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Introduction

In this article, we are concerned with a dynamical system on the
l-dimensional integer lattice the state space of which is compact (not

necessarily discrete). When the state space of the system is not discrete
the usual free energy may diverge and hence instead of it we consider
the relative free energy which we introduced in [3]. In \S 2, we discuss
the variational principle in this system with respect to relative free
energy and we show that the measure which minimizes relative free
energy is obtained as a unique solution of an eigenvalue problem of a
transfer operator, if the potential has not so long range (Theorem 2.1).

Moreover we discuss its cluster property and we prove that the
equilibrium measure is mixing under the same assumption on the poten-
tial as the above (Theorem 3.1), and especially it is weak Bernoulli, if
the potential has finite range (Theorem 3.2).

In the former paper [3], we discussed time evolution of a Markov
process $\mu_{t}$ of a speed change model on our dynamical system and we
proved that the relative free energy of $\mu_{t}$ decreases according to time
evolution. Combining these results with Theorem 2.1 in this article, it
follows that every initial state converges to the equilibrium state, if
the Gibbs measure is unique.

\S 1. Construction of a shift invariant measure.

Let $\Omega_{0}$ be a compact Hausdorff space with the second countability
axiom and let ta be its topological Borel field. We suppose that a
probability measure $\nu_{0}$ and a metric $d_{0}$ with $d_{0}(x, y)\leqq 1,$ $x,$ $y\in\Omega_{0}$ are
endowed with $(\Omega_{0}, \mathscr{G}_{0})$ . Let $(\tilde{\Omega},\tilde{\mathscr{B},}\tilde{\nu})$ be the l-sided countable product
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of copies of $(\Omega_{0}, \mathscr{G}_{0}, \nu_{0})$ . Let $\Omega$ be a shift invariant closed subset of $\tilde{\Omega}$ .
The shift on $\Omega$ is denoted by $\sigma$ and the n-th coordinate of an element
$\omega e\tilde{\Omega}$ is denoted by $\omega,,$ $n=1,2,$ $\cdots$ .

Moreover we use the following notations;

$\Omega‘‘=$ {$u\in\Omega_{0}$ ; there exists an $\omega e\Omega$ such that $ u\omega e\Omega$} ,

where $\Omega_{0}$ is the n-fold product of $\Omega_{0}$ , and by $ u\omega$ , we mean the element
of $\Omega$ such that

$(u\omega)=\left\{\begin{array}{ll}u & (1\leqq i\leqq n)\\\omega_{i-*} & (i>n),\end{array}\right.$

$\nu=the$ restriction of the n-fold product measure $\nu_{0}$ to $\Omega$“ ,
$W(\omega)=\{ue\Omega ; u\omega e\Omega\}$ ,
$W,(u, \omega)=\{ve\Omega^{f};uv\omega\in\Omega\}$ ,

$\Omega$” $’(\omega)=\{ue\Omega ; \nu^{r}\{W_{f}(u, \omega)\}>0\}$ .
$A$ $\Delta B=the$ symmetric difference of the sets $A$ and $B$, and $d$ is the

metric on $\Omega$ defined by

$d(\omega, \omega^{\prime})=\sum_{=1}^{\infty}2^{-}’ d_{0}(\omega., \omega^{\prime},)$ .

Furthermore throughout this article, we assume the following three
conditions A), B) and C) on $\Omega$ .

A). There exists a certain $r>0$ such that for any $\omega$ and $n>0$ ,

$\nu’\{\Omega^{\prime*.f}(\omega)\}=\nu’(\Omega’)$ .
We fix the or hereafter.

B). For any $\epsilon>0$ , there exists $\delta>0$ such that

$sup\{\frac{\nu^{f}\{W_{f}(u,\omega)\Delta W,(u,\omega’)\}}{\nu^{f}\{W_{f}(u,\omega’)\}}$; $ u\epsilon\cup\{\Omega\cdot’(\omega)\cap\Omega\cdot{}^{t}(\omega^{\prime})\}\}<\epsilon$ ,

whenever $ d(\omega, \omega^{\prime})<\delta$ .
C). For any $n=1,2\cdots,$ $\nu(p)>0$ for any nonempty open subset $p$

of $\Omega$“.
The above three assumptions imply the following lemma which we

often use hereafter.

LEMMA 1.1.

(1.1) (1) $\nu^{\prime}\{W_{n}(\omega)\}>0$ for any $n$ and $\omega$ .
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(2) For any $\epsilon>0$ , there exists $\delta>0$ such that

(1.2) $\nu^{n}\{W_{n}(\omega)\Delta W_{n}(\omega’)\}<\epsilon$ for $ n\geqq\gamma$ ,

whenever $ d(\omega, \omega^{\prime})<\delta$ .

(1.3) (3)
$\sup_{\omega.\omega\epsilon\Omega}\sup$

$\{\frac{\nu^{r}\{W_{r}(u,\omega)\}}{\nu^{r}\{W_{r}(u,\omega’)\}};u\in\bigcup_{n}\{\Omega^{n,r}(\omega)\cap\Omega^{n,r}(\omega^{\prime})\}\}<\infty$

PROOF. (1) Suppose that $\nu^{n}\{W_{n}(\omega)\}=0$ for some $n$ and $\omega$ . We may
assume $n\geqq r$ . On the other hand we get by the assumption A)

$\nu^{m}\{\Omega^{m,n}(\omega)\}=\nu^{m}\{u\in\Omega^{m};\nu^{n}\{W_{\hslash}(u, \omega)\}>0\}>0$ .
This is a contradiction because $W.(\omega)\supset W.(u, \omega)$ .

