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Dynamical Properties of s-d Interaction 
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Department of Physics, University of Tokyo, Tokyo 

(Received October 28, 1958) 

The dynamical properties of two spin systems composed of conduction electron spins and' 

localized d-spins interacting by exchange are investigated in connection with the electron-spin 

resonance of d-spins with the free electron g-value. It seems to us that some basic consider­

ations are necessary for the problem along the line of the widely accepted idea that the s-d' 

interaction itself does not lead to any relaxation time and shift. The usual adiabatic approx­

imation is applied to this idea. A modified damping equation of the Bloch type as well as. 

Bloch's relaxation theory are also useful, but these are not enough for a complete solution 

of the problem. A certain controversy involved in recent experimental and theoretical work 

at Berkeley concerning the electron spin resonance in Cu-Mn dilute alloy is pointed out and 

examined.. We believe that the possibility could not be eliminated that the spin-lattice re­

laxation time of conduction electrons in the alloy due to mechanisms other than the sod' 

interaction is longer than previous authors have assumed. 

§ 1. Introduction 

The importance of the exchange interaction between conduction electrons and'. 

localized incomplete d-shells, so-called sod interaction, has recently received increasing 

attention both from experimental and theoretical points of view. In particular, Yosida1
») 

has investigated theoretically the origin of anomalous magnetic and electric properties: 

of Cu-Mn or Ag-Mn alloys taking into account this interaction, and has given an ex-­

planation for the absence of a large paramagnetic resonance shift which was antici­

pated by Owen, Browne, Knight, and KitteP) but was not found in their experi­

ments of the electronspin resonance on manganese in copper. Y osida has also. 

presented an explanation for the absence of a large excess Knight shift of the· 

nuclear magnetic resonance on copper in Cu-rvIn alloys, saying that the cross pertur-· 

bational effects of the sod interaction and the hyper fine interaction should be reo. 

sponsible for the broadening of the resonance line rather than for the shift. A de-· 

tailed calculation of the line width has been made by Behringer3
) on this basis .. 

y osida4
) has further given a theoretical interpretation of the anomalous electrical 

resistivity and magnetoresistance found in these alloys at low temperatures in terms 

of the effect due to the sod interaction. The success of his theory in the resistance 

problem may be regarded as a direct evidence of the interaction. According to these­

two authors the main features of Cu-Mn alloys can thus be understood fairly well if 

one assumes a value of the sod exchange integral in the alloys nearly equal to the one: 

* Now at Carnegie Institute of Technology, Pittsburgh 13, Pa., U.S.A. 
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484 H. Hasegawa 

in free Mn-l- ions. The experimental investigation of impurity states of various 

transition elements in copper has been extended by Sugawara5
) using nuclear magne­

tic resonance techniques. 

Owen, Brown, Arp, and Kip6) have reported the results of their experiment on 

the magnetic susceptibility and the electron spin resonance in those alloys. In order 

to explain the mechanism of the resonance anomaly found at low temperatures they 

argued that the polarization of conduction electron spins is highly concentrated at each 

manganese ion and produces the local anisotropy field for the d-core spins of man­

ganese. In this argument they referred to Kittel and Mitchell's theory7) which states 

that, if the coupling of conduction electron spins with the lattice is stronger than 

with the d-core spins, the above mentioned local field may be effective as a shift 

observable in the d-core spin resonance experiment. 

This idea has a close relation to Y os ida' s theory, because the localized charac­

ter of the polarization is one of its main assertions. But Yosida's theory implies 

the fact, though he did not mention it explicitly, that this type of polarization can 

never contribute to a shift in the d-core spin resonance experiment, since in such 

dynamical processes the magnetization of conduction electrons does not stay at its 

thermal equilibrium position, but precesses following the d-core magnetization so that 

its direction is always kept parallel to the latter. This picture is essentially based 

upon the so-called adiabatic approximation. 8
) 

However, it is not clear how Kittel-Mitchell's theory and Yosida's theory are 

llmtually related, because the latter author did not state the significance of the spin­

lattice relaxation of conduction electrons in the treatment. In fact, Yosida's treat­

ment of minimizing the total diagonal energy involves an isothermal picture for the 

spin system of conduction electrons, and is therefore different from the adiabatic 

approximation in its original sense; it assumes implicitly the shortness of the spm­

lattice relaxation of conduction electrons. 

