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The spectrum of spin waves in ferromagnetic metals where ferromagnetism is caused
by the so-called s-d exchange interaction between localized spins and conduction electrons
is investigated theoretically without taking an adiabatic approximation which is usually used.
The dynamical susceptibility of the system is calculated by making use of the two-time
Green’s function, and the spectrum is determined as divergent points of the susceptibility.
As non-adiabatic effects, there appear some features in the spectrum which have not been
considered in usual adiabatic theories. First, if the wave number of spin waves is not so
large, there are two or more modes of collective oscillations of the system, among which
one may well be called acoustical mode where two spin systems, localized spins and conduc-
tion electron spins, oscillate in phase, and another an optical mode where they oscillate
in antiphase. Further, as to the acoustical mode, the spectrum has a dip in the vicinity
of a certain wave number where an adiabatic approximation becomes incorrect.

§1. Introduction

Magnetic properties of the system where localized spins and conduction
electrons interact with each other via the so-called s-d exchange interaction have
been investigated theoretically by several authors.”®:®% It is found that there
appears an effective interaction between localized spins which is obtained by

the second order perturbation. To get the effective interaction, most of the .

authors”®® took an adiabatic approximation or the Born-Oppenheimer approxi-
mation ; i.e. the motion of conduction electrons was assumed to be much faster
than that of localized spins and the latter was ignored compared with the former.
As pointed out by Hasegawa,” however, the approximation can not always be
allowed, since, unlike the case of the interaction between nuclei in molecules,
the energy spectrum of conduction electrons is continuous and the energy dif-
ference of conduction electrons may be smaller than the frequency of the motion
of localized spins. Therefore the problem is worth discussing more carefully.

We shall consider, in this paper, a ferromagnetic metal where ferromagnetism
is caused by the above-mentioned interaction and investigate theoretically the
spectrum of spin waves in the system. The problem was already discussed by
Kasuya® in the adiabatic approximation. Our object is now to see how non-
adiabatic effects appear in the spectrum.

In §2 we shall calculate the dynamical susceptibility of the system by the
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1034 Y. Nagaoka

use of two-time Green’s function.” The spectrum of spin waves is determined
as divergent points of the susceptibility, which will be given in §3. In our
treatment, spin waves have a finite lifetime and we shall calculate it in § 4.
Finally, in §5, some arguments and additional remarks will be given briefly.

§2. Dynamical susceptibility

Let us consider a system consisting of N spins, localized regularly at lattice
sites, and N band electrons. The so-called s-d exchange interaction between
localized spins and band electrons are taken into account, but direct interactions
between localized spins and between band electrons are ignored. Then the
Hamiltonian of this system is given as’ follows :

H= ;267% a;fka- Ao — N Z’;’Jmﬂ (k, k,) [(a,’ﬁk,,, Auley. — af.‘m.,,_ a,,k,_) N (k, — k)

+ @by g ™K —E) + abpr- e, STE —k)], (1)
where

S« k) =;S)~“ exp(—ik-R,).

Here a.f, and a,., are, respectively, the ordinary creation and annihilation
operators of the n-th band electron with wave vector k and spin ¢, and €, is
its one electron energy measured from chemical potential g, S,* is the a com-
ponent of the localized spin at R, site, and J,(k, k') is the matrix element of
the s-d exchange interaction. This Hamiltonian is an obvious generalization
of Kasuya’s one:” i.e. interband terms are contained explicitly in our Hamilto-
nian.

In order to investigate magnetic properties of the system, we have only to
calculate the dynamical susceptibility x(q, »), which is given by”

®

¥ (9, 0) =i|ds < [M* (@, ), M=(~) D, @

0

where
M*=*(q) =2uz2*(q)
=2u5{S*(q) + 7;‘; Ak—qs ) > 3

(45 : Bohr magneton)
CAY=Tr(e##A) /Tr(e "), and A(z) =& A=,

Here we have taken #=1. In Eq. (3) the summation >, runs over the first
Brillouin zone and, if k—q is not in the first zone, it must be reduced to the
first zone. Precisely speaking, in the expression (2), we must replace o by
w+ie and take the limit e—+0 after calculation. The same abbreviation as in
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1035

