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DYNAMICAL (IN)STABILITY OF RICCI-FLAT ALE METRICS ALONG THE RICCI

FLOW

ALIX DERUELLE AND TRISTAN OZUCH

ABSTRACT. We study the stability and instability of ALE Ricci-flat metrics around which a
Lojasiewicz inequality is satisfied for a variation of Perelman’s A functional adapted to the
ALE situation and denoted Aarg. This functional was introduced by the authors in a recent
work and it has been proven that it satisfies a good enough Lojasiewicz inequality at least in
neighborhoods of integrable ALE Ricci-flat metrics in dimension larger than or equal to 5.
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INTRODUCTION

The understanding of Ricci-flat ALE metrics is a central issue in Riemannian geometry.
These spaces model the formation of singularities of spaces with Ricci curvature bounds
[And90, BKN89| as well as the singularities of 4-dimensional Ricci flow with bounded scalar
curvature [BZ17], [Sim20]. They moreover appear as finite-time blow-up limits of some Ricci
flows [Appl9]. Their stability therefore becomes a crucial question for the Ricci flow.

Our goal here is to study the dynamical stability and instability of these spaces along the
Ricci flow thanks to a functional on suitable neighborhoods of any ALE Ricci-flat metrics
which detects Ricci-flat metrics as its critical points.

An adaptation of Perelman’s A\-functional to the ALE setting. In [DO20], the authors intro-
duced an adaptation to the ALE setting of the A-functional from [Per(2], this functional is
denoted Aarg. More precisely, for any ALE metric g of order 7 > "T_Z (see Definition [I)
whose scalar curvature is integrable, we define

AaLe(9) = MArg(9) — mapm(9),

where X)1p(g) := infy, [y 4|V9w|2 + Ry w? where the infimum is taken among the smooth
functions w with w — 1 compactly supported, and mapy is (up to a constant) the ADM
mass of (N, g). The point of substracting mapy(g) is that the functional now extends to an
analytic function on the classical space of metrics satisfying, for 7 > "772, k €{0,1,2,3} and
a Ricci-flat metric gy, (147)71*|V9%%(g— g,)| < 1 where r is the gj-distance to a given point.
Neither A?&LE or mapm can be defined on such a neighborhood without further constraints.

In [DO20], we moreover showed that Azpg detects Ricci-flat ALE metrics as its only critical
points, and the Ricci flow is moreover its gradient flow.

The second variation of Agpg at an ALE Ricci-flat metric (N™, g,) along divergence-free
variations is half the Lichnerowicz operator Ly, := Ay, + 2Rm(gp)*. This leads us to define
the linear stability of an ALE Ricci-flat metric (N™, g,) as the non-positivity of the associated
Lichnerowicz operator L, restricted to divergence-free variations. In the integrable case, i.e.
in the case where the space of ALE Ricci-flat metrics in the neighborhood of a fixed ALE
Ricci-flat metric is a smooth finite-dimensional manifold, we have a nice consequence of the
linear stability: any linearly stable and integrable ALE Ricci-flat metric is a local maximum
for the functional Aapg. Properties of the ADM mass were deduced thanks to this fact in
[DO20].

A more delicate notion of stability is that of dynamical stability of ALE Ricci-flat met-
rics along the Ricci flow. Its study on compact Ricci flat manifolds has been investigated
in [GIK02], [Ses06], [Has12] and [HM14]. In the non-compact situation, there are several
additional difficulties. A major difference is that 0 is not isolated in the spectrum of the
linearized operator. This prevents an exponential convergence rate as in the case of [Has12]
of an integrable Ricci-flat metric on a closed manifold, one only gets a polynomial-in-time
convergence.

A weighted Lojasiewicz inequality for Aarp. One tool that has been quite popular to study
the dynamical stability of fixed points of geometric evolution equations is the notion of
Lojasiewicz-Simon inequalities. Its name comes from both the classical work of Lojasiewicz
[Eo65] on finite dimensional dynamical systems of gradient type and that of L. Simon [Sim83]
who extended systematically these inequalities to functionals defined on infinite dimensional
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spaces. The main geometric applications obtained in [Sim83] concern the uniqueness of tan-
gent cones of isolated singularities of minimal surfaces in Euclidean space together with the
uniqueness of tangent maps of minimizing harmonic maps with values into an analytic closed
Riemannian manifold. These geometric equations have the advantage to be strongly elliptic.
Notice that all these results do not hold true if one drops the assumption on the analyticity
of the data under consideration.

In the compact setting, Lojasiewicz inequalities have been proved for Perelman’s A-functional
in the neighborhood of compact Ricci-flat metrics and were the main tool to study the stability
of Ricci-flat metrics in [Has12] in the integrable case, and in [HM14] in the general case.

The main result in [DO20] is that the functional Azpg satisfies a weighted Lojasiewicz
inequality in a neighborhood of any ALE Ricci-flat metric with respect to the topology of
weighted Holder spaces C2©, a € (0, 1), with polynomial decay of rate 7 € (”772, n — 2) (see
Definition [[2)). It is weighted since it uses the LQ% +1(gy)-norm which is essentially L*((1 +
r)dvg,) instead of L?(dvg,). Roughly speaking, the article [DO20] proves that there is some
6 € (0, 1] such that for any metric g in a C?“neighborhood of a given ALE Ricci flat metric,
the following Lojasiewciz inequality holds:

Mare(9)]*™" < CIVAALE@)72, (0.1)
2

+1(90)°

We refer the reader to Theorem for a precise statement.
The fact that our spaces are non-compact induces quite a lot of new difficulties. In par-
ticular, the spectrum of the Lichnerowicz operator is not discrete anymore and 0 belongs to
the essential spectrum. This explains the need of considering weighted Sobolev spaces differ-
ent from L? for which the differential of the gradient VAarg at a Ricci-flat ALE metric is
Fredholm. Theorem gives an optimal L2% 41-Lojasiewicz inequality with exponent 6 = 1

in the integrable situation. Nonetheless, it seems that inequality appears not to be so useful
regarding the study of dynamical stability of the Ricci flow near an ALE Ricci flat metric.
This is essentially due to the L?-variational structure of Aarg. For this reason, in the setting
of L2-perturbations, by interpolation, we obtain the following Lojasiewicz inequality near any
ALE Ricci flat linearly stable and integrable metric in dimension greater than 4. In particular,
if n > 5, one has the following L?-Lojasiewicz inequality for integrable Ricci-flat ALE metrics:

for 7€ (§,n—2)and 0 <6 < %, there exists C' > 0 such that for all g € Bcg,a(gb,s),

1 2r —n

|AALE(g)|2 6L2 S CHv}\ALE(g)H%ﬂ(gb), HLQ =2 — g < m (02)

Notice that we cannot reach the usual optimal L?-Lojasiewicz exponent 6,2 = 1. This is

consistent with the known fact that the DeTurck-Ricci flow only converges polynomially fast

for perturbations of the Euclidean space: see for instance [SSS11] and [Appl8]. We also refer

to the recent work [KP20] on the dynamical stability of integrable ALE Ricci flat metrics

carrying a parallel spinor. Indeed, an exponent 6;2 = 1 would imply that the convergence is
exponential.

Stability and instability of Ricci-flat ALE metrics. In the present article, we study the dy-
namical stability or instability of Ricci-flat ALE metrics along the Ricci flow assuming an
L?-Lojasiewicz inequality such as ((.2)) holds true. This should be a quite general scheme of
proof and apply to other stability questions on non-compact spaces along the Ricci flow and
other parabolic geometric flows.



4 Alix Deruelle and Tristan Ozuch

Theorem 0.1 (Stability of Ricci-flat ALE metrics). Let (N, gy) be a Ricci-flat ALE manifold
of dimension n > 4 and "T_Q <17 <n—2. There exists o € (0,1) such that if we assume:

(1) that gy is a local mazimum of AaLg in the C>%(gy) topology,
(2) in a C>%(gy)-neighborhood B 2.0(gp,€x) of g, an L?-Lojasiewicz inequality is satisfied:
for any metric g in Bi2.0(gp,c1), we have

Aare(9)P~0 < CIVAALE@)]72 ()

for some 6 € (0,1),
then, for any 0 < 7' < 7 and 0 < o' < a, for any metric g sufficiently C>%(gy)-close to gy, the
Ricci flow starting at g, Cz}al(gb)—converges to a Ricci-flat metric g) (which is C2%(gy)-close
to gp) at a polynomial speed determined by the exponent 6.

Theorem [0.1] provides Type IIb solutions of the Ricci flow unless the background Ricci flat
metric is the Euclidean metric, i.e. it ensures the existence of immortal solutions (g(t))i>0
satisfying lim sup,_, | . tsupy |Rm(g(t))| = +oo. Notice also that Theorem [0II] ensures the
convergence to hold in weighted Holder spaces which we believe are well-suited for gluing
methods. We refer the reader to the article [BK17] for such an illustration. Finally, we
underline the need in Theorem [ILT] of restricting the convergence rate in space below the
threshold value n — 2: we refer the reader to our discussion on previous results of Dai and Ma
[DMO7] right after the proof of Proposition which links the mass and the mean value of
the scalar curvature along the solutions provided by Theorem [T

A direct consequence of Theorem and Theorem [Tl is the following stability result for
integrable ALE Ricci-flat spaces of dimension at least 5.

Corollary 0.2. Let (N, gy) be a Ricci-flat ALE manifold of dimension n > 5 with integrable
Ricci-flat deformations. Assume that g, is linearly stable, that is: its Lichnerowicz operator
s nonpositive on divergence-free deformations decaying at infinity. Let "772 <T<n-—2and
0 < a < 1 sufficiently small.

Then, for any 0 < 7' < 7 and 0 < o/ < «a, for any metric g sufficiently C>*(gy)-close to gy,
the Ricci flow starting at g C’f;a, (gy)-converges to a Ricci-flat metric g, (which is C2%(gp)-
close to gy) at a polynomial speed determined by the dimension n.

Notice that Corollary applies to all known Ricci-flat ALE metrics in dimension greater
than or equal to 5. For instance, it applies to Calabi’s ALE Ricci-flat Kéhler metrics [Cal79]
on the total space of the line bundle L= — CP"~!, n > 3, and more generally to Joyce’s
ALE Ricci-flat Ké&hler metrics [Joy00, Chapter 8]. In particular, this makes precise the results
of [CT10] in the ALE case, where the convergence is established on compact subsets only.

Corollary shares some similarities with the work of Kroncke and Petersen [KP20] that
we now explain. In [KP20], the authors investigates the dynamical stability of integrable
ALE Ricci-flat metrics which carry a parallel spinor in dimension greater than or equal to 4.
As they notice, this applies to all know ALE Ricci-flat metrics. Their method is based on a
delicate analysis of the heat kernel of the Lichnerowicz operator in LP spaces and they apply
it to the DeTurck-Ricci flow with time-dependent background metrics. We emphasize that
the convergence result they get takes place in the C* N LP topology and the corresponding
polynomial convergence rate is sharp whereas Theorem [0.T] (and Corollary [0.2]) proves the
convergence of the Ricci flow directly and in weighted spaces at the cost of getting an a priori
non sharp convergence rate. Moreover, they assume the initial condition to be a perturbation
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of the ALE Ricci flat background to lie in LP N L™ for any p < n. In particular, they allow
initial conditions to decay like »~'~¢ at infinity while we require a decay rate to be at least
r~("=2)/2 " Another interesting technical fact is that [KP20] considers nearby Ricci-flat metrics
of a given ALE Ricci flat metric with respect to the Bianchi gauge whereas we study such
metrics which are divergence free with respect to a background ALE Ricci-flat metric. In the
setting of Theorem [0.I], we prove that the Bianchi gauge converges to 0 faster then expected:
see Section [B.3] for a precise statement. Therefore, in view of the previous remarks, we ask
whether our methods can be carried to dimension 4.

The next result echoes the work [HMI4] on the existence of ancient solutions coming out
of an unstable Ricci-flat metric:

Theorem 0.3 (Instability of Ricci-flat ALE metrics). Let (N, gy) be a Ricci-flat ALE manifold

of dimension n > 4 and assume for some 0 < a < 1 and 7 > "772

(1) that gy is a not a local mazimum of AaLg in the C>%(gy) topology,

(2) in a C>*(gy)-neighborhood Uy, of g», an L*-Lojasiewicz inequality is satisfied: for any
metric g in Uy, , we have

Aare(9)P~? < CIIVAALE@)]72(y,)

for some 6 € (0,1).
Then, there exists a non Ricci-flat ancient solution to the Ricci flow (g(t))ie(—oc,0) which is

uniformly ALE of order 7 and C*%-converges to gy, at a polynomial speed determined by the
exponent 6.

It is worth mentioning that it is still an open problem whether there are unstable ALE
Ricei flat metrics in dimension greater than or equal to 4. Also, Theorem [0.3] bears some
resemblance with the work [Tak14] where an ancient solution coming out of the Euclidean
Schwarzschild metric is constructed by hand. It would be an interesting problem to recover
Takahashi’s result via a suitable ALF version of our functional Aayg.

Both Theorem and Theorem [0.3] rely heavily on Gaussian estimates and estimates in
weighted Holder spaces for the heat kernel which we believe are of independent interest and
that we describe now.

Heat kernel estimates. We prove that the heat kernel associated to the forward heat equation
acting on functions along a Ricci flow in a suitable neighborhood of a Ricci-flat ALE metric
satisfies uniform-in-time Gaussian bounds in Theorem The proof follows the method of
Grigor’yan [Gri97] and that of Zhang [Zha06] in a Ricci flow setting.

These controls are then used on the parabolic equation satisfied by the Ricci curvature
and integrated in time to yield controls on the metric in C2¢ for "772 < T <n-—2as long
as the Ricci flow stays in a given C?“neighborhood of a Ricci-flat metric. Indeed, lemma
starts with establishing short-time estimates for weighted Holder norm of the curvature
operator and the Ricci tensor. Its proof already reveals a constraint on the Holder exponent
a € (0,1) in terms of the weight 7. Lemma [2.14] takes care of estimating the distance of
a Ricci flow satisfying mild assumptions from an ALE Ricci flat metric in the weighted C?
norm a priori. Then Lemma proves an a priori bound for the weighted CSfQ of the Ricci
tensor. Finally, Lemma .17 establishes an a priori bound for the distance of a Ricci flow
from an ALE Ricci flat metric in the full weighted Holder szQ norm in terms of the weighted
norm of the corresponding Ricci tensor. As expected, it is more tractable to bound the Ricci

tensor than the metric itself along such a Ricci flow.
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Outline of paper. In Section [T, we give the main basic definitions of the article and review
the properties of the functional Azrg proven in [DO20].

In Section 2] we prove Gaussian bounds for the heat kernel along a Ricci flow in a C2°-
neighborhood of a Ricci-flat ALE metric and deduce controls on the flow in suitable weighted
Holder spaces.

In Section Bl using the previous controls on the flow thanks to the heat kernel, we prove
our stability result for metrics which are local maxima of Aapg and around which a suitable
L?-Lojasiewicz inequality holds.

Finally, in Section Ml we study the case when a metric is not a local maximum of the
functional Aarg and prove that if a suitable L?-Lojasiewicz inequality holds around it, then,
there exists an ancient nontrivial Ricci flow coming out of it.

In the Appendix, Section [Al we recall some formulas for the first and second variations of
the geometric quantities of interest here.

Acknowledgements. We thank Klaus Kroncke for his suggestions and comments on a prelim-
inary version of this paper.

The first author is supported by grant ANR-17-CE40-0034 of the French National Research
Agency ANR (Project CCEM).

1. THE FUNCTIONAL AALE AND ITS PROPERTIES

In this section, we recall some of the properties of the functional Aarg introduced and
studied in [DO20]. This functional and more precisely its sign in neighborhoods of Ricci-flat
ALE metrics (see Definition [[I]) will determine the dynamical stability or instability of these
Ricci-flat ALE metrics along the Ricci flow.

1.1. First definitions and function spaces.

We start by defining the manifolds as well as the function spaces we will be interested in.

Definition 1.1 (Asymptotically locally Euclidean (ALE) manifolds). We will call a Riemann-
ian manifold (N, g) asymptotically locally Euclidean (ALE) of order 7 > 0 if the following
holds: there exists a compact set K C N, a radius R > 0, T' a subgroup of SO(n) acting freely
on S"! and a diffeomorphism ® : (R"/T)\B.(0, R) — N\K such that, if we denote g. the
Euclidean metric on R™ /T, we have, for all k € N,

pk‘vge’k(@*g o ge)‘e — O(pr)’
on (R"/T)\Be(0, R), where p = de(.,0).

