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We show that non-Hermitian biorthogonal many-body phase transitions can be characterized by
the enhanced decay of Loschmidt echo. The quantum criticality is numerically investigated in a non-
Hermitian transverse field Ising model by performing the finite-size dynamical scaling of Loschmidt
echo. We determine the equilibrium correlation length critical exponents that are consistent with
previous results from the exact diagonalization. More importantly, we introduce a simple method
to detect quantum phase transitions with the short-time average of rate function motivated by the
critically enhanced decay behavior of Loschmidt echo. Our studies show how to detect equilibrium
many-body phase transitions with biorthogonal Loschmidt echo that can be observed in future
experiments via quantum dynamics after a quench.

Introduction.- The research on quantum phase tran-
sitions is one of the central issues in condensed matter
physics [1]. One goal of current research is to discover
novel quantum matters and quantum phase transitions
[2]. Recently, an active research field is to investigate
interesting quantum phases and quantum phase transi-
tions in non-Hermitian systems. Previous studies show
that non-Hermitian systems can exhibit a lot of fascinat-
ing phenomena without counterpart in Hermitian sys-
tems [3, 4], such as the bulk-boundary correspondence
breakdown and the non-Hermitian skin effect [5–19], ex-
ceptional points and the bulk Fermi arcs [20–30]. The
extension to non-Hermitian interacting many-body sys-
tems are also explored to understand the effect of non-
Hermiticity [31–46]. It is shown that new types of phase
transitions can occur between gapped phases without
gap closing in non-Hermitian many-body models [31, 32].
Consequently, a key issue is to find the phase transition
and figure out the nature of the quantum criticality.

In Hermitian systems, a second-order phase transition
can be described by a phenomenological order param-
eter according to the Landau-Ginzburg theory. Hence,
a Hermitian system usually undergoes a phase transi-
tion with the gap closing from an ordered phase with a
nonzero order parameter to a disordered phase with a
vanishing order parameter. Thanks to the development
of quantum information science, quantum phase transi-
tions and critical phenomena can also be understood with
the concepts from quantum information, i.e. the quan-
tum entanglement [47–49], the quantum fidelity [50–62]
and the Loschmidt echo (LE) [63–72]. A natural question
is whether such approaches can also be used to charac-
terize the non-Hermitian many-body phase transitions.

Recently, above approaches were extended to non-
Hermitian systems to identify phase transitions [34, 44,
73–81]. Here, we are interested in non-Hermitian many-
body systems with real eigenvalues whereby we can define
the ground state, and focus on the LE that can be realized

in experiments via a quench dynamics [18, 82, 83]. The
LE is defined as the overlap between an initial ground-
state and its time-evolved state, which exhibits a decay
and revival behavior influenced by the quantum critical-
ity [63, 64].

In this paper, we study the dynamical scaling laws of
biorthogonal LE in close proximity to the critical point
of one-dimensional non-Hermitian transverse field Ising
model. We perform the finite-size scaling theory and
demonstrate that the system undergoes a second-order
phase transition with the Ising universal class by nu-
merically determining the equilibrium correlation length
critical exponents of the model. What is more, we intro-
duce the time average of rate function to illustrate how
to study the quantum criticality without knowing the
critical value or even without assuming the phase tran-
sition existence in advance. Consequently, the biorthog-
onal LE can serve as a simple probe of discovering the
non-Hermitian many-body phase transitions due to the
critically enhanced decay behavior.