(2) This follows easily from the assumption B).
(3) Let $\epsilon>0$ and let $\delta$ be the corresponding positive number in B).

Then for any $\omega,$
$\omega^{\prime}\in\Omega$ we can find $\{\omega^{l}\in\Omega;i=0,1, \cdots, k\}$ such that

(i) $\omega^{0}=\omega,$ $\omega^{k}=\omega^{\prime}$

(ii) $ 0<d(\omega^{\ell}, \omega^{c+1})<\delta$ for $0\leqq i\leqq k-1$ ,
and it follows from the assumption B) that

$\frac{\nu^{r}\{W,(u,\omega)\}}{\nu^{\prime}\{W,(u,\omega’)\}}=\prod_{i=0}^{k-1}\frac{\nu^{r}\{W_{r}(u,\omega^{i})\}}{\nu^{r}\{W_{r}(u,\omega^{i+1})\}}\leqq(1+\epsilon)^{k}\leqq(1+\epsilon)^{1\prime\delta}$

This completes the proof.

Denote

$C(\Omega)=the$ set of all continuous functions on $\Omega$ ,
$C_{p}(\Omega)=$ {$f\in C(\Omega);f(\omega)$ depends only on the coordinates $\omega_{1},$ $\cdots\omega_{p}$}

and topologize $C(\Omega)$ and $C_{p}(\Omega)$ by the norm
(1.3) $||f\Vert=\sup_{\omega}|f(\omega)|$ for $f\in C(\Omega)$ .
Moreover we put

$\mathscr{J}=the$ set of all probability measures on $\Omega$

and

$\mathcal{J}=the$ set of all shift invariant probability measures on $\Omega$ . Let $U$

be a function in $C(\Omega)$ which satisfies the condition D). $\prod_{n=0}^{\infty}[l].<\infty$ ,

where
$[l]_{*}=\sup\{e^{U(\omega^{\prime})-U(\omega)}; \omega, \omega’\in\Omega, d(\omega, \omega^{\prime})\leqq 2^{-\hslash}\}$ .
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We call $U$ a potential and we say $U$ is of finite range if $U\in C_{p}(\Omega)$ for
some $p$ .

For given potential $U$ we shall seek for an equilibrium measure
$\mu_{U}$ in the sense of the variational principle. In the following, appeal-
ing to a linear operator $L_{U}$ on $C(\Omega)$ which is a generalization of transfer
matrix, we shall show that $\mu_{\sigma}$ is obtained as a solution of an eigenvalue
problem for $L_{U}$ . An operator..$\Leftrightarrow \mathscr{G}_{U}$ is defined by

(1.4) $\Leftrightarrow \mathscr{G}_{U}f(\omega)=\int_{W_{1}(\omega)}f(u\omega)e^{U(u\omega)}d\nu_{0}(u),$ $feC(\Omega)$ ,

and if no confusion is likely to be, we use the notation $\mathscr{L}$ and $l$ instead
of $\mathscr{L}_{U}$ and $e^{U(\omega)}$ respectively. The dual operator of $\mathscr{L}$ is denoted by
$-\mathscr{G}^{*};$ that is $\mathscr{L}^{*}\mu(f)=\mu(Zf)$ for any finite signed measure $\mu$ . An
operator $L^{*}$ on $\ovalbox{\tt\small REJECT}$ is defined by

(1.5) $L^{*}\mu(f)=\mathscr{L}^{*}\mu(f)/\mathscr{L}^{*}\mu(1),$ $feC(\Omega)$ .
Since $\ovalbox{\tt\small REJECT}$ is weakly compact and convex, Riesz-Schauder’s fixed

point theorem implies that there exists $\rho=\rho_{U}\in\ovalbox{\tt\small REJECT}$ such that

(1.6) $ L^{*}\rho=\rho$ .
Define an operator $L$ on $C(\Omega)$ by

(1.7) $Lf(\omega)=\alpha^{-1}\mathscr{L}f(\omega)$ for $f\in C(\Omega)$ ,

where $\alpha=\alpha_{U}=- \mathscr{G}^{*}\rho(1)$ . Then $\rho(Lf)=L^{*}\rho(f)=\rho(f)$ holds.
In the following we shall construct a solution $h\in C(\Omega)$ of the equa-

tion $Lh=h$ , which is unique as can be seen later.

LEMMA 1.2. Suppose $f\in C(\Omega)$ is nonnegative and $f\not\equiv O$ . Then for
suff ciently large $n$ we get $L’ f(\omega)>0$ for any $\omega\in\Omega$ .

PROOF. If there exists some $n$ such that $Lf>0$ , then we get

$L^{n+1}f(\omega)=\alpha^{-1}\int_{W_{1}(\omega)}L’ f(u\omega)l(u\omega)d\nu_{0}(u)>0$

for any $\omega\in\Omega$ . On the other hand, there exist an integer $k>0$ , an open
set Oc $\Omega^{k}$ and $\delta>0$ such that $ f(\omega)>\delta$ for any $\omega=(\omega_{1}, \omega_{2}, \cdots)\in\Omega$ with
$(\omega_{1}, \omega_{2}, \cdots, \omega_{k})\in p$ , and hence by A) we get

$ \mathscr{G}^{k+r}f(\omega)=\int_{\Omega^{k,r}(\omega)}d\nu^{k}(u)\int_{W_{r}(u,\omega)}d\nu^{r}(v)f(uv\omega)\prod_{i=0}^{k+r-1}l(\sigma^{i}uv\omega)$

$\geqq\delta(\inf l)^{k+r}|_{\Omega^{k,r}(\omega)\cap d}d\nu^{k}(u)\nu^{r}\{W_{f}(u, \omega)\}>0$ .
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COROLLARY 1.1. $p(P)>0$ for any open set $ p\subset\Omega$ .
PROOF. For any $p$ , we can find a closed set $C\subset O$ and $f\in C(\Omega)$

such that $0\leqq f(\omega)\leqq 1$ and

$f(\omega)=\left\{\begin{array}{ll}1 & \omega\in C\\0 & \omega\in\beta^{0}.\end{array}\right.$

It follows for sufficiently large $n$ ,

$\rho(P)\geqq p(f)=L^{*n}p(f)=\rho(L^{\iota}f)>0$ .
COROLLARY 1.2. If $feC(\Omega)$ satisfies $p(|f|)=0$ , then $f\equiv 0$ .
PROOF. Suppose $f\not\equiv O$ . Then by Lemma 1.2 for sufficiently large $n$

we have $L^{2\}}|f|>0$ . On the other hand, we have

$p(L’|f|)=\rho(|f|)=0$ .
This is a contradiction.

LEMMA 1.3. $Iff\in C_{p}(\Omega)$ for some $p$ and $f>0$ , we get

(1.8) $\frac{L^{n}f(\omega)}{L^{n}f(\omega’)}\leqq C$

and

(1.9) $||L^{n}f||\leqq C\Vert f\Vert$

for any $n\geqq p+r$ and any $\omega,$
$\omega’\in\Omega$ .

PROOF. We get by Lemma 1.13) and the assumption A)

(1.10) $\frac{L^{n}f(\omega)}{L’ f(\omega’)}=\frac{\int_{\Omega^{n-r,r_{(\omega)}}},f(uv\omega)d\nu^{\iota-r}(u)\int_{W_{r}(u,\omega)}d\nu^{r}(v)\prod l(\sigma^{l}uv\omega)}{\int_{\Omega^{n-r,r}(\omega)}f(uv\omega’)d\nu^{n-r}(u)\int_{W_{r}(u,\omega)}d\nu^{r}(v)\prod l(\sigma^{i}uv\omega^{\prime})}$

$\leqq\{\prod_{i=0}^{n-r}[l]_{i}([l]_{0})^{r}\}$
$sup\{\frac{\nu^{r}\{W_{r}(u,\omega)\}}{\nu^{r}\{W_{r}(u,\omega’)\}};u\in\Omega^{n-r,r}(\omega)\cap\Omega^{n-r,r}(\omega^{\prime})\}$

$\leqq\{\prod_{i=0}^{\infty}[l]_{i}([l]_{0})^{r}\}\sup_{\omega,\omega e\Omega}\sup\{\frac{\nu^{r}\{W_{r}(u,\omega)\}}{\nu^{r}\{W_{r}(u,\omega’)\}};u\in\bigcup_{n}\{\Omega^{n,r}(\omega)\cap\Omega^{n,r}(\omega^{\prime})\}\}$

$<\infty$

Denoting the right hand term by $C$, we get (1.8) and
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$\Vert L^{n}f\Vert\leqq C\inf_{\omega}L’ f(\omega)\leqq Cp(L’ f)=C\rho(f)\leqq C\Vert f\Vert$ .
COROLLARY 1.3. $\{||L’||\}_{n\geq 1}$ is bounded.

LEMMA 1.4. $\{L^{*}f\}_{n\geqq 0}$ is equi-continuous for any $f\in C_{\rho}(\Omega)$ .
PROOF. We may assume $f\geqq 0$ and $f\not\equiv O$ without loss of generality.

Let $n>\gamma+p$ . Then we get

$|L^{n}f(\omega)-L^{n}f(\omega’)|\leqq C||f|||\frac{Lf(\omega)-Lf(\omega^{\prime})}{L^{l}f(\omega)}|$

$\leqq C\Vert f||[\int_{\Omega^{-r,r}(\omega)\cap\Omega^{n-r,r_{(\omega^{\prime})}}}d\nu^{\iota-r}(u)|\int_{W_{r}(u,\omega)}d\nu^{r}(v)f(uv\omega)\prod l(\sigma^{i}uv\omega)$

$-\int_{W_{r}(u,\omega)}d\nu^{f}(v)f(uv\omega’)\prod l(\sigma^{i}uv\omega^{\prime})|]$

$\div[\int_{o^{n-r,r}(w)\cap\rho\cdot-r,r_{(\omega^{\prime})}}d\nu^{n-r}(u)\int_{W_{r}(u,\omega)}d\nu^{f}(v)f(uv\omega)\prod l(\sigma^{2}uv\omega)]$

