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The spectrum of spin waves in ferromagnetic metals where ferromagnetism is caused 

by the so·called s-d exchange interaction between localized spins and conduction electrons 

is investigated theoretically without taking an adiabatic approximation which is usually used. 

The dynamical susceptibility of the system is calculated by making use of the two·time 

Green's function, and the spectrum is determined as divergent points of the susceptibility. 

As non-adiabatic effects, there appear some features in the spectrum which have not been 

considered in usual adiabatic theories. First, if the wave number· of spin waves is not so 

large, there are two or more mod~s of collective oscillations of the system, among which 

one may well be called acoustical mode where two spin systems, localized spins and conduc­

tion electron spins, oscillate in phase, and another an optical mode where they oscillate 

in antiphase. Further, as to the acoustical mode, the spectrum has a dip in the vicinity 

of a certain wave number where an adiabatic approximation becomes incorrect. 

§ I. Introduction 

Magnetic properties of the system where localized spins and conduction 

electrons interact with each other via the so-called s-d exchange interaction have 

been investigated theoretically by several authors.1>'2J,SJ,4> It is found that there 

appears an effective interaction between localized spins which is obtained by 

the second order perturbation. To get the effective interaction, most of the 

authors1>·2J,SJ took an adiabatic approximation or the Born-Oppenheimer approxi­

mation ; i.e. the motion of conduction electrons was assumed to be much faster 

than that of localized spins and the latter was ignored compared with the former. 

As pointed out by Hasegawa,5> however, the approximation can not always be 

allowed, since, unlike the case of the interaction between nuclei in molecules, 

the energy spectrum of conduction electrons is continuous and the energy dif­

ference of conduction electrons may be smaller than the frequency of the motion 

of localized spins. Therefore the problem is worth discussing more carefully. 

We shall consider, in this paper, a ferromagnetic metal where ferromagnetism 

is caused by· the above-mentioned interaction and investigate theoretically the 

spectrum of spin waves in the system. The problem was already discussed by 

Kasuya2> in the adiabatic approximation. Our object is now to see how non­

adiabatic effects appear in tlie spectrum. 

In § 2 we shall calculate the dynamical susceptibility of the system by the 
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1034 Y. Nagaoka 

use of two-time Green's function.6l The spectrum of spin waves is determined 

as divergent points of the susceptibility, which will be given in § 3. In our 

treatment, spin waves have a finite lifetime and we shall calculate it in § 4. 

Finally, in § 5, some arguments and additional remarks will be given briefly. 

§ 2. Dynamical susceptibility 

Let us consider a system consisting of N spins, localized regularly at lattice 

sites, and N band electrons. The so-called s-d exchange interaction between 

localized spins and band electrons are taken into account, but direct interactions 

between localized spins and between band electrons are ignored. Then the 

Hamiltonian of this system is given as· follows: 

H = :E:EEnk a~k .. ank .. - N-l :E:E J,.,., (k, k')[ (a;!'lkl+ a,.J<+- a;!',,,,_ ank-) s· (k' -k) 
nh·. fT nnl kkl 

where 

Here a,J: ... and a,.~;: .. are, respectively, the ordinary creation and annihilation 

operators of the n-th band electron with wave vector k and spin o·, and Enh• is 

its one electron energy measured from chemical potential /f., S},. a is the a com­

ponent of the localized spin at R},. site, and J,.,., (k, k') is the matrix element of 

the s-d exchange interaction. This Hamiltonian is an obvious generalization 

of Kasuya's one :2l i.e. interband terms are contained explicitly in our Hamilto­

man. 

In order to investigate magnetic properties of the system, we have only to 

calculate the dynamical susceptibility x ( q, w), which is given by7l 

co 

x+-(q, CQ) =i)dtei'"t([M+(q, t), M-(-~)]), (2) 

0 

where 

M± (q) =2/f.B~± (q) 

=2fJ.B{S±(q) + :E:E a;!''k-q± a,.J<'F}, 
nnl k 

(3) 

(fJ.B : Bohr magneton) 

(A)= Tr (e-PH A) /Tr (e-PH), and A (t) = eiHtAe-iHt. 

Here we have taken h = 1. In Eq. (3) the summation :Ek runs over the first 

Brillouin zone and, if k- q is not in the first zone, it must be reduced to the 

first zone. Precisely speaking, in the expression (2), we must replace w by 

w +is and take the limit e~ + 0 after calculation. The same abbreviation as in 
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1035 

(2) will be used in the following. 

Now we introduce two-time Green's function defined by6> 

1
-i<[A(t), B]) for t>O, 

((A (t); B))= 
0 for t<O, 

and its Fourier transform 

"' 
((A; B)).,= J dt ei"'t((A (t); B)). 

Then Eq. (2) can be rewritten as 

x+- (q, w) =- (2ttB) 2((Z+ (q); z- ( -q) ))., 

=- (2tiB) 2 {((S+(q))).,+ :E:E((a~,k-q+ ank-)).,}, 
nnl k 

where the abbreviation 

(4) 

(5) 

(6) 

has been used. The problem is now reduced to the calculation of Green's func­

tions ((S+ (q) ))., and ((an":k'+ank-» ... 

It is easy to find the equations of motion obeyed by these Green's functions, 

which are given from the. Hamiltonian (1) as follows : 

w((S+ (q))) .. =2NS -N-1:E:EJnn'(k, k') {2((a~'"'+ ank- s• (k' -k+ q) ))., 
nnl kkl 

- (((a~'"'+ ank+- a~'k'- ank-) S + (k'- k+ q) )).,} , (7) 

w((a~,k-q+ank-» = :E [ <a~,k-q+ amk-q+>- <a;);,._ ank->] 
m 

+ [ Enk- En'k-q] ((a~,k-q+ ank_));. 

-- N-1 :E {JmnCp, k) [((a~,k-q+ amp+S+ (k- p) ))., - ((a~,k-q+ amp_s• (k- p) )).,] 
mp 

Here it has been assumed that the system is ferromagnetic at low temperatures 

and that the temperature is low enough for us to take 

<s)o.·>=S, (9) 

where S is the magnitude of the localized spin. 

To solve Eqs. (7) and (8), and to determine Green's functions ((S+ (q) )) .. 

and ((a,;t,._11+ank_)).,, it is required to take some approximations for the higher 

order Green's functions which appear on the right-hand sides of Eqs. (7) and 

(8). We put . 

((a~'"'+ ank_S•(k' -k+q))) .. =iJk',k-q<S•(O))((a~,~<-q+ an~,_)).,,} 
(10) 

((a~'k' .. ank .. S+ (k' -k+ q) )) .. =iJ,.,k,<a~,,, .. ank .. )((S+ (q) )) .. , 
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1036 Y. Nagaoka 

and so on, which is considered as a kind of the random phase approximation. 

It should be noticed here that <an,t,,ank,.) dose not vanish even for n' =/=n because 

of the interband terms of the s-d exchange interaction. 

If Green's function 

"" 

((ank.,.; a~,,,.,.)).,=~ 1 dtei"t<[ank.,.(t), a!,,....]+) (11) 
z 0 

is known, the average <an"f1,,.an1,,.) can be obtained by the use of formula6> 

"" 

<a:itJ<.,. anku) = i) ef1~: 1 {((ank.,. ; a;;,,,.)).,+i8- ((anT<.,. ; a~q,.,.)).,_u}. (12) 
-co 

(s~+O.) 

Making use of the Hamiltonian (1) and the sarrie approximation as (10), we 

get the equation for Green's function (11) as follows: 

~ S'I.:,J mn (k, k )((ami<± ; a;,,,±)).,, 
m 

which is solved to the first order of Jn'n (n' =l=n) as 

1 1 
((an~,.,. ; a~.,.)).,=- ---

27t (J)- En1,.,. 

((ank±; a;,J<±)).,= ~~ Jn'n(k, k) , 
2n- (w- Enlr±) (w- En'k±) 

with En~<±= En~."=FJnn(k, k)S. 

Therefore 

for n"cn', l 
) 

where fn,,.,. = f( Enk .. ) and f( E) is the Fermi distribution function. 

(13) 

(14) 

(15) 

(16) 

Inserting Eqs. (10) and (16) into Eqs. (7) and (8), we get the simultaneous 

equations for Green's functions ((S+ (q))) and ((an~k~q+ank-» as follows: 

w((S + (q) ))., = 2NS- 2S'f.:,'f.:.Jnn' (k, k- q)((a;,k-q+ an~,_))., 
nnt /i"". 

