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A dynamical model for the general case of Bragg x-ray diffraction from arbitrarily thick
nonuniform crystalline films is presented. The model incorporates depth-dependent strain and a
spherically symmetric Gaussian distribution of randomly displaced atoms and can be applied to
the rocking curve analysis of ion-damaged single crystals and strained layer superlattices. The
analysis of x-ray rocking curves using this model provides detailed strain and damage depth
distributions for ion-implanted or MeV-ion-bombarded crystals and layer thickness, and lattice
strain distributions for epitaxial layers and superlattices. The computation time using the
dynamical model is comparable to that using a kinematical model. We also present detailed strain
and damage depth distributions in MeV-ion-bombarded GaAs(100) crystals. The perpendicular
strain at the sample surface, measured as a function of ion-beam dose (D), nuclear stopping
power (S,,), and electronic stopping power (S, ) is shown to vary according to (1 — &S, ) DS,

and saturate at high doses.

1. INTRODUCTION

The double-crystal x-ray diffraction (or x-ray rocking
curve) technique is being widely used in the study of ion-
implanted crystals,® superlattices.? MeV-ion-bombarded
crystals,® epitaxial layers,* and thermally diffused crystals.®
The x-ray rocking curve technique, which gives the sample
reflecting power as a function of the angle between the sam-
ple surface and the incident x-ray beam, provides informa-
tion on depth profiles of strain and damage for ion-implant-
ed' or MeV-ion-bombarded® crystals, on layer thickness,
composition, and strain for superlattices® and epitaxial lay-
ers,* and on diffusion profiles for thermally diffused crys-
tals.®

To extract information, the x-ray rocking curve is ana-
lyzed using a kinematical’ or a dynamical® diffraction the-
ory. The kinematical theory, which is an approximation to
the dynamical theory that neglects the extinction (i.e., mul-
tiple scattering), serves as an adequate model when the max-
imum reflecting power is less than about 6%.” When the
reflecting power exceeds 6%, the dynamical theory should
be used in the rocking curve analysis. The dynamical theory,
however, has the shortcoming of taking too much computa-
tion time in the analysis.® In this paper, we present the dyna-
mical theory in the layer approximation; this mode] requires
computation time which is comparable to that by a kinema-
tical model. This dynamical model is applied to the analysis
of rocking curves taken from MeV-ion bombarded
GaAs(100) crystals to get a detailed strain and damage
depth distribution.

. THEORY

The general theory of x-ray diffraction, which properly
accounts for normal absorption (photoelectric process and

*) Permanent address: Department of Electrical and Computer Engineer-
ing, State University of New York at Buffalo, Amherst, New York 14260.

3743 J. Appl. Phys. 59 (11}, 1 June 1986

0021-8979/86/113743-04$02.40

Compton scattering) and extinction (coherent scattering or
diffraction) of wave fields in a crystal medium, is called the
dynamical x-ray diffraction theory. It is a first order theory
in that it takes the deviation of the x-ray refractive index
from unity up to first order, and the variation of the complex
amplitudes over one x-ray wavelength to first order.® When
the homogeneity of the crystal specimen varies in only one
direction, i.e., in depth with no lateral variation, the change
in the x-ray complex amplitudes in depth is well described by
the Takagi-Taupin equation which was originally developed
by Takagi’ and independently by Taupin.’® The Takagi-
Taupin equation is:

i 2 BVD(r) = YoDo(r) + 1y Dy (1),
" (1)
i';r"ﬁa'vmu (r) =Dy (r) + Yy Do(r) — ay Dy (r),

where Dy 5 (r) = complex amplitudes of the incident and
diffracted waves, B, = wave vectors of the incident and
diffracted waves, Yon = — (&&/mP)(AY/mY(Fou/V),
F oy = structure factors for the incident and diffracted
waves, V=unit cell volume, and ay~ —2(O
— O@p)sin 20;.

The above equation expresses the spatial variation of the
complex amplitudes of the incident and diffracted waves
along the incident and the diffracted directions, respectively.
The Takagi~Taupin equation has been used in the study of
diffraction from curved crystals by Klar and Rustiche}li.!!
They have presented the theory in a form useful for the pres-
ent study, writing the depth dependent scattering amplitude
in the following form:

.dX N 22 . ,

l-d—A-=(1+lk)X ~2(y+ )X+ (L +ik), (2)
where X =Dy (r)/Jb Dy(r) = scattering  amplitude,
b= |yy/vu|, and ¥,y = direction cosines of the incident
and diffracted waves with respect to the inward surface nor-
mal.
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A = (7Y |/AAdnDz
Yo = You + iWon, z=depth,
g = (1 + b)y/2|¢ Wb = absorption,
y=[(+b); —bay ]/ 26
= deviation from the Bragg angle.
The damage reduces the structure factor to Fy.
Fy =F9 exp[ — (877 sin” @5 /A *)u?], (3)

where F§, = structure factor for the undamaged crystal and
4 = average atomic displacement.” The strain is taken into
account through a .

dH = - 2(@ - @B)Sln 2®B o (Clel + szz),

where

(4)

¢, = cos? @ tan @4 + sin @ cos @,

¢, = sin’ @ tan @, T sin @ cos @,
upper sign = for the incident angle of ®, — @ with respect
to the sample surface, lower sign = for the incident angle of
®p + @ with respect to the sample surface, ¢ = angle
between the surface and the reflecting lattice plane,
€, = strain perpendicular to the surface, and €, = strain par-
allel to the surface.? :

Larson and Barhorst have used Eq. (2) to obtain the
strain depth distribution in an implanted and laser annealed
silicon crystal.® They decomposed the complex differential
equation (2) into two coupled real equations by putting
X = X, + iX,, and integrated numerically for each equation
to obtain the rocking curve. We take, however, a different
approach which takes less computation time.

Equation (2) can be integrated analytically!%:

sXo + i(B + CX,)tans(4 — 4y) ]

X)) = - s (5
s —i(C+ BX,)tan[s(A — A,) ]
where
X(4,) =X,, B= —(1+ik),

C=y+ig, s=JC?'—B?,
and |X(0)|? = reflecting power at the sample surface.

In the analysis of rocking curves for ion-damaged crys-
tals, the surface strained and/or damaged layer is divided
into an arbitrary number of parallel laminae (layer approxi-
mation), and an average strain and/or damage is assumed in
each layer [see Fig. 1(a)]. For a known scattering ampli-
tude X at the interface of the bottom strained layer “1” and
the undamaged and unstrained substrate crystal (i.e., the

substrote

7
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? (lattice porometer = o) $ {

{o} 1w

/
Substrate 4

FIG., 1. (a) The surface strained/damaged region of an ion-irradiated crys-
tal is divided into parallel laminae, in each of which the average strain and
damage is assumed in the layer approximation. (b) Undamaged superlat-
tice for which the formula (7) is used. The parameters P, Q, R, and Tare the
same in all periods.
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initial condition ), one can calculate the scattering amplitude
at the sample surface (i.e., at the top of the layer n) by repe-
titively applying the formula (5) from layer “1” to layer n.
In the Bragg case, the initial condition of the scattering am-
plitude, which is given at the interface of the strained layer
and the substrate, is an infinite crysta! sofution because the
thickness of the substrate undamaged crystal is much larger
than the x-ray absorption length in most cases. The initial
condