) is a complete metric space.

Definition 2.3 [33] Let A,B € E! have a-cuts [A]y = [Aja,Ara], [Bla = [Bio,Brel, with
0 ¢ [Bla, Yo € [0,1]. The g-division <+ is the operation that calculates the fuzzy number
C = A +4 B having level cuts [Cly = [Cjq, Cro] (here [A]}! = [1/A;4,1/A14]) defined by

(i) [A]a = [B]Dt[C]Dt
[Cla =[Ale +¢ [Bls <= or (5)
(i) [Bla = [Al[C];}

provided that C is a proper fuzzy number (C;, is nondecreasing, C,, is nondecreasing,
G < Crp).

Remark 2.1 According to [33], in this paper the fuzzy number is positive, if A +; B=C €
E! exists, it is easy to see that the following two cases are possible.
Case (1) IfAl,aBr,ot = Ar,aBl,ou Yo € [0, 1], then Cl,a = ;ﬂ, Cr,ot = 4ra .

Br,a

Case (11) IfAl,aBr,ot > Ar,aBl,ou VYa € [O¢ 1]¢ then Cl,a = g:—’:r Cr,a = 2%:?}
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The fuzzy analog of the boundedness and persistence (see [18, 19]) is as follows: a se-
quence of positive fuzzy numbers (x,,) persists (resp. is bounded) if there exists a positive
real number M (resp. N) such that

suppx, C [M, o0) (resp. suppx, C (O,N]), n=12,....

A sequence of positive fuzzy numbers (x,) is bounded and persists if there exist positive
real numbers M, N > 0 such that

suppx, C [M,N], n=12,....

A sequence of positive fuzzy numbers (x,), n=1,2,..., is unbounded if the norm ||x,]|,
n=1,2,...,is an unbounded sequence.

x, is a positive solution of (1) if (x,) is a sequence of positive fuzzy numbers which sat-
isfies (1). A positive fuzzy number x is called a positive equilibrium of (1) if

x
X = A+ E

Let (x,) be a sequence of positive fuzzy numbers and x be a positive fuzzy number,

X, = x as n — oo if lim,,_, oo D(x,,x) = 0.

3 Main results
3.1 Existence of solution of Eq. (1)
Firstly we study the existence of positive solutions of (1). We need the following lemma.

Lemma 3.1 [20] Letf:R* x R* x R* x R* — R* be continuous, A, B, C, D be fuzzy num-
bers. Then

V(A: B, C,D)]a :f([A]ou [Bla, [Cla, [D]Ot)’ o €(0,1]. (6)

Theorem 3.1 Consider Eq. (1) where A is a positive fuzzy number. Then, for any positive
fuzzy numbers x_y, x_1, xo, there exists a unique positive solution x,, of (1) with initial con-
ditions x_o, x_1, Xo.

Proof The proof is similar to that of Proposition 2.1 in [19]. Suppose that there exists a
sequence of fuzzy numbers (x,) satisfying (1) with initial conditions x_;, x_1, xg. Consider
the a-cuts, @ € (0,1],

[xn]ot = [Ln,aar,a]x n=0,12,..., [A]a = [Al,arAr,a]' (7)

It follows from (1), (7) and Lemma 3.1 that

[xn+l]a = [Ln+1,ou Rn+1,o¢] = [A + n ] = A]cx k
KXn-1Xn-2 |4 [xn—l]a X [xn—Z]a
[Ln,mRn,a]

= [Al,arArot] + .
[Ln—l,oan—Z,a: Rn—l,aRn—2,a]

Noting Remark 2.1, one of the following two cases holds.
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Case (i)
Ly Ry
X =[L ,R =|Ajg+ ———— Apg+ ———m |. 8
[ n+1]o¢ [ n+l,a n+1,a¢] [ La Ln_l,aLn_z,a 7, Rn_l,aRn_z,a ( )
Case (ii)
Ry Ly
X =[L ,R =|Ajg+ —————Apg+ ——— |. 9
[ n+1]o¢ [ n+l,a n+1,o¢] [ La Rn_l,aRn_z,a 7o Ln_l,aLn_z,a ( )

If Case (i) holds true, it follows that for # € {0,1,2,...}, « € (0,1],

LVI o RVI o
L =Ajg+ ———, R =Ap gy + —. 10
n+l,0 Lo Ln_l,aLn_z,a n+l,a ro Rn_1,aRn_2,a ( )
Then it is obvious that for any initial condition (L4, Rje), j = =2,-1,0, a € (0,1], there ex-
ists a unique solution (L, 4, R, o). Now we prove that [L,, 4, R, 4], @ € (0,1], where (L, 4, Ry,,o)
is the solution of system (10) with initial conditions (L, R;«), j = =2, -1, 0, determines the
solution x,, of (1) with initial conditions x_, x_, xo such that

[%nle = [LungsRuel, @ €(0,1,n=0,1,2,.... (11)

From reference [18] and since x;, j = -2, -1, 0, are positive fuzzy numbers for any o, o €

(0,1], a1 < g, we have

0< Lj,oq = Lj,a2 = Rj,Dlz = Rj,all ] =-2,-1,0. (12)
We claim that
Ln,oq S Ln,ocz S Rn,az S Rn,olll n= 01 ly 21 AR (13)

We prove it by induction. It is obvious from (12) that (13) holds true for n = 0,1,2. Sup-
pose that (13) are true for n < k, k € {1,2,...}. Then, from (10), (12) and (13) for n <k, it

follows that
Ly Ly
Lk+1,a1 = Al,oq + 1 =< Al,a + 2 = Lk+1,a2
Lk*l,O(lkaloq Lk*l,otngfz,az
Ly Ry
= Al,ot + =2 =< Ar,oz + —2 - Rk+l,oz2
Lk—l,asz—Z,OQ Rk—l,asz—Z,otz
Ry Ri
=Arq+ 22 SApe + - - Rk+1,011'
Rk—l,asz—Z,az Rk—l,oqu—Z,oq
Therefore (13) are satisfied. Moreover, from (10) we have
Log Roo
Ll,a =Al,a ), Rl,ot =A7',Ot t+t [P AS (0; l] (14)
L—2,aL—1,ot R—Z,aR—I,a

Since ¥, j = —2,-1,0, are positive fuzzy numbers and A is a positive fuzzy number, then
we have that Ly, Row, L_14) R14, L_24, R_54 are left continuous. So from (14) we have
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that L ,, Ry, are also left continuous. Inductively we can get that L, 4, R4, n=1,2,...,
are left continuous.

Now we prove that the support of x,, suppx, = |, <0,1] [Ly,Ryy] is compact. It is suffi-
cient to prove that Uae(O,l] [Ly,sRue] is bounded. Let # = 1, since %, j = -2, -1,0, are pos-
itive fuzzy numbers and A is a positive fuzzy number, there exist constants P > 0, Q > 0,
M;>0,N;>0,j=-2,-1,0, such that for all « € (0,1],

[Al,ouAr,a] - [Pr Q]’ [Lj,aer,a] C [M])]\[]L j: -2,-1,0. (15)

Hence from (14) and (15) we can easily get

N,
0 Q+—|, ac(0,1], (16)
M_1M_, N_1N_,

[Ll,oan,a] C |:P+

from which it is obvious that

No
+
N_1N_,

U [LiwRial € [P + Q

ae(0,1]

0
MM, i|, a € (0,1]. (17)

Therefore (17) implies that |, (1 [L1,a) Rie] is compact and (J, ¢ (o1 [L1ar Ria] C (0,00).
Deducing inductively we can easily obtain that | J, (o 1)[Lna» Rue] is compact, and

U LiwsRial C(0,00), n=12,.... (18)
ae(0,1]

Therefore, (13), (18) and since L, 4, R, are left continuous, we have that [L,, 4, R, ] deter-
mines a sequence of positive fuzzy numbers x, such that (11) holds.

We prove now that x;,, is the solution of (1) with initial conditions x_;, x¢. Since for all
o € (0,1],

Kns1le = [LVHl,ou Rn+1,a]

Lna Rnoz
= |:Al,a + ’AV,Ot +
Ln—l,aLn—Z,at Rn—l,aRn—Za

Xn
= |:A + ] ,
Xn-1%n-2 1y

we have that x,, is the solution of (1) with initial conditions x_,, x_1, x¢.

Suppose that there exists another solution %,, of (1) with initial conditions x_5, x_1, 0.
Then from arguing as above we can easily prove that

(%ulo = [Lyar Rual, @ €(0,1],n=0,1,2,.... 19)

Then from (11) and (19) we have [x,], = [x,]o, @ € (0,1], 7 = 0,1, 2,..., from which it fol-
lows thatx, =x,,, n=0,1,....

If Case (ii) holds, the proof is similar to that of Case (i). Thus the proof of Theorem 3.1
is completed. O
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3.2 Dynamics of Eq. (1)
To study the dynamical behavior of positive solutions of (1), according to Definition 2.3,

we consider the following two cases.

Case (i)
Ly Ry
x =[L ,R = A+ ——— A g+ ——mmM |.
[ n+1]a [ n+l,a n+1,0¢] [ La Ln_l,aLn_Z,a ra Rn_l,aRn_Z,a]
Case (ii)
Ry Ly
X = [Lys1,a, R = A+ — A+ ——|.
[ n+1]a [ n+l,a n+1,a] [ La Rnfl,aRnfz,a r,a Lnfl,aLnfz,a

Firstly, if Case (i) holds true, we give the following lemma.

Lemma 3.2 Counusider the system of difference equations

Yn Zn

, Zys1 =q + n=0,1,..., (20)
yn—lyn—Z

Yna1=p+ ’
Zn-1Zn-2

where p,q € (1,+00), ¥_2,9-1,Y0,2-2,2-1,20 € (0,+00). Then, for n > 4,

3 qB
+y3, <z <5 +z. (21)
g -1

PEmE 5
Proof From (20) it is clear that y, > p, z,, > g for n > 1. In view of (20), we obtain for n > 4
that

n-1 1 Zyn-1 1

Pt Snt Zn=q+ <q+ —5zn. (22)
Yn-2Yn-3 p Zn-22Zn-3 q

In=p+

Working inductively, we conclude for n — k > 3 that

1 1 1 1 1 1 1 1 1
yn§p+—+—4yn_2§p+—+—3+—6yn_3§p+—+—3+—5+—8yn_4
p p p p p p p p p
k
- <Z L  Onk__ P [ B (i) } Vn-k
- - — p21—3 p2k 1—1/]92 pz p2k
3
p
_Iﬁ"'ynfk, (23)
1 1 1 1 1 1 1 1 1
ZnSq+ —+ ZZpaSqt -+ 3+ 223 Sq+ —+ <+ =+ —<Zna
q 4 q q q 4 q q
k k
1 Zn-k q |: <1> ] Zn-k
<-.-=< — + = 1-{— +
iX:l:qZL—?) q2k 1_1/q2 q2 q2k
3
q
=gtk (24)

Notice that #n — k > 3 is equivalent to k < n — 3. The assertion is true. O
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Theorem 3.2 Consider fuzzy difference equation (1), where A is a positive fuzzy number
and the initial values x_;, xo are positive fuzzy numbers. Suppose that there exist positive
numbers P, Q forall o € (0,1] suchthat1 <P < Ay < Ao < Q, then every positive solution
xy of (1) is bounded and persists.

Proof (i) Let x, be a positive solution of (1) such that (9) holds. From (8) it is obvious that
P<L,,, P<Ru n=12,..,0e(0,1]. (25)

Then from A;, > P >1, (25) and Lemma 3.2 we get

[LyasRua] C[P,Ty), n>5, (26)
where
3 3
T, = rnax{P2 -3 + L3, @1 + R34 }

Then since %, is a positive fuzzy number, there exists a constant 7' > 0 such that for all
a €(0,1],

Ty <T. (27)
Therefore (25) and (26) imply that [L,, 4, R,o] C [P, T], n > 4, from which we get for n > 4,

UweoLner Rual C [P, T1, and 50 (U, ¢ o17[Lnar Rual S [P, T1. Thus the positive solution
is bounded and persists. d

To show that every positive solution x,, of system (1) tends to the positive equilibrium x
as n — 00, we need the following lemmas.

Lemma 3.3 Counsider the difference equation

Yn

yn+1:p+y y ) n:0r1)21~-~~ (28)
n-1Yn-2

Assume p > % Then the equilibrium point of (28) is asymptotically stable.

B

pta/pe+4

- The linearized

Proof Let y be an equilibrium point of (28), it is easy to get y =
equation associated with (28) about equilibrium point y is

2 2 2
nel T n— -1~ —
It p+2+p\/p2+4y p+2+p,/pz+4yn1 p+2+p\/‘4192+4yn2

=0, n=0,12,.... (29)
Since p > %, we can get

6

—<1
p+2+pJ/p*+4
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By virtue of Theorem 1.3.7 in [7], the equilibrium point of (28) is asymptotically sta-
ble. d

. . ) 2
Lemma 3.4 Counusider the system of difference equations (20), and assume that q > p > ik

Then every positive solution of (20) converges to equilibrium (y,z) = (B '2p2+4, AL S "2672%).

Proof It is clear that system (20) has a unique equilibrium (y,z) = (

NN
— Y T) Let

{¥u,z,} be an arbitrary positive solution of (20). Let

A; = lim supy,, A1 = lim infy,, Ay = lim supz,, Ay = lim infz,.
n—0o0 n— 00 n—00 n— 00

From Lemma 3.2, we have 0 < p < A1 < A1 < 00,0 < g <Ay < Ay <o0. This and (20) imply
that

As > M - A2
DRI - + — - + —
22 1=P% 2=47 %2

1 2

A<pi D
1_P+_;
M

A2§q+

which can lead to
A1 <A, Ay < Ay

Thus we have A; = A; and Ay = Ay. Then lim,_ ¥y, and lim,_  z, exist. From the
uniqueness of the positive equilibrium (,%z) of (20), we conclude that lim,—, ¥, = ¥,

lim, 00 2, = 2. O

Theorem 3.3 Suppose that for all o € (0,1], A;, > 2/+/3. Then every positive solution x,,

of (1) tends to the positive equilibrium x as n — oo.

Proof Suppose that there exists a fuzzy number x such that

x=A+ %]y = [LoysRy], €(0,1], (30)

Er
where Ly, R, > 0. Then from (30) we can prove that

L R
LO( :Al,ot'l'L_c;y R—;.

o

Ry = AI’,D( + (31)

Hence from (31) we can have that

A + /A7, +4
[y-— Y '

o P ) Roz:

Let x, be a positive solution of (1) such that (7) holds. Since A;, > 2/4/3, a € (0,1], we

can apply Lemma 3.4 to system (10), and so we have

lim Ly = Lo, lim R,y = Ry. (32)

n—00 n—00
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Therefore from (31) we have

hm D(x,,x) = lim sup {max{le—L I |IRye — Ry |}}

"0 g e(0,1]
This completes the proof of the theorem. O
Secondly, if Case (ii) holds true, it follows that for n € {0,1,2,...}, @ € (0,1],

R, L,
L =Ajg+ ——m—m, R =Ag+t —M. 33
n+l,0 Lo Rn_l,aRn_z,a n+l,a ro Ln_l,aLn_z,a ( )

We need the following lemmas.

Lemma 3.5 Counsider the system of difference equations

zZ,
Yni1=p+ z ) Zns1 =4+ I , n=0,1,..., (34)
Zp-1Zn-2 Vn-1Yn-2

where p,q € (1,+00), ¥_2,9-1,Y0,Z2-2,2-1,20 € (0, +00). Then, for n > 4,

2 2
r4q + 92, q<z,< 77 + 2. (35)
pg-1 pg-1

P=Yn=

Proof From (34) it is clear that y, > p, z, > g for n > 1. And for n > 4 we obtain that

1 11 1 1 1
Yn<p+ ?Zn—l <p+ p + pQ—qun_z, Zn<q+ I?yn—l <g+ » + Wzn—} (36)

Working inductively, for n — 2k > 2, it can concluded that

11 11 ( 1 )
ISP+ —+ 552 <P+ —+ 55 (P+ 523
q pq* 1" e e
o 1o 1 1
<p+t—+—+—==+—=Vnu4
qa pg* pP¢ pat"
1 ol Go) o
- < 7 . Vn-2k =T, < 1-1 — + —7 7 Vn-2k
ZZ; p- 261‘ 1T g 1-1/(pq) pq g
2
< L1 + Y2k (37)

T pq-1

1 1 1 1 ( 1 )
ZnSqt—+ 5oz <q+t—+ 55| g+ 5Vns
r P p

P PP

o1 1 1
Sqt—+— o+ s

p a2

2k 2k
1 1 q 1 1

<...< —— + ———z, = ———— |1 — =2,
- _;ql‘zp"l ep 1—1/(1%1)[ (I%I> ] P

2
<L (38)

pq-1

Notice that n — 2k > 2 is equivalent to k < (n — 2)/2. The assertion is true. O

Page 10 of 18
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Lemma 3.6 Counsider the system of difference equations (34), if
p>1, q>1, V3pg > max{3p - ¢,3q - p} (39)

are satisfied, then the unique positive equilibrium point (,z) is locally asymptotically sta-
ble.

Proof From (34) the system of difference equations has a unique positive equilibrium

2.2 2.2
point (3,z) = (£ q“/gpq wpq P q“/pzqq %) The linearized equation of system (33) about

the equilibrium point (3,%) is

“I”n+1 = B\Ijm (40)

where ¥, = (yn,yn_l,yn_z, Znr Zn-1, Zn—Z)T’ and

i1 0 o0 o0 0 o0
BOIOOOO
o o0 o 1 o0 o0
o o0 o o0 1 o

Let A1, 2s,...,1¢ denote the eigenvalues of matrix B, let D = diag(dy, d, . . .,ds) be a diago-
nal matrix, where dy =dy =1,d; = d3,; =1 -is (i=2,3), and

1 11 1
O<e<mini———=,- - —. (41)
z

Clearly, D is invertible. Computing matrix DBD™!, we obtain that

0 0 0 Eizdldil —Zizdldgl —Z%dldgl
dyd;! 0 0 0 0 0
DB 0 dsdy’' 0 0 0 0
- %dz;dl_l _%dtl.dil —%d;;dgl 0 0 0
0 0 0 dsd;! 0 0
0 0 0 0 dedz! 0
Fromd; >dy >ds >0, dy >ds > dg > 0 it follows that
dgdl_l <1, dgdil <1, d5d;1 <1, d6d5_1 <1
Furthermore, noting (41) we have
1 1 1 1 1 1 3
Sdid' + Sdvdt + —dd = S (1 1,
22 184 +22 145 +22 1G¢ 22 +1—28+1—38 <22(1_3£)<
1 1 1 1 1 1 3
3d4d1_1 + 3d4d;1 + 3d4d_1 =1+ + < <1
5y z Z y 1-2¢ 1-3¢ y-(1-3¢)



Zhang et al. Advances in Difference Equations (2015) 2015:108 Page 12 of 18

It is well known that B has the same eigenvalues as DBD™!, we have that

max |%;| < |[DBD™||
1<i<6

1 1 1
= maX{dzdl_l,dgdz_l,dsdil,dsdgl, gdldzl + _—Zdldgl + _—2d1dgl,
V4 V4 z
1 1 1
3614611_1 + 3614.6151 + 3d4d51}
y z Z

<1

This implies that the equilibrium (¥,%) of (34) is locally asymptotically stable. 0

Lemma 3.7 Cousider the system of difference equations (34) if p,q € (1, +00) and /3pq >
max{3p — q,3q — p}. Then every positive solution of (34) converges to the equilibrium point

(,2).
Proof 1Tt is clear that system (34) has a unique positive equilibrium point

G, = (pq + VP +4pq pq+ VPP + 4pq>
’ 2q ) 2 .

P

Let {y,,z,} be an arbitrary positive solution of (33). From (33)-(35) we have

lim supy, =L, lim infy, =1, lim supz, = Ly, lim infz, =15, (42)

N— 00 n—00 n—00 n—00
where /;,L; € (0,+00), i =1,2. Then from (34) and (42) we get

L2 12 Ll ll
Li<p+—, h>p+—=, L,<g+—, h>q+—,
I_P l% 1_P L% Z_q l% Z_q L%

from which we have

(Lil3 - Lo)L3 < (WL3 - b)5,  (Lolf = Li)L} < (bL} - 4)E. (43)
We claim that

Li=l, Ly=bh. (44)

Suppose on the contrary that L, > [, then from the first inequality of (43) we have Li/; <
hLy, and so L; < [, which is a contradiction. So Ly = /5. Similarly we can prove that L; = /;.
Hence from (34) and (43) there exist lim, . ¥, = ¥, lim,_, » 2, = z. This completes the

proof of Lemma 3.7. O
Combining Lemma 3.6 with Lemma 3.7, we obtain the following theorem.

Theorem 3.4 Consider the system of difference equations (34). If relations (39) are satis-
fied, then the unique positive equilibrium (y,z) is globally asymptotically stable.
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Theorem 3.5 Suppose that
Ay >1 and ~3Aj4Are >3Arq — Ay, Yo € (0,1]. (45)
Then every positive solution of (1) tends to the positive equilibrium x as n — +00.

Proof The proof is similar to that of Theorem 3.3. Suppose that there exists a fuzzy num-
ber x satisfying (30). Then from (30) we can get

o

R

o

Lo

Ly=Aje+ — Ry=A g+ —.
L

(46)

Hence we have from (4:6) that

. ey + \/A%aAf’a +4AL A, . Aay + \/A;{aAga +4AL A,
‘o 2Ar,oz , ‘o 2Al,oz '

Let x,, be a positive solution of (1) such that (7) holds. Since (45) is satisfied, we can apply
Lemma 3.6 and Lemma 3.7 to system (33), and so we have

lim L, =Ly, lim R,y = R,. (47)

n—00 n—00

Therefore from (46) we have

lim D(x,,%) = lim sup {max{|L,o — Lo|,|Ryo — Rol}} = 0.
n—00

=0 4e(0,1]

This completes the proof of the theorem. d
4 Numerical example
Example 4.1 Consider the following fuzzy difference equation:

Xn
KXntl = A+

, n=0,1,..., (48)
Xn-1Xn-2

we take A and the initial values x_,, x_1, 9 such that

x -5, 5<x<6, 1x-2, 4<x<e,
xa(®) =9, xa(@) =12, (49)
—§x+4, 6<x<8, —§x+4, 6<x<8,
2—4, 2<x<25, 1¢_05 1<x<3,
Alx) = - - xo(x) =1 %, - (50)
-2x+6, 25<x<3, —5x+2.5, 3<x<5.
From (49) we get
[#_2]e =[5 + @, 8 — 2], [v_1]e = [4 + 22,8 = 2a], « €(0,1]. (51)

From (50) we get

[Ale = [2 + %ot,3 - %a:|, [%o]e = [1+2a,5-2a], «€(0,1]. (52)
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Figure 1 Dynamics of system (54). 8 =
— o=
— a=0.5

7 o=1
6

=5
4
3
2] 3 3 7 5 6

L
n
Figure 2 The solution of system (54) in ¢ = 0. 8
7 R N Ln
—R
n

6

5

oS

o

44
3
2
s 10 20 30 40 50

n

Therefore, it follows that

U kale =158, | xale=14,8],

ae(0,1] a€(0,1]

R - (53)
U ol =115, | [Ala=[23].