(2) will be used in the following.
Now we introduce two-time Green’s function defined by®

—i([A(), B]> for >0,
(A®); By= { | @
0 for <20,

and its Fourier transform
(A; By.=|as (A 0); B). ®)
Then Eq. (2) can be rewritten as
247(q, 0) =— Qua) 3" (q@); 27(— .
=— )" {S* (@Y. + ;;((ai’fm_% AN} » (6)
where the abbreviation
45 27 (— @) Do=(AN

has been used. The problem is now reduced to the calculation of Green’s func-

tions <<S+(q) >>m al'ld <<ank ’+ Anfe— >>m
It is easy to find the equations of motion obeyed by these Green’s functlons,
which are given from the. Hamiltonian (1) as follows:

OS™ (@) Do =2NS~N7213 T (e, K') {24l amn- S* (W —E+)).

—{(@bners Qntes — @lper— @ure) ST H —k+q) Y.}, ™

w<<a7f'k—q+dnk—->> = ; [<a;5k—q+ Anpimgs) — {ap- @ue-)]

+ [Enk_ en'k.-q] «arlk—q+ Anke— Do

-N7 %{Jmn (P, k) [<<a;flk.—_q+ am.p+S+ (k - P) >>m - <<a;kllc—q+ amp—Sz (k - P) >>m]

—Jum(E—q; p) [{anp-aa_S* (p—k+q) Yo+ {anps @ S*(p—k+q) %é’;}'

Here it has been assumed that the system is ferromagnetic at low temperatures
and that the temperature is low enough for us to take

8D =S, C)

where S is the magnitude of the localized spin.

To solve Egs. (7) and (8), and to determine Green’s functions {S*(q)}.
and {alx—q+@uk-Ya, it is required to take some approximations for the higher
order Green’s functions which appear on the right-hand sides of Egs. (7) and
(8). We put v

<<a:flk.l+ i S”* (k’ ~k+ ‘1) >>m = 61:/, If-—q<S # (O) ><<afnc.—q+ anlf—))ou

10
«arﬁkhf Anko S * (k, - k + q) >>m = 61“., 7a’<a1>f’ka' anka'><<S+ (‘I) >>m, ( )
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1036 Y. Nagaoka

and so on, which is considered as a kind of the random phase approximation.
It should be noticed here that {a,%.@..» dose not vanish even for n’=:n because
of the interband terms of the s-d exchange interaction.

If Green’s function

(s aburde=— X dt ¢ [ame (©), aliolsd (11)

0

is known, the average <{ar.a..> can be obtained by the use of formula®

©

. do
* —
<anlka- anlca-> - ZS_\Q e’g"’ + 1

{((anko' 5 a:‘"ka»m{-ie - <<a7lka' 5 a;f/ka'»m—is}' . (12)

(e—=>-+0)

Making use of the Hamiltonian (1) and the same approximation as (10), we
get the equation for Green’s function (11) as follows:

1
w<<ank:t 5 aflki»mz —2;6717!’ + enlc((‘lnk:t 5 a;‘:'lc;l:>>m

F S§Jmn (k: k) <<amk:t 3 arf’ki»m’ (13)
which is solved to the first order of J,,(n'#n) as
<<an7m' > anli'a'>>m‘—L **1— ’
2r o— €nke
(14
ukes; @kse= :F~1— Sura (e, K) , for naen’,
2w (00— €urs) (0 — €upes)
with €nres = Epre T Jnn (k, k) S. (15)
Therefore O R Ty A
(16)

{@¥ms Oy = FJurn(k, k) S Srtes —Sums , for n3n’,

Gnki - E'n’lf:!:

where fur.=f(€m,) and f(€) is the Fermi distribution function.
Inserting Egs. (10) and (16) into Egs. (7) and (8), we get the simultaneous
equations for Green’s functions {S*(q)) and {ax-q:amx-) as follows:

oS* (@) Y.=2NS—2S 22 s (B b~ @) @iinmqs Gurca

AT e B e —fat) = T T 1) S
n Ik ntn! Ie

<fnl+ —Sorms fnk-“fmk_ >}<<S+(q)>>m’ 1))

€nker ™ Entkey €ntem — €l

a)((a,,,, e+ Aple— >>m (fn'lc—q+ ~— far— ) + (En'I-—q+ Enk—) <<a:flk.—q+ ank.->>m
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1037

——117 n (=G B) (Fartemgs — L) (S * (@) Do (18)

In the calculation of Eq. (18) we have ignored interband contributions, which
is permitted in the lowest approximation. Suppose that the conduction band is
not degenerate, and that w and J,, are small compared with the interband
energy difference €,,—¢,. Then we can put

(en'k—q+ - Gnk—-) =+ ﬂ)%en”‘-_q — €nrs for n#n,- (19)

The simultaneous equations (17) and (18) can be solved easily, and, using the
above approximation and further neglecting small interband contributions which
appear in the numerator, the final expression for the dynamical susceptibility
x(q, w) is found from Eq. (6) to be

G 0) = = @) T A28+ B0 S O, KD (fonrs =)

D(q, )
28 (T (ks k=) + Tun (e —q, B))] EJ:""'-“;f“'f;r w}, (20)
ak—q+ = Sak
where
D(g, 0) =0= 3 ua e, 1) (s =Fee) + 22 { 33 33 G By L Lo
o €ute— €nrre
= S Tun e, k=) P T Sk 53 g Gy e [ Lo e
€nle—qr — €t A €nle—q (ezn{f)

Our result as well as our method is essentially the same as Potakov and
Tyablikov’s one,” except that we have taken into account interband terms.

§3. Specirum of spin waves

The spectrum of spin waves is given by the divergent point of the dynamical
susceptibility in the preceding section, that is by the relation
D(q, v) =0,

which determines the frequency o as a function of the wave vector q. This
equation is rewritten as

0~ Wag (q) ZF(‘I, (D) > (22)

where

Ou <q>——{2J,m<k ) Cfer ~F ) =281 Tonl, ) Lm0 T |

alt—q+ €nkem

2850 52l o WL g g pn =)o)

N" +n! Wk €nttoeqg ™ €nke
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1038 Y. Nagaoka

and

F(q, w) =%§’Jnn (k, k__q) lz{ fnk—q+ _'f'nk.—- o fnk—q+ _fnls-.— } . (24>

€nk—gz+ — €k + o enk-q+ — €

Here w,.(q) is the adiabatic spectrum of spin waves, while there arise non-
adiabatic effects from F(q, »). If we ignore v in the function F(q, »), in other
words, if we take the adiabatic approximation, w=w,(q) is the solution of
Eq. (22) since F(q, 0)=0.

The expression (23) of w,3(q) is equal to the spectrum obtained by Kasuya
(cf. Eq- (5:5) of reference 2)), except that we considered the band structure
of conduction electrons explicitly. On the other hand, he assumed the spectrum
€. to be free electron-like in an extended zone scheme. Then the summation
over bands was replaced there by the summation over reciprocal lattice vectors,
though Umklapp processes are included automatically in the latter expression.

Recently Woll and Nettel® calculated the spin wave spectra of rare earth
metals using Kasuya’s expression, and showed that the frequency is negative in
some directions of the wave vector. Though a quantitative meaning can hardly
be attributed to their calculation because of the assumption on the spectrum of
band electrons which can hardly be expected in real metals, we can see easily
from the expression (23) that interband contributions to w,:(q) are negative if
the energy maximum (not minimum) is at k=0 in excited bands. Therefore,
0.c may be negative if the spectrum ¢, is appropriate. Even in such a case,
however, if there are appropriate anisotropy energies, w,s becomes. positive again
and the ferromagnetic state is stable at low temperatures. We remark here that,
even in the presence of such anisotropy energies and moreover of a direct ex-
change interaction between localized spins, we need not modify Eq. (22) except
for the functional form of w,(q). We do not discuss on this point further and
do not assume the concrete functional form of w,.(q), but only assume it to be
positive for all values of gq.

Our problem is now to see how non-adiabatic effects appear in the spectrum
of spin waves. For simplicity, it is assumed that f, does not vanish only for
n=1, and that Jy(k, kK”) is independent of k and k. Then the function F(q, »)
is simplified as

F(q, (.l)) — 2}8’\}]2 ;{ _flr.—-q+ —ﬁc— _ flc—q+ _]“k— } , (25)

where the suffix 1 has been dropped.
First let us consider the case g=0. Then, since

20Jw
w—28J°

elc—-q+ — €p_ +o Ek—-q+ — €p

F(0, w) = (26)
with

2N0-=;(_fl:+ _fk—)a
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1039

the solution of Eq. (22) can be easily found to be
w=0, or 2J(S+0), @0
if ®,4(0)=0.