Generally speaking, the dynamical problem of the s-d interaction is much more 

,complicated than that of the nuclear relaxation through the hyper fine interaction in 

metals, since the time scale for the motion of the conduction electron spins may 

be comparable to that of the localized d-spins, so that the observable shift and 

broadening may not necessarily be considered in a simple analogy to the nuclear 

magnetic resonance in metals. In fact, we may expect that the effective shift and 

line width are considerably reduced from the corresponding value in the case of iso­

thermal limit as functions of the ratio, 

Relaxation time through s-d interaction 

x = Relaxation time thr~ugh other--mechanism . 

This is shown in section 4. 

The calculation used in that section is essentially phenomenological and has a 

,certain ambiguity in treating the spin-lattice relaxation. Nevertheless, we regard it 

as a necessary step to obtain a complete understanding of the problem, because the 
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Dynamical Prope rties of s-d Inte raction 485 

experimental data of the line width at paramagnetic region seem to indicate that 

the spin-lattice relaxation time in copper is not short enough as previous theories 

are applicable. 

§ 2. Experhnental facts and existing theories 

2.1 First, we refer to the work of Owen, Browne, Knight, and Kittel,2) who 

made the following argument. 

The polarization of c,onduction electrons in the substance is given by 

]VIs ° =Xp(H +).Mrl °) , (2·1) 

where Xl' is the Pauli paramagnetic susceptibility, ). the molecular field coefficient of 

the interaction between conduction electron spins and d-core spins, and JIILl ° the 

magnetization of total d-core spins along the direction of the applied constant field 

H. As is well known, Xl' is given by 

(2·2) 

where n(Ef ) is the state density per unit volume at the Fermi surface of the s­

band for one spin direction, and is equal to 3n/4kj for the free electron model, 11 

being the number of conduction electrons per unit volume. The molecular field co­

efficient A is expressed III terms of the zero-Fourier component J (0) of the s-d ex­

change integral as 

(2·3) 

N being the number of Cu atoms per unit volume. Then the effective fields acting 

on each d-core spin of manganese and on each nuclear spin of copper are written 

as 

respectively, where 

a=Ao/2NgN f1..N/1.Jt 

is related to the hyperfine constant of copper III the metal. 

expect the additional resonance shifts 

for the electron spin resonance, and 

(2·4) 

(2·5) 

(2-6) 

Therefore, one might 

(2·7) 

(2 ·8) 

for the nuclear resonance, besides the ordinary first order shift and the Knight shift 

I.e. 

(2·9) 
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486 H. Hasegawa 

(2 ·10) 

respectively. The additional shifts, (2·7) and (2·8), are directly proportional to 

the equilibrium value of the magnetization Mdo which depends on the temperature 

and the concentration of d-cores. The ratio of these shifts to the first order 

shifts is given by 

AXrt""' (J(0)/3kT) (No/N)gS(S+l) (2·11) 

which is related to the paramagnetic susceptibility of the contributions from d-core 

spins, where No is the number of Mn ions per unit volume. Even at low concentra­

tion of manganese in copper, say one per cent, this ratio is expected to be of the 

order of one at 100 ° K. However, these additional shifts were not observed experi­

mentally, and therefore the sod exchange interaction in the alloy looks to be much 

weaker than that in a free ion of manganese. 

In the d-electron spin resonance, the second order shift of the form (2·7) 

should be observable, if the spin-lattice relaxation of conduction electrons due to the 

proper mechanism is shorter than the one due to the sod interaction, so that con­

duction electron spins may be kept at the equilibrium polarization as given by eq. 

(2 ·1). 

This last assertion is due to Kittel and Mitchell's argumenel made in connec­

tion with the ferromagnetic resonance shift in ferromagnetic metals. Y osida1l did 

not make any argument concerning this assertion, but showed rather in a different 

way that the excess field (2·7) cannot contribute to a line shift in the d-electron 

spin resonance. The assumption made implicitly in Yosida's argument is that the 

second part of the polarization proportional to the molecular field coefficient A in eq. 

(2 ·1) follows instantaneously the temporal change in the total magnetization of d­

electron spins, so that eq. (2 ·1) should be replaced by the following vector equation 

(2·13) 

This is illustrated in Fig. 1. One sees at once that the effective field A2XpUt(t) 

cannot produce a torque on Mrt(t). The difference of Kittel-Mitchell's shift and 

Yosida's shift is also shown there. 

This interpretation comes from the following treatment in Yosida's theory. First, 

we take into account the diagonal part of the sod interaction with respect to the 

wave number k of the Bloch states, and, combining it with the kinetic energy and 

the Zeeman energy of conduction electrons, we minimize the total first order energy. 