We will study ALE metrics in a neighborhood of a Ricci flat ALE metric. Let us start by
defining this neighborhood thanks to weighted norms :
Definition 1.2 (Weighted Holder norms for ALE spaces). Let (N, g,p) be an ALE manifold of
dimension n, 5 > 0, and py(x) := max (dy(x,p),1). For any tensor s, we define the following
weighted Cg’a—norm :

k
i i k k
5y 3= 5P 25 (3 251V sl + ™[V s]ce).
=0

We will make a constant use of the following compact embedding whose proof can be found
for instance in [CSCBT79, Lemme 3]:
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Lemma 1.3. Let (N",g) be an ALE manifold of dimension n. If k>0, 7 > 0 and « € (0,1)
then the continuous embeddings C*® — Cf,’a are compact for o/ € (0,a) and 7" € (0,7).
The next definition concerns weighted Sobolev norms for ALE spaces:

Definition 1.4 (Weighted Sobolev norms for ALE spaces). Let 5 > 0, and (N,g,p) an ALE
manifold of dimension n, and py(x) = max (dy(z,p),1). For any tensor s, we define the
following weighted L%—norm :

1
s, = / 522 " dv, ) 2.
Isligs = (] IsPoi"dey)

We moreover define the Hg-norm of s as

k
s\, = Vis||?, .
| ”H§ ;H HL,QB-H'

Remark 1.5. Since the above definitions do not formally depend on the type of tensor, and
since the metrics we will consider will be equivalent, we will often abusively simply denote
these spaces C’f’o‘ or H’g for instance.

1.2. The functionals )\%LE, mapMm and AA1E.

Next, as in [DMO7], [LP87, Bar86] let us consider for 7 > "772 and «a € (0,1), the following
classical space of metrics,

M; = {g is a metric on N |g — g, € CH*(S*T*N)| Ry € Ll} , (1.1)

1.2.1. Mass of ALE metrics. On M., the mass of an ALE metric is well-defined and only
depends on the metric:

mADM(g) = R1—1>r—{—loo ( R <divgb (9 - gb) — Vo trgb (g - gb)a Il>gb dagb? (1'2)
Pap=

where n denotes the outward unit normal of the closed smooth hypersurfaces {pg, = R} for
R large.

Remark 1.6. Given g, a Ricci-flat metric, it is clear from the definition that the map h —
mapm(gy + h) is linear.

1.2.2. The functional ) -

Definition 1.7 (\Q;, a first renormalized Perelman’s functional). Let (N, g;) be an ALE
Ricci flat metric and let g € M2Y(gy, ). Define the Fapg-energy by:

Fae(w.g) = [ @V} + Ry w?) diy (13)
N

where w — 1 € C°(N), where C°(N) is the space of compactly supported smooth functions.
The A% g-functional associated to the FaLg-energy is:

)‘%LE(Q) = i{})f FarLe(w, g),

where the infimum is taken over functions w: N — R such that w — 1 € C°(N).



8 Alix Deruelle and Tristan Ozuch
We prove in [DO20] that the above infimum is attained by the (unique) solution w, €
1+ C?“ to the equation
—4A wy + Rgwy = 0. (1.4)
It turns out that w, is a positive function which lets us to consider the potential function
associated to a metric g defined as
fg = —2Inw,,

which is the unique solution f, € C2% to

20y fg — V9 fol2 + Ry = 0. (1.5)
1.2.3. Definition of the functional AALE-

The above functionals mapym and )‘OALE are only well-defined when the scalar curvature is
integrable which is not a convenient assumption as for instance M is not a closed subset of
C%O‘ for "772 < 1 <n—2. Moreover, mapm and )‘OALE are not continuous with respect to the
C2“topology.

Remark 1.8. Another finer topology for M, is obtained by adding the L'-norm of the scalar
curvature. We will see in the rest of the present article that there are Ricci flows of ALE
metric with nonvanishing (or even infinite) mass C2-converging to a Ricci-flat ALE metric.
This implies that the scalar curvature does not converge in an L'-sense by [DMQT7, Corollary

3).

In order to solve these problems, we define for g in a small C?“neighborhood of a Ricci-flat
ALE metric g and in M, the functional

Mie(9) == Mapg(9) — mabm(g)-

The advantage is that Aapr extends as an analytic function on a Cf’a—neighborhood of any
Ricci-flat ALE metric, see [DO20, Proposition 3.4]. Moreover, by denoting w, the solution to
(T4]), which is well-defined without assuming that the scalar curvature is integrable, we have

= 1 9 2 7f
AaLe(g) = lim (/{pngR} (|V folg + Rg) e 10 dpg

(1.6)
- /{ (@ (0) = V%t g)m,),, do*gb).
Pay=

It is worth noting from [DO20, Example 3.1] that for most perturbations, none of the above
integrals converge as R — oo, but their difference always does if g is sufficiently C2*-close to
gp for 7> 5 — 1.

1.3. Main properties of Ay g.

We now list some of the properties of Aarg proven in [DO20].
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1.3.1. Variations of AALE.

We have the following first and second variations for Aarg.

Proposition 1.9 (First variation of Aapg). Let (N™, gy) be an ALE Ricci flat metric asymptotic
to R™ /T, for some finite subgroup T' of SO(n) acting freely on S*~!, and let T € (”Td,n —2).
The first variation of AaLg on a neighborhood of B z2.«(gy,€) at g in the direction h is:

SohaLe(h) = — /N(h, Ric(g) + V92 f,) e Todu,. (1.7)

and the tensor Ric(g) + Vg’Qfg is weighted divergence free, i.e.
divy, (Ric(g) + VI2f,) =0, (1.8)

where divy, T = div, T — T(VIf,) for a symmetric 2-tensor T
Moreover, if (g(t)):cjo,r) is a solution to the Ricci flow on N lying in B 2.a(gs, €), then we
have the following monotonicity formula,

d

GLE(9(0) = 2 Ric(g(0) + VIO L0, ey, 20 (1.9

We next consider the second variations of A k.

Definition 1.10. Let (N, g) be a Riemmanian metric. Then the Lichnerowicz operator associ-
ated to g acting on symmetric 2-tensors, denoted by Lg, is defined by:

Lgh := Agh 4+ 2Rm(g)(h) — Ric(g) o h — ho Ric(g), h € C} (S*T*N), (1.10)
where Ay = =V V, and where Rm(g)(h)(X,Y) := h(Rm(g)(e;, X)Y, ;) for an orthonormal
basis (e;)1_, with respect to g. In particular, if (N", gp) is an ALE Ricci flat metric, then,

Lgh = Agh +2Rm(g)(h), h € CE (S*T*N). (1.11)

Proposition 1.11 (Second variation of Aarg at a Ricci flat metric). Let (N™,gp) be an ALE
Ricci flat metric asymptotic to R™ /T, for some finite subgroup T' of SO(n) acting freely on
SP=1 and let T € ("52,11 — 2). Then the second variation of Aarg at gy along a divergence
free variation h € S?T*N such that h € Bcz,a (gp, ) is:

1
So, ALE(h, h) = 5(Lghs ) 2. (1.12)
1.3.2. A Lojasiewicz inequality.

As explained in the Introduction of this paper, in [DO2(], we moreover proved that in a
C2“_neighborhood of any Ricci-flat ALE space, a Lojasiewicz inequality holds for AArg.

Theorem 1.12 ([DO20]). Let (N™,gy) be an ALE Ricci-flat manifold of dimension n > 4.
Let o € (0,1) and 7 € (%5%,n —2). Then there exist a neighborhood B2.o(gb,€) of g, a
constant C' > 0 and 0 € (0,1] such that for any metric g € B 2.0 (gp,€), we have the following
LQ% 11-Lojasiewicz inequality,

Pare(9)*7 < CIVALEW@)IT2 (5
2

(1.13)

Moreover, if (N™, gy) has integrable infinitesimal Ricci-flat deformations, then 6 = 1.
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In particular, if n > 5, one has the following L?-Lojasiewicz inequality for integrable Ricci-
flat ALE metrics: if 7 € (§,n —2) then for any 0 < § < %, there exists C' > 0 such

that for all g € B2.a(gp,€),

1 2r—n

Aare(9)P "2 < CIVAaLE(9)llT2(g), 012 =2 — 5 - —(m-2) (1.14)

Here VAaLg denotes the gradient of Aarg in the L?(g) sense.

2. PRELIMINARY ESTIMATES FOR SHORT AND LARGE TIME

2.1. Heat kernel Gaussian bounds.

In this section, we fix an ALE Ricci flat metric (N, g) once and for all. Let (g(t))¢cio,1)
be a solution to the Ricci flow with g(0) € B2.0(gp,€) with 7 € (%52, n — 2). The main aim
of this section is to establish Gaussian bounds for the heat kernel acting on functions along
the Ricci flow.

As explained in the Introduction, we follow the same strategy adopted by Grigor’yan [Gri97]
and Zhang [Zha06].

We denote the heat kernel associated to the forward heat equation by K(x,t,y,s), for
0<s<t<T,and x,y € N:
atK('7 Y, 8) = Ag(t)K('7 Y, 8)7

Org = —2Ric(g(t)), (2.1)

hInt—)s+ K(a t, Y, S) = 5y,

on N x (0,7). This heat kernel always exists and is positive: see [Gue(2].
We also consider its conjugate heat equation: if (z,t) € N x (0,7T) is fixed, then K(z,t,-,")
is the heat kernel associated to the conjugate backward heat equation:

asK('Ia i, ) = _Ag(S)K(xa i, ) + Rg(s) K(,I, i, ')a
059 = —2Ric(g(s)), (2.2)

lim, - K(z,t, -, 5) = 0.

on N x (0,t).
We start with the following proposition that estimates the L' norms of both forward and
backward heat kernels:

Proposition 2.1 (Ll—bound). With the setting and notations introduced above, if 0 < s <t <
T

7

e IRy oo dt' / K(z,t,y,s) dpgw (z) < el IRy lleodt e N (2.3)
N

I = /NK(xat>yaS)dﬂg(s)(y)’ zeN. (24)
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Proof. Let (25)j>0 be an increasing sequence of domains of N with smooth boundary ex-
hausting the manifold N. Let Kj(-,-,y,s) be the heat kernel associated to (ZI) on Q; with
Dirichlet boundary condition. Then, one can prove that (Kj(-,-,y,s));j>0 is an increasing
sequence converging locally uniformly to K(-,-,y,s). By integrating by parts, one gets, for
some fixed (y,s) € N x [0,T),

825/9 Kj(x,t,y,s)d,ug(t)($) - /Q Ag(t)Kj(x’tayaS) - Rg(t)(x)Kj(x’t’y’S) d‘ug(t)(x)
y J
- / <vg<”Kj(ﬂc,t,y,s),n> doj o(1)(2)
08

~ [ Rao @K (0,8,3.5) dig o)

J

< _/Q Rg(t)(x)Kj(x,tayaS) diug(t) ('I)

J

< Ry lleo /Q K (2, t,y,5) dugge (),
J

where doj 4 is the induced measure on 9€2; by dpiy). Therefore, by Gronwall’s inequality:
K;(z,t d < el IRgo) lpods [ g (0 ¢ d
i\Z, ayas) Hg(t) (x) >€ J(xa 'Y, S) :U'g(t’)(x)a
Q; Q;
for any ¢t > ¢ > s. Let j large enough so that y € Q; and let t' go to s to get:
[ Bt dig o) < el T o,
Q;
for any ¢ > s. By letting j tending to +o00, we get a half of the first estimate (23)), i.e.
/ K(x,t,y,5) dug (z) < el 1Roen leo 7' (2.5)
N

On the other hand, let (¢g)r be any sequence of smooth cut-off functions approximating the
constant function 1 with values into [0, 1] such that limy_, o [|VIE)F gl co = 0 for k = 1,2
and uniformly in ¢’ € [s,¢]. Then

3t/]V¢k(x)K(x7tay73) d/j/g(t) (.%') = _/]\VAg(t)¢k(x)K(xat7y7 8) d:ug(t) (.%')

- /N O1(2) Ry (2) K (2 1,3, 5) dtg(oy ()

+ !
> —elsIRganleo ' qup |A L exl
supp(¢x)

~ IRy lleo | ou() o.t.9.5) diy (o)

Here, we have used (Z.5]) in the second inequality. Again, by Gronwall’s inequality:

t
/ or(x) K (z,t,y,s) dugqy(z) > e SRy llo dt <1 -C sup | Ay Bl dt’) ,
N s supp(¢x)

which implies the expected estimate by letting k£ go to +o0.
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The second estimate (2.4) is proved similarly. Remark that K;(z,t,-, ) satisfies ([2.2)) with
Dirichlet boundary condition. Therefore,

/Q Kj(x,t,y,s) dﬂg(s)(y) < 1a s < ta
i
for any index j large enough. This implies

[ Kt dug ) <1, s <t
N

Similarly, one can prove the expected lower bound for fN K(z,t,y,s) dpgs) (y)-

O
Remark 2.2. In particular, Proposition (2. tells us that the heat semigroup associated to Ay
is a bounded operator when interpreted as an operator on L' and L*™. By interpolation, one
gets for any p € [1,+00],

1t dt'
el 2o (g y) < €7 Js MRgqery o at

ug(x) = K(x,t,-,8) * us.
The next proposition concerns an on diagonal upper bound for the forward heat kernel

along the Ricci flow.

Proposition 2.3 (On diagonal upper bound: L? — L* bound). Let (N™, g) be an ALE Ricci
flat metric. Let (9(t))ico,r) be a solution to the Ricci flow such that g(t) € Beo(gy,€) for all
t €[0,T) and such that

HuSHLp(dug(s))7 t > 87

t , 1
/HRg(t’) loo dt” < 5.
S
Then,
C
0< K(z,t,y,8) < —, 0<s<t, z,y€N,

T (t—s)2

where C' = C(n, gy, €) is a time-independent positive constant.

Remark 2.4. A more accurate but also more ad-hoc assumption on the smallness of the time
integral of the C° norm of the scalar curvature would be

t
1
L Ra vt < 5.

2

We start with the following lemma that is crucial to prove Proposition 2.3t

Lemma 2.5 (L' mean value inequality). Let (N",gy) be an ALE Ricci flat metric. Let
(9(t))tcio,r) be a solution to the Ricci flow such that g(t) € Beo(ge,€) for all t € [0,T).
Then any nonnegative subsolution u of the heat equation along such a Ricci flow, i.e.

Ou < Agpyu, on N x (0,7),
satisfies, for n € (0,1) and r? < t such that ftt_rQ | Rg(s) llco ds < %,

sup u<C udpigs)ds,
P(x,tnr) P(z,t,r)

for some positive constant C = C(n, gy,€,m) and where

P(z,t,r) = {(y, $YeNx[0,T) | se(t—r3t], ye ng(x,r)}.
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The proof of Lemma [25]is inspired by that of Zhang [ZhaO6] in a Ricci flow setting. This
was already noticed in [DLI7] in the context of expanding gradient Ricci solitons. Therefore,
we only sketch a proof of Lemma for the convenience of the reader.

Proof of Lemma[23 Let p € [1,400). Then the function v is a sub-solution to the heat
equation, i.e.

opul < AgpyuP, (2.6)

on N x (0,T). Consider any smooth space-time cutoff function 1 and multiply (2.8]) by ¥?uP
and integrate by parts as follows:

/trz/ [V ) g0y = [V [0y u™ digeyds <

¢ s (V2 In dpag ) 1
/ / fg()uz” dpig(s)ds — 5 / W dpig .
t—r2 JN N

for any t' € (t — 72, ¢].
Hence,

t 1
/t TQ/ ‘Vg Ibup g(s d/,l/g d$+ / ¢2 2p d/’[/g(t’) <~

t 2
95 s 1
/t—r2/N< 2~ IVl + I Ry llcow® | w?? dugisyds <

g 651/}2 s 2 2
/HQ/N<—2 + (VI3 | u® dpgds

/

1
5 [ R leods s [ g <
2 Ji_p2 e(t—r2,t/
g ds1? ()12 2 ! 2 2
=+ |VIy|2 upd,usds—i——/ Ro(s) |[cods — sup /wupdus
£r2/1V< 2 ’ ‘g( )> s(e) 2 Ji—p2 ” g()HC’ se(t—r2t'|JN o(e)

(2.7)
Notice in particular that (Z7) implies, if ftt_rQ | Ry(s) llco ds < 1,

t/ 83 2 i
sup / PP dpg(s) < 4 / / <T¢ + vt >¢|3(8)> u® dpgds.  (2.8)
]JN t—r2 JN

sE(t—r2t!
Let 7,0 € (0,400) such that 7 > ¢ and 740 < r. In particular, P(x,t,7) C P(x,t,74+0) C
P(z,t,7). Now, choose two smooth functions ¢ : Ry — [0, 1] and n : Ry — [0, 1] such that
supp(¢) C [0,7+0], ¢=1 in[0,7], ¢=0 in[r+o,+x), —c/o<¢ <0,
supp(n) C [t — (1 +0)%, +o0), n=1 in[t—1% 400),
n=0 in(t—rt—(r+0)?%, 0<7n <c/o’
Define ¢(y, s) := ¢(dg, (x,y))n(s), for (y,s) € N x (0,T). Then,

. C C
VIl < =, 10s9] <

for some time-independent positive constant C. Here we have used the fact that g(t) is e
CO-close to g,. Now, (N, 9(t))ie(o,r) satisfies the following Euclidean Sobolev inequality
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since (N, g») does by [Chap.3, [SC02]] and the fact that g(t) is € C%-close to gy: there exists
C = C(gp) > 0 such that
n—2

2n n
([ dug) ™ <0 [ 195000y dug, (2:9)

for any ¢t € [0,7"). We are now in a position to follow [DLI7] very closely: if ay, := 1+ 2/n,
one gets by Holder’s inequality together with (2.9]),

/P( . )(UQP) " dpg(s)ds S/ (wup)%m dpig(s)ds

P(x7t7r)

S/:TZ (/N(l/mp)% d:u'g(s))nT_Q (/N(lbup)Q d:u'g(s))% ds

2
<C sup </N(7/)Up)2 dlu'g(s)) /I;( . )|vg(s) (wup)g(s) diug(s)

se(t—r2,t]

1 o
<C / u? dp s> 7
o2an ( P(z,t,7+0) 9(s)

for some time-independent positive constant C. Here, we have used (2.7)) and (2.8]) in the last
line together with the fact that 1 is compactly supported in P(z,t,7+ o). It is now sufficient
to iterate the previous inequality for suitable sequences (p;);, (r;); and (7;);, (0;); to reach
the desired conclusion.

O
We are in a position to give a proof of Proposition 231

Proof of Proposition[2.3. Tt suffices to apply Lemma together with Proposition [2.1] to the
nonnegative (sub)solution
u(z,t) := K(x,t,y,s),
for some fixed (y,s) € N x [0,T) with r? = (t — s5)/2:
K(x,t,y,s) < sup K('?'ayas)
P (m,t,% \/ t_Ts)
C
ST
(t—s)2 JPt /5%
< O I MRy o dt
C(t—s)?
for some positive constant C' = C(n, g, €). This ends the proof of the expected estimate since

SRy llco dt’ < 3.

K(a',t',y,s) dpgry(z)dt’

O
We now state the main result of this section:

Theorem 2.6 (Gaussian estimate). Let (N",gy) be an ALE Ricci flat metric. Let (g(t))scio,r)
be a solution to the Ricci flow such that g(t) € Beo(gp,€) for all 0 < s <t < T and such that

[ IRic(g@) o dt' < 5 (2.10)
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Then the heat kernel associated to (2.11) satisfies the following Gaussian estimate:

C dz(s)(ﬂf,y)
K(x,t,y,s) < ——Fexp{—2L2__ "% 0<s<t, x,yeN, D> Dy, 2.11
[K(z,t,y,5)] T p{ Dl =) y 0, (2.11)
where C' = C(n, gy, e, D) and Dy = Dy(n, gy, €) are time-independent positive constants.

Remark 2.7. The Gaussian weight in (211]) could be stated in terms of the distance dg)(z,y)
instead thanks to Proposition [A.2.

Proof. Again, we follow closely the presentation of [DI17]. Define the following integral
quantities for a positive constant D to be chosen later:

J(@:2)
(

E}(s,t,z2) ::/ \K(w,t,z,s)]Qe DE= dpgyy(z), s<t, z€N,

N

qu S)(z Y)

E3(s5,t,2) = / K (28,9, )2 P dpigy(y), s <t 2€N.
N

The motivation for introducing such quantities follows from the next crucial observation:
by the semi-group property and the triangular inequality,

K(z,t,y,s) /thZT <K (z,7,y,8) dpgr)(2)

2 @) (o e) () @)
/ K(z,t,z,7)e o K(z,7,y,8)e P09 dugy(2)e PO

where s < 7 = HTS < t. Therefore, by Cauchy-Schwarz inequality, we get the following
“universal” inequality:
d2 (@, y)

‘K(l’, t? Y, 3)’ < C\/Ell)(sv T, y)ElQ)(Ta t7 .%') exp {_%} . (212)
We claim the following:
Claim 1. c

1 2
Ep(s,t,-) + Ep(s,t,-) < m s<t, D> Dy, (2.13)

for some time-independent positive constants C = C(n, gy,&, D) and Dy = Dy(n, gp, €).

The proof of Claim[Ilis essentially based on Proposition [23limplied by (2.10]) and is virtually
identical to the proof given in [DL17]: it will therefore be omitted.
Now, thanks to (2.12]) together with Claim [Il one obtains the expected Gaussian estimate:

C dQ(T) (z,9)
K(x,t,y,s)] < ——5expq——22 "
Kot < oCpo] -0
2
o fte)
(t—s)2 en - D(t — s)
for some positive constant C' = C'(n, gy,&, D) and any D > Dy(n, gy, €). Here we have used
Proposition to estimate from below the distance dy(,)(7,y) in terms of the distance

dg(s) (.%', y)

}, 0<s<t, zy€N,

0
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2.2. L% — OV estimate.

We start by checking that the L?-norms of the Ricci tensor and the Hessian of the potential
function satisfying (5] are controlled from above by that of the associated Bakry-Emery
tensor.

Proposition 2.8 (A priori L? estimate for the Ricci flow). Let (N, g3) be an ALE Ricci flat
metric. Let g be a metric in Bo2.a(gy, ). Then,

[ Ric(g)llz2 + 972,12 < C (| Ric(g) + V#2£, 12) (2.14)
for some positive constant C = C(n, gp,€).

Proof. Let g be a metric in B2, (g, €). Then observe that from the Euler-Lagrange equation
(LH) satisfied by the potential function f,, one gets:

Ag,fo==Dfy =Ry = —try (Ric(g) + V92f,) (2.15)
Let us apply the Bochner formula to the smooth metric measure space (N™, g, V9 fg):
Ay, |V fy|2 =2|992 fo[2 + 2 (Ric(g) + V2 [,) (V9 fy, VI 1)
+ 2<V9fg, vgAfgfg>g
=22 [, 2 + 2 (Ric(g) + V92, ) (V9 f,, V1)
—2({V9f, VItr, (Ric(g) + V9?2 .
< fq g ( ic(g) fg) >g

Here, we have used (2.I5]) in the second line. By integrating by parts (with respect to the
weighted measure e*fgdug) the previous identity, one ends up with:

2V92 f, |3 == 2(Ay, for trg (Riclg) + V72f,))
—2 [ (Riclg) + V21,) (995, V2 1)) ¢ P
N 2
=2 Htrg (Ric(g) + Vg’zfg)‘ L

-2 /N (Ric(g) + Vg’ng) (V914 V7 fq) e_fgd,ug

(2.16)

<2||tr, (Ric(g) + v221,) [,
+ 112, (Ric(g) + V92, ) llcoll g, V9 fol132
<2[tr, (Rie(g) + V721, |,

+Cm )02, (Riclg) + V92 £, ) loo [ V9 £ 132

Here we have used (2.I5]) in the second line, and Hardy’s inequality from [Min09] is invoked in
the last inequality. In particular, if g lies in a sufficiently C2® small neighborhood of g, such
that C(n, gy)llpz, (Ric(g) + V92 fy)|| < 1 then the last term on the righthand side of ([ZI6]) can
be absorbed by the lefthand side so that,

V92 fol|7> < 2 (2.17)

2
L2’

’trg (Ric(g) + Vg’Qfg)‘
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This ends the proof of the estimate on the Hessian term in (2.I4]). The bound on the L?-norm
of the Ricci curvature follows by the triangular inequality. O

The next proposition lets us get an a priori C? estimate on the distance from a Ricci flow
to the origin given by an ALE Ricci flat metric:

Proposition 2.9 (A priori L? — C? estimate for the Ricci flow). Let (N, gy) be an ALE Ricci
flat metric. Let (g(t))co,r) be a solution to the Ricci flow such that g(t) € Beo(gs,€) and
with bounded curvature for all t € [0,T).

Forte (0,T) and 0 < r? < t, if ftt_rQ | Ry(s) llco ds < % and Ric(g(s)) € L?, s € [t —r%, 1],
then,

t

IRic(g(®) 0 < Cr % exp <c<n> /

T

,IIRm(g(s))llco dS) IRic(g(t —r?)l|z2, (2.18)

for some positive constant C = C(n, gp,€).

Proof. Thanks to the evolution equation [([A.6]), Lemmal[A.3] satisfied by the Ricci tensor, one
gets that the function u(t) := exp (—c(n) f(f | Rm(g(s))|lco ds) | Ric(g(t)|g4() is a subsolution
to the heat equation, i.e. dyu < Ayu in the weak sense.

Thanks to Lemma 25 if 7> < ¢ < T and 2 € N, one is led to:

- C )t m(g(s s ! .
sup [ Ric(g(t) 2y < —agett) Jira I Rantol ))||cod/ / [ Ric(g(s))P? iy oy,
Bg, (z,5) r t—r2 J By, (z,7)

(2.19)

where C' = C(n, gy, €) is a positive constant which is independent of space and time variables.
This being said, estimate (2.I9]) implies in particular that

. C n, 75 c(n t m S S .
| Ric(g()lln < T E) et iz IRmtoDllen ds gy | Rie(g(s))| . (2.20)
T2 t—r2<s<t
Now, Proposition gives:
t
sup | Ric(g(s))l|a < e o IR0 o ™) Ric(g(t — 1)) 2. (221)
t—r<<s<t

Combining this fact with ([2Z.20) finally give
C t
H RiC(g(t))HCo < %BC(M Ji 2 lIRm(g(s))ll o dSH Ric(g(t _ TZ))HLQ' (222)

Then ([2.22]) establishes the desired estimate (2.I8]). O

We end this section by an estimate on the decay of the C%-norm of the Ricci tensor along
a Ricci flow satisfying some mild assumptions:

Proposition 2.10. Let (N",gy) be an ALE Ricci flat metric. Let (g(t))icpo,) be a solution to
the Ricci flow such that g(t) € Beo(gy,e) and with bounded curvature for all t € [0,T) and
such that

| IRicta®) o dt' < 5. (2.23)
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Then, ifp>1,0<s <t <T and Ric(g(s)) € L?,

. c .
I Ric(g(t))llco < ———= | Ric(g(s))llr + C sup |[Rm(g HCO/ I Ric(g(t")) o dt’,
(t—s)2 t'€[0,T)

(2.24)
for some time-independent positive constant C' = C(n, gy, €, p).

Remark 2.11. Proposition [ will be most useful in case p > 2 since we will ultimately
consider a solution (g(t))icjo,1) to the Ricci flow such that Ric(g(t )) O(py,~ 2) for each time
tel0,T).
Proof. The assumptions legitimate the use of Theorem through Duhamel’s formula as we
now explain.

According to the evolution equation satisfied by the Ricci curvature along the Ricci flow
given by Lemma (A.3]) together with Duhamel’s formula, one can write:

Ric(g(t))(x) z/ (K(z,t,-,5), Ric(g(s))) dhg(s)
(2.25)

[ttt Ro0)) < Riclo(?) dgy

where K(z,t,y,s) denotes the heat kernel acting on symmetric 2-tensors associated to the
one-parameter family of metrics (g(t))se(o,7)-

Now, by Kato’s inequality, the operator norm of K(x,t,y, s) is bounded by the heat kernel
acting on functions, i.e.

”’C(l’,t,y7 S)HHom(SQT;Nﬁ'QT;N) < K(x7tay7$)7 (.%',y) € N x N7 t>s2> Oa

where K (x,t,y,s) denotes the heat kernel acting on functions with respect to the metric g(t)
introduced and studied in Section 21l In particular, [([211]), Theorem [2.6] ensures (once we
fix D = Dy) that

C(n,gp)
(t—s)2 5(1-3)
for 0 < s <t < T. Therefore, one gets by Holder’s inequality and (2.25]):

[ Ric(g())llco < SUJI\)[HK(%th)HLqHRiC(g(S))HLP

Te

1K (2,1, 5)l|lLa <

+ sup || Rm(g nm/wz,ﬂmmmm<mmw
t'e[0,T)
C(n
<GL%Mmd(Mm+CﬂmHMl nm/umc Do dt,
— S

where p,q > 1 are such that p—1 + q—l

of time.

= 1 and where C' is a positive constant independent

O
2.3. Weighted estimates.
In this section, we consider an ALE Ricci flat metric (N, g,) and prove an a priori C°

estimate on the distance of a Ricci flow (g(t))eo,7) lying in a small neighborhood Bco(gp, €)
starting from a metric g(0) € B2.a(gs,€).
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To do so, we essentially use the Gaussian estimates proved in Theorem [2.6]via the Duhamel’s
formula. We will distinguish short-time from large-time estimates.

Lemma 2.12 (Short-time estimates). Let (N",gy) be an ALE Ricci flat metric. Let T €
(%52,n—2), a € (0,min{l,n —2 — 7}) and let (9(t))eefo,r) be a solution to the Ricci flow in
a neighborhood Beo(gy, €) such that g(0) € Bi2.a(gs,€) and

~ 2n

t
1
/ | Ric(g(t))llco df' < — (2.26)
0
Then fort € [0,T) N [0, Tgpil,

| Rn(g(t))ll o, < Clm, g, €))% Rn(g(0)) (2.27)

” (UG
C‘r+2

| Ric(g(t)) | o, < Cn, gy, £)e” 9 Ric(g(0)) (2.28)
T+

leog,
Remark 2.13. The proof of Lemma [2.12 uses Theorem which explains the assumption

(2.2d). Using the mazimum principle and suitable barriers in the same spirit as it is done in
[LiI8] would have led to the same result without assuming (2.26).

Proof. According to (A.14)) from Proposition[A.5] the curvature operator is uniformly bounded
on [0,7) N [0,Tspi]. Thanks to the evolution equation satisfied by the curvature operator
[((A5), Lemma [A3], this implies that the function e~¢(IIEm(g(0)lico| Rm(g(t))|4() is a sub-
solution to the heat equation along the Ricci flow. In particular, by Duhamel’s formula
together with the maximum principle,

| Rm(g(t))gr) () S6‘3(")"Rm(9(0))”c°'t/NK(fﬂ,t,y,O)lRm(g(o))lg(o> () dig(o)(y)

<O /N K (21,9, 0)| Rm(g(0))y10) () ditg(0) (1),

for some positive constant C' = C(n, gy, €) by assumption on ¢(0). By assumption, [([Z2I1)),
Theorem [2.6] holds true and we get (once we fix D = Dy),

2, (z,
[Ran(g(0)ly (o) < 35 [ exp {—%} [ Run(g(0))]0) () o) (4)

(2.29)

< ClRmO)leo [ tFexpd — @@V ez )
< 9lee,, | Py~ (P W) dua,(v),

where we have used dz(o) (z,y) > %d?]b(x,y) for all z,y € N in the last line. By splitting the

integral on the righthand side of (Z29]) in two parts, whether y € By, (p,dg, (p,)/2) or not
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for some fixed point p € N, one gets:

/Nt 2eXP{—9§,ﬁ Pgr (y) dpg, (y) <

n d2 (p,l')}
tT2exp -2 / Par () dpg, (y
{ 8Dyt By, (p.dg, (p,x)/2) o (&) diig, (9)

C / n { dﬁb(w,y)}
+ — t72expq ——2—— ¢ dug, (y) (2.30)
(dgy (P, @) + 1)+ J e (p.dgy (p,0)/2) 2Dyt »
2 (p,2)\ ? dy, (p, @) C
< gy \Ps g, D 172
=€ ( t P 8Dyt (dg, (p,) +1) * (dg,(p, ) +1)7+2

< )
= (dg, (p,x) +1)7H2
for some positive constant C' independent of time ¢ > 0 that may vary from line to line. Here,

we have used the fact that 7 + 2 < n in the second line. Estimates (2.29) and (2.30) lead to
the expected result ([Z.27) at the level of the C%-norm:

| Ran(g(t))lloo, , < Ce“*|| Rm(g(0))l|cx_. (2.31)

for some positive constant C' = C'(n, gp, €).
Regarding the C'*-seminorm, by a similar reasoning considering difference quotients to-
gether with Duhamel’s formula , one gets schematically if a € (0, min{l,n —2 — 7}):

Po T Rm(g(t)]ca < Ce™lpgt*+* [Rm(g(0))]ce o

e /O | Rm(g(')) * R (g(#))]oe o dt’

T+24+a

< Ce®t|| Rm(g(0))|| e (2.32)

+ eS| Ran(g HCO/ | Ran(g(t") o, "

Concatenating (2.32]) together with (2Z31]) leads to ([2.27)) by invoking Gronwall’s inequality.
The proof of [228)) goes along the same lines by using (A.6]) together with (2:27)). O

The next lemma takes care of a priori integral-in-time estimates for the weighted C2-norm
of the Ricci curvature.

Lemma 2.14 (A priori large-time C° estimate). Let (N™,g,) be an ALE Ricci flat metric.

Let T € (%52,n —2) and let (9(t))eefo,r) be a solution to the Ricci flow in a neighborhood

Beo(gp, €) such that SUPyeo,7) I Rm(g(t))”co s < C(n,g) and

1
/ | Ric(g(t')) o d’ < 5- (2.33)

Then we have

/ | Ric(g(#))lce d' < C (H Ric(g(s)) o, / | Ric(g(s")) o ds) 0<s<t<T,
(2.34)
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for some time-independent positive constant C = C(n,gy,€). In particular, one gets the
following a priori C° estimate:

19(t) — g(s)llco < C (H Ric(g HCO / | Ric(g(s"))||co ds) 0<s<t<T. (2.35)

Proof. By arguing as in the proof of Proposition 210l one ensures with the help of Duhamel’s
formula that for x € N and t > s > 0,

[Ric(o(t)ly (@) < [ K (o) Ric(a(o)) o g
(2.36)

+ / /N K(z,t,-,t")|Rm(g(t')) * Ric(g(t"))| ) dptgr) dt’.

By invoking [(ZIT]), Theorem [Z.6] (once we fix D = Dy), the first term on the righthand
side of (2.36]) can be estimated as follows:

K(,1,-,5) * | Ric(g(s))ly(s) = / K (a1, 5)| Ric(a(s)lg(o) dpg(e

d2, .\ (z,
<G /N oxp { - O Rt 0 g (0

2
< C[[Ric(g(s))llco, /N(t —s) Zexp {—%} P2 (y) dug, (y),
(2.37)

where we have used df](s) (z,y) > %dgb (z,y) for all z,y € N in the last line together with the

fact that g(t) € Beo(gp,€) for all t € [0,T).
Observe that for x # y, and n > 3,

+oo n d2 (z,y)
e _ dg, (7, < O -n+2
/S (t—s) 2 exp { Dol —s) dt < Cdy,""(z,y).
In particular, by Fubini’s theorem,
! 2
/ . / . n
[ Kt s) < Ricla(Dyo e < ClRiclg(s)lca,, [ dy 007 >0) dg ().

By considering regions of the type By, (p,dg, (p,x)/2), Bg,(p,2dg,(p,x)) \ Bg,(p,dg, (p,)/2)
and N \ By, (p,2dg, (p,z)) for a point z € N and a fixed point p € N, one gets an a priori
estimate on the following C%-norm:

t
/ [K (2,1, -, 5) % | Ric(g(s))lg(s) o dt” < C| Ric(g(s))ll o, , - (2.38)



22 Alix Deruelle and Tristan Ozuch

Notice that we heavily use the restriction 7 < n — 2 here. We proceed similarly to handle
the second term on the righthand side of (2.36]):

t/

£, o), R(g(s) = Riclg(s))) diigie) ds'| i’ <

C/ / (/ K(xty,s) dt') | Run(g(s'))I(y) iy ()] Ric(g(s) o s’
(2.39)

<c< / | Ric(g(s")) oo ds> /N Ay (29) " pos (9)7 2 dpigy ()

<C (/ | Ric(g(s"))|lco ds ) pg, ()"

Here, we have used Fubini’s theorem in the second line together with the assumption on
the curvature tensor Rm(g(s’)), s’ € [0,7) in the penultimate line which implies that the
curvature tensor Rm(g(s’)) decays as fast as p;f*Q uniformly in time.

Estimates (2.38) and (2:39]) lead directly to the desired estimate ([2.34]).

Finally, (Z35]) is proved with the help of (Z34]) by noticing that:

l9(®) — 9()llce < / | Ric(g(t')) |0 dt'
]

The following lemma proves an a priori weighted C%® estimate on the Ricci tensor of a
solution of the Ricci flow C*%close to a stable ALE Ricci flat metric.

Lemma 2.15 (A priori weighted C%¢ estimate on Ricci curvature). Let (N",gp), n > 4, be
an ALE Ricci flat metric. Let 7 € ("5%,n —2), a € (0,1) and let (g(t))ico,) be a solution
to the Ricci flow in a neighborhood B a(gb, e) with uniformly bounded covariant derivatives,

i.e. |[VIORRm(g(t))||co < Ck, k> 1 and such that

1
< — 2.4
/ | Ric(g()) o ' < o (2.40)
Then we have the following estimate,
I Ric(g(t)lco,, < <\| Ric(g(s))llce,, / | Ric(g(t"))|lco dt) 0<s<t<T, (241)

for some time-independent positive constant C' = C(n, gp,€).
Moreover, if « € (0,min{l,n — 2 —7}) then for any n € (0,1):

I Ri(:(g(t))HCSf2 <Cy (H Ric(g( ”COa / | Ric(g(t)]| 5o "dt> 0<s<t<T. (242)

Proof. Similarly to the beginning of the proof of Lemma 2.14], we use Duhamel’s formula to
estimate the CY, , norm of the Ricci curvature along such a Ricci flow.
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Using the Gaussian bounds (2.1 from Theorem with D = Dy fixed once and for all,
leads us to:

[t Riclo(s)) dig

q(t)

2.9
< (t_s)g /N exp{ Df(; 5)}|Rw< ())lgts) () dpig(s) () (2.43)
n d2 Z, o
< Clmictelen, [0 F o {0 20 du .

Here we have used the fact that g, and g(0) are uniformly equivalent (due to their € close-
ness). By splitting the integral on the righthand side of ([2.43]) in two parts, whether y €
By, (p,dg,(p,x)/2) or not for some fixed point p € N, one gets:

_n de(%y) e C
/N(t_s) 2 exp{_M}pgb 2( )d:u'gb( )S (dgb(p,$)+1)T+27 (244)

for some positive constant time-independent C' that may vary from line to line. Here, we have
used the fact that 7 +2 < n in the second line. Concatenating estimates (2.43)) and (2.44)
give the following estimates in terms of the initial data:

H/ ), Riclg(5)) ditg| < O Riclg(o)lce, o #3520 (2.45)

We proceed similarly to estimate the second term on the right hand side of (2.36):

| (Kot ¥). Rm(g() « Rie(g(¢)) dpy)

0
CT+2

< C [ I|Rm(g(t')) * Rie(g(#))l|co,
/ - (2.46)

< C sup ||Rm(g ||C°/ | Ric(g(t")llco dt’
t'els,t]

C <HRiC( HCO / | Ric(g(t'))]|co dt)

Here, we have used the fact that g(t) is close to gj in the C2-topology in the penultimate line
which implies in particular that the curvature tensor Rm(g(s)) decays as fast as p;? uniformly
in time. Finally, [([2.34), Lemma [2.15] is invoked in the last line. Notice that we have not
used the whole strength of the decay of the curvature tensor.

The proof of the a priori estimate on the oo o norm of the Ricci tensor goes along the
same lines as the C? 1o a priori estimate we just proved by using difference quotients under
the restriction on a € (0,1) so that 7+ 2 + o < n.
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Indeed, under this restriction on «, we get schematically:

+2+a

@f”mkwﬁmw<CM”“ﬂmd(Dbﬂm+c/wmm@WDﬂmd(waw dt

T+24+a

+c/ IR (g(¢)]ce * Ric(g(t) o, d¥

SCM“@@W¢5+C/WWm@WDHmd(Dme dt’

T+24+a

RN AL / | Ric(g(t)) oo dt

SCM“@@W@a+C/WWm@WDHmd(Dme dt!

T+24a
(H Ric(g(s)) o, / I Ric(g(#))]|co dt)

<O Ric(g(s DHCOa-+C{/ﬁHIhn g(t") * Ric(g(t)]callco,,dt’

T+2+«
+C’/ | Ric(g(t))]|co dt’.
(2.47)

Here we have used Lemma 2.14] in the third inequality.
In order to handle the last integral on the righthand side of ([2:47]), we proceed as follows:
by interpolation together with Holder inequality,

| o) Riclg(¢ om () de < Cu [ Riclo(t )l 199 Riclg(¢) |2y

11—« t «
<Ca (/ | Ric(g ucodt> ( / ||v9<f’>Ric<g<t'>>ucgdt')

for some time-independent positive constant C,. Now, by interpolation inequalities from
Lemma [A.§] we have for any k > 2:

(2.48)

199 Ric(g(¢))ll ey < Cill Rie(g(t) s -

k—1
since we assume all the covariant derivatives of the curvature tensor to be bounded uniformly
in time.

Therefore, by Holder’s inequality, if k£ > 2 is sufficiently large so that 1 — % > %,

¢ . t . 1—1
[ 19O Ricla(@leg at <C [ IRieto@lea’ o

1—1

<(Cy </ | Ric(g HCO dt) </ | Ric(g ”COIC(T 1) dt) )

(2.49)
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Now, by Lemma 2.14] together with (2.48]) and (2.49)), one gets:

/ P, (2)*[Ric(g(t'))]ce (z) dt' < Cq (HRIC Dlleo +/ [ Ric(g(t"))llco dt)
s (2.50)

+ c,m/ | Ric(g(#)) oo™ 7 '
which implies the expected estimate (2.42]) and ends the proof. O

Remark 2.16. The proof of Lemma uses the Gaussian estimates established in Section
21 in an essential way. Indeed, by linearizing the evolution equation satisfied by the Ricci
curvature along the Ricci flow at the metric gy, given by Lemma (A.3), one gets schematically:

9 Ric(g(t)) = Ag, Ric(g(t)) + Q(h(t), Ric(g(1))), (2.51)
where Q(h(t),Ric(g(t))) is a symmetric 2-tensor on N such that pointwise,
)

|Q(R(t), Ric(g(t)))] <
Cln go,¢) (\ Rm(gs) gy Ric(g(®))l, + Z V() - )|
Observe that g, has non-negative Ricci curvature (since it is Ricci flat) and non-collapsed
at all scales, i.e. Volg, By, (x,r) > v(gy)r™ for all radii v > 0 and points x € N so that
well-known Gaussian estimates established by Li- Yau [LY86] can be used.
Reasoning as in (2.40) would have led us to estimate a priori a term such as

/ (g(s) — gv) * Vo2 Ric(g(s))lo, ds

In particular, we are left with estimating

t
sup |[|(g(s) —gb)Hcg/ V9% Ric(g(s))llco ds
s€[0,T) 0

from above and uniformly in time. This is fine by Lemma as long as 7 > 2. Such a
condition is always satisfied if n > 6 or if n = 5 by restricting 7. However, we are stuck in
dimension 4 since T € (1,2).

>~ Ric(g(t))

We end this section by establishing an a priori C*%estimate on g(t) — gy, t € [0, T) as long
as g(t) € Biza(gp,€)-

Lemma 2.17 (A priori weighted C>® estimate). Let (N",g), n > 4, be an ALE Ricci

flat metric. Let 7 € (%52,n —2), a € (0,1) and let (9(t))eejo,ry be a solution to the
Ricci flow in a neighborhood B 2.0 (gp, ) with uniformly bounded covariant derivatives, i.e.

SUP¢e[0,T) va(t) Rm(g(t))||co < Ck, k > 1, and such that
1
/ IRic(g(t))llco dt" < 5. (2.52)

Then forn € (0,1) and o € (0,min{1,7 —1,n -2 —7}):

lg(t) = g(s)llp2e < <H Ric(g HCOa / || Ric(g HCO77 dt) 0<s<t<T,
(2.53)
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for some time-independent positive constant Cy = C(n, gy, €,1).

Proof. By elliptic regularity, it is sufficient to establish an a priori bound on the C’sz—norm
of Ay, (g(t) — g») or equivalently Ay (g(t) — gy) since g(t) is e-close to g, in the C%_topology.
Indeed, observe that if h(t) := g(t) — gs, then schematically,

Agpyh(t) — Ag,h(t) = V92 h(t) * h(t) + VI h(t) * VI h(t),
which implies

1Ag h(B)llgo.e, < I1Agry (1)l o + ()[R | g2 IR ()1

In particular, (A2]) from the proof of Lemma [A7 leads to the following estimate on the

C?, , estimate:

1Ag(0) (9(t) = 9(s))llco, , <2l Ric(g(s))llco, , + 2] Ric(g()) o,

+ sup ||Rm(g HCO/ || Ric(g Hco dt’

t'els,t]
2 / /

+) / IV9EOF(g(t) = 9(5))lleg V42 7F Ric(g ()l co dt”
k=0S$

(2.54)

Invoking Lemmata [214] and 2I5] the proof of (Z53]) with @ = 0 ends provided 7 > 2.
Indeed, in order to bound the norms ||[V9®):F(g(#') — g(s))||cg, k =0,1,2, uniformly in time,

this requires either n > 6 or n = 5 by restricting 7 accordingly: this phenomenon echoes
Remark 2.16]
Arguing as in (2.54) leads to the desired expected estimate on [|Ay4(g(t) — gb)ll 0.0 by
T+2

using Lemma (A7) instead. Indeed, we arrive at the following estimate:

1850 (9(6) = 9(5)) oz, < (11 Riclg(s) o, + I Ric(o(®) oo )

+ C sup ||Rm(g HCOa / | Ric(g(t))||co.e dt’
s<t/<t

+O sup [V (g(t) — g(5)) o / | Ric(g(#))|co d
s<t'<t

+C sup [V (g(¢') = g(s))ll o / IV Ric(g(t))l| o di’
T+1 1

s<t/'<t

<HR10 cha / || Ric(g HCOn dt)

+C / IV9) Ric(g(¢')]] o dt’
’ (2.55)

if « € (0,min{1,n —2 —7}) and n € (0,1). Here we have invoked Lemma 2.T5]in the second
inequality which explains the restriction on . Now, if @ € (0,min{1,7 — 1}), a similar
reasoning that led to (Z50) in the proof of Lemma 2.15] gives an estimate of the last integral
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on the righthand side of (2.50) as follows if v € (0, 1-— H'TO‘) and x € N:

Pgb($)1+oz/ |[V9(S) Ric(g(s))]cal|(z) ds < C’aﬁ/ ||RiC(g(t/))H(l/%HRic(g(t’))”é_ov_HTa dt’

1+

1—
<C(M</ I Ric(g(t))llco dt) (/ | Ric(g(t)) oo’ ™" dt’)

The case oo = 0 is handled similarly. Therefore, if n € (0,1), an application of Lemma 2.14]
leads us to,

t
/ 99 Rie(g(#)l| oo d' < Cay (HRIC Do + / | Ric(g(t))]|co dt)
+Co ,,7/ || Ric(g Hcondt

<Can (HRIC Hco-i-/ | Ric(g(t)||5e ”dt)

in case a € (0,min{l,n — 2 — 7,7 — 1}) and this ends the proof of the desired estimate.

0

3. STABILITY OF RICCI-FLAT ALE METRICS
3.1. A stability result.

Let us now use the Lojasiewicz inequality (0.2]) to study the stability of Ricci-flat ALE
metrics. We will say that a Ricci-flat ALE metric (N, gp) is stable if it is a local maximizer
of AaLE, and unstable otherwise. From now on, we make the following assumption.

In a C2%(gy)-neighborhood B 2.0(gp,€x) of gy, an L?-Lojasiewicz inequality is satisfied: for
any metric g in B2.q(gy, €r), we have

Aare(9)P 70 < CIIVAALE@)]72(y,): (3.1)

for some 6 € (0,1).

The purpose of this section is to give a proof of the following stability result: in the stable
case, just like in [Has12], [HMI4] or [KP20], the Ricci flow converges to a Ricci-flat metric at
a particular rate.

Theorem 3.1. Letn > 4 and 7 € (%52,n —2). Let « € (0,min{l,7 —1,n—2—71}). Let

(N"™ gp) be a stable Ricci-flat ALE metric such that Inequality [3.1 holds on a neighborhood
B 2.0(gp, er) with exponent 6 € (0,1).

Then for every e € (0,¢ey), there exists § > 0 such that the Ricci flow starting at any metric
n Bcz,a (gp,0) stays in Bcg,a(gb,s) and converges to a Ricci-flat metric goo in Bcg,a(gb,s) n

the C’f}a,—topology for any 7' € (%52, 7) and o € (0, ).

Moreover there exists a positive constant C' = C(n, gy, €,0) such that

6
l9(t) = goollco < Ct72T=0, ¢ >1, (3.2)
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and

400 0
/0 I Ric(g(s))llco + || Ric(g(s)z2 ds < C(n, b 2,0) (5 + [Aaru(g(0)[2) . (3.3)

Remark 3.2. The convergence in which Theorem [31] takes place is reminiscent of the con-
vergence result obtained in [Lil8, Theorem 5.1]. However, unless the background Ricci flat
metric (N"™, gp) is flat, the solution (N™, g(t))t>0 we provide is Type IIb, i.e.

lim sup t| Rm(g(t))|4) = +oo-
t——+oo

Because of this fact, it is unclear if one can get a convergence for all rescaled covariant
derivatives of the metric as in |[Lil8 Theorem 5.1].