$\leqq C\Vert f\Vert\max_{ue\Omega^{n-r.\prime}tw)\cap O^{n-r,r_{\{\omega^{\prime})}}}\frac{\int_{W_{f}(u,\omega)\cap W_{r}(u,\omega^{\prime})}d\nu^{f}(v)|\prod l(\sigma^{i}uv\omega)-\prod l(\sigma^{i}uv\omega’)|}{\int_{W_{r}1u.\omega)}d\nu^{f}(v)\prod l(\sigma^{i}uv\omega)}$

$+C\Vert f\Vert\max\frac{\int_{W_{r}(u,\omega)\backslash W_{r}tu,\omega^{\prime})}d\nu^{r}(v)\prod l(\sigma^{i}uv\omega)}{\int_{W_{r}(u,\omega)}d\nu^{\prime}(v)\prod l(\sigma^{i}uv\omega)}$

$+C\Vert f||\max_{u}\frac{\int_{W_{r}(\cdot,\omega^{\prime})\backslash W_{f}(l,\omega)}d\nu^{r}(v)\prod l(\sigma^{i}uv\omega’)}{\int_{W_{r}tu,\omega)}d\nu^{r}(v)\prod l(\sigma^{i}uv\omega)}$

$\leqq C\Vert f||\max_{u}\max_{ve’ V_{r}(u,\omega)\cap W_{r}(u,\omega)},|\prod\frac{l(\sigma^{i}uv\omega’)}{l(\sigma uv\omega)}1|$

$+C||f||\{\prod_{i=0}^{\infty}[l]_{i}([l]_{0})^{r}\}\max_{u}\frac{\nu^{f}\{W_{r}(u,\omega’)\Delta W,(u,\omega^{\prime})\}}{\nu^{r}\{W_{f}(u,\omega)\}}$ .

LEMMA 1.5. For any $f\in C(\Omega)$ such that $p(f)=0$ , we get

(1.11) $\lim_{n\rightarrow\infty}L^{\hslash}f=0$ .

Especially, if $f\in C_{p}(\Omega)$ , then for $n>r+p$

(1.12) $p(|Lf|)\leqq(1-C^{-1})\rho(|f|)$ .
PROOF. We devide our proof into two cases.
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(i) Suppose $f\in C_{p}(\Omega)$ and $\rho(f)=0$ .
Then we have

$\rho(f^{+})=p(f^{-})$ ,

and for $n>r+p$ by (1.9) we get

$L^{n}f$‘ $(\omega)\geqq C^{-1}$ max $L^{n}f^{\pm}\geqq C^{-1}\rho(L^{n}f^{\pm})=C^{-1}\rho(f^{\pm})$ .
It follows that

$|L^{n}f|=|L^{n}f^{+}-L^{n}f^{-}|=|L^{n}f^{+}-C^{-1}p(f^{+})+C^{-1}\rho(f^{-})-L^{\hslash}f^{-}|$

$\leqq L’ f^{+}-C^{-1}p(f^{+})+L^{n}f^{-}-C^{-1}p(f^{-})$

$=L^{n}|f|-C^{-1}\rho(|f|)$ .
Hence we get

$\rho(|L^{n}f|)\leqq(1-C^{-1})\rho(|f|)$ .
From this inequality it follows that

(1.13) $\lim_{n\rightarrow\infty}p(|L^{n}f|)=0$ .

Suppose that

$\varlimsup_{n\rightarrow\infty}\Vert L^{n}f\Vert>0$ .

Then there exists a subsequence $\{n_{k}\}$ and $\delta>0$ such that

$||L^{\iota_{k}}f||>\delta$ for any $k$ .

Since $\{L’ kf\}_{k\geqq 1}$ is relatively compact by Corollary 1.3 and Lemma 1.4,
there exists a subsequence $\{n_{k_{j}}\}$ of $\{n_{k}\}$ and $g\in C(\Omega)$ such that

$\lim L^{n_{k_{j}}}f=g$ in $C(\Omega)$ .
Hence we get

$ 1lg||=\lim\Vert L^{n_{k_{j}}}f\Vert\geqq\delta$ .
On the other hand, by (1.13)

$\rho(|g|)=\lim\rho(|L^{n_{k_{\dot{f}}}}f|)=0$ .
This contradicts to that $\Vert g\Vert\geqq\delta$ by virtue of Corollary 1.2.

(ii) Suppose $f\in C(\Omega)$ and $\rho(f)=0$ , and let $f_{p}\in C_{p}(\Omega)(p=1,2, \cdots)$

be a sequence such that
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$\lim_{p\rightarrow\infty}||f-f_{p}||=0$ .

Then we get

$||L^{\iota}f||\leqq||L^{*}f-L^{*}f_{p}||+||L^{n}f_{p}||$

$\leqq C||f-f_{p}\Vert+\Vert L^{t}f_{p}||$

and hence $\lim_{n\rightarrow\infty}$ I $L^{\prime*}f\Vert=0$ . This completes the proof.

From the above two lemmas, it follows that $\{L^{\hslash}1\},\geq 1$ is relatively
compact and so there exists a subsequence {L’kl} and $h=h_{U}\in C(\Omega)$ such
that

(1.14) $h=\lim_{k\rightarrow\infty}L^{n_{k}}1$ in $C(\Omega)$ .