This leads to the uniform polarization indicated by (2 ·1). At the same time, we 

obtain a gain of the polarization energy in the following form 

AI-PI) = - .:1-X (1-1+ AMZ) 2 
p 2 p 'rl' (2·13) 

which is supposed to take part in determining the motion of the d-electron magneti­

zation. But, we must also take into account the non-diagonal part of the sod inter­

action so as to complete the perturbational treatment. This gives the additional 
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Dyna77zical Properties of s-d Interaction 487 

(a) (b) 

(a) Kittel-Mitchell's shift 

(b) Yosida's shift 

Fig. 1. 

'menological expression of this procedure. 

I 
I 

terms of the polarization 

energy, -~Xp()M:;)2 and 

-~Xl'(i.M~)2 of the parts of 

the interaction which are non­

diagonal with respect to the 

Zeeman states but are dia­

gonal to the Bloch states. 

These terms add up, together 

with ilI~~l), to the following 

isotropic energy 

ilH(l) = _lX (H+AM)2 2 p rl , 

(2·14) 

which may be looked as the 

effective Hamiltonian for the 

motion of ~L' Eq. (2. 12) 

can be regarded as a pheno-

2.2 Before making further examination we briefly review the experimental 

.results and some related discussions. 

(1) The line shift and width of Nfn-electron spin resonance at paramagnet­

ic region. 

As was reported by Owen, Browne, Arp, and Kip6), the fine structure and the 

hyperfine structure are absent and the observed g-shift is quite small, less than 1 

%. From the theoretical side, however, Y osida predicted that the first order shift 

(2·9) should be observable though the second order shift (2·7) should not. 

Y osida admitted that the theoretical value of this shift is several times larger than 

the observed shift, when one uses the free ion value of the exchange integral J o in 

<eq. (2· 9). 

The observed line width above 77°K is approximately proportional to the tem­

perature, which is a strong indication that the spin-lattice relaxation through the 

s-d interaction is responsible for this broadening, but the observed width is only 

;about one several tenth of the value estimated by the Korringa formula9
). 

(2) Localization of the polarization of conduction electron spins. 

The absence of the second part Knight shift (2·8) was explained by HareO) 

:and Yosida1
) in terms of the localization of the polarization. From their argument, 

the second part of the uniform polarization in (2 ·1) is completely cancelled by the 

perturbation of the wave function almost everywhere just except the vicinity of 

the position where each d-core spin is located. 

(3) Static susceptibility. 

If the simple molecular field approximation IS applied, we obtain the Curie­

Weiss law2
) 
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where 

H. Hasegawa 

c=A(j2u. 2S(S+1) 
3k ' I If 

() = .. ~ .. ~( ljo. 2n(I}I2)J2 (O)S(S + 1). 
p 3k N N 

(2·15) 

(2·16) 

(2·17) 

The paramagnetic Curie temperature {}p is positive in this approximation. But, if 

y osida' s theory is strictly valid in explaining the absence of the second order Knight 

shift, we must expect that this positive {}p is almost cancelled out by the second 

order perturbation of the non-diagonal part of the s-d interaction. This is because the 

complete expression of f}p obtained by the moment-expansion method, when applied 

to the s-d interaction, is proportional to the first moment of the Cu-nuclear reso­

nance line predicted by Y os ida' s formula, provided that the mean distribution of Mn 

atoms around an Mn atom is the same as that around a Cu atom. Therefore, the 

existence of positive f}p experimentally confirmed for the alloys of Mn concentration 

more than 1 % must be accounted for by certain other origins. 

(4) .L7\,;1n-electron spin resonance at low temperatures. 

There is a serious discrepancy between two pictures illustrated In Fig. 1 In 

connection with the mechanism of the anomalous shift. 

(5) Anomalous decrease of resistivity at low te1nperatures. 

The mechanism of the phenomenon has been explained by Y osida4l under the 

simple molecular field· assumption. Above the Neel temperature a conduction elec­

tron is scattered by each d-core isotropically with respect to that spin states, so that 

the cross section is proportional to S (S+ 1), whereas at absolute zero it is propor­

tional to S2, because d-core spins are completely ordered. He derived the corre­

sponding resistivity difference assuming the free electron model and the free ion value 

of J(O). His result is 1/3 of the observed value in Cu-Mn alloys. We note here, 

however, that the state density at the Fermi surface of the s-band in copper may 

be 1.4 or 1.9 times as large as the one expected from the free electron modellll . 

If we take the effective mass of the conduction electrons in copper 1.4 times as 

large as the true mass, the estimated value of the resistivity difference becomes 

more consistent, since the resistivity is proportional to the square of effective mass. 

Thus the experimental facts seem to present us several problems to be re-ex­

amined more carefully. An important question is concerning the length of the spin­

lattice relaxation time of conduction electrons, which determines the applicability of 

various pictures. 