Biorthogonal Loschmidt echo.- Given a general non-
Hermitian system that is described by the Hamiltonian,

H(λ) = H0 + λH1, (1)

with a control parameter λ, and the H(λ) 6= H†(λ). The
time-independent Schrödinger equations for the H(λ)
and H†(λ) can be written as, [73, 84, 85]

H(λ)|ψRj (λ)〉 = Ej(λ)|ψRj (λ)〉, (2)

H†(λ)|ψLj (λ)〉 = E∗j (λ)|ψLj (λ)〉, (3)

where the Ej(λ), E∗j (λ) and the |ψRj (λ)〉, |ψLj (λ)〉 are
eigenvalues and eigenvectors of the right and left eigen-
vectors of the Hamiltonian H(λ) and H†(λ) respectively.
And the eigenvectors obey the bi-orthonormal relation
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and completeness relation, [73, 84, 85]

〈ψLi (λ)|ψRj (λ)〉 = δij , (4)
∑

j

|ψRj (λ)〉〈ψLj (λ)| = 1. (5)

The time-evolved states |ψRj (λf , λi, t)〉 and |ψLj (λf , λi, t)〉
after a quench from λi to λf are obtained as,

|ψRj (λf , λi, t)〉 = e−iH(λf )t|ψRj (λi)〉, (6)

|ψLj (λf , λi, t)〉 = e−iH
†(λf )t|ψLj (λi)〉, (7)

by evolving the initial right eigenstates |ψRj (λi)〉 and left
eigenstates |ψLj (λi)〉 from time t = 0.

In the following, we will focus on the time evolution of
ground states |ψR0 (λi)〉 and |ψL0 (λi)〉 and introduce the
biorthogonal LE as,

L(λf , λi, t) = 〈ψL0 (λi)|ψR0 (λf , λi, t)〉〈ψL0 (λf , λi, t)|ψR0 (λi)〉
(8)

where the bi-orthonormal relation 〈ψL0 (λi)|ψR0 (λi)〉 = 1
has been imposed. If the Hamiltonian is Hermitian,
H(λ) = H†(λ), we get the usual LE, L(λf , λi, t) =
|〈ψ0(λi)|e−iH(λf )t|ψ0(λi)〉|2. In Hermitian systems, the
decay of LE is enhanced by quantum criticality [63]. In
addition, the LE of Hermitian systems in close proximity
to the critical point λc is scaling invariance [64] ,

L(Ñ , δ̃λ, g̃, t̃) = L(N, δλ, g, t), (9)

under the scaling transformation,

Ñ = b−1N, δ̃λ = b1/νδλ, g̃ = b1/νg, t̃ = b−zt, (10)

from the renormalization group analysis. Here, the 1/b
denotes the lattice sites grouped into a block, and the N
is the lattice size. The ν and z are the correlation length
critical exponent and the dynamical critical exponent,
respectively. The δλ and g defined as,

δλ = λc − λi, (11)
g = λi − λf , (12)

are control parameters for quench dynamics. We show
next that the scaling invariance law and the enhanced
decay of biorthogonal LE persist in non-Hermitian many-
body systems.

Model.- To verify the scaling invariance and the crit-
ically enhanced decay of biorthogonal LE, we consider
an one dimensional non-Hermitian ferromagnetic trans-
versed field Ising (NHTI) chain defined as,

H = −
N∑

j=1

Jσxj σ
x
j+1 +

N∑

j=1

λ(σzj + iγσyj ), (13)
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FIG. 1. (color online) Time evolution of the biorthogonal LE
L(λ, t) as the function of λ and t for N = 16 lattice sites with
γ = 0.5. It indicates that the decay of biorthogonal LE is
enhanced by the quantum criticality and is consistent with
the analytical result.

where J > 0, λ > 0, γ ≥ 0 are control parameters, and
i =

√
−1 denotes the imaginary unit. Here, σxj , σ

y
j , σ

z
j

are three Pauli matrices at the jth site along x, y, z direc-
tions, and N is the lattice size. For γ = 0, the system is a
conventional transversed field Ising model with a second-
order phase transition at λ/J = 1 between the ferromag-
netic phase and the paramagnetic phase. However, for
γ 6= 0, the system becomes non-Hermitian and has an
exceptional point at γc = 1 separated by a parity-time
(PT) symmetry (γ < 1) regime and a broken PT sym-
metry (γ > 1) regime [32, 86] because of the imaginary
transverse field term iγσyj . The magnetic field iγσyj de-
scribes the gain from (or loss to) the environment, which
can be understood as an effective non-Hermitian Hamil-
tonian of the Lindblad equation [3, 4] and realized by the
optical pumping in a three level system [87].