It 'must be remarked here that there is a solution which does not vanish
even if g=0. As will be shown in Appendix A by the method of normal
modes,” this nonvanishing solution corresponds to the oscillation of the system
such that band electron spins oscillate in anti-phase with localized spins, which
may well be called the optical mode of spin waves; while the solution w=0
corresponds to the acoustical mode.

To proceed to the case q=0, it is required to calculate Eq. (25), which
can be carried out in an elementary way if the following approximations and
assumptions are taken:

(1) The energy spectrum of the conduction band is free electron-like, i.e.

1
€g= kz,
g

where the mass of an electron is taken to be unity.

(2) ¢ is so small that it is not required to take into account Umklapp
processes.

(8) J/ep and q/kpr are much smaller than unity, where €z and k7 denote
respectively the Fermi energy and the magnitude of the Fermi wave vector.

Then F(q, ») is given to the first order of J/€z and g/kr as follows:

F(q, 0) =Fz(q, 0) +iF:(q, v), (28)
Folq, 0) = 3f" K2 &2 <)A —~0)
+ 4;/@ ([(gks—4) (1 —g/2kz) + 0] [ (ghr+4) (L+q/2ks) — 0]
(ghr—4) (1 —q/2ks) +0
(glr+4) 1+q/2kr) — 0 ‘
— [(gkr—4) (1+ q/2kz) + 0] [(ghr+ 4) (1 —q/2kr) — 0]
W s G e )@
Filg, 0 =27 AU ke =) (1=a/2ks) + ][ (ghs +4) (14 9/242) ~o]

X (B[ (gkr—4) (1—q/2ks) + 0] +O[(gkr+ 4) 1+ q/2ks) —0])
— [(gkr—4) (1 +q/2kg) + 0] [ (gkr+4) 1~ q/2ks) — 0]
X (B[ (ghkr—4) (1+q/2ks) + 0] + @[ (gkr+4) (1—q/2kz) —01)}, - (30)

220z 1snbny 9| uo1senb Aq 269.£81/€€01/9/8Z/e1o1ue/did/woo dnoolwepese)/:sdyy wol papeojumoq



1040 Y. Nagaoka

/2 for €>0,
with @[e]={
—n/2 for €<0,

and 4=28J. (31

For a while we ignore the imaginary part F;(q, w), which. causes the damp-
ing of spin waves and will- be discussed later. When |w—4+gkr| is not so

small, Eq. (29) can be expanded with (q/2kr)

- (d+qkr) and is reduced to

38T gkr—A4+0
Fa(q, 0)=25T"._0_1 | r { 32)
R(q ) €p 2qk5‘ o qkp‘i‘A'—w (
‘When w==4—qgkp,
Fr(q, w)= . 1 , 33
=4, 0) €p 2qkr & 8ecy . (33)
and when w=4+ gkp,
2
€p zqkp SZEF

Making use of the above expressions for Fz(q, ), its » dependence is shown

in Fig. 1.

For » being small compared with 44¢kr, ©» can be ignored in the loga-
rithmic function of Eq. (32), and then the solution of Eq. (22) is found easily

to be
a)go)gd(q)[l— 3J . 4 In A—qkr
5-
4L
Y
g ol
=
sy
Bl N + t 4
0 0.5 10 15 20 o/
_.1..
._2-
-3}
.—4.
~5L

Fig. 1. Fp(q, o) as a function of o for the case
gkp/4=0.5 and J[€p=1/5.