§ 3. Consideration from thermodynamical point of view 

The total system under consideration is composed of three components, namely 
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Dynamical Properties of sod Interaction 489 

Md= (spin-system of d-cores) 

Ms= (spin-system of conduction electrons) 

L = (translational motion of conduction electrons). 

The translational motion of conduction electrons is generally very fast. Roughly 

speaking, it is characterized by the frequency Ej/Ii. Therefore, the dynamical be­

havior of the slow spin-system may be described by the usual adiabatic apprOXI­

mation. 

Suppose that the total Hamiltonian for the total system IS gIVen by 

(2 ·1) 

where q and Q represent the coordinates of the fast system L and the slow spin 

system M respectively. HI; (q) represents the dynamical motion of the fast system, 

i.e. the kinetic energy of conduction electrons, H~l1 (0) the Zeeman energy for the 

both spin-system, and H/(q Q) the interaction between them. Then, the principle 

of adiabatic approximation states that the Schrodinger equation for the two systems 

can be separated into two parts: 

{I-IL(q) +J-Il(qQ) }¢n(2= Wn(Q)¢n,,J 

{vVn(Q) +H~l1(Q) }¢n-r=En-r¢rtj. 

(2·2) 

(2·3) 

This couple of equations states that the system L polarizes according to the instan­

taneous configuration Q, giving an adiabatic potential Wn (Q) which takes part in 

determining the motion of M. As a consequence, the heat transfer processes be­

tween Land M are neglected. 

In the present problem of the sod interaction, I-I1 (q 0) represents the exchange 

interaction between conduction electron spins and d-core spins, for which the adiabatic 

approximation is ideally satisfied, so far as there is no other magnetic interaction 

and the g-factors of conduction electrons and d-core spins are just equal to each 

other, so that the relation 

(2·4) 

IS fulfilled. 

In this case the frequency spectrum of H S- rl is a a-function having a sharp peak 

at zero-frequency on the frequency scale of H J1 , so that the precessional motion in 

the spin-system due to the Zeeman energy does not induce any transition between 

the levels of adiabatic potential, or, in other words, the adiabatic approximation in 

this case is not an approximation. Accordingly, the sod interaction neither affects 

the Zeeman levels nor produces any heat transfer process from the spin-system to 

its surrounding, so that we do not expect any shift and any relaxation through the 

sod interaction in the resonance problem. 

From this consideration we see that the energy minimization treated by Yosida 
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490 If. Hasegawa 

cannot be understood by the adiabatic approximation. In that treatment, the spin­

system of conduction electrons M" is regarded as completely in thermal equilibrium 

.at a definite temperature T which characterizes the thermal equilibrium of the system 

I 

:81-1 M .. 

I adiabatic picture 

I 
~L H M, p----t---l"-----'Md 

L. In this sense the fast system L plays 

a role of heat reservoir for the dynamical 

system, so that we may call L a lattice 

system. At the same time, Yosida's 

picture may be called an isothermal picture 

for conduction electron spins. As a result 

of this picture, the coordinates of the con­

duction electron spins are completely elimi­

nated from the dynamical equation, which 

necessarily leads to the first order shift 

(2·9) for d-spin resonance. This situa­

tion is shown in Fig. 2. The difference 

between the adiabatic and the isothermal 

I 
isothermal picture 

Fig. 2. 

picture rises primarily III the strength of thermal contact between the systems. 

In the isothermal picture the transfer of heat from the system Ms to the lattice L 

takes place in a moment, so that the s-d interaction is fully effective on the relaxation 

for the dynamical system Md' F or this picture, therefore, it is necessary that the 

spin-lattice relaxation time of conduction electrons is sufficiently short; this must be 

,an implicit assumption in Yosida's theory. 

In actual cases we may expect, more or less, an intermediate situation between 

the two idealized pictures, where the s-d interaction may be partially effective on 

the shift and broadening observable in d-spin resonance. 

~ 4. Phenomenological equation for two spin systems 

4. 1 In order to make an interpolation between the two idealized pictures in 

the dynamical problems we consider a couple of phenomenological equations of the 

Bloch type.12
) This is written as 

(4·1) 

Mz=r' M, X (I-l+}M) + -.1---1VI __ l_lvL . 
(n S T S T ". 

·<'1 ds 

(4·2) 

Here Ms and Md are the total magnetization vectors of conduction electron spins 

and d-electron spins respectively, and rand r' are corresponding magneto-mechanical 

ratios which are assumed to be just equal to each other through the present section. 