ae(0,1] a€(0,1]

From (48), it results in a coupled system of difference equations with parameter o,
Ly Rya

L =Ap+ ——m, R =Apg + ———, €(0,1]. 54

n+l,o Lo Ln_l,aLn_z,a n+l,a o Rn_l,aRn_z,a o ( ] ( )

Therefore, A;, > 2/+/3, Yo € (0,1], and the initial values x_; (i = 0,1,2) are positive fuzzy
numbers. So from Theorem 3.2 we have that every positive solution x, of Eq. (48) is
bounded and persists. In addition, from Theorem 3.3, Eq. (48) has a unique positive equi-
librium x = (2.4142,2.8508,3.3028). Moreover, every positive solution x,, of Eq. (48) con-

verges to the unique equilibrium X with respect to D as n — oo (see Figures 1-4).

Example 4.2 Consider the following fuzzy difference equation:

X,
g1 = A + —— n=0,1,..., (55)

’
Xp-1Xn-2
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Figure 3 The solution of system (54) in o = 0.5. 7
6.5 —L
—nR
6 n
55
.5
o
< 45
- 4
35
3
25
2 10 20 30 20 50
Figure 4 The solution of system (54) ina = 1. 6
5.5 7;’;
5
£ 45
o3
£ 4
35
3
25 10 20 30 0 50
where A and the initial values x_5, x_1, x¢ are satisfied
2x-3, l5<x<2, 1x-05 2<x<s,
A =1" == xa()=1 ) == (56)
-x+3, 2<x<3 —3x+4, 6<x<8,
2x-4, 2<x<25, 1x-05 1<x<3,
x_1(x) = xox) =12, (57)
-2x+6, 25<x<3, -5x+25, 3=<x<5.
From (56) we get
1
[Aly = |:1.5 + Ea,?) - oti|, xole =[2 +40,8-2a], ac(0,1]. (58)
From (57) we get
1 1
[xoila =12+ 50[,3 - Eoc , [*%0]le = [1+ 20,5 2], @ €(0,1]. (59)
Therefore, it follows that
J (Al =015,3], [x-2)o = [2,8],
ae(0,1] ae(0,1]
- - (60)
U ale=123, | ol =[1,5].
ae(0,1] ae(0,1]
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From (55) it results in a coupled system of difference equations with parameter «,

R}’l o LVI o
L =Ajg+ ——, R =A, s+ ———, a€(0,1]. 61
n+la La Rn—l,otRn—Z,oz n+la ra Ln—l,uth—Z,ot ( ] ( )

It is clear that (45) is satisfied and the initial values x_; (i = 0,1, 2) are positive fuzzy num-
bers, so from Theorem 3.5, Eq. (55) has a unique positive equilibrium x = (1.7808, 2.4142,
3.5616). Moreover, every positive solution x, of Eq. (55) converges to the unique equilib-

rium x with respect to D as n — oo (see Figures 5-8).

Figure 5 Dynamics of system (61). 8

——a=0
7 —0a=0.5] |
o=1

Figure 6 The solution of system (61) in a = 0. 8

—
n

—R
n

—_ N
_;T

Figure 7 The solution of system (61) in & = 0.5. 7
6 —L
—R
n
5 o o
<
3 4
e
3 . .
10

20 30 40 50
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Figure 8 The solution of system (61) ina = 1. 6

55 : —L,
___ R
n

5 Conclusion

In this work, according to a generalization of division (g-division) of fuzzy numbers, we
*n
Xn-1¥n-2

to (1) is investigated. Furthermore, we obtain the following results:

study the fuzzy difference equation x,,; = A + . The existence of positive solution

(i) The positive solution is bounded and persists if A;, > 1, a € (0,1], every solution x,,
tends to the unique equilibrium x under condition A;4 > 2/+/3, @ € (0,1] as n — oo.

(ii) IfAs >1and v/3A14A,4 > 34,4 — AL, @ € (0,1], every solution x,, of (1) converges
to the unique equilibrium x as n — oo.
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