Note that $h\in C_{p-1}(\Omega)$ if $U\in C_{p}(\Omega)$ .
LEMMA 1.6. For the above $h$ , it holds that

(1.15) (1) $\rho(h)=1$ ,

(1.16) (2) $Lh=h$ .
PROOF. (1) $\rho(h)=\lim_{k\rightarrow\infty}\rho(L^{n_{k}}1)=\rho(1)=1$ .

(1.17) (2) $\Vert Lh-h\Vert\leqq||Lh-L’ k^{+1}1\Vert+||L^{*}k+11-L^{\hslash}k1\Vert+||L^{l}k1-h\Vert$

$\leqq(C+1)||Lk1-h||+||L’ k(L1-1)\Vert$ .
Since $\rho(L1-1)=0$ , by Lemma 1.5 the right term in (1.17) converges to
$0$ as $ k\rightarrow\infty$ . Thus we get $Lh=h$ .

LEMMA 1.7. For any $f\in C(\Omega)$ and $\mu\in \mathscr{J}$ , it holds that

(1.18) (1) $\lim_{\iota\rightarrow\infty}||Lf-\rho(f)h||=0$ ,

(1.19) (2) $\lim_{\rightarrow\infty}|(\frac{1}{\alpha}z^{*})^{\hslash}\mu(f)-\mu(h)\rho(f)|=0$ .

PROOF. Since $\rho(f-\rho(f)h)=0$ , by Lemma 1.5 we have

(1) $\lim_{\rightarrow\infty}||L^{n}f-p(f)h||=\lim_{n\rightarrow\infty}||L^{l}f-\rho(f)L’ h||=\lim_{\hslash\rightarrow\infty}||L^{\hslash}(f-p(f)h)||=0$ ,

(2) $\lim_{*\rightarrow\infty}|(\frac{1}{\alpha}\mathscr{L}^{*})^{\hslash}\mu(f)-\mu(h)\rho(f)|=\lim_{\hslash\rightarrow\infty}|\mu(L^{n}f)-\mu(h)\rho(f)|$

$=\lim_{\rightarrow\infty}|\mu(L^{\sim}f-\rho(f)h)|=0$ .
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THEOREM 1.1. There exists a unique triplet $\{\alpha_{U}, h_{U}, p_{U}\}$ which satis-
fies both equations

(1.20) (1) $\mathscr{L}_{U}^{*}p_{U}=\alpha_{U}\rho_{U},$ $p_{U}e\mathscr{J}$

(1.21) (2) $\mathscr{G}_{U}h_{\sigma}=\alpha_{U}h_{\sigma},$ $\rho_{U}(h_{U})=1$ .

PROOF. We have already shown the existence of $\{\alpha_{U}, h_{U}, p_{U}\}$ . Hence
we need only to show the uniqueness.

Suppose that there exist $\{\alpha_{U}, h_{U}, \rho_{U}\}$ and $\{\alpha^{\prime}, h^{\prime}, \rho^{\prime}\}$ which satisfy
(1.20) and (1.21). Then by Lemma 1.7 we get

$p’(h_{U})\rho_{U}=\lim_{n\rightarrow\infty}(\frac{1}{\alpha_{U}}\mathscr{L}_{U}^{\star})^{n}\rho’=p^{\prime}\lim_{n\rightarrow\infty}(\frac{\alpha’}{\alpha_{U}})^{n}$

Thus we get $\alpha_{U}=\alpha^{\prime}$ , and therefore $p_{U}=\rho^{\prime}$ . Hence we get by Lemma
1.5, together with (1.21)

$\Vert h_{U}-h^{\prime}\Vert=\lim_{n\rightarrow\infty}||L^{n}(h_{U}-h’)\Vert=0$ .
Note that it can be easily shown that

(1.22) $\lim_{n\rightarrow\infty}\frac{1}{n}$ log $\mathscr{L}_{U}^{n}1=\log\alpha_{U}$ .

We now consider the measure $\mu_{U}\in\ovalbox{\tt\small REJECT}$ defined by $\mu_{U}(f)=\rho_{U}(h_{U}f)$ .
THEOREM 1.2. $\mu_{U}$ is shift invariant.

PROOF. Define $ f\circ\sigma$ by

(1.23) $f\circ\sigma(\omega)=f(\sigma\omega)$ .
Then for $f\in C(\Omega)$ , we get

(1.24) $\mu_{U}(f\circ\sigma)=\rho_{U}(h_{U}(f\circ\sigma))$

$=p_{U}(L_{U}(h_{U}(f\circ\sigma)))$ .

On the other hand, we get

(1.25) $L_{U}(h_{U}(f\circ\sigma))(\omega)=\alpha_{U}^{-1}Z_{U}(h_{U}(f\circ\sigma))(\omega)$

$=\alpha_{U}^{-1}\int_{W_{1}(w)}h_{U}(u\omega)f\circ\sigma(u\omega)l(u\omega)d\nu(u)$

$=\alpha_{U}^{-1}f(\omega)\mathscr{L}_{U}h_{U}(\omega)$

$=f(\omega)h_{U}(\omega)$ .
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Hence

$\rho_{U}(L_{U}(h_{U}(f\circ\sigma)))=\rho_{U}(fh_{U})=\mu_{U}(f)$ .
This completes the proof.