First of all we note the several assumptions required for these equations. 

'These are as follows: 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

1
/4

/4
8
3
/1

9
4
3
2
2
1
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

7
 A

u
g
u
s
t 2

0
2
2



Dynamical Properties of s-d Interaction 491 

(1) The strength of thermal contact may be characterized by three time con­

:stants, namely 

T sL : spin-lattice relaxation time of conduction electron due to the mechanism 

other than the s-d exchange. 

TSd: spin-lattice relaxation time of conduction electrons due to the s-d exchange. 

T(is: spin-lattice relaxation time of d-cores due to the s-d exchange. 

(2) It should be satisfied that 

M=O, M=Ms+Mrt, (4·3) 

-when T.~L= 00, i.e. zero-strength of the contact between the system of conduction 

"electron spins and the lattice. This is because these equations should be consistent 

with the original equation of motion. 

(3) In the equilibrium state each magnetization M s , Mf/ has a definite value 

Ms 0 and /VL/ respectively, and the law of detailed balance 

(4·4) 

IS satisfied. 

(4) In eq. (4 ·1) Ms is the final value of ]\;18 , towards which the relaxation 

of Ms proceeds. For the equilibrium state eqs. (4· 1) and (4·2) provide solutions 

(4·5) 

From this requirement we see that the equilibrium value of Ms is equal to Me 0 • 

But in the non-equilibrium state it is not necessarily true to expect that 

(4·6) 

'This is the most serious ambiguity inherent in the phenomenological treatment. In 

fact, there is another possibility to put 

(4·7) 

which implies that the magnetization Ms is always relaxing to its instantaneous equilib­

rium value. * In any case, it is important to note that the phenomenological treat­

ment itself does not concern what are the actual values of Ms 0 and Md 0, so far 

,as the requirements (4·4) and (4·5) are satisfied. 

(5) In the non-equilibrium state the deviations of Ms and Md from their equilib­

rium values are assumed to be small, so that the terms of quadratic or higher 

,order in the deviations 

may be neglected. 

Then eqs. (4 ·1) and (4·2) are separated into transverse and longitudinal com-

* This standpoint is expressed by Kasuya13). About this point we had a controversy which 

remains unsolved. We hope that a detail of his theory will be published in future. 
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492 H. Hasegawa 

ponents and are linearized for the deviations as follows: 

Mo+- "(H+"MO)M+ "(H 'M+)MO 1 (M+ M-+) s--zr " A rl s+zr ++A rl s -y- s- s 

sL 

__ l_M++ l_ M -'-l' 

T S T L 

sd rls 

for transverse components, where 

lVJ;=M:±iM¥, lvl:z=M~ ±iM~, 

and 

are the external oscillating field. 

oM;= -ws(Ms 0 + oMs) -+(oM~-oM/O) 
sL 

(4·8)\ 

(4·9) 

(4 ·10} 

(4·11} 

(4·12)' 

(4·13) 

for longitudinal components, where Ws and W rl have the order of magnitude H12~, 

which are taken into account in the problem of saturation. 

These equations are direct extension of the nuclear relaxation in metals through 

hyperfine interaction, which was treated by Heider, Teller/4
) and Overhauser.15

), 

According to their results TSd and T rls are given by 

1 212' 
------

TSd It 

(4·15) 

where (J2)! means the appropriate average of the square of the s-d exchange in-­

tegral over the Fermi surface. These are based on the second order perturbational 

theory, and satisfy the relation 

(4·16) 

which is to be compared to eq. (4·4). vVe shall come back to this point later in 

connection with the choice of the final value Ms in the phenomenological equations,. 
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Dynamical Properties of s-d Interaction 493 

4.2 Eqs. (4·8) and (4·9) are rewritten in a following form: 

(M+ (M+) 'M 0) 
:) = - D + st-. + ir H + ( so' 

\Mr[ M(, Mrl 
(4·17) 

where 
(

W' 

-D+=i 
{/)a. 

(4·18) 

When the oscillating field H+ (t) IS inserted adiabatically at t= - co, the solution 

of eq. (4·17) is given by 

(4·19) 

which describes the resonance under the condition (4 ,11). The resonance frequency 

and the effective damping constant are determined by solving the determinantal 

equation 

detliw+D+ 1=0 . (4·20) 

If the two characteristic frequencies w± of the solution satisfy the relation 

(4·21) 

we may neglect the heavily damped component e itu
_

l m the expression (4·19), and 

obtain its asymptotic form. 