B (35)

from which we can see that non-
adiabatic effects have only a small
contribution in this case. As long
as o is not in the vicinity of
|4+ qgkr|; the magnitude of the
factor (4/2qkr)-In|(qky— 4+ 0)/
(gkr+4—0)| of the expression
(32) is of the order unity.
Therefore non-adiabatic effects on
the spectrum of spin waves can
be  neglected except for
0|4+ gkl

Now let us solve Eq. (22)
graphically, noting especially the

behaviour of Fz(q, w) in the vicinity of w=:|d+qks]. In Fig. 2 some typical
cases are shown schematically. Then the spectrum of spin wavés is given as
shown qualitatively in Fig. 3. The figure is rather complicated, and we shall
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1041

. Fr(q, &)

Frig, )|\

0 d—qkr wag 0 d~gkr
4 dvgke - - 4 drgke 70 /H’«d d+ghr 7®
(@ (b1) b2)
Fr(q, »)
Fr(q, w)
0 4
Wad yd +qu —w Wad  —>@
/'u)nd'
o
> u‘n“‘
»
© @

Fig. 2. The equation vo—wsa=Fy(q, ») is solved graphically for some typical values of q:

(@) waa<d—gkp, (b) 4+gkp>wua>A4—gkp>0,
(d) waa >4 +qk1,-v.

Fig. 3. The spectrum of spin waves obtained by
making use of Fig. 2. The dashed line denotes
the adiabatic spectrum. In the shaded region
spin waves have a finite lifetime. The figure
has only a qualitative meaning.

(¢) 4—gkp<0 and wwa<ld+gkp,

mention some features of the
spectrum and give some addi-
tional remarks:

(1) When 0.(q) =4+ gks,
there is only one solution and
the difference between the acous-
tical mode and the optical one
disappears.

(2) On the other hand,
when  0..(q) <4+ gkr, there
appear three or more solutions
except for the case g=0. Among
them, the mode A corresponds
to the acoustical one which
reduces to zero when g=0, and
the mode B corresponds to the
optical one which reduces to
2J(S+0) when ¢=0.

(8 The spectrum of acous-
tical spin waves are nearly equal
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1042 Y. Nagaoka

to the adiabatic spectrum except for . (g)=4—gks, as discussed above.
On the other hand, when w.;(q)=4— gks, the spectrum is approximately given

by
0 (q) =4 — qky. (36)

(4) As will be shown in Appendix B, the condition that there appears,
in an appreciable degree, the dip discussed above in the spectrum of acoustical
spin waves is given by

0 (8/ks) S8er exp(1-42) 37)
3J

It must be noted here that, though we have shown in Fig. 3 the spectrum
in the entire region of g, the figure has no meaning where ¢ is too large, since
the approximations such that ¢/k,<1 may not be allowed there. Further discus-
sions on the spectrum will be given in § 5.

§4. Damping of spin waves

In § 3 we ignored the imaginary part of the function F(q, »), and obtained
the spectrum of spin waves. When the imaginary part is taken into account,
the solution of Eq. (22) becomes complex, and there arises the damping of spin
waves. If the imaginary part of the solution is small compared with the real
part, the lifetime r of the spin wave with frequency w and wave vector q is
approximately given by

L —Fiq, v,
T

the calculation of which is carried out by the use of Eq. (30). We get
0 for 0<d—qkyr and 0 >4+ gkr,

%(A—qkp) for o=~A— gk,
88 =

~ : 38
P (38)

1
T 1
E(A +gkr) for w==d+ gkr,

) for 4—gkp<lo<ld+ qkp.

This result is essentially equal to that obtained by Mitchell,'® except that, since
we added the diagonal part of s-d exchange interaction to one-electron energy
of band electrons (see Eq. (15)), the damping is non-vanishing only for
4—ghr=w=<d4d+qkp: i.e. in the continuum of Stoner’s excitations which is shown
in Fig. 3 as the shaded region.

Of cource, the approximation taken here is incomplete for the discussion
of the damping. At finite temperatures, the damping actually does not vanish
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Dynamical 'Tizeory of Spin Waves in Ferromagnetic Metals 1043

even for w<4d—gkp, because of the fluctuation of the motion of conduction
electrons and localized spins. Such effects can be taken into account by the
appropriate treatment of higher order Green’s functions. We shall not, however,
discuss this problem further.