+-1 {'f.:.'f.:.Jnn(k, lc) (fnk+- fnTr-)- 'f.:.'f.:,[Jntn(k, k) [28 
N nk n-f=nlk 

(17) 
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1037 

In the calculation of Eq. (18) we have ignored interband contributions, which 

is permitted in the lowest approximation. Suppose that the conduction band is 

not degenerate, and that w and J,.,,. are small compared with the interband 

energy difference E,.,- E,.. Then we can put 

(19) 

The simultaneous equations (17) and (18) can be solved easily, and, using the 

above approximation and further neglecting small interband contributions which 

appear in the numerator, the final expression for the dynamical susceptibility 

x(q, w) is found from Eq. (6) to be 

. x+-(q, w) =- (2P.B) 2 (N ) {2S+ ~[w-l_:EJ,.,,.,(k', k') (f,.q,,+-fn'k'-) 
D q, w n1o Nn'k' 

where 

D(q, w) = W _l_ :EJ~,. (k, k) (fnl<+- f nlo-) + JS { :E :E IJ,.,., (k, k) 12 f nk-f,.q, 
N nl< N n=Fnl k Enl<- E,.q0 

Our result as well as our method is essentially the same as Potakov and 

Tyablikov's one/l except that we have taken into account interband terms. 

§ 3. Spectrum of spin waves 

The spectrum of spin waves is given by the divergent point of the dynamical 

susceptibility in the preceding section, that is by the relation 

D(q, w) =0, 

which determines the frequency w as a function of the wave vector q. This 

equation is rewritten as 

W-Waa(q) =F(q, w), (22) 

where 

IJ,.,.,(k, k-q) 12/nlk-q-jnk }, 

En'k-q- Enk 

(23) 
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1038 Y. Nagaoka 

and 

F(q, w) = 2S :EIJnn(k, k-q) 12{ frif.,-q+- fnk- -- fnk-q+- fnk- } . (24) 
N nl< Enlo-q+ - Enk- + W Enk-q+- Enk-

Here Wad ( q) is the adiabatic spectrum of spin waves, while there arise non­

adiabatic effects from F(q, w). If we ignore win the function F(q, w), in other 

words, if we take the adiabatic approximation, w =Wad ( q) is the solution of 

Eq. (22) since F(q, 0) =0. 

The expression (23) of Wad (q) is equal to the spectrum obtained by Kasuya 

(cf. Eq.- (5 · 5) of reference 2)), except that we considered the band structure 

of conduction electrons explicitly. On the other hand, he assumed the spectrum 

Enk to be free electron-like in an extended zone scheme. Then the summation 

over bands was replaced there by the summation over reciprocal lattice vectors, 

though Umklapp processes are included automatically in the latter expression. 

Recently Woll and Nettel8> calculated the spin wave spectra of rare earth 

metals using Kasuya's expression, and showed that the frequency is negative in 

some directions of the wave vector. Though a quantitative meaning can hardly 

be attributed to their calculation because of the assumption on the spectrum of 

band electrons which can hardly be expected in real metals, we can see easily 

from the expression (23) that inter band contributions to Wad ( q) are negative if 

the energy maximum (not minimum) is at k=O in excited bands. Therefore, 

Wad may be negative if the spectrum Enro is appropriate. Even in such a case, 

however, if there are appropriate anisotropy energies, Wad becomes positive again 

and the ferromagnetic state is stable at low temperatures. We remark here that, 

even in the presence of such anisotropy energies and moreover of a direct ex­

change interaction between localized spins, we need not modify Eq. (22) except 

for the functional form of w.d ( q). We do not discuss on this point further and 

do not assume the concrete functional form of Wad (q), but only assume it to be 

positive for all values of q. 

Our problem is now to see how non-adiabatic effects appear in the spectrum 

of spin waves. For simplicity, it is assumed that f n1r does not vanish only for 

n = 1, and that J11 (k, k') is independent of k and k'. Then the function F ( q, w) 

IS simplified as 

F ( q, w) = 2SJ2 :E { frr-q+ - f,,_ 
N k Ek-q+- Ek- + w 

where the suffix 1 has been dropped. 

fk-q+ - f,,_ } ' 

Ek-q+- Ek-

First let us consider the case q = 0. Then, since 

F(O w) = 2rJJw 
' w-2SJ ' 

with 

(25) 

(26) 
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1039 

the solution of Eq. (22) can be easily found to be 

w=O; or 2J(S+rJ), 

if lOad (0) = 0. 