This becomes 

(00- OJ, 
.~-- ~----- ----

lvl(i 
(/)+-w_ 

··~·}~~~--)I (J.\18 ° 
(/) ·f· - (/)- re I 

I
J 

-co e- iw
+ (t-tl) +itut I' 

W o- (V, I 

1 + ··----~~~-I MrL 
(/)+-w_) \ 

dt' . (4·22) 

When the observed spin.-resonance m the metal is regarded as the one due to local­

ized d-core spins, only the fourth component in the matrix (4·22) is effective on 

the absorption, and so we obtain 

(4·23) 

If there is a necessity to take into account the microwave skin-effect m analysing 

the experimental data, one may apply Dyson's theorl6) of the electron-spin resonance 

in metals in the case of infinite diffusion time, where the fundamental resonance 

frequency and the relaxation time are considered to be given by 

wl'P'S = - Re ((1)+) (4·24) 
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494 H. Hasegawa 

1/T2etr =Im(w+) . (4·25) 

The solution of the determinantal equation (4, 20) IS written as 

(4,26) 

where (1)+ is chosen so as to satisfy the inequality (4·21). 

Now we calculate the explicit form of this frequency according to the given 

model. 

case A. M=M.~ ° 

_ _ . ()WT= -rHz+ (i/TSL ) - (r).-iw)M{~ w~= (rA-iw)MsO ) 
D+-l . 

W($= (rJ.-iw )lVl{~ (1)0= -rHz - (rA-iw )M~ 

(4·27) 

Here we write 

(4·28) 

for the sake of simplicity. 

Inserting each parameter gIven by (4·27) into eq. (4·26), w± become 

H I (. . ) (M ° M 0) i 1 
lU±= -]' z- . rJ.-zw s + (I ----

2 . 2 TsL 

1 [{ . 2 • J1 /2 ±-- '(rl.-iw) (MsO +MrL°) __ l_} +4(rA-iw)MsO_1 - . (4·29) 
2 TsL TsL 

These may be simplified under the assumption 

M.~ ° <{ .. 1\1d ° , 

which is actually valid so far as the observed resonance is regarded as the one due 

to the d-core SpInS. These become 

Wi ~ -rH +jri.~i7.eJ2J!!soi/TSL_ 
= Z (r).-iw)M(/ -i/TsL 

(4·30) 

(/)_ ,......, -lvH~_ (r)'-iw)M10 + ___ 1 __ 
--- c, (. T 

sE 

(4·31) 

where the inequality (4·21) is automatically fulfilled. From eqs. (4·24) and (4·25) 

the shift and the broadening are given by 

Jw = _Re[_(rA=i~)Ms oi/~SI'_-]= (TsrL/TsL )
2 

rl.M ° 
(r)-iw)M,/ -i/Tsr.- (1 + Tsd/Tds )2+ (r)Md 0Ts,J 2 s 

(4·32) 

_l_=Im[_ (rA-iw)Msoi/TsL J= jl+r}.Mrl°Tsrl)_2!s{t!I~~_+_(Isrl(TsL2_~ 1 

T 2ei!' (rA -iw) Md 0 - i/TsL (1 + Tsrz/TSL) 2 + (r}.Mrl ° T Sd ) 2 T ds ' 
(4·33) 

In a similar way we can estimate the effective longitudinal relaxation time TIel! by 
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Dynamical Properties of s-d Interaction 495, 

assuming saturation. Under the stationary condition the left-hand sides of eqs .. 

(4 ·12) and (4 ·13) are equated to be zero, and the deviation (JM~ is solved as a 

term of Ht 
This becomes 

(JM~= _ (wsMsO +wdM(lO)/TStl+wd~~lT~. 

w d (l/TsL + l/Tsd ) + l/TsLT ds 

(4·34) 

Here we assume that the effective power absorption of conduction electron spins 

from microwave is small compared with that of d-spins, i.e. 

that the solution (4·34) is approximated to 

J\!I~= -_ ·w,/I:~gl~_Ttl.~f}iTs~ +_~LTstl)_Mtl ° . 
1 +wdTsLTtls(l/TsL + l/TstL) 

(4·35) 

This is compared with the usual saturation formula for one spin system, which IS 

written as 

Therefore 

1 TSd 1 
--~ - .- - - ------ -"---

T 1eff TSL + TSd TdS 
(4·36) 

effective shift and damping constants II!!!:. 

x= Tsd/Trl... 

Fig. 3. 