§ 5. Discussions

In the preceding sections, we have investigated non-adiabatic effects on the
spectrum of spin waves and shown that there arise mainly two effects. One of
them is a dip which appears in the spectrum of ordinary (or acoustical) spin
waves when 0, (q)=2SJ—gkr. Such a deviation from the adiabatic spectrum
is appreciable if the condition (87) is satisfied. Supposing that there is no
anisotropy energy and that interband terms can be ignored in the expression
(23), w.a(q) is approximately given by

W (@) = %; { (s —S2-) — ZSJM}

€r—qr — €k -

I (L)z
=5 () (39)

where J(k, k') is assumed to be independent of k and k', and g/kr to be much
smaller than unity. In this case the condition (87) becomes

J\* - 64e <‘_ 46F>
<eF> ~Tgs P\ T 3y) (40)

which is fulfilled for J/€r-=0.1 if S=1. Usually the magnitude of J is less
than 1 €V and that of € is several eV in rea] metals. Therefore it is rather
questionable to expect the above condition to be realized literally. However,
if the conduction band is anisotropic, there is a possibility that it is satisfied
in a certain direction of ¢, and that the above effect appears in that direction.
Even if it is satisfied and a dip appears, the number of states of spin waves in
the vicinity of the dip is so small that it can hardly contribute to thermal
properties of the system.

A more remarkable effect is that if 0, <2SJ+¢kr there appear one or
more modes of spin waves besides the ordinary one, for instance, an optical mode.
The frequency of these excitations is too high, and so they also have no contribution
to thermal properties. If they are observed experimentally, it is very interesting
because it proposes a way to determine the magnitude of s-d exchange interaction
.in metals.

Finally we must mention the effect of the damping of conduction electrons.
If conduction electron spins have a finite lifetime 1/7, it is shown from a phe-
nomenological argument that the function F(q, ») given by Eq. (25) must be
replaced by
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1044 Y. Nagaoka

F,(q, o) Z&Vk{@—iJL) Si—gs =S~ _Hﬁﬁ+aﬁ_}_

4 Els-,—q+ —€p_ +o+ iT ek--q+ = €fo

N
(41)

The factor (1—ir/4) of the first term in the wavy brackets comes from the fact
that the density of conduction electron spins relaxes towards the local equilibrium
value. If r<4, the real part of the function F,(q, ) is nearly equal to Fr(q, w)
except for =4+ gkr. Therefore most of the preceding arguments need not be
modified but for the condition (37), i.e. the depth of the dip will be smaller than
considered above. As to the imaginary part, there arises also a weak damping of
spin waves from y even when 0<|4d—qks| and 0>|4+qks| , i.e. for 0<|d—qgky|,

1 _ v 2

o ssu ¥ (“42)
which is much smaller than the damping for |4—gks|<<w<|d+ qgkz|. After all,
it can be concluded that effects of 7 are not qualitative, but only quantitative
ones, and that important modifications are not necessary.

The author wishes to express his sincere thanks to Professor R. Kubo,
Professor T. Usui, Professor H. Mori and Dr. T. Izuyama for their enlightening
discussions. He is also much indebted to Professor T. Matsubara for his kind-
ness in informing the author of his unpublished work. This study was partially
financed by the Scientific Research Fund of the Ministry of Education.

Appendix A
Method of normal modes

In this appendix we shall introduce briefly the method of normal modes
given by Matsubara® and investigate to what normal modes the spin wave ex-
citations discussed in § 8 correspond.

Let us take normal modes of the system as

Q*(@) =2k a- ax-q+ +95~(~q), (A-1)

where ¢x and ¢ are constants which are to be determined later. Here inter-
band terms have been ignored for simplicity. Then we have the rélation

LH, Q* (@) 1i0p>=0lq), (A-2)
where |0> denotes the ground state of the system and o is the excitation energy
of the state |g>=0Q*(q)|0>.

Using a simplified Hamiltonian where interband s-d interactions are omitted
at the outset, and taking the approximation

S°(k) 0> =0mNS|0),
afts dklrfo> = 6kklf o0,
for the ground state, we get from Eq. (A-2) the following relation:

(A-3)
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22k~ gy — D) i~ 925J (k—q, )} ar— @r—q.+ 10>
A9 = 0) =53 (O, =) (e fior —an F2)} S (— @) 0> =0. (A-4)
It is noted here that the approximation (A-3) is equivalent to that taken in

§ 2 for higher order Green’s functions (cf. Eq. (10)). From Eq. (A-4) the
constants ¢;’s are determined as

o= — 2S8J(k—q, k) ’ (A-5)
0— (€p-— €x_gs)
and the energy » is to be obtained from the relation
25 Sr—gr —fr-
o=4+ == |J(k, k—q)|" x , (A-6)
N U o= (= eag)

which is equal to Eq. (22) in the text if interband terms are ignored there.