LEMMA 1.8. Any one of $\{\alpha_{U}, h_{U}, \rho_{\sigma}\}$ is continuous in $U$.
PROOF. Let $\{U_{*}\}$ be a sequence of potentials which converges to a

potential $U$ and choose a subsequence $\{U_{k}\}$ for which the following both
limits exist

(1.26) $\lim_{k\rightarrow\infty}p_{\sigma}.k=p$

and

(1.27) $\lim_{k\rightarrow\infty}\alpha_{U,k}=\alpha$ .
Here the existence of a subsequence $\{\alpha_{\sigma_{n_{k}}}\}$ is clear from that
$|\alpha|\leqq{\rm Max}_{\omega}e^{U(\omega)}$ and from the compactness of $\ovalbox{\tt\small REJECT}$ . Then we get

$|\int fd\mathscr{L}_{U}^{*}\rho-\alpha\int fdp|\leqq|\int fd\mathscr{L}_{U}^{l}p-\int fd\mathscr{L}_{U}^{l}p_{U_{\hslash}}k|$

$+|\int fd_{a}\mathscr{G}_{U}^{\sim}\rho_{U_{n_{k}}}-\int fd\mathscr{L}_{U_{n_{k}}}^{\sim}\rho_{U_{\hslash}}k|+|\int fd\mathscr{L}_{U_{\hslash}}^{\sim}k\rho_{U_{*}}k-\alpha_{U_{\hslash}k}\int fd\rho_{U}{}^{t}k|$

$+\alpha_{U.k}|\int fd\rho_{U,_{k}},-\int fd\rho|+|\alpha_{U,k}fdp-\alpha\int fd\rho|$

Hence it follows from the continuity of $\mathscr{L}_{U}^{\sim}$ in $U$ that

$\int fd\mathscr{L}_{U}^{l}p=\int\alpha fdp$ .

Therefore by the uniqueness of $\{\alpha_{U}, h_{U}, \rho_{U}\}$ we get

$\rho=p_{U}$ and $\alpha=\alpha_{U}$ .
This completes the proof.

\S 2. Variational principle.

We now define the relative free energy for shift invariant measures
(for more precise definition, refer to [8]).

Any measurable finite partition $\xi_{0}$ of $\Omega_{0}$ induces a measurable finite
partition $\xi$ of $\Omega$ each atom of which has the form $\{\omega\in\Omega;\omega_{1}\in I\},$ $I\in\xi_{0}$

and we say that $\xi$ is induced by $\xi_{0}$ . The family of all measurable
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finite partitions of $\Omega_{0}$ is denoted by $\Lambda$ and we identify the partition $\xi$

of $\Omega_{0}$ and the partition of $\Omega$ which is induced by $\xi$ .

DEFINITION 2.1. For $\mu\in\ovalbox{\tt\small REJECT}$ and any finite measurable partition $\xi$ of
$\Omega$ , we put

(2.1) $H^{\nu}(\mu, \xi)=\sum_{1e\text{\’{e}}}\mu(I)$ log $\frac{\mu(I)}{v(I)}$

(2.2) $h^{\nu}(\mu, \xi)=\varlimsup_{n\rightarrow\infty}\frac{1}{n+1}H^{\nu}(\mu,$ $jn=0\sigma^{-j}\xi)$ .

In (2.1), we take
$0$ log $0=0$

(2.3) $p\log\frac{p}{0}=\left\{\begin{array}{ll}0 & if p=0\\+\infty & if p>0,\end{array}\right.$

if they appear.

DEFINITION 2.2. For $\mu\in.F$ let

(2.4) $h^{\nu}(\mu)=\sup_{\text{\’{e}} e\Lambda}h^{\nu}(\mu, \xi)$ .

We call $h^{\nu}(\mu)$ the relative entropy of $\mu$ with respect to $\nu$ .
DEFINITION 2.3. Let

(2.5) $f_{U}^{\nu}(\mu)=\int U(\omega)d\mu(\omega)+h^{\nu}(\mu)$ .

We call $f_{U}^{\nu}(\mu)$ the relative free energy of $\mu$ with respect to $\nu$ . We call
a measure $\mu_{0}$ an equilibrium state if $f_{U}^{\nu}(\mu_{0})=\inf f_{U}^{\nu}(\mu)$ .

It is known that if a measure $\mu$ has the density $q^{(n)}$ of the projec-
tion of $\mu$ to $\Omega$“ with respect to $\nu^{\hslash}$ for $n=1,2,$ $\cdots$ , then $h^{\nu}(\mu)$ is given by

(2.6) $ h^{\nu}(\mu)=\lim_{\hslash\rightarrow\infty}\frac{1}{n}\int\log q^{(n)}d\mu$

(refer to [4]). Put

$\phi(U)=\inf_{\mu ed^{\prime}}f_{U}^{\nu}(\mu)$ and 29 $(U)=\{\mu\in \mathcal{J};f_{U}^{\nu}(\mu)=\phi(U)\}$ .