In the PT symmetry (γ < 1) regime, all eigenvalues of
the model are real. In addition, it is shown that a phase
transition occurs at the gap closing point,

λc =
√

1/(1− γ2) (14)

between the biorthogonal ferromagnetic phase and the
biorthogonal paramagnetic phase [32, 86]. In the follow-
ing, we will focus on this PT symmetry (γ < 1) regime
so that we can define the ground state eigenvector and
the biorthogonal LE via the energy minimum.

Results.- To compute the ground state and the
biorthogonal LE of the NHTI model, we perform the ex-
act diagonalization that can be generated to arbitrary
non-integrable models [88, 89] with periodic boundary
conditions σxN+1 = σx1 . Without loss of generality, we
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FIG. 2. (Color online) Dynamical scaling of the biorthogo-
nal LE at γ = 0.5 in the NHTI chain. (a) The biorthogonal
LE L(N, δλ, g, t) with δλ = 0.02 and g = 0.01 as a func-
tion of time for different system sizes, N = 8, 10, 12, 14, 16
(from bottom to top). (b) Scaling invariance of the biorthog-
onal LE L(Ñ , δ̃λ, g̃, t̃) given in Eq.(9). We take N = 8,
δλ = 0.02, g = 0.01, ν = z = 1 and b = 1. All other data for
b = 4/5, 2/3, 4/7, 1/2 collapse onto a single curve. (c) Finite-
size scaling of the 1−Lmin obtained from (a) as a function of
lattice size N . The blue circle symbols are the numerical re-
sults, and the black solid line is the fitting curve. The critical
exponent of the correlation length derived from fitting curve
is ν = 0.968.

choose J = 1 and γ = 0.5 for simplicity in our numeri-
cal simulations. The ground states are found separately
from Eq.(2) and Eq.(3) by the energy minimum as Her-
mitian models. The time evolution of the right and left
ground states are obtained from Eq.(6) and Eq.(7) inde-
pendently. To see the decay of the biorthogonal LE, we
quench the system from an initial λi to a final λf with a
small constant step g = −0.01 and ∆t = 0.02. We note
that the ∆t scales as ∆t̃ = b−z∆t from the scaling law
in Eq.(10) during the simulations. The corresponding
biorthogonal LE are calculated from Eq.(8) by varying
the initial λi. The data of the biorthogonal LE are pre-
sented in Fig.1, where a deep valley appears around the
critical point λc = 2/

√
3 ≈ 1.155 during the time evolu-

tion. This implies that the decay of the biorthogonal LE
is highly enhanced by the quantum criticality indicating
that the biorthogonal LE can in principle characterize
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FIG. 3. (Color online) Scaling of the rate function and
biorthogonal LE in the NHTI model with γ = 0.5. (a) The
short-time average rate function r̄(N,λ) with respect to λ for
different lattice sizes, N = 8, 10, 12, 14, 16 (from bottom to
top). (b) The biorthogonal LE L(N,λ, t) at the peak position
of r̄(N,λ) in (a) with g = −0.01 as a function of time for dif-
ferent lattice sizes, N = 8, 10, 12, 14, 16 (from top to bottom).
(c) Finite-size scaling of the 1 − Lmin obtained from (b) as a
function of lattice size N . The red diamond symbols are the
numerical values, while the black solid line denotes the fitting
curve. The correlation length critical exponent obtained from
fitting curve is ν = 0.993.