As was shown in § 3, Eq. (A-6) has two solutions w=0 and w=2J(S+0)
for the case g=0. Making use of Eq. (A-5), the normal mode for each solu-
tion .is found to be

Q7*(0) =g[¥ ar_ ag. +S(0)] for w=0,
Qu* (0) =g[— (S/0) 2k~ an, +S7(0)] for w=2J(S+0). (A7)

Now it is clear from these expressions that Q; is the acoustical mode where
two spin systems, localized spins and conduction electron spins, oscillate in
phase, while Qj; is the optical mode where they oscillate in antiphase with each
other.

It is interesting to show the expressions of the normal modes for w=4+qgky
+¢, ¢ being a small positive or negafive quantity, where the spectrum deviates
from the adiabatic one. We get

* () e TS (— e a_ ar-q. Rz
Q'@ =glS™(~qy£28T P e |, (A7)

where 0 is the angle between k and q. From Eq. (A-7’) these excitations
can be understood essentially as the spin waves of localized spins which accom-
pany the Stoner excitations aifax_,. of conduction electrons such that k is
parallel (cos @=1) or antiparallel (cosf=—1) to q.

Appendix B

Condition for the appreciable appearance of a dip
in the spectrum of acoustical spin waves

As is shown in Fig. 1, Fz(q, »), as a function of », has a sharp minimum
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at w=4—gkr. Because of this feature of Fz(q, »), the solution of Eq. (22)
deviates from the adiabatic value w=w,3(¢) when w,y=4—gkr. At the same
time it is noted that the absolute value of the minimum decreases as (4—gks)
decreases, and that, if the inequality

3SJ* Ad—qks < Secy >
w0, — (d—qk . | A-8
[0a(q) — (d—gkn) | < & Zak n I—aks (A-8)
@
A—aiks / 4
+ ()
r (42, @) 4 V\%
Lo”q' -
/“‘wb
e :
@ ) w @ Ik

©
Fig. 4. In the region between g, and gs;, which are determined respectively by (a) and (b),
the spectrum of spin waves deviates from the adiabatic one as is shown in (c).
is not satisfied, the solution of Eq. (22) is again given by w=w,(q). The
situation is shown schematically in Fig. 4, i.e. when q exceeds ¢ determined

by
Waa (Q1) =4— qlkF (A : 9)

(Fig. 4 (a)), the spectrum of acoustical spin waves begins to deviate from the
adiabatic one, and when g exceeds ¢, determined by

3S8J? . A“ngﬁv 11'1( 8ecp >
€p 2q:kz 4—qokp
(Fig. 4 (b)), the spectrum returns again to the adiabatic one. Then, as is seen

from Fig. 4 (c), the condition that a dip appears appreciably in the spectrum
is given by

|0aa (q2) — (d—q2br) | =

(A-10)

P~ _ .
Y o). (A-11)

Introducing dimensionless parameters defined by

A—Q1k1w=x 4—qskr =

8e€p YT 8eep »
. (A-12
vald/ks) _, 37 _g )
8861;' ’ 4617 ’

and taking the lowest approximation of small quantities x; and zs,. we can reduce
Egs. (A-9), (A-10) and (A-11) to
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@ —z:=0, (A-13)
A 1
C 7(0[—2:2) = — Xy ln X, (A' 14)
! .
E e B o Y6 ) (A-15)
i Z1
:: Equation (A -14) is solved graphically in Fig. 5, and
. T
| the condition (A-15) becomes OA<BC in this
:' figure. Therefore we get the condition for the
) appreciable appearance of a dip in the spectrum
; as
0 ) 1= —x 1
Fig. 5. Egs. (A-13) and (A-14) aSexP<—?> ’ (A-16)
are solved graphically.
or making use of the relations (A-12),
0t (4 ) <8Bees exp<—_4§_) . (A-17)
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