These results are graphically shown in Fig. 3 as a function of the parameter 

.x=TSd/TsL ' 

~ 5. Discussion and summary 

The results obtained in the preceding section contain two independent parameters 

x = T Sd / TSL and M.~ 0, which are unknown so long as we confine ourselves to the 
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H. Hasegawa 

phenomenological treatment. The most important question there is concernmg the 

value of Ms ° which determines the shift and the relaxation time in the shortest 

limit of Ts J;. When 1\11, ° assumes the value 

(5 ·1) 

then eq. (4·32) gives Kittel-Mitchell's shift (2·7) in the case x~ co, which con­

tradicts Yosida's theory. In this case, further, the calculation of Tds in the second 

order perturbation of the s-d exchange is no more valid because of the restriction 

of the detailed balance (4·4). For the consistency with that relation, we must 

expect 

__ 1_= 2,, _ _ ~f!l1l:!2~(J2)jn(F.!) -kT(I +}X ) 
T ~ N N rl , 

ds ft 

(5·2) 

instead of the Korringa formula (4 ·15). Or, in the reversed sense, the second 

order perturbational theory in calculating the relaxation time requires the assumption 

This leads to Y os ida' s shift in the case x-> co . 

This ambiguity rises in the uncertainty of the question to what extent the s-d 

exchange field may be regarded as a fluctuating quantity and to what extent it actually 

contains the uniform field acting on conduction electron spins. The second order 

perturbational theory (4 ·14) and (4 ·15) assumes that the s-d exchange produces 

nothing but a fluctuation, while the equilibrium value (5 ·1) implies that it actual­

ly acts on conduction electron spins as a uniform field like the external field. 

In the present paper we cannot answer to this question, because it requires 

more detailed calculations from the given Hamiltonians of the spin-lattice interaction 

as well as of the s-d exchange. Instead of this we here introduce an important 

idea to modify the phenomenological treatment which was proposed by Kasuya.13
) 

This asserts that, if the s-d exchange produces a uniform field steadily acting on con­

duction electron spins, then the spin-lattice relaxation of conduction electrons should 

occur as if the polarization M, keeps its direction parallel the instantaneous field 

Xv(R +1.10,,) (see Fig. 1). This corresponds to 

case B. M,=Ms ° +XPi.(Md-U,O) 

N1, ° =Xp(I-I +}Mrl°) . 

(5·4) 

(5·5) 

This leads to the results just same as ( 4 . 32) , ( 4·33) , and ( 4 . 35), where the 

parameter Ms ° is replaced by XpH, i.e. 
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Dynamical Properties of s-d Interaction 497 

l1(v= - __ ~ _______ ~Tsrz/TsLL ___ -------r).x H 
(1 + T srt/TsL )2+ (ri. M,lO TSr/) 2 

-p 

(4·32') 

1 ___ = ~~_tL~~d_~ TSd2_~~s'!l!8L ±i!Ezi ~~!12_ 1 

T'be/f' (1 + Tstl/TsL)2+ (ri.Mtl°Ts,,)2 T tls 
(4·33') 

(4·35') 

with the results of the second order perturbation theory for the relaxation time 

___ ~_ = __ ?_~ __ _ ?n£/iLL (J 2) j!V ~_ 2 S (S + 1) 
Tst! n N N3 

(4·14) 

__ ~_=_?_~ _____ ~!!V!~IL<J2)r1}(Ej)1~T . 
T tls n N N 

(4·15) 

-Here we summarize the results: 

(1) For the dynamical problem such as resonance there are two entirely differ­

~~nt pictures in treating the spin-system of conduction electrons; i.e. adiabatic and 

isothermal pictures. In the adiabatic limit we do not expect any shift and any 

broadening of the d-spin resonance line through the s-d interaction. On the other 

11and, in the isothermal limit, we have two different predictions, i.e. Kittel-Mitchell's 

shift and Yosida's shift. As far as we know, there is no reliable answer to the 

.question which shift is actually correct to be expected. 

(2) From the phenomenological point of view based on the thermodynamical 

,eonsideration it is possible to make an interpolation between two idealized pictures, 

i.e. between the adiabatic picture and the isothermal picture of either K-M theory 

:and Yosida's theory. In any case the criterion of the isothermal picture is given 

by 

(5·7) 

-This means that the s-d interaction is almost ineffective on the shift as well as on 

the line broadening, unless the above condition is fulfilled. For instance, the time 

,scale of Cu-Mn dilute alloys (1 % Mn in Cu) can be written as follows: 

TsL 

W#M/$t%1 
10-16 10-15 10-14 

sec 

Fig. 4. 

'One sees that the length of TSL which well satisfies the isothermal condition is 

-fallen into a quite limited range. 