the biorthogonal many-body phase transitions.
From the renormalization group analysis, the biorthog-

onal LE is scaling invariance near the critical point under
the transformation Eq.(10). To verify the scaling invari-
ance Eq.(9), we first perform numerical calculations at
λ = 1.15 (exact λc ≈ 1.155) by choosing the parameters
δλ = 0.02, g = 0.01 and γ = 0.5 for N = 8, 10, 12, 14, 16.
The data are represented in Fig.2(a), where the biorthog-
onal LEs exhibit a decay and revival dynamics separately
as Hermitian systems [63, 64]. However, if the biorthog-
onal LEs are derived using the transformation Eq.(10)
instead, all LEs collapse onto a single curve using the
Ising universal class ν = z = 1 as shown in Fig.2(b),
confirming the validity of scaling invariance in Eq.(9).

It was shown in Ref.[64], under the conditions δλ = 0
and N1/νg � 1, the minimum of the LE scales as,

1− Lmin(N, g) ∝ g2N2/ν (15)
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This relation indicates a critically enhanced decay of the
LE that can be used to obtain the correlation length crit-
ical exponent ν. The values of 1−Lmin are derived from
the first minimum of biorthogonal LE from Fig.2(a) and
are plotted in Fig.2(c) with respect to the lattice size N .
By fitting the data, we get the critical exponent ν = 0.968
which is consistent with that of the Ising transition in
equilibrium. The scaling law in Eq.(15) provides an easy
way for studying the quantum criticality. However, it
needs to know the critical value λc in advance because
of the condition δλ = 0, which limits its application to
unknown systems.

Motivated by the behavior of critically enhanced decay
of LE and the definition of the fidelity susceptibility, we
introduce a time-average rate function,

r̄(N,λ) = − 1

N

ln(L̄(N,λ))

g2
, (16)

where, L̄(N,λ) is the time average LE that is defined as,

L̄(N,λ) =
1

T

∫ T

0

L(N,λ, t)dt. (17)

Here, L(N,λ, t) is defined in Eq.(8) with g = λi−λf . The
time average LE that usually demands a very large time
T has been used to characterize the phase transition of
Ising model in nonzero temperatures recently [76]. Here,
will we show that a short-time average LE can help iden-
tifying phase transitions due to the critically enhanced
decay behavior.

To achieve it, we first find the pseudo critical point
λ∗N for each lattice N using Eq.(16) by varying the con-
trol parameter λ. The pseudo critical value λ∗N is de-
rived from the peak of the time-average rate function
as shown in Fig.3(a). We then perform the calculations
for a quench by using λi = λ∗N to λf = λ∗N − g with a
small g = −0.01 to find the minimum Lmin(N,λ) [see
Fig.3(b)]. Finally, we extrapolate the critical exponent ν
from the scaling relation Eq.(15) to obtain the correla-
tion length critical exponent [c.f. Fig.3(c)]. We get the
critical exponent ν = 0.993 from fitting the data which is
in agreement with that of Ising transition. Consequently,
it offers a more flexible approach to study the quantum
criticality. We note that this probe method can apply to
both Hermitian and non-Hermitian many-body systems
with second-order phase transitions without knowing the
critical value in advance. More examples will be given to
illustrate this approach in future research.

Conclusion.- In summary, we have studied the finite-
size dynamical scaling of the biorthogonal LE in the one-
dimensional NHTI model. We have shown that the LE
can serve as a probe to detect biorthogonal many-body
phase transitions. That is to say, we can probe quantum
criticality of non-Hermitian many-body systems from the
biorthogonal LE dynamics in experiments without know-
ing the exact critical values in advance. We note that the

concept of the biorthogonal LE of the systems is general
for any non-Hermitian many-body Hamiltonian with real
eigenvalues. Therefore, it would be possible to apply the
biorthogonal LE to understand the critical properties of
unknown phase transitions of arbitrary non-Hermitian
many-body systems as long as the ground states are well
defined. Moreover, it would be more intriguing to know
whether the scaling laws of the biorthogonal LE is able to
be applicable to non-Hermitian many-body systems with
complex eigenvalues in the future.
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