LEMMA 2.1. For any $\mu\in \mathcal{J}$ , the inequality

(2.7) $f_{U}^{\nu}(\mu)\leqq-\log\alpha_{U}$
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holds and the equality is attained by $\mu=\mu_{\sigma}$ ; that is, $\phi(U)=$ –log $\alpha_{U}$ .
PROOF. For $feC(\Omega)$ we obtain

$\mu_{U}(f)=\alpha_{U}^{-}p_{U}(\mathscr{L}_{\sigma}^{l}(fh_{U}))$

$=\alpha_{U}^{-}’\int_{\rho\#}f(u)d\nu^{t}(u)\int_{\rho}h_{\sigma}(u\omega)$ exp $\{-\sum_{i=0}^{n-1}U(\sigma u\omega)\}d\rho_{U}(\omega)$

and hence we can see

(2.8) $p^{(n)}(u)=\int\alpha_{\Gamma J}^{-n}h_{U}(u\omega)e^{-\sum_{l=0}^{\hslash-1}U(\sigma^{i}u\omega)}dp_{\sigma}(\omega)$

is the density of the projection of $\mu_{U}$ to $\Omega$“ with respect to $\nu^{2*}$ . We get

(2.9) $\lim_{n\rightarrow\infty}p^{(n)}(\omega_{1}, \omega_{2}, \cdots)/p^{(\prime-1)}(\omega_{2}, \omega_{\theta}, \cdots)$

$=\frac{e^{-U(\omega)}h_{\sigma}(\omega)}{\alpha_{U}h_{U}(\sigma\omega)}$ (uniformly in $\omega$)

by the condition D). Hence it follows that

$h^{\nu}(\mu_{U})=\lim_{n\rightarrow\infty}\frac{1}{n}\int\log p^{(n)}d\mu_{U}=\lim_{n\rightarrow\infty}\int\log\frac{p^{(\sim)}(u)}{p^{(n-1)}(\sigma u)}d\mu_{U}$

$=-\log\alpha_{U}-\mu_{U}(U)$ .
This implies

$f_{U}^{\nu}(\mu_{U})=-\log\alpha_{U}$ .
Next we shall show $f_{U}^{\nu}(\mu)\geqq-$ log $\alpha_{U}$ for any $\mu\in \mathcal{J}$ . If the projection
of $\mu$ to $\Omega$“ is not absolutely continuous with respect to $\nu$ for some $n$ ,
then $ f_{U}^{\nu}(\mu)=+\infty$ and hence the assertion is trivial. Let $p^{()}$ and $q^{(\alpha)}$ be
densities of $\mu_{\sigma}^{()}$ and $\mu^{(’*)}$ with respect to $\nu’$ , respectively. By (2.9), we
get

(2.10) $U(\omega)=$ –log $\alpha_{U}-\lim_{n\rightarrow\infty}\log\frac{p^{t’*)}(\omega)}{p^{(n-1)}(\sigma\omega)}+\log h_{U}(\omega)-\log h_{U}(\sigma\omega)$ .

Combining (2.10) and the Jensen’s inequality, we get

$f_{U}^{\nu}(\mu)=-\log\alpha_{U}+\varlimsup_{\sim\rightarrow\infty}\frac{1}{n}\int\log\frac{q^{(\cdot)}(\omega)}{p^{()}(\omega)}d\mu\geqq-\log\alpha_{U}$ .

THEOREM 2.1. $g(U)=\{\mu_{U}\}$ .
PROOF. By Lemma 2.1, it holds clearly that $\mu_{U}\in g(U)$ . Since
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$\phi(U+tV)=\inf_{\mu eJ}f_{U+tV}^{\nu}(\mu)=\inf_{\mu\in J^{\Gamma}}\{\mu(U)+h_{\mu}^{\nu}(\mu)+t\mu(V)\}$

$\leqq f_{U}^{\nu}(\mu)+t\mu(V)$

for any $\mu\in \mathcal{J}$ , we get

(2.11) $\varlimsup_{t\downarrow 0}\frac{1}{t}\{\phi(U+tV)-\phi(U)\}\leqq\inf_{\mu e\xi t(U)}\mu(V)$ .

Replacing $V$ by -V in (2.11), we get

(2.12) $\varliminf_{t\uparrow 0}\frac{1}{t}\{\phi(U+tV)-\phi(U)\}\geqq\sup_{\mu eg(U)}\mu(V)$ .

On the other hand, since $\mathscr{L}_{U+tV}h_{U}$ is differentiable at $t=0$ and

$\frac{1}{t}\{\alpha_{U+tV}-\alpha_{U}\}=\frac{1}{t}t\rho_{u+tV}(\mathscr{L}_{U+tV}h_{U}-Z_{U}h_{U})/\rho_{U+tV}(h_{U})$

$=p_{\sigma+tV}(\frac{1}{t}(Z_{U+tV}-Z_{U})h_{U})/\rho_{U+tV}(h_{U})$ ,

$\phi(U+tV)=\log\alpha_{U+tV}$ is also differentiable at $t=0$ , and hence

$\sup_{\mu eZ1U)}\mu(V)=\inf_{\mu y(U)}\mu(V)$ for any $V\in C_{p}(\Omega),$ $p=1,2,$ $\cdots$

This implies $\mu(V)=\mu_{U}(V)$ for any $V\in C_{p}(\Omega)$ $(p=1,2, \cdots)$ , and any
$\mu\in g(U)$ and hence $\mu=\mu_{U}$ . Therefore we get $g(U)=\{\mu_{U}\}$ .