(3) If one assumes that the equilibrium value of the total magnetization Ms ° 

_IS given by 

* Numerically this criterion does not depend on the choice of Ms o. 
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498 H. Hasegawa 

(5·8) 

then the difference between K-M theory and Yosida's theory consists in the direction 

towards which M.~ is relaxing in every moment. In both cases the calculation of 

the spin-lattice relaxation time based on the usual second order perturbation theory is 

wrong, and therefore neither of them is more convincing. To obtain a more definite 

conclusion it is necessary to estimate the higher order effect of the s.-d interaction. 

In this connection it is noted that Yosida's theory implies that the magneti­

zation of conduction electrons is spatially not uniform. This is far from the simple 

expression (5·8). From his picture Ms ° is rather only the Pauli paramagnetism 

XpH almost everywhere just except the vicinity of each d-core, and the dynamical 

behavior of the localized part of the magnetization might be understood from the 

fact that conduction electrons adiabatically follow the d-core spins. The greatest 

trouble is, therefore, how to reconcile the relaxation theory with that effect of locali­

zation. 

(4) We make a discussion from experimental points of view. The magnitude 

of the s-d exchange integral previously anticipated by Berkeley group for eu-Mn 

dilute alloy was about 1/10 or so of the one for free M~ ion because of the screen­

ing effect. This has been modified by the precise analysis of the resistivity anoma­

ly and of the line width of the nuclear magnetic resonance. As was shown by 

Yosida and Behringer, the s-d exchange integral in the alloy is consistent with 

the free ion value which is equal to 

Jo=3.5 X 10-.13 erg. (5·9) 

This is also confirmed by Sugawara5
). 

The corresponding relaxation time TSrl IS generally very short, which may be 

expected as 

T,,z=2 X 10-13 f sec, (5 ·10) 

where f is the atomic per cent of manganese in copper. Accordingly, the isother­

mal condition 

IS considerably strict even for the specimen of the lowest concentration of manganese 

used in the experiment. If this limiting case is valid, the shift and T 2e:tr are estimat­

ed as 

iJH/H= i.Xp= 3.3 X 10-2 

=i.Xp(1 +i.Xrl) ':::3.4 Xf /T 

where T IS the absolute temperature. 

by Y osida' s theory 

by K-M theory, 

T 2e1ft= T rls = 5 X 10-10 T sec. by Korringa formula 

(=7 X 10-12 sec, at T=77°K) 

(5 ·11) 

(5·12} 

(5 ·13) 
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Dynamical Properties of s-d Interaction 499 

(S ·14) 

by assuming the K-M theory. 

The shift (S ·11) is several times as large as the observed shift for eu-Mn 

alloy at paramagnetic region, even though about 1 ~/~ experimental error is assumed. 

The effective relaxation time (S· 13) is based on the formula (4· IS) . This is in­

dependent of the concentration of manganese. The observed value of T 2eft, is about 

1 ........ 5 X 10-10 sec. at 77°K, and is several ten times as long as the estimated value 

(S ·13). It is even longer than the value (S ·14) expected from the formula (S· 2) 

which is consistent with the K-M theory. On the other hand, if TsL is longer than 

T Sd ' we may expect that the s-d interaction is not fully effective on these observable 

quantItIes. For instance, when TSL is assumed to be 10 times as long as T Sd , eqs~ 

(4·32) and (4·33) tell us that 

j~I 1 }.Ms 0 

- --- ------~ .. ~-

H 100 H 
(S'IS) 

(S'16) 

The experimental results are not quite precise so that we cannot determine whether 

the K-M theory or Yosida's theory suits better. But, in any way, there are con­

siderable discrepancies between the observed data and the predicted values from 

these theories. In this connection it is interesting to note that the observed line 

width at 77°K is slightly concentration dependent, which has a tendency that the 

specimen of the higher concentration shows the narrower line. This may be expected 

from our formula (4·33) or Fig. 3, provided that TSL is longer than TSrL and does 

not depend so much on the concentration of manganese. 

(S) The conduction electron spin resonance in metallic copper has not yet been 

observed, and so the spin-lattice relaxation time of the conduction electrons in copper is 

regarded as considerably short compared with the one in alkali metals. Elliote7
) has 

discussed on the basis of the spin-orbit coupling theory that TsL in noble metal is 

about 10-10 sec at room temperature, which seems to be still longer than the actual 

length of T.~L in copper. Further, there is a possibility that the actual length of 

TSL in the alloy is more or less shortened from that in pure copper. 

It seems to us, however, that the length of TsL in the alloy less than 10 ·13 sec 

at 77 ° K is too short, and is rather unrealistic. If this might be the case, much 

larger effect must be expected on the electrical resistivity. The plausible length of 

TSL will be 
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