(27) 

It' must be remarked here that there is a solution which does not vanish 

even if q= 0. As will be shown in Appendix A by the method of normal 

modes,9> this nonvanishing solution corresponds to the oscillation of the system 

such that band electron spins oscillate in anti-phase with localized spins, which 

may well be called the optical mode of spin waves; while the solution w=O 

corresponds to the acoustical mode. 

To proceed to the case q=/=0, it is required to calculate Eq. (25), which 

can be carried out in an elementary way if the following approximations and 

assumptions are taken : 

(1) The energy spectrum of the conduction band is free electron-like, i.e. 

Ek=_!_ k2 

. 2 ' 

where the mass of an electron is taken to be unity. 

(2) q is so small that it is not required to take into account Umklapp 

processes. 

(3) JjeF and q/kF are much smaller than unity, where Ep and kF denote 

respectively the Fermi energy and the magnitude of the Fermi wave vector. 

Then F(q, w) is given to the first order of JjeF and qjkF as follows: 

F(q, w) =FR(q, w) +iFr(q, w), 

F ( w) = 3SJ2 { (qkp) 2 -A(A-w) 
R q, Ep 2(qkp) 2 

X lnJ (qkp-A) (1-q/2kF) +w I 

(qkF+ A) (1 + q/2kF) -tO 

- [ (qkp-A) (1 + q/2kF) + w] [ (qkF+ A) (1-q/2kF) -w] 

(28) 

X lnl (qkp-A) (1+q/2kF) +w j)}' (29) 
(qkF+A) (1-qj2kF) -tO 

3SP 1 
Fr(q, w) =--·-8 -{[(qkF-A) (1-q/2kF) +w] [(qkF+A) (1+q/2kF) -w] 

Ep 4q kF 

X (@[(qkp-A) (1-q/2kF) +w] +@[(qkF+A) (1+q/2kF) -tO]) 

- [ (qkF-A) (1 + q/2kE) +tO] [ (qkF+A) (1-qj2kp) -tO] 

X (@[(qkp-A) (1+q/2kF) +w] +@[(qkF+A) (1-qj2kF) -tO])}, · (30) 
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1040 Y. Nagaoka 

with { 
n/2 for e>O, 

@[e] = and A=2SJ. (31) 

-n/2 for e<O, 

For a while we ignore the imaginary part F 1 (q, w), which causes the damp­

ing of spin waves and will· be discussed later. When l w -A ± qkF I is not so 

small, Eq. (29) can be expanded with (q/2kF) · (A±qkF) and is reduced to 

(3~) 

When w:::::::A- qkF, 

FR(q, w) ~ 3SJ2 . A -qkF ln/ 
EF 2qkF 

(33) 

and when w~A+qkF, 

FR(q, w) ~ _ 3SJ2 . A+ qkF ln\ A+ qkF I· 
EF 2qkF 8eEF 

(34) 

Making use of the above expressions for F R ( q, w) , its w dependence is shown 

in Fig. 1. 

For w being small compared with A±qkF, w can be ignored in the loga­

rithmic function of Eq. (32), and then the solution of Eq. (22) is found easily 

to be 

5 

~ 
4 

8 3 

~ 2 
~ 

~~~ 
1 

0 w/4 
2.0 

-1 

-2 

-3 

-4 

-'5 

Fig. 1. FR (q, w) as a function of w for the case 

qkFf.d=0.5 and JfEF=1/5. 

(35) 

from which we can see that non­

adiabatic effects have only a small 

contribution in this case. As long 

as {)) is not in the vicinity of 

IA±qkFI! the magnitude of the 

factor (A/2qkF)·lnl(qkF-A+w)/ 

(qkF+A-w) I of the expression 

(32) is of the order unity. 

Therefore non-adiabatic effects on 

the spectrum of spin waves can 

be neglected except for 

W~IA±qkF[. 

Now let us solve Eq. (22) 

graphically, noting especially the 

behaviour of FR(q, w) in the vicinity of w~IA±qkFI· In Fig. 2 some typical 

cases are shown schematically. Then the spectrum of spin waves is given as 

shown qualitatively in Fig. 3. The figure is rather complicated, and we shall 
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1041 

(a) (bl) (b2) 

(c) 

Fig. 2. The equation w-Wad=FR (q, w) is solved graphically for some typical values of q: 

(a) Wad<d-qkF, (h) d+qkF>Wad>d-qkF>o, (c) d-qkF<O and Wad<d+qkF, 

(d) Wad>tJ+qkF. 

Ill 

mention some features of the 

spectrum and give some addi­

tional remarks.: 

r 

->q 

Fig. 9. The spectrum of spin waves obtained by 

making use of Fig. 2. The dashed line denotes 

the adiabatic spectrum. In the shaded region 

spin waves have a finite lifetime. The figure 

has only a qualitative meaning. 

(1) When Wad (q) ?:J + qkF, 

there is only one solution and 

the difference between the acous­

tical mode and the optical one 

disappears. 

(2) On the other 

when Wad (q) <J + qkF, 

hand, 

there 

appear three or more solutions 

except for the case q = 0. Among 

them, the mode A corresponds 

to the acoustical one which 

reduces to zero when q = 0, and 

the mode B corresponds to the 

optical one which reduces to 

2J(S+(J) when q=O. 

(3) The spectrum of acous­

tical spin waves are nearly equal 
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1042 Y. Nagaoka 

to the adiabatic spectrum except for w.d ( q) ~ J - qkF, as discussed above. 

On the other hand, when w.d(q) ~ J- qkF, the spectrum is approximately given 

by 

(36) 

(4) As will be ..shown in Appendix B, the condition that there appears, 

m an appreciable degree, the dip discussed above in the spectrum of acoustical 

spin waves is given by 

(37) 

It must be noted here that, though we have shown in Fig. 3 the spectrum 

in the entire region of q, the figure has no meaning where q is too large, since 

the approximations such that q/kF<:.1 may not be allowed there. Further discus­

sions on the spectrum will be given in § 5. 

§ 4. Damping of spin waves 

In § 3 we ignored the imaginary part of the function F ( q, w) , and obtained 

the spectrum of spin waves. When the imaginary part is taken into account, 

the solution of Eq. (22) becomes complex, and there arises the damping of spin 

waves. If the imaginary part of the solution is small compared with the real 

part, the lifetime r: of the spin wave with frequency w and wave vector q is 

approximately given by 

1 
-=Fr(q, w), 

r: 

the calculation of which ts carried out by the use of Eq. (30). We get 

0 

_!_~ 3SJ2 . ~n_ X 

i: EF 2qkF 
(38) 

0) 

This result is essentially equal to that obtained by Mitchell,10> except that, since 

we added the diagonal part of s-d exchange interaction to one-electron energy 

of band electrons (see Eq. (15)), the damping is non-vanishing only for 

J- qkF~w<J + qkF: i.e: in the continuum of Stoner's excitations which is shown 

in Fig. 3 as the shaded region. 

Of cource, the approximation taken here is incomplete for the discussion 

of the damping. At finite temperatures, the damping actually does not vanish 
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1043 

even for w<LI- qkF, because of the fluctuation of the motion of conduction 

electrons and localized spins. Such effects can be taken into account by the 

appropriate treatment of higher order Green's functions. We shall not, however, 

discuss this problem further. 

§ 5. Discussions 

In the preceding sections, we have investigated non-adiabatic effects on the 

~pectrum of spin waves and shown that there arise mainly two effects. One of 

them is a dip which appears in the spectrum 'of ordinary (or acoustical) spin 

waves when Wad (q) ~2SJ- qkF. Such a deviation from the adiabatic spectrum 

is appreciable if the condition (37) is satisfied. Supposing that there is no 

anisotropy energy and that interband terms can be ignored in the expression 

(23), Wad (q) is approximately given by 

Wad (q) =L:E{(fk+- fk-) -2SJ fk-q+- fk- } 

N k Ek-q+- Ek-

~ SJ2 ( q )2 
= 8EF kF ' 

(39) 

where J(k, k') is assumed to be independent of k and k', and q/kF to be much 

smaller than unity. In this case the condition (37) becomes 

(_£_) 4 < 64e exp(- 4EF) 

EF ~ 8 3 3J ' 
(40) 

which is fulfilled for J/EF2:0.1 if S=l. Usually the magnitude of J is less 

than 1 eV and that of EF is several eV in real metals. Therefore· it is rather 

questionable to expect the above condition to be realized literally. However, 

if the conduction band is anisotropic, there is a possibility that it is satisfied 

in a certain direction of q, and that the above effect appears in that direction. 

Even if it is satisfied and a dip appears, the number of states of spin waves in 

the vicinity of the dip is so small that it can hardly contribute to thermal 

properties of the system. 

A more remarkable effect is that if w.d~2SJ + qkF there appear one or 

more modes of spin waves besides the ordinary one, for instance, an optical mode. 

The frequency of these excitations is too high, and so they also have no contribution 

to thermal properties. If they are observed experimentally, it is very int~resting 

because it proposes a way to determine the magnitude of s-d exchange interaction 

in metals. 

Finally we must mention the effect of the damping of conduction electrons. 

If conduction electron spins have a finite lifetime 1/r, it is shown from a phe­

nomenological argument that the function F(q, w) given by Eq. (25) must be 

replaced by 
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1044 Y. Nagaoka 

fk-q+ - fk- } • 

Ek-q+- Ek-

(41) 

The factor (1-ir /J) of the first term in the wavy brackets comes from the fact 

that the density of conduction electron spins relaxes towards the local equilibrium 

value. If r<J, the real part of the function F 7 (q, (I)) is nearly equal to FR(q, (I)) 

except for (I):::=J ± qkF. Therefore most of the preceding arguments need not be 

modified but for the condition (37), i.e. the depth of the dip will be smaller than 

considered above. As to the imaginary part, there arises also a weak damping of 

spin waves from r even when (I)<IJ-qkFI and (I)>IJ+qkFI, i.e. for (I)<IJ-qkFI, 

! = si2J q2, (42) 

which is much smaller than the damping for IJ-qhJ<(I)<IJ+qkFI· After all, 

it can be concluded that effects of r are not qualitative, but only quantitative 

ones, and that important modifications are not necessary. 

The author wishes to express his sincere thanks to Professor R. Kubo, 

Professor T. Usui, Professor H. Mori and Dr. T. Izuyama for their enlightening 

discussions. He is also much indebted to Professor T. Matsubara for his kind­

ness in informing the author of his unpublished work. This study was partially 

financed by the Scientific Research Fund of the Ministry of Education. 

Appendix A 

Method of normal modes 

In this appendix we shall introduce briefly the method of normal modes 

given by Matsubara9l and investigate to what normal modes the spin wave ex­

citations discussed in § 3 correspond. 

Let us take normal modes of the system as 

Q* (q) = L;ck af:_ ak-q+ + gS- ( -q), 
k 

(A·1) 

where ck and g are constants which are to be determined later. Here inter­

band terms have been ignored for simplicity. Then we have the relation 

[H, Q*(q)]JO)=(I)Jq), (A·2) 

where JO) denotes the ground state of the system and (I) is the excitation energy 

of the state Jq)=Q*(q) JO). 

Using a simplified Hamiltonian where interband s-d interactions are omitted 

at the outset, and taking the approximation 

S 0 (k) JO)=O'kAJNSJO), 

at; .. ak, .. !O) = 0'""' j/, .. [ 0), 
(A·3) 

for the ground state, we get from Eq. (A· 2) the following relation: 
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Dynamical Theory of Spin Waves in Ferromagnetic Metals 1045 

+ {g(L1-w) _ __l_,L;J(k, k-q) (ck+qfk+-ckfk_)}s-c -q) /0)=0. (A·4) 
Nk 

It is noted here that the approximation (A· 3) is equivalent to that taken in 

§ 2 for higher order Green's functions (cf. Eq. (10)). From Eq. (A·4) the 

constants ck.'s are determined as 

_ 2SJ(k-q, k) 
CJ<- -g ' 

(1)- ( Ek-- Ek-q+) 
(A·5) 

and the energy w IS to be obtained from the relation 

w=L1+ 2S.L;/J(k, k-q)/2 f~<-q+-f~<-
N k (1)- ( Ek-- Ek-q+) 

(A·6) 

which is equal to Eq. (22) in the text if interband terms are ignored there. 

As was shown in § 3, Eq. (A·6) has two solutions w=O and w=2J(S+fJ) 

for the case q = 0. Making use of Eq. (A· 5), the normal mode for each solu­
tion . is found to be 

for w=O, 

Qu* (0) =g[- (Sj(J) .L;aL ak+ +S--: (0)] for w=2J(S+ (}). (A·7) 
k 

Now it is clear from these expressions that Q1 is the acoustical mode where 

two spin systems, localized spins and conduction electron spins, oscillate in 

phase, while Qu is the optical mode where they oscillate in antiphase with each 
other. 

It is interesting to show the expressions of the normal modes for w = L1 ± qkF 

+ s, s being a small positive or negative quantity, where the spectrum deviates 

from the adiabatic one. We get 

Q*(q)~g[S-(-q)± 2 SJ,L; aLak-q+ ], 
k qkF(1±COS 8) +s 

(A·7') 

where e is the angle between k and q. From Eq. (A·7') these excitations 

can be understood essentially as the spin waves of localized spins which accom­

pany the Stoner excitations ak*-ak-q+ of conduction electrons such that k is 

parallel (cos e = 1) or anti parallel (cos e = -1) to q. 

Appendix B 

Condition for the appreciable appearance of a dip 

in the spectrum of acoustical spin waves 

As Is shown in Fig. 1, F R(q, w), as a function of w, has a sharp minimum 
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1046 Y. Nagaoka 

at (I)=J-qkF. Because of this feature of FR(q, w), the solution of Eq. (22) 

deviates from the adiabatic value W=(l).~(q) when (l).d~J-qkF. At the same 

time it is noted that the absolute value of the minimum decreases as (J-qkF) 

decreases, and that, if the inequality 

(A·8) 

(JJ 

(a) (b) 

(c) 

Fig. 4. In the region between q1 and q2, which are determined respectively by (a) and (b), 

the spectrum of spin waves deviates from the adiabatic one as is shown in (c). 

1s not satisfied, the solution of Eq. (22) is again given by W=(l).d (q). The 

situation is shown schematically in Fig. 4 , i.e. when q exceeds q1 determined 

by 

(A·9) 

(Fig. 4 (a)), the spectrum of acoustical spin waves begins to deviate from the 

adiabatic one, and when q exceeds q2 determined by 

l(l)ad(q2)- (J-q2kF) I= 3SJ2 · J-q2kF ln( BeEF ) (A·10) 
E F 2q2kF J- q2kF 

(Fig. 4 (b)), the spectrum returns again to the adiabatic one. Then, as is seen 

from Fig. 4 (c), the condition that a dip appears appreciably in the spectrum 

is given by 

q2-_ql 0(1). 
JjkF-ql 

(A·ll) 

Introducing dimensionless parameters defined by 

(A·12) 

and taking the lowest approximation of small quantities Xr and x2,, we can reduce 

Eqs. (A· 9) , (A ·10) and (A ·11) to 
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Dynamical Theory of Spin Waves zn Fen·omagnetic Metals 1047 

a-x1=0, (A·13) 

x 1 -x2 = 0(1). (A·15) 
x1 

Equation (A ·14) is solved graphically in Fig. 5, and 

the condition (A ·15) becomes OA-;SBC in this 

figure. Therefore we get the condition for the 

appreciable appearance of a dip in the spectrum 

as 

Fig. 5. Eqs. (A·13) and (A·14) 

are solved graphically. 

or making use of the relations (A ·12), 

References 

1) M. A. Ruderman and C. Kittel, Phys. Rev. 96 (1954), 99. 

2) T. Kasuya, Prog. Theor. Phys. 16 (1956), 45. 

3) K. Yosida, Phys. Rev. 106 (1957); 893. 

(A·16) 

(A·17) 

4) N. A. Potakov and S. V. Tyablikov, Solid State Physics USSR 2 (1960), 2733. 

(Soviet Physics-Solid State 2 (1961), 2433). 

5) H. Hasegawa, Prog. Theor. Phys. 21 (1959), 483. 

6) See, for example, D. N. Zubarev, UFN 71 (1960), 71. (Soviet Physics-Uspekhi 3 (1960), 

320.) 

7) R. Kubo, J. Phys. Soc. Japan 12 (1957), 570. 

8) E. J. Woll Jr. and S. J. Nettel, Phys. Rev. 123 (1961), 796. 

9) T. Matsubara, private communication. See also H. Suhl and N. R. Werthamer, Phys. 

Rev. 122 (1961), 359. 

10) A. R Mitchell, Phys. Rev. 105 (1957), 1439. 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

8
/6

/1
0
3
3
/1

8
3
7
6
9
2
 b

y
 g

u
e
s
t o

n
 1

6
 A

u
g
u
s
t 2

0
2
2