\S 3. The cluster property of the measure $\mu_{U}$ .
In this section we will show the mixing property of $\mu_{U}$ . Moreover

if $U$ is of finite range, we will show $\mu_{U}$ is weak Bernoulli. Since each
point $x$ in $\Omega_{0}$ has a base of neighborhood $\{V.(x)\}$ such that the boundary
of $V.(x)$ is of measure zero with respect to $\nu_{0}$ , we can find a sequence
$\{\xi_{m}\}$ of finite measurable partitions of $\Omega_{0}$ such that diameters of atoms
of $\xi_{m}$ converge to zero as $ m\rightarrow\infty$ and moreover each atom $A$ of $\xi_{m}$ satisfies

(3.1) $\nu(A)=\inf_{feC(\Omega_{0})}\{\nu_{0}(f);0\leqq\chi_{A}\leqq f\}$ .

THEOREM 3.1. Suppose that $U$ is of finite range. Then $\mu_{U}$ is
weak Bernoulli.

PROOF. It is sufficient to show the weak Bernoulli property of $\mu_{U}$

with respect to the partition $\eta=\{\{\omega\in\Omega:\omega_{1}\in A\};A\in\xi\}$ for any $\xi$ whose
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atoms satisfy (3.1). For any $\epsilon>0$ and A $eV_{i=0}^{p}\sigma^{-j}\eta$ , we can take
$f_{A}\in C_{p+1}(\Omega)$ such that

$\chi_{A}\leqq f_{A}$ and $\mu_{U}(f_{A}-\chi_{A})\leqq\epsilon/k^{p}$ .
It is sufficient to show

(3.2)
$\lim_{\hslash\rightarrow\infty}\sup_{A,B}\sum_{pp\geq 1,e_{\dot{J}}\vee\sigma}=0^{-i_{\eta}}|\mu_{U}(f_{A}(x_{B}\circ\sigma^{t+p}))-\mu_{U}(f_{A})\mu_{U}(\chi_{B})|=0$

.

We get by (1.25)

$\sum_{A,B}|\mu_{U}(f_{A}(x_{B}\circ\sigma’+p))-\mu_{U}(f_{A})\mu_{U}(\chi_{B})|$

$=\sum_{A,B}|\rho_{U}(h_{U}f_{A}(x_{B}\circ\sigma’+p))-\mu_{U}(f_{A})p_{U}(h_{U}\chi_{B})|$

$=\sum_{A.B}|\rho_{u}(L^{n+p}(h_{U}f_{A})\chi_{B})-\mu_{U}(f_{A})p_{U}(h_{U}\chi_{B})|$

$=\sum_{A.B}|\rho_{\sigma}\{(L^{n+p}(h_{L^{r}}f_{A})-\mu_{U}(f_{4})h_{U})\chi_{B}\}|$

$\leqq\sum_{A,B}p_{U}\{|L’+p(h_{U}f_{A}-\mu_{U}(f_{4})h_{\sigma})|\chi_{B}\}$

$\leqq\sum_{A}\rho_{U}\{|L^{n+p}(h_{U}f_{A}-\mu_{\sigma}(f_{4})h_{U})|\}$ .

From the assumption we get $U\in C_{q}(\Omega)$ for some $q>0$ . Since $L^{p}$ maps
$C_{p}(\Omega)$ into $C_{q}(\Omega)$ , we get

$L^{p}(h_{\sigma}f_{A}-\mu_{U}(f_{A})h_{U})eC_{q}(\Omega)$ .
Let $n=m(q+r)+q^{\prime},$ $0\leqq q^{\prime}\leqq q+r$ . Then we get by Lemma 1.5.

$\rho_{U}\{|L^{n+p}(h_{U}f_{A}-\mu_{U}(f_{A})h_{U})\}\leqq(1-C^{-1})^{n}\rho_{v}\{|L^{p+q^{\prime}}(h_{U}f_{A}-\mu_{U}(f_{A})h_{\sigma})|\}$ .
On the other hand,

$\sum_{A}\rho_{U}\{|L^{p+q^{\prime}}(h_{U}f_{A}-\mu_{U}(f_{A})h_{\sigma})|\}$

$\leqq p_{U}\{\sum_{A}|(L^{p+q^{\prime}}(h_{U}f_{A})+\mu_{U}(f_{A})h_{U})|\}$

$\leqq 2(1+\epsilon)$ .
Therefore we get

$\sum_{A.B}|\mu_{U}(f_{A}(f_{B^{\circ}}\sigma^{+p}))-\mu_{U}(f_{A})\mu_{U}(f_{B})|$

$\leqq 4(1-C^{-1})^{n}$ .
This completes the proof.
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THEOREM 3.2. $\mu_{U}$ is mixing for any $U$ satisfying the condition D).

PROOF. By Lemma 1.7, we have

$\mu_{U}((fo\sigma)g)=\mu_{U}(f(Lg))\rightarrow\mu_{U}(f\circ\mu_{U}(g)h_{U})=\mu_{U}(f)\mu_{U}(g)$

for $f,$ $g\in C(\Omega)$ .
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