To end this section, let us discuss the need for Gaussian bounds on the heat kernel given by
Theorem In Proposition 3.5 we start by proving an a priori C? estimate on the distance
of a Ricci flow (g()):cj0,r) to the origin g, lying in a small neighborhood B2 (gp,€)-

At this stage, one is tempted to use appropriate interpolation inequalities together with
the a priori L? bound on Ric(g(t)), t € [0,T), established in Lemma [3.6 to get such a time-
independent a priori C? bound on g(t) — gy, t € [0,T). Let us apply the Gagliardo-Nirenberg
interpolation inequalities [Aub82, Theorem 3.70, Chapter 3] which can be adapted to (N™, gp),
to the tensor 0;g with p =00, j =0, r =00, ¢ =2 and m > 1 to get:
Doy (x)Tfa(m+T+2)
where a € (0,1) is such that (2m + n)a = n and if (g(t))icpo,7) is assumed to stay in a fixed
neighborhood B m+2.a(gp,€) of go. This estimate already shows that it asks for too much

)

P, (@) (10:gllco (B, (2.0 (2)/4)) < C (13 90) 1069l 12 - 10egl|Em

T+2

regularity of the solution. Moreover, one needs to ensure the exponent 7 — a(m + 7 + 2) to
be non-positive which constrains 7 to lie below 3 - mT“ Worse, the application of Lemma
requires the exponent 1 (which equals a here) to be strictly less than 20%0, this in turn
restricts the range of the exponent 6 in the Lojasiewicz inequality from Theorem which
is uncheckable in general.

For all these reasons, we somewhat proceed more directly by using the heat kernel estimates

from Section 2.1] via Duhamel’s formula.

3.2. Proof of Theorem [3.11

We first show that given ¢ as in the statement of Theorem [3I] there exists § > 0 such that
the Ricci flow starting at any metric g(0) in B2 (gy,d) stays in B2.(gy,€) and exists for
all time.

Let g(0) € B2.a(gp,d) with § < € to be constrained later and let (N™, g(t))¢co,7y,;] be Shi’s
solution [Shi89a] with

e(n) e(n)
Tspi = > =:T(n, gs)
supy | Rm(g(0))lg0) — C(n,96,€)
which exists since g(0) is e-close to g, in the C2*topology.

We define the maximal time of existence of this solution to the Ricci flow with respect to

the C2“-topology as follows:

Tinax = SUp {T > 0| g(t) € Boaalgpe), Vie [o,T)} :
We start with the following proposition:

> 0, (3.4)
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Proposition 3.3. There exists 6(n, gy,€) > 0 such that for 0 < < d(n, gy, €), one has Tyax >
T(n,gy) > 0 and the set

{T>0] ¥ie.T). ot)€Bealgn)}.
1S open.
Remark 3.4. The proof of Proposition does not use the stability of (N™, gp).

Proof of Proposition [3.3. We only prove the fact that Ti,ax > T'(n, gp), since the proof of the
openness of the set of solutions is very similar and will therefore be omitted.
According to Propositions and [A6],

IRm(g(t))[lco < 2[[Rm(g(0))[[co < C(n,g0),

[ Ricg(®)llco < <9 Rie(g(0)lco < Cln, 9,)5, (32

for ¢t € [0, Ts;]- In particular, if ¢ € [0,T(n, gb)],

t
l9(t) = gbllco < 2/0 [ Ric(g(s))llco ds +[l9(0) = gollco < C(n,g0)d <,

if ¢ is chosen small enough. Moreover, we choose ¢ small enough so that fg || Ric(g(s))]|co ds <
5. Thanks to this choice, Lemma2I2is applicable and gives us || Ric(g(t))”cgf2 < C(n,gp)o0

for t € [0,T(n,gp)]. By integrating in time this inequality and by reducing ¢ once more if
necessary, one gets for ¢ € [0,7(n, gp)] that [|g(t) — gbllco < & (We actually get a stronger
decay in space but we do not use this fact as it will not be preserved for large time).

Finally, we invoke Lemma [A.T to get an a priori bound on the full C>*norm. Indeed, with
0=:s<t<T(n,gp), Lemma[A.T leads to:

8 (9() — 9Ol con, < I Rica(t)) o, + || Ric(g(O)]co
/ | Ran(g(t")) s, | Ric(g(t') o
T / 99 Ric(g(#)) o la(¥)) = 9(0) e ¥

+ [ IRl e o) — 9O o
< C(n, go) || Ric(9(0)) | co.e + Cn, gb)tt/sg[lg)t]\|Rm( g(t"))] o

/ IV Ric(g(t')) goe ll9(t) = 9(0) | 20 d’
< C(n, )l Ric(g(0))ll oo,

t
+ sup [[g(t') = g(0)|[ 2. / V9% Ric(g(t'))[| go. dt”
t'€[0,t] T Jo 1
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Here we have used Lemma [2.12] in the second inequality. Observe that thanks to [([(ATH),
Proposition [AH],

e ¢ [ Ric(g(0)) ey
VI Ric(g(t)) o dt' <C / —————Lat
19 Ricta@) et <€ [ —=2

. 3.6
< C|[Ric(g(0))lco,, (3.6)
< Cllg(0) - ol gz
for some positive constant C' = C'(n, gy, £) that may vary from line to line.
Similarly,
t
| b Ricla(e e a
t

1+a—(742 t : / l1—a )2 ps ! « !

<C [y T Ric(a(t) g 992 Riela(¢ )2,
) (3.7)

t
§CHRiC(9(O))HCS+2/O t,%ﬁdtl
<O Ric(g(0)llce,,
<Cllg(0) = gsllc2,

for some positive constant C' = C(n, g, €) that may vary from line to line. Here we have used
that 1+ a — (7 +2) < 0 since 0 < o < 1 and 7 is positive.
Therefore, as an intermediate conclusion, we obtain:

18 (9() = 90Dl o, < C(n, gb,€)8 (1 + sup lg(¢') — Q(O)H@a) : (3.8)

t'€[0,t]
Now, observe that if h(t) := g(t) — ¢g(0), then schematically,
Agyiyh(t) — Ayoyh(t) = VIO2h(t) 5 h(t) + VIOR(t) x VIO n(t),
which implies
186 (Bl coe, < Qg0 Al o, + C(n, go)[A(B)| g2 1R ()]l o1 (3.9)
Plugging ([B.8) in the previous estimate (3.9]) leads to:
12g@ (D)o, < C(n, g5,) <1 +t81[10pt] Hh(t')llcg’a> +C(n, o) [h(B)]| 20 IR () [ 1 -
T relo,
According to elliptic Schauder estimate applied to the background initial metric g(0), one
gets [0 gz < Cngu,) (1850010 cos, + D)y ) which leads to

[h(8)| gze < C(n, gp,€)0 <1 +t81[10pt] Hh(t’)||cg,a> + C(n, )[R (@)l 2o |A() |2 (3.10)
relo,

Notice that (3.6) and (B7) imply a Cl“estimate on g(t) — g(0) by integrating over
[0, T(n, gb)]: SUPyefo,7(n,g,)) 1ME )l cra < C (0, gp, €).
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We are then in a position to conclude since this previous fact combined with (B.I0) imply
if 6 <d(n,gp,€):

[2(@) ]| 2.0 < C(n, gb,€)0 (1 + Sl[lp} IIh(t')Hcg,a> , t€[0,T(n,gp)]- (3.11)
t'el0,t

Considering the function in time supycp g [|2(')[| 2., one gets, by choosing ¢ < d(n, gy, €)
sufficiently small that ||h(t)[| 2. < C(n,gs,€)d for all t € [0, T(n, gp)] which by the triangular
inequality leads to the expected result, i.e. g(t) — gy € Bp2.a(gp,€) for all t € [0,T(n,gp)]. O

The next result consists in showing a priori estimates on the C>%®mnorm of our solution
which are time-independent. This is where the Lojasiewciz inequality comes into play.

Proposition 3.5. The set
{T>0] ¥ie.T). ot)€Bozalgno)}.

is closed. More precisely, there exist time-independent positive constants C = C(n, gy, €,0)

and C = C(n,gp,£,0,1n), n € (0, %), such that for t € [0,T):

/HRIC Nieodt! < Clnagone,0) (6 + Aarslg(O)]F) (3.12)

lg®) = 9(O)lce < Clng,2,0) (6 + [Aarn(9(0))]) (3.13)
lg() = g(O)ll gz < Cln,gs,2,0,m) (877 + Pare(g(0))[2HD) . (3.14)

Before we prove Proposition 3.5l we establish one more crucial lemma which gives an a

priori L? control on the distance of a Ricci flow from the origin given by a stable Ricci flat
ALE metric:

Lemma 3.6 (A priori L? estimate for the Ricci flow). Let (N™, g) be a stable ALE Ricci flat
metric such that Inequality[3.1 holds on a neighborhood B z.q (gy, ey,) with exponent 6 € (0,1).
Let (9(t))iepo,r) be a solution to the Ricci flow in B z.a(gs,€), € < en. Then, one has the
following decay in time:

IAaLE(g(0))]
(1+ CAaLe(g(0))[1=0 - )+

O [ Rl + 75O 0 < Passo(s)] <

i

0<s<t<T, py:= 7

(3.15)

for some positive constant C = C(n, gy, <,0) independent of time and where the L? norm is
understood with respect to the weighted measure et 9 dpg 1y -
In particular, one has the following uniform energy bound if 0 < s <t <T:

ClAaLs(g(0))] _
(1+ CAare(g(0)[1=0 - 5)' 7

[ IRiclae DI + 1992 00 o < (3.10
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Finally, if n € [O, %), one has

/ I Ric(g(t') 2" + V92 fyn 172" dt < CPaLe(g(s)| 27, 0<s <t <T,
(3.17)
for some positive constant C = C(n, gy, &,0,1n).

Remark 3.7. The right-hand side of ([B.J6) also tends to 0 as s — oo for some negative
values of 0. Recall that up to a second order error, we have Arg(g) ~ |lg — gb||§{1 if
-1

g—gp L ker2 Ly,. A natural question would be: can the Ricci flows considered in the proof
of Theorem [3.1] still converge in H}L/Z_l if a sufficiently good L?-Lojasiewicz inequality does
not hold?

Proof. Observe first that by definition of the Ricci flow together with the first variation of
AaLe computed in [([IZ9]), Proposition [L9], one has for ¢ > s > 0,

dt' = AarLg(g(t)) — Aare(g(s))

< —Aare(9(s) < [Aare(g(0))]-
Here, we have used the fact that 0 = AaLr(gs) > AaLr(g) for all g € B 2.a(gp,¢€) since gp

Ri g(t'),2
/H ic(g(t)) + V92 fon 2, 90 dpgr)) (3.18)

is a local maximizer of Axpp by assumption. This proves the first part of ([B.I5]) since the
measures e~/ 9 dpgpy and dpg(y) are uniformly equivalent in time and space.

By using the Lojasiewicz inequality for ALE metrics given by Inequality B.1l with exponent
0, one gets:

d (Aaml(0) < ~C(-Aas@®)*, ¢ 0.7) (319)

for some positive constant C' independent of time.
Integrating this differential inequality leads to:

(“Aare(g(1))) < POl gy, (3.20)

(1+ ClAaLe(g(0)*=0 - t)T=2
for some positive constant C' independent of time. This gives us the full estimate (B.15)).
The a priori L?-estimate (3.I6]) follows by invoking the previous bound (BI5) together with
Proposition 2.8

Now, on the one hand, consider the function t — (—Aarg(g(t)))” for some positive constant
~ to be constrained later. Observe as in [HM14] that if n € [0,6/(2 — 0)) for some 6 € [0, 1):

OB = =2 (Aaislo0) G Ae(9(0)
= ~29(=awe(9(1)" " | Ric(g(0) + V02 £y |1
= ~2y(=Aar(g(1))" || Ric(g(t) + VIO f |50 (321)

< —Cy(=Aare(g(8))FOO=2) | Ric(g(t) + VIO2 1127
— —C|| Ric(g(t) + VIO2 £, |15,
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if
0
o= 5(1—{—77)—77>0.
Here we have used the Lojasiewicz inequality for ALE metrics given by Inequality B with

exponent # in the fourth line.
Integrating (3.21)) in time, one gets the expected result, i.e.

t
/ _ 1
/ | Ric(g(#)) + V2 fyllp" dt’ < dan(g(), ¢> s> 0. (3.22)

This holds true whenever this function is differentiable, i.e. as long as Aarr(g(t)) is not zero.
Otherwise, one can adapt this reasoning by considering ¢t — (—AaLr(g(t)) + )7 with £ small
and then we let £ go to 0. This concludes the proof of (8.17)) by invoking Proposition 2.8 once
more.

O
We are now in a good position to prove Proposition

Proof of Proposition [3.3. We proceed by establishing successive claims which lead to the ex-
pected result. It is sufficient to prove the corresponding estimates for large time, i.e. if

t> T(n279b) .
Claim 2. Fort € [0,T), (318) and the a priori C° estimate [3.13) hold true.

Proof of Claim[2. Let us check that the assumptions of Lemma 2.14] are satisfied. It is suffi-
cient to check condition (Z33]) since we assume g(t) € B c2a(gp,€). Since g(t )€ B c2e (b, )

for all t € [0,T) then if r? := T(ngv) ’9") , it is straightforward to check that ft 22 || Rg(s) lco ds < i

by considering € small enough. Thls fact lets us to use Proposition 20 to get for 0 < r? :=
T(” gv)
<t

I Ric(g(t))llco <C(n, gy, ) exp (C(n) /t_  IIRm(g(s))llco dé’) IRic(g(t — %)l

< Cm,gus2) exp (Cln,g1,2)72) [ Riclg(t — 1)) (329
< C(n, gv, e)| Ric(g(t — )| 2.
Now, [3:23) and [[BI7), Lemma B.6] with s :=0 < M <t < T and n =0 imply:
T(n,93)
[ IRsctatDlcode < [T I Riclo(t) s i + Clon g sl 0)
" (3.24)

< C(n, )| Rie(g(0))llco + C(n, gv,=,0) Aare(g(0)) =
<C(n, 9,2, 0) (3 + Parn(9(0))]2) |

where we have used Proposition in the second inequality. In particular, if ¢ (and therefore

|IAaLE(g(0))]) is chosen small enough, then ([2.33]) is satisfied.
Applying [([235]), Lemma 2.T4] to s := 0 < ¢t < T gives:

l9(t) = 9(0)llco <C(n, ) <H Ric(g(0)llco,, + / I Ric(g(s"))llco dS)

<C(n, 9,2, 0) (3 + Parn(g(0)]?) |
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where we have used ([B.:24]) in the second line. This concludes the proof of Claim [2

Claim 3. Fort € [0,T) and 7 € (o, %)
lg(t) = 9(0)lgze < C(n, gb e, 0,m) (877 + [Aarp(g(0))[ 20 +D7) . (3.25)

Proof of Claim[3. Tt is sufficient to prove this claim if ¢ > M.
In order to use Lemma 217, we first check that for each & > 1, there exists some time-
independent positive constant Cj, = C'(n, k, gy, €) such that |[VI®* Rm(g(t))||co < Cy for t >

M. Since ¢(t) € Bz.a (gp,€) for all ¢ € [0,T) by assumption, sup,cp 7y [| Rm(g(t))[[co <
C(n,gy,€). In particular, Proposition implies that ||[VI®F Rm(g(t))]|co < Cy for t =
M. Therefore, Lemma [A4] applies and guarantees that such uniform-in-time bounds on

the covariant derivatives of the curvature tensor hold true for ¢t > M.
Lemma 217 is therefore applicable: if € (0,1),

lo(t) = 90Nz < oty 9 (F52) | ..+ o (F522) -900)

<Clg(0) - gl
. T 7’L, gb t . -
+%@m%di7jnhm+ﬁwymmwwgwﬁ.
T+2 -
(3.26)

2
Now, a similar argument based on [([B.17]), Lemma [B.6] as in the proof of Claim [ leads to:
6 _
l9(t) = 9(0)]| g2 < CO+Cy (61*" + are(g(0))20+ n) ’

cxe

under the restriction that n € (O, %). This ends the proof of Claim Bl O

Claim [ ends the proof of this proposition by choosing § (and therefore Aarg(g(0))) so
small so that the righthand side of (3.25) is less than §, say. O

Notice that Propositions B.3] and prove that Ti,.x = 400, i.e. the solution to the Ricci
flow considered at the beginning of this Section is immortal.
The last step to prove Theorem [B.1] is summarized in the following proposition.

Proposition 3.8. Let (N™,gy) be a stable Ricci-flat ALE metric such that Inequality [31 holds
on a neighborhood Bz, (9v,€r.) with exponent 6 € (0,1). Let (g(t))ic(0,400) be a solution to
the Ricci flow in Bcg,a(gb,E), € < ey,. Then there exists an ALE Ricci flat metric goo €
Biz.a(gy,€) such that:

_ 6
g(t) = goollco < Ct 20, ¢ >1, (3.27)
for some positive constant C = C(n, gy, £, 0).

Remark 3.9. The decay in time for the C’z}a/—norms, 7€ [0,7), & €[0,a), can be obtained
by interpolation between the C° and C2 norms together with [B.27). The proof of such

interpolation inequalities for Holder norms can be found for instance in [Kry96, Chapter 3,
Theorem 3.2.1].
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Proof of Proposition[3.8. Let us show first that there exists a unique limit metric g, €
Bcz,a(gb,e) in the C’f;a,—topology for any 7/ € [0,7) and &/ € [0, ).

First of all, since we assume (g(t))i>0 to lie in Bpz.a (gv,€), compactness of the embed-
ding C2< C’E,’a/, for o/ € [0,a), 7" € [0,7) ensured by Lemma [[.3] there is a sequence
(9(ti))i converging to a 2-tensor g in Bpz.a(gy,€) in the Cf_,’al-topology for any 7' € [0,7)
and o/ € [0, ). The limit 2-tensor is a Riemannian metric since it is e-close to gp.

Now, if t > t; > 1, (3.23)) in the proof of Claim [ together with [(B.17), Lemma B.6] applied
to n = 0 gives the expected decay in time for the C° norm:

lg(®) — g(t:)llco < 2/ | Ric(g(s)) e ds < Ct. T (3.28)

Inequality (B.28]) shows that the limit metric g, is unique, i.e. it does not depend on the
sequence (t;);. This also proves ([B.27)).

In order to estimate the decay in time for the C%-norm of the Ricci tensor, we make use of

Proposition 2I0 with s := 5, ¢ := ¢ and p > 15 to get:
_n t
I Rictg()llco <€t % [Ric (3 (5 )} +C sup [Ram(o(e e / | Rie(g(#))llco dt
2/ ) e €[0,7)

_n t
<Ct 2 ||Ric (g (5)) —i—C/ | Ric(g(#"))||co dt’
_n X t e
<Ct 2 ||Ric (g <—)> + Ct 2(1—0)’
2 o

where C' = C(n, g, ¢,0,p) is a time-independent positive constant that may vary from line
to line. Now, if p := 2 > by the choice of 7 in the previous estimate, Proposition [A.6]

(3.29)

T+2
together with [[B.I7), Lemma [B.6] lead to:
HRlc( ( )) <C/ | Ric(g(t"))|| z2 dt’
(3.30)
< thm,

if ¢ is large enough for some positive constant C = C'(n, gy, €, 0).
Therefore, ([3.:29) and (3.30) imply the following decay for the C? norm of the Ricci tensor
for ¢; large enough:

9
I Ric(g(t))llco < Ct 207 (3.31)
Moreover, ([3.3T]) shows that Ric(geo) = 0, i.e. goo is a Ricci flat metric in B2.0(gp,€). In

particular, by [BKN89|, g is an ALE Ricci flat metric.
Now, [(813)), Proposition B.5] ensures that Lemma [2.14] is applicable and for t > ¢; > 1,

I Ric(g(#))llco dt/)

).

t

lg(t) = g(ti)llco <C(n, gb,€) (H Ric(g(t:)llco, , +
(3.32)

1

N[

<C(n, g,2) (I Ric(g(t:)) oo, + Mare(g(t:)
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where C' = C(n, gy, ¢,0) is a time-independent positive constant. Here we have used [([B.13]),
Lemma [3.6] in the fourth line.

0

3.3. Evolution of the Bianchi form, the scalar curvature and the mass.

In this section, we investigate the evolution of the Bianchi one-form together with that of
the scalar curvature along a Ricci flow (N, g(t)):>0 satisfying the assumptions of Theorem
Bl Let us denote goo the limit ALE Ricci-flat metric of the solution g(t) as ¢ tends to +oc.

Recall that the Bianchi one-form B(t) of ¢g(t) and g is defined by

B(t)i := B(g(t), V=, g(t)); = %g(t)’“ (VE=g()a + Vi~ gt i — VI=g(t)), i=1,.m.
(3.33)

Remark 3.10. Notice that the difference between the Bianchi one-form of g(t) and goo in-
troduced by Kotschwar following Hamilton and deTurck, and the Bianchi operator defined in
(A2) is neglectible in the sense that if h(t) :== g(t) — goo,

B(t)i — By (h(t))i = B(g(t), V9=, 9(t))i — By)(9(t) — goo)i

1
= 59(75)“ (Vg + Vicgt)iw — VI~ g(t)m)

1
= divge (h(t))i + 5V trg,, h(t):
1
= 59" (V= h(t)a + V7= h(t)i — V= h(t))
1
= divge (h(t))i + 5V trg, h(t):

:% (g(t)kl - glgé) (VL2 h(t)i 4+ VI<h(t)i — VI=h(t)) -

Therefore, B(t)— By (h(t)) = g(t) " xh(t)*xgx! «V9°h(t) is quadratic in h and its derivatives.

Next, we recall the evolution equation satisfied by the Bianchi gauge along the Ricci flow
with a Ricci flat background metric g given in [Kot17]:

Lemma 3.11 (Kotschwar). Let (N", goo) be a Ricci flat metric and let (g(t))iejo,r) be a Ricci
flow on N. Then, the evolution equation satisfied by B is schematically:

0B = g(t)™" + B(t) = Ric(g(t)) + g(t) "+ g(t) ™"+ VI=(g(t) — goo) * Ric(g(t)),  (3.34)

where, if S and T are two tensors on N, S T means some weighted sum of contractions
of the tensor product of S and T with respect to the background metric g, with coefficients
bounded by universal constants.

Our main result is the following proposition on the decay of the Bianchi one-form in space-
time coordinates:

Proposition 3.12. Let n > 4 and 7 € (%52,n — 2). Let o € (0,min{l,7 —1,n —2—17}).
Let (N, gy) be a stable Ricci-flat ALE metric. Let (9(t))ici0,400) be a solution to the Ricci
flow in B 2.a(gy,€), for some e > 0 which satisfies the conclusion of Theorem [3.1] and let
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Joo € B2, (gv,€) be its limit Ricci-flat metric goo. Then for any positive n small enough and
any k >0, we have

2]
[V9FB(t)||co < Cppt =017 £ >1, (3.35)
for some positive constant C = C(n, gy, €,6,n,k).

Remark 3.13. In [Proposition 6.9, [KP20|/, the decay of the Bianchi one-form obtained in
Proposition is improved if the perturbation lies in LP N L™ for p < n small enough.

Proof. From now on, the symbol < (respectively ) means ” less than or equal” (respectively
"7 larger than or equal”) up to a positive multiplicative constant that depends on n, g, k, «
and ¢ only. All the norms are understood with respect the metric g... For the sake of clarity,
we omit the dependence of the Levi-Civita connection on go. By (B.34]), the norm of the
Bianchi gauge B(t) satisfies in the weak sense:

9|B| 2 —[Ric(g(t)[|B(t)] — [VA(H)[| Ric(g(®))], ¢ > 0.

By Gronwall’s inequality, one gets pointwise in space:

IB(t)] 2 |B(s)| exp {— / t|Ric<g<t'>>|dt'}

- / exp {—/t, | Ric(g(s"))] ds'} |Vh(t")|| Ric(g(t))| dt’, t > s > 0.

This implies, once we let ¢t tend to 4o0:

+o00 t/
s [ e { [ iRt wne e
< exp {/+00 | Ric(g(s")| ds'} /+00 |VR(t)||Ric(g(t"))| dt’ (3.36)

+oo
< / VA Ric(g(t')] dt'

where C' = C(n, gy, £,0) is a time-independent positive constant. Here, we have used Propo-
sition in the last inequality.

Now, according to the conclusion of Theorem Bl [|g(t) — goollco < Ct T if ¢ > 1.
Since for any k > 0 and t > 1, |V9(1)k Rm(g(t))lg) < Ck, for some time-independent positive
constant Cj, by Lemma [A.4], standard interpolation inequalities show that the same decay in
time holds true for higher covariant derivatives of g(t) — goo at the expense of an arbitrary
small error: for any positive 1 small enough and any k > 0, one gets ||[V¥(g(t) — goo)|lco <
crTw

Therefore, (3.36]) leads to the expected estimate (3.35]) for s > 2:

0

+oo
1B(s)llco 552(19)+n/ | Ric(g(t"))|co dt’

__0
< Cys T M ae(g(s — 1))]2

0
5 Cnsi (=) +77’
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for any i > 0 small enough. Here we have used Proposition 29 with 0 < 72 := 1 < t together
with [(B.I7), Lemma [3.6]. The corresponding decay in time on the covariant derivatives of

B(t) are obtained by interpolation.
U

We continue by estimating the decay in time of the C°-norm of the scalar curvature. In case
the scalar curvature at time ¢ = 0 is integrable, we also show this property is preserved: this
echoes the result of [DMO7, Theorem 1, part B]. Our proof is based on heat kernel estimates
established in Section 211

Proposition 3.14. Let n >4 and 7 € (%5%,n —2). Let o € (0,min{1,7 — 1,n —2 —7}). Let
(N™, gp) be a stable Ricci-flat ALE metric such that Inequality [31] holds on a neighborhood
Bcz,a(gb,eL) with exponent 0 € (0,1). Let (g(t))icjo,4+00) be a solution to the Ricci flow in
Bcz,a(gb,e), € < ey, which satisfies the conclusion of Theorem [T and let go € Bcz,a(gb,e)

be its limit Ricci-flat metric.
Then,

0 n
[Rg@) lco < C <t—2<19>1 - tﬁ> . t>1, (3.37)

for some time-independent positive constant C' = C(n, gy, €,0). Moreover, if Rg(0) € L' then
Ry(t) € L for every t > 0 and,

I Ra(o) 11 < C (IRg(o) 11 + Pare(@(@)]), ¢>0, (3.38)

some time-independent positive constant C = C(n, gy, €,0).

Proof. According to the evolution equation satisfied by the scalar curvature given in [(A7]),
Lemma [A.3] together with Duhamel’s formula:

Ry(t) /K z, 8, Y, 5) Ry(o) () diig(0) (y)
(3.39)
/ / K(z,t,y,s)| Ric(g(s ))|§(s)(y) dpgesy(y)ds, t>0, x€N.
In particular, if 2 < s := % < t, Theorem ensures that,
t /
I Rg(t) llco < sup |\ K {2, 5 HR (£) Iz + HRIC t))ll¢o dt
sgmiém+/nmc Dl de
(3.40)
¢ )
< wlRy()llz +C H Ric(g(t"))[72 dt
ta 2
¢

nHR( )HL2+Ct*ﬂ.

»“-I

The second line is justified by Proposition 29 applied to 0 < 72 := 1 < t which implies that
£ —1> %since t > 4. The last line is obtained thanks to [([BI6]), Lemma [B.6].
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Now, Proposition together with [(B.IT), Lemma [3.6] lead to:

I Ry(2) 2 SnHRiC (g (%))

<C [ | Ric(g()llz dt (3.41)

L2

(SIS

t
2

0
< Ct 20-90) ,

if t > 2 is large enough, for some time-independent positive constant C' = C(n, gy, €,0). Esti-

mates ([B.40) and (3:4])) end the proof of [B.3T).

In order to prove ([B.38]), we observe that by considering (3.39]), one obtains:

Ryt 1 < | 1Ryt @ity )

< Sélp 1K (8,9, 0) [ 21 [ Rg(oy 12
Yy

[ sup I ot )l [ Rt B 0) dig ()i
0 yeN

< efs 1Ryco oo ds (H Ry 11 + / | Ric(g(s))132 ds)
0

< Cef0+°<> I Rg(s) lco ds (” Rg(O) HLl + ’)\ALE(Q(O))’ ds)
<C (IIRg(0) 12 + Aars(g(0))] ds) ,

for some time-dependent positive constant C' = C'(n, gy, €, 6).

Here, we have used [([2.3]), Proposition 2] in the third inequality together with [(BI6I),
Lemma B.6] in the penultimate line. Finally, [[8.3]), Theorem B] is invoked in the last line
since || Ry(s) [lco < nl|Ric(g(s))l|co. We could have alternatively used ([3.37) to justify this
step.

0

The next proposition establishes a link between the integral of the scalar curvature and
the ADM-mass along a suitable solution to the Ricci flow whenever the scalar curvature is
assumed to decay fast enough initially.

Proposition 3.15. Let n > 4 and 7 € (%52,n —2). Let o € (0,min{l,7—1,n—2—7}).
Let (N™, gp) be a stable Ricci-flat ALE manifold. Let (g(t))ic(o,400) be a solution to the Ricci
flow in B 2.0(gy,€) for some ¢ > 0 satisfying the conclusion of Theorem [31 and let g €
Beza(gy,€) be its limit Ricci-flat metric.

If Rg(0) = O(py,?) for some q > n then

mADM(g(O)) = lim Rg(t) d,ug(t), (3.42)

t——+o0 N

where mapm(g(0)) is the mass of the initial metric g(0) defined in (I.2).
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Remark 3.16. Formula (3.42) is inspired by the work [Lil8] where the same identity is proved
in the context of asymptotically flat immortal Ricci flows with non-negative scalar curvature
on R™.

Proof. Let us prove formula ([3:42]). Recall by linearizing the scalar curvature around the limit
metric goo based on [([A3]), Lemma [A.T] that:

‘ Ry(o) — divg( (divye (9(t) = gsc) = V7 try (9() = 9o0)) ‘

< O, 900) (190) = ool | V72 (9(8) = go0)| + [V (g(8) = 9a0)I*)

In particular, by the definition of the ADM mass introduced in (I.2]), one gets by integration
by parts that:

|mADM(9(t)) - /NRg(t) Aoy

SC/N (!g(t) — ool ‘Vgooz(g(t) — goo)‘ + V9= (g(t) — goo)lz) iy (3.43)

<Cllg(t) = goollZe ,

for 7 € (0,7) such that 27’ + 2 > n which justifies the second inequality ensuring the
integrability of p;)le_Q.

As a first conclusion, Theorem Bl implies that the righthand side of (3.43]) converges to 0
as t tends to +oo.

If Ry(0) = O(py,?) for some g > n then the mass mapn(g(-)) is constant in time, according

to [DMQ7, Theorem 1]. Therefore, one gets the expected result:

0= lim (mADM(Q(t)) - /N Ryg(t) d#gw)

t—-+o00

=mapm(g(0)) — lim Ro(t) duger)-

t——+o0 N

0

In [DMO7), Theorem 2], it is shown that if (g(¢)):>0 is a solution to the Ricci flow which is
ALE for each time and such that the scalar curvature is integrable, then in case this solution
converges to a limit ALE metric go, in the C1®-topology, T > "T_Q, one has

Jim mapa(g(t) = mapa(geo),

provided that,
lim || Rg(t) — Rgwo llLr = 0. (3.44)

t—+o00
In the setting of Proposition B8] the convergence (3.44)) is unlikely to hold true and it
explains the restriction on 7 to lie below n — 2.

Indeed, on the contrary, one would get mapm(g(0)) = mapm(goo) = 0 since g is an ALE
Ricci flat metric. On the other hand, there are small perturbations in the C2®-topology of
any given ALE Ricci flat metric with non-zero ADM mass: see for instance the discussion at
the beginning of [DO20, Section 3]. This leads to a contradiction for stable Ricci-flat ALE
spaces (such as all known examples).
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3.4. A discussion on previous stability results.

In this section, we compare our stability result given by Theorem [B.] together with its
proof and previous results on the same topic.

In [SSS11, Theorem 1.4] and [Appl8, Theorem 1.2], stability of Euclidean space (R, g.)
along the DeTurck Ricci flow is investigated for small perturbations in L* of the Euclidean
metric ge lying in LP, p > 1. In [SSSII], their argument is based on the Lyapunov function
t € Ry = [pul3(t) — gel® dug, where (§(t))i>0 denotes a solution to DeTurck Ricci flow
whereas [Appl§] uses estimates based on Duhamel’s formula. Both methods lead to the
same solution (g(t))¢>o which is of Type III: in [Appl8| Theorem 1.2], the curvature and its

covariant derivatives satisfy |VI(t)F Rm(g(t))|5¢4) = Ot 2» 1_%) for all £ > 0 uniformly in
space.

Moreover, these two articles obtain a corresponding solution (g(t))¢~o to the Ricci flow by
pulling back the solution to the DeTurck Ricci flow by a one-parameter family of diffeomor-
phisms (¢¢)¢>0, 1.€. g(t) := ¥ g(t). This family of diffecomorphisms is generated by minus the
evolving Bianchi one-form B(g(t), V9, ¢g(t)) introduced in (B.33):

Oy := —B(g(t), VI, 9(t)) oy,  ilt=o0 = Idgn .

The article [SSS11, Theorem 9.2] shows in detail that there exists a limit diffeomorphism 1o,
which is the pointwise limit of ¢, as ¢ tends to +o0o and such that g(¢) converges to ¥} ge in
ch |

In contrast, Theorem B.1] gives a Type IIb solution (g(¢));>o to the Ricci flow and our
functional Aprp plays the role of a Lyapunov functional. The use of the DeTurck Ricci flow
is delicate here in the sense that the limit metric of the flow is not known a priori.

However, the work [DK20] proves that one can choose a time-dependent gauge to show
that a suitable DeTurck Ricci flow converges to a nearby ALE Ricci flat metric in the setting
of integrable and linearly stable ALE Ricci flat metrics. In [DK20], the convergence is shown
to hold in the L? N L* topology. No convergence rate in time was obtained. This rate has
been established in the work [KP20] in case the background Ricci flat metric carries a parallel
spinor.

Coming back to the setting and notations of Theorem B.1] the possibility of making sense
of the DeTurck Ricci flow with respect to the background limit metric g, is not taken for
granted in general as the decay in time [([B35]), Proposition BI12] suggests. Indeed, in or-
der to justify the existence of a diffeomorphism ¢, of N as the limit of the one-parameter
family of diffeomorphisms generated by B(g(t), VI><, ¢(t)), [(8:35]), Proposition B.12] asks the
Lojasiewicz exponent 6 to be close to 1 enough. More precisely, if § > % then it is not too
difficult to show the existence of ¥, and as a result, the corresponding DeTurck Ricci flow
converges to 15 goo in C{Zc, k > 0. Whether this convergence holds true in weighted Holder
norms is not straightforward and in light of the proof of Proposition B.12] it would require an
even more stringent condition on the exponent 6.

Finally, let us notice that in case the background ALE Ricci flat metric g is integrable and

linearly stable (which includes the Euclidean metric on R™) then [DO20, Proposition 7.15]

shows that 8 = % In particular, the criterion 6 > % is equivalent to T > "TH As T is

constrained to lie in (% — 1,n — 2), the condition T > 242 is non empty for n > 6.
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4. INSTABILITY OF RICCI-FLAT ALE METRICS

Similarly to [Has12], we prove that there exists an ancient solution to the Ricci flow starting
at any unstable ALE Ricci-flat metric (N, g) that satisfies Inequality B.J] and which flows
away in the C** topology.

4.1. A priori energy estimates in the unstable case.

Let us start by proving that a Ricci flow starting in a given C2“-neighborhood of an
unstable ALE Ricci flat metric, where a suitable Lojasiewicz inequality is satisfied, escapes a
possibly larger neighborhood in finite time.

Lemma 4.1. Let (N, gp) be an unstable ALE Ricci flat metric such that Inequality [31] holds
on a neighborhood Bcg,a(gb,sh) with exponent 6 € (0,1). Let go be a metric in Bz.a(gy, ),
e < e, and let (g(t))co,r) be Shi’s solution to the Ricci flow starting at go. If Aarr(go) >0
then there exists a finite positive time T(go) defined by

T(go) = min {t > 0|Vs € [0,2), [lg(s) = goll gz < £ and |lg(t) = gl 2 = e}

Moreover, there exists a positive constant C = C(n, gy, e,0) such that T(go) < and,

AALE(9(8))
(1= AR (9())(t — )77
Finally, there exists d(n, gy, ) > 0 such that if 6 € (0,0(n, gp,€)), and gy € Bz (gp,9) then
T(go) > T(n,ge) > 0.

Aare(g(t)) > , 0<s<t<T(g) (4.1)

Proof. The fact that T'(go) exists and is positive comes from Proposition B3] together with Re-
mark .4l The existence of 6(n, gy, €) > 0 such that if 6 € (0,6(n, g, €)), and go € B2.(gs,9)
then T'(go) > T'(n,gp) > 0 is also due to that same Proposition B3

Let us now prove that T'(go) is finite. As long as g(t) stays in B2, (gs,€), we can integrate
the Lojasiewicz inequality for ALE metrics given by Inequality Bl with exponent 8 to get

SAnp(e(0) 2 OO0, 1€ (0, T(w), (42)

for some positive constant C' independent of time.
Integrating this differential inequality leads to:

AL (90)

1
(1 — CAaLg(go)'=? - £) 77
for some positive constant C' independent of time. This gives us the full estimate (4.1]).

The righthand side of ([£3)) blows up as ¢ tends to m%‘)(g)’ and since Aarg(g(t)) depends
ALE\J0
1

continuously on [|g(t) — gs|| 2.« as recalled in Section [LZ3] we have T'(go) < —r=5— -
T C)\ALE(go)

ALe(g(t)) > 0<t<T(g), (4.3)

O

The following lemma is the analogous statement to Lemma for unstable ALE Ricci flat
metrics.
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Lemma 4.2 (A priori L? estimate for the Ricci flow : positive Aarg). Let (N", gy) be an
unstable ALE Ricci flat metric such that Inequality [31] holds on a neighborhood B 2. (gy,cr.)

with exponent 0 € (0,1). Let go be a metric in B 2.a(gy,€), € < er, such that AarLe(go) > 0
and let T'(go) > 0 be defined as in Lemma[{.1. Then one has the following estimate:

T (go)
/0 | Ric(g(t)[122+V9D2 fy 132 dt < CAaLE(9(T(90))), (4.4)

for some time-independent positive constant C' = C(n, gp,€,0).
Finally, if n € [O, %), one has

T(g0)
[ IRl + 19902, 157 db < Chnui(a(T (o)) 570, (45)
0

for some positive constant C = C(n, gy, &,0,1n).
Proof. Observe first that by definition of the Ricci flow together with the first variation of
AaLe computed in [(L9]), Proposition [L.9],
T(go) )
2 [ Ric(g(t) + V102, dt = Aie(9(T (o)) ~ Anii(oo)
0

< AaLe(9(T(g0)))-

(4.6)

This proves (44]) once we invoke Proposition 2.8
Now, on the one hand, consider the function ¢ — Aarg(g(t))” for some positive constant -y
to be constrained later. Observe as in [HM14] that if n € [0,6/(2 — 0)) for some 0 € [0,1):

%)\ALE(Q(”)W =y aLe(g(t))"™ —)\ALE(g(t))
= 292are(9(t))? " || Ric(g(t)) + VIO2 £, 122
— 2 arn(g(t) | Ric(g(t)) + T2 £ |G+ (4.7)

> CyAare(g(t) D08 Ric(g(t) + VIO2 £, |11
= Cv|| Ric(g(t)) + vt 2f g(t) ”L2 )
if

0
5(1+77)—n>0.

Here we have used the Lojasiewicz inequality for ALE metrics given by Inequality B.1] in the
fourth line.
Integrating (A7) in time, one gets the expected result, i.e.

v =

T'(go)
| IRiclal) + 990200137 dt < oA (o(T () (4.9

This concludes the proof of (£5) by invoking Proposition 2.8 once more.
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4.2. A digression on AppE.

By Perelman’s work [Per(2], recall that for a closed Riemannian manifold (M™", g),
| Ric(g) + vg72f||12(effgdug) > )\(g)2,

where A(g) denotes Perelman’s energy.
In the non-compact situation, a similar inequality holds generally if the metric stays at
bounded C*%-distance for 7 > n — 2.

Proposition 4.3. Let 7 >n—2 and o € (0,1). Let (N", gy) be a Ricci flat ALE metric. Then
we have the following inequality for the AaLg-functional: for any metric g € Bg2.a(gp,€),
there exist 6 = (1) > 2 and C = C(n, &) such that we have

I Riclg) + V#2f, iy = Coas (@)l (4.9
ford=0(1)>2

Remark 4.4. We underline the fact that Proposition [[.3 is not useful in our setting since the
convergence rate T is assumed to be larger than n — 2. However, we decide to keep it here
since it has its own interest.

Proof. Let us consider a Ricci-flat ALE manifold (N", ¢g5), and a Riemannian metric g satis-
fying ||g — ngCg,a < ¢ for some 7 >n —2 and a € (0,1).

By assumption and the definition of f, € C>?, see Section [[2.2] we have the following
decay rates, |Ry| + |Agfy] < C(R)C((1 + p,) " 2). Let v € (%,1), so that [ (1 +
Pg)” 1(7+2) g~ fadp, < +00, and define § := 2 7 Then we have for ¢ = ¢(vy,7,9) > 0,

/N |Ric(g) + V921,12 ¢ Jodp,
1 _
25 /N |Rg + Agfg’2 € fgd:“g

1 i _
:E /N |Rg +Agfg|2(1 +PQ)V(T+2)((1 +pg) VT+2) ¢ fgd:ug)

1(r+2)

c 2 —lr _ g
—_{/ |Rg + Agfglo (14 pg) (14 py) 17+ ¢ fgd:“g)}

2, - —y(1-%) _ J
/ Ry + By fli ™ [|R9+Agfg|(1+fog)( +2)} e fgdl‘g}

c 1 B 5
ZE[C(n)C’]W(‘S / |Rg 4+ Agfglge fgd,ug}
c _ 1)
E[ “/(5 1) ’/ +Agfg gd‘ug‘
C 19 _
=gwmwﬁéﬂa/< )+ Vol e
N

by Jensen inequality in the fourth line and thanks to (ILH]) in the last line. Here, we have used
the fact that % - (% — 1) =1. O



Stability of Ricci-flat ALE metrics along the Ricci flow 45

Notice that Inequality (4.9) with a constant C' independent of ||g — gp|| 2.0 Would imply
that for any Ricci flow starting with a positive Aarg, AaLg blows up in finite time. This is
not true in general.

Indeed, Feldman, Ilmanen and Knopf [FIK03] have constructed complete expanding gra-
dient Kihler-Ricci solitons on the total space of the tautological line bundles L=%, k > n
over CP"~ !, These solutions on L% are U(n)-invariant and are asymptotic to the cone
C(S*1/Zy) endowed with the Euclidean metric 3i00 | - |2, where Zj, acts on C" diagonally.
The curvature tensor of these solitons decay exponentially fast to 0 at infinity, in particular
these metrics are ALE and their mass vanish. On the other hand, the scalar curvature of
these metrics is positive everywhere.

If gr1k denotes one of the Feldman-Ilmanen-Knopf metrics, then )\%LE(QFIK) > 0. Now, for
any t > 0, we have A (grik () = £27 A g (gr1k) > 0 as we noticed in [DO20, Remark 8.3,
since gprk is an expanding soliton. Again, this is in contrast with the compact situation where
a Ricci-flow starting at a metric with positive A-functional necessarily develops a finite-time
singularity.

4.3. An unstability result.

In this section, the main result is the corresponding statement to Theorem [B.I] in the
presence of an unstable ALE Ricci flat metric.

Theorem 4.5 (unstable case - ancient Ricci flows coming out of Ricci-flat ALE spaces). Let
n>4andt € (%52, n-2). Leta € (0,min{l,7 —1,n —2 —7}). Let (N", g;) be an unstable
Ricci-flat ALE metric such that Inequality [31] holds on a neighborhood BCE,Q (gp,€1.) with
exponent 6 € (0,1).

Then there exists a non Ricci-flat ancient solution to the Ricci flow (goo(t))ie(—o00,0) With
positive scalar curvature that converges in C*% to g, as t — —oo. More precisely, if n €
(O, ﬁ) and € € (0,ey,) then there exists a positive constant C = C(n, gy, €,6,n) such that
fort <0,

C
1900 (t) = goll 20 < - (4.10)
(14 C|tyza-a"
Finally, the solution goo(t) is ALE of order T uniformly in time in the sense that,
P "IV R (oo (8))|goo i) < Chy k>0, £ <0, (4.11)

Proof. Let us consider g, a Ricci-flat ALE metric which is not a maximizer of Aapg. This
means that there exists a sequence (g;); of metrics converging to g, in C2® with Aarg(g;) > 0.
By Lemma [£.1] the Ricci flow (g;(t)); starting at g;(0) = g; leaves Bz.a (gp,€) in finite time
and we can consider the first time T; := T'(g;) for which |g;(T;) — ngcg,a =e.

We start by proving the following positive uniform lower bound Aarg(g:(T3;)):

Claim 4.
0<C < ljmjLinf MLe(gi(T;)) < limsup AarLg(9:(T3)) < C, (4.12)
1—+00

i—+00
for some positive constant C = C(n, gy, €, 0).
Proof of Claim[j. The upper bound in ([AI2]) is due to the continuity of the functional Aarg
on a C%“-neighborhood of g, for 7 € (% — 1,n — 2) and « € (0,1) together with the fact that
9i(T) € B(jfﬂ (g, €)-
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The lower bound is more subtle to prove and relies on a priori weighted estimates established
in Section 23] that we now explain. The proof is very similar to that of Claim [Blin the proof
of Proposition

First, let us check that the assumptions of Lemma [2.17] are satisfied. Since T; > T'(n, gp)
by Lemma [} the covariant derivatives of Rm(g(T'(n,gp)/2)) are uniformly bounded in
space by Proposition Since g;(t) € Bc}a(gb’g) for all ¢ € [0,7;] by assumption,
supefo,r;] | Rm(gi(t))[[co < C(n, gy, ). Therefore, Lemma [A.4] applies and guarantees that
uniform-in-time bounds on the covariant derivatives of the curvature tensor hold true for
t > Tlo),

Let us check condition (2.33]). Since g;(t) € Bz.a (gy,€) for all t € [0, T;] then if r? := M,

it is straightforward to check that jjtt_rg | Ry, (s) llco ds < 1 5 by considering e small enough. This

fact lets us to use Proposition 29 to get for 0 < 72 := T( ’gb) <t

I Ric(gi(t))llco < C(n, gv, €) exp (C(n) /t IIRm(gi(s))llco d8> IRic(gi(t —r%)|| 2

. 4.13
< C(n, gor ) exp (Clm, gy 2)r?) [ Ric(t — )12 (419
< C(n, gy, €)|| Ric(g;(t — 72| 2.
Now, (£13) and [([@3]), Lemma [4.2] with s:=0 < T(ngs) ’gb) <t <T; and n = 0 imply:
T T(négb)
; 0
| IRictgElendt < [ I Riclit)) o '+ Clon.ghe Al (1)
0 0

g (4.14)

< C(n, g)|| Ric(gi(0))|co + C(n, b, €, 0)AaLe(gi(T5))
< C(n,g5,5,0) (8 + Aare(g:(71))? )

where we have used Proposition in the second inequality and where §; := ||g;(0) — gp|| 2.

In particular, if  is chosen small enough, (£I4]) ensures that [[233]), Lemma [ZT7] holds true.
By Lemma 217 and using [(£3]), Lemma 2] as in the proof of (£I4]), we have for any

n e (0, 20%9),

T;
l9:(T3) = gill gz = C [ I Ric(gi)ll o) + /0 | Ric(g:(t ))Hco"dt>

T;
c<ugz e+ [ IRiclait ))HCO”dt> (415)

( + 67" + ML (9 (T )) (14m)= 77)
(5 N MALE gz(Tz))g(Hn) 77)
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for some time-independent positive constant C' = C(n, gy, £, 6, n). By the triangular inequality
together with ([4.I5]) and the very definition of T,

e = 6:(T:) = gl e < iminf(lgi(T5) = gill 2o + 63)
im i 1=n (T 5 (141 —n
<timinf € (577 + Awp(ai(1) 077

= C'lim inf App(g;(T;)) 2007,

1—+00

This ends the proof of Claim @l O
We continue by proving the following
Claim 5. The sequence (T;); is unbounded.

Proof of Claim[3. Assume on the contrary that there exists a bounded subsequence, still
denoted by (7});, which, without loss of generality, is monotone non-increasing and converges
to a finite positive number T,. In particular, this implies that the Ricci flows (g;(t)); are
well-defined on [0, T]. Since g;(0) = g; is assumed to converge to g in the C>%topology
and since g;(t) € Bpz.a (gp,€) for any t € [0, T ], Hamilton’s compactness theorem [Ham95]
ensures that g;(t) converges locally smoothly to g as ¢ tends to 400 on N x [0, T, ]. Moreover,
the property that g¢;(t) € Bz2a (g, €) for all indices i > 0 together with Lemma [[3] ensure

that the convergence of g;(t), t € [0,Tx], to g, holds in the Cf_,’a/—topology for any 7" € (0,7)
and o’ € (0, ).

Now, for the same reasons, since (g;(7;)); C Bcz,a(gb,e), Lemma [[3] implies that there
is a subsequence, still denoted by (g;(7;));, that converges in the C’E,’a/—topology, for 7' < 1

and o/ € (0,a) to a metric goo € C>*. By continuity of the functional Aarg on a C’z}a/—
neighborhood of g, for 7/ € (§ — 1,7) and o/ € (0, ), Claim @ leads in particular to

MLE(goo) > 0. (4.16)
On the other hand, by Proposition applied between times % and Tj,
2 (4.17)
— 0, asi— +4oo.

T;
‘ 9i(T3) — gi (3)
2 o

The limit in the last line is justified by % < Ts and the convergence of g;(t), t € [0, Ts], to
gp in the C° topology. In particular, by the triangular inequality and the previous estimate
@TT), lim; 40 ||gi(T3) — gbllco = O which identifies goo With g, by uniqueness of the limit:
this leads to a contradiction with (Z16]).

T;
<2 / | Ric(gi (1))l co dt
CO

T;

0

Consider now the Ricci flow g;(t) := ¢;(t + T;) obtained by translating time. It is defined
on [—T;,0] and satisfies
o for —t; <t <0,
13:(t) = goll 20 < e, (4.18)

e there exists a positive constant C' = C'(n, gp, €, 6) such that for all indices ¢ > 0,
0<C™' < AaLe(3(0) < C, (4.19)
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e and
Jim 19:(=T5) = pllgze = 0. (4.20)

After passing to a subsequence if necessary, Hamilton’s compactness theorem [Ham95] ensures
that (§i(t))e|—7;,0) converges smoothly on compact time intervals to an ancient Ricci flow oo
defined on (—o00,0]. Moreover, the property ([{IS8) together with Lemma [[3] imply that the

convergence holds in the Cf_,’a/—topology for any 7" € (0,7) and o’ € (0, ). The continuity of

the functional Aarr on a C’E,’a,—neighborhood of g, for 7/ € (§ — 1,7) together with the lower
bound ([@I9) imply A1 (§eo(0)) > C > 0. This fact alone shows that the solution (goo(t))t<0
is therefore nontrivial, i.e. non Ricci-flat.
There remains to prove that g, (t) converges to g; as ¢ tends to —oo in the C2“-topology.
According to the triangular inequality,

15:) = gl gz <NGi(®) = Gl =T 2o + 136(=T2) = oll 2
<€ (13:-T) = ol + Mm@ ()2 D7) + [3(~T) = gyll e

<C (|lg:(-1) - ! gare T AALE(g () F0HD )
(4.21)

if p € ( T 9) for some time-independent positive constant C' = C(n, gy, €, 60,n). Here we

have essentially used Lemma [2.17] together with [([435]), Lemma [4.2] in the second line.
Now, according to [(£1]), Lemma [.I] applied between times T;+t and 7; with —T; < ¢ <0,

AaLe(Gi(t)) — < AarLr(3:(0)),
(1 — CA\ % (G:(e)]t)) T2

which leads to:
AaLe(9i(0))

1
1+ CA 0))|t]) -2
(1+ A @ 0) ) 122)
C

< o T 1

(1+Clt))=2
if —T; <t < 0, for some time-independent positive constant C = C(n, gp,€,0) which may
vary from line to line. Here, we have used the uniform upper bound in (£I9]) in the second
line.

Therefore, if —T; <t <0, estimates (£2]]) together with ([£.22]) lead to:

C
tim sup 15i(t) — gz < — (423)
i—+00 (1 + C’t’) 2(1-0) 1
for any positive 7 sufficient small and where C = C(n, gy, €, 0,7)>0. Since (§;(t))e[—1,,0) cOn-
verges t0 (goo(t))t<o smoothly locally on compact time intervals, (£23]) implies the expected
result:
C
1900 (t) — ngcfva < T = 0.
1+ Cleymm
The fact that (goo(t))i<o satisfies (£.I1)) is a direct application of Shi’s estimates for ancient
solutions to the Ricci flow: see [CLNO6L Chapter 6] for instance.

AALE(Gi(t)) <

O
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APPENDIX A. FIRST AND SECOND VARIATIONS OF GEOMETRIC QUANTITIES

In this appendix, we collect first and second derivatives of various geometric quantities.
We start by recalling the first variations of the Ricci and scalar curvature:

Lemma A.1. Let (N",g) be a Riemannian manifold. Let h € S?T*N be a smooth symmetric
2-tensor on N. Then,

J4(—2Ric)(h) = Agh + 2Rm(g)(h) — Ric(g) o h — h o Ric(g) — Lp, )
= ALth - ng(h)’

where Ar, 4 denotes the Lichnerowicz operator as defined in introduced in Definition [L10 and
where By(h) denotes the linearized Bianchi gauge defined by:

(A1)

By(h) = divy h - %g (V9 tr, h,-). (A2)

In particular, the first variation of the scalar curvature along a variation h € S*T*N is:
6gR(h) = divgdivy h — Agtrg h — (b, Ric(g)), (A.3)
A proof of this lemma can be found for instance in [CLN0OG, Chapter 2].

We state without proof distortion bounds on distances along the Ricci flow which are a
straightforward consequence of the Ricci flow equation:

Proposition A.2. Let (N",g(t)):cjo,r) be a solution to the Ricci flow. Then, for any 0 < s <
t<T, and z,y € N,

t : ’ ’ t : / !
e fs ” Rlc(g(t ))”CO dt dg(t) (,I, y) S dg(s) (,I, y) S efs ” Rlc(g(t ))”CO dt dg(t) (gj, y) (A4)

We continue by recalling the evolution equation satisfied by the Ricci tensor along the Ricci
flow:

Lemma A.3. Let (N",g(t))icjo,) be a smooth Ricci flow. Then, on N x (0,T),

% Rm(g(t)) = Ags Rm(g(t)) +Rm(g(t)) * Rm(g(t)), (A.5)
O Ric(g(t)) = Ap g Ric(g(t)), (A.6)
OiRgty = Qg R +2|Ric(g(t))2 - (A.7)

We next give a global version of Shi’s estimates when the initial metric is smooth:
Lemma A.4. Let (N",g(t))ico,1) be a complete smooth Ricci flow such that
sup ]Vg(o)’k Rm(g(O))]g(o) < Cy, (A.8)
N

for any k > 0, where Cy, is a positive constant. If Cy := supyeqo,ry | Rm(g(t))ly() is finite then
sup [V/OF Rm(g(t)) ]y < Cr,  t€10,7), (A.9)
N

for some time-independent positive constant Cj, = Cy,(n, C, (Cicr<i<k)-

Proof. This is essentially due to the maximum principle applied to the evolution equation
satisfied by the kth-covariant derivatives of the curvature tensor which is derived in [Ham&82),
Theorem 13.2]. Indeed, let us recall the proof if k& = 1, the cases k > 2 can be handled
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similarly. The covariant derivative V9() Rm(g(t)) satisfies schematically once we differentiate

[(AH), Lemma [AJ] :
0ivIO Rin(g(t)) = Dy V' Rm(g(t)) + V9 Rn(g()) * R(g(1)).
Notice that:
O R (g(0)[5) < Dy Rm(g (1)) 50y — 2V Rm(g (1)) [5)
+ ()| Ran(g(6)) g | R (1) 30
0V Rm(g(1))[50) < Aginy| VY Rm(g(1))[5) — 21V Rm(g(#))[3
) [Ran(g(0) oo [V R (g(1)) 50
Then, based on Shi’s approach to Bernstein’s estimates [Shi89a], one considers the function

F = a Rm(g(t))lz(t) + |V Rm(g(t))lz(t) for some positive constant a to be specified later

which satisfies:

OF <Ay F -+ (e(n)Co — 20)| 77O Run(g(t)) 2 + ac(n)C3
<Ay F —c(n Co|VI® Rm(g(t)) S(t) + ac(n)C} (A.10)
<Ay F —c(n CoF + 2ac(n)C,

~— ~—

if a := c(n)é’o. Notice that in case N is closed, the maximum principle applied to (A.10Q)
gives the expected result. If (N",g(t))icpo,7] is non-compact there exists a smooth positive
exhaustion function v satisfying Ay < C(n, Co,T) and ¢;(1 + dgoy(ps2)) < ¥(z) <
c1(1+dg)(p, x)) for all x € N, for some point p € N and some positive constants c1, co. The
existence of such a function is due to [Shi89b, Lemmata 4.2, 4.3].

Now, for v > 0, consider the function F' — ¢ and observe that:

(0 = Agry) (F = 9) < —e(n)Co(F — 31) + c(n)C§ +~C(n, Co, T). (A.11)

Since for each ¢t € [0,T") and each v > 0, F'(-,t) — v (-, t) is unbounded from below so that it
attains its maximum on N. Moreover, notice that for every v > 0,

sup(F(-,0) —y9(-,0)) < sup F(-,0) < C(n,Cy, C1). (A.12)
N N
If F — 1) attains its maximum at an interior point (tg,x¢) € (0,7) € N then the maximum
principle applied to (AII]) implies that
F(x0,t0) — (0, t0) < ¢(n)C§ +~C(n, Co, T), (A.13)

where ¢(n) and C(n, Co, T') are constants that may vary from line to line. This fact together
with (ALI2]) implies for every (x,t) € N x [0,T):

F(w.t) <790(a,) + maax { Flao,to) = 79(a0.to)sup F(,0) = 7(-0)}
<0, 1) + max {e(n)C§ +C(n, Co, T),C(n, Co,C) }
By sending v to 0, one gets the expected result, i.e. supy |[VI® Rm(g(t))lge) < Cln, Co, C1).

for all t € [0,T).
g
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We recall classical Shi’s estimates on the curvature tensor and state the corresponding local
Shi’s estimate on the Ricci tensor.

Proposition A.5. Let (N™,g(0)) be a complete Riemannian metric with bounded curvature,
i.e. |[Rm(g(0))] < Co on N. Let (g(t))icio,1s,,] be Shi’s solution to the Ricci flow starting
from g(0) where Tsy; = T'(n, Co). Then, for t € [0, Tgnil,

k
IRm(g(t)llco < 2| Rm(9(0)co, 7 V/* Rm(g(t))l|co < Cr, k20, (A.14)

where Cy, = C(n,k,Cy).
Moreover, the following local Shi type estimates hold true: for each k > 0, there exist
positive constants C = C(n, k, Cy) and ro = r(n,injyq)(N)) such that for r <ro and x € N,

k . .
sup 12| VIHF Ric(g(t))lgr) < Cr  sup  |Ric(g(0))[g0), t € [0, Tsnil- (A.15)
Bg(O) ($,7’) Bg(O) ($727")

Proof. Estimates (A14)) are due to Shi [Shi89al Lemma 7.1].
Estimates (A.TH) can be proved along the same lines by using Shi’s estimates (A14]) on
the curvature tensor inductively. O

The following proposition establishes a priori rough C° and L? estimates on the Ricci
curvature along a solution to the Ricci flow.

Proposition A.6. Let (N",g(t))ico,r) be a complete Ricci flow with bounded curvature, i.e.
supy | Rm(g(t))| < +oo for each t € [0,T).
Then for 0 < s <t <T,

| Ric(g()l|co < eI IRm@EDlco & | Ric(g(s))]| o (A.16)

Furthermore, if Ric(g(t)) € L? for each t € [0,T) then, for 0 < s <t <T,

| Ric(g()l|2 < e e IRmoEleo )| Ric(g(s))] - (A17)

Proof. Estimate (A.10) is a straightforward application of the maximum principle.
Indeed, using the evolution equation [([Af]), Lemma [A.3] satisfied by the Ricci tensor
together with the previous bound on the curvature tensor, one gets:

e Ric(g(t)) 50 <A | Ric(g() ) + c(n) Rm(g(t)) |y | Ric(g(t))l50)

_ ) A8
<Ay Riclgl)fi +cn) sup, [Rm(a(t o | Ricto0) - A1)

In particular, the function e=¢" J; 1 Rm(g(®)llco a| Ric(g(t))|§(t) is a subsolution of the heat
equation along the Ricci flow on N x [0,7). The maximum principle implies that

| Rie(g(t))llco < e JE IRmEDlco 4 Ric(g(s))]| o,

forany 0 <s<t<T.
If Ric(g(t)) € L?, t € [0,T], the proof is the L? counterpart of the proof of the C? estimate
(AI6). By differentiating in time and using the evolution equation [[A.6]), Lemma [A.3]
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satisfied by the Ricci tensor:

%HRic(g(t))H%z = /N 2 (Ric(g(t)), Agqp Ric(g(t)) + Rm(g(t)) * Ric(g(t)) )

- /N Ry | Ric(g(£)I2
< — 2||v9 Ric(g(t))[2 + e(n)]| Rm(g())|co | Ric(g(t)) 2
< c(n)|| Ran(g(t)) | co| Ric(g(8))]|2-

Here we have used integration by parts in the second line which can be justified by using
suitable cut-off functions. The expected estimate follows by Gronwall’s inequality applied to
the previous differential inequality. O

g(t) d/j/g(t)

We continue by establishing a general pointwise formula linking the laplacian along the
Ricci flow of the difference of the solution at two different time:

Lemma A.7. Let (N",g(t))icjo,r) be a smooth Ricci flow. Then, for 0 < s <t < T, the
following formula holds pointwise if h(t') := g(t') — g(s), t' € [s,t]:

Ay (g(t) = g(s)) = [2Ric(g(t') = Ric(g(t') o h(t') = h(t') o Ric(g(t'))];_,

+ / 2Ric(g(t')) o Ric(g(t')) + Rm(g(t")) * Ric(g(t')) dt’

" / 9 Ric(g(1) « V) (g(¢) — g(s) A
+ [ Riclg(t)) « VHO2g(¢) ~ o)
Proof. Observe first that:
t d ,
By(9(8) = 95) = | 2 Be(o(t) — (s)) ds, (4.20)
Now, for t' € [0,7),
By (98 = 95) = (85000 ) (98 = 9(9) + By @rg(®)
= — 28, Ric(g(t)) + (780 ) (98) — 9(5))
= — 20y Ric(g(t")) + Rm(g(t)) * Ric(g(t'))
+ 22: Vo2 Ric(g(t') * VI E (g(¢) = gy)-
k=0
Here, we have used Lemma [A.3]in the third line. As a first conclusion:
Agr(9(t) — g(s)) =2Ric(g(s)) — 2Ric(g(t)) + / Rm(g(t')) * Ric(g(t")) dt'
’ (A.21)

t 2
+ / > Vo2 E Ric(g(t)) « VI (g(t) — g(s)) dt.
S k=0
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We are half way from the proof of (A.19): we refine the computation of (% Ag(t/)) (g(t)—g(s))

as follows. Notice that we only need to identify the zeroth order term (g(t') — g(s)).
For doing so, recall the following evolution equation satisfied by the Christoffel symbols
along the Ricci flow as given for instance in [CLNOG, Chapter 2]:

S 0(0(0))§ = —g) (V19 Rie(g(t) + V4 Ricg(t)u — V¥ Ric(o(0)5) - (A.22)

In particular, if A(t) := g(t) — g(s), the zeroth order term of ( Ag(t)) (g(t) — g(s)) is:

g7 vIv ( gtvi<t>) h(B)pa = —9() 774 (T (g(1))k,) Rtk — 9()T V4 (AT (9(1))%) h(B)pi

= Ay Ric(9(2))prh(t) kg + h(t)pr A gry Ric(g(t)) kg
+ [g0 VIOV Ric(g(t)) i — 90T T T Ric(g(t)p] Bt
+ [o0ITIOVIO Ric(g(t)i — 91TV Rica(t))] (1)

= (Ag( Ric(g(t)) o h(t) + h(t) © Ay Ric(g(t)))pq

+ [ V80 divy) Ric(g(t)x — VI divy Ric(g(t))p] h(tkg

+ [Vg(t) dng(t) Ric(g(t))k - Vi(t) divg(t) Ric(g(t))q} h(t)pk

+ Rm(g(t)) * Ric(g(t)) * h(t)pq

= (9¢ Ric(g(t)) o h(t) + h(t) 0 3 Ric(g(t))),,
+ (Rm(g(#)) * Ric(g(t)) * h(t)),,

Here, we have used the traced Bianchi identity in the last line to cancel the terms involving the
divergence div ;) Ric(g(t)) together with the evolution equation satisfied by Ric(g(t)) given
by Lemma [A.3l To conclude, we have obtained schematically:

(5 200) (6(¢) = 9(6)) =00 Ric(g(¢)) o {t) + h(¥) 0 Ric(g(¢) + Ran(g(¢) + Rie((#)
+ VIO Ric(g(#) + VO g(¢) ~ 9(5))

+ Ric(g(t')) » VIE)2(g(t') — g(s)).
(A.23)

With (A23)) in hand, we are in a position to conclude. Indeed, by integrating by parts with
respect to time,

Agw)(9(t) — g(s)) =2Ric(g(s)) — Ric(g(s)) o h(s) — h(s) o Ric(g(s))
— 2Ric(g(t)) + Ric(g(t)) o h(t) + h(t) o Ric(g(t))

+ / 2 Ric(g(t")) o Ric(g(t")) + Rm(g(t")) * Ric(g(t)) dt’
; (A.24)

+ [ 91 Riclg(e) « V1O (g(¢) - gls) dt
+ [ Riclg(e)) + VIO glt) - g(s)) .

S
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as expected.
O

We finally recall a special case of the Gagliardo-Nirenberg interpolation inequalities essen-
tially proved by Aubin [Aub81] in this setting that we will make use of:

Lemma A.8 (Interpolation inequalities for asymptotically conical metrics). Let (M™, g) be a
complete Riemannian metric. Then, the following interpolation inequalities hold true for any
integer m > 0:

sup ‘Vg,jT]g < C(n, injg(x)) sup \T!;
M M

Sk

g
-sup V9T g (A.25)
M
where T' is any tensor on M with compact support in B(x,inj,(x)/2), z € M and 0 < j < m.

In particular, if the curvature tensor decays quadratically with derivatives, i.e. if

AF(g) = supr£+k|vg’k Rm(g)|y < +o0,
M

for all k > 0 and if inj,(x) > wrp(x) from some positive constant v and p € M uniform in
x € M, then
m 4
sup rp(x) V9T, < C - sup \T];# . sup (Z rp(ac)klvg’kT]g> m,
Bg(z,trp(z)/4) By (z,trp()/2) By (z,rp(x)/2) \ =g
(A.26)
where C = C(n, 1, (A*(9))o<k<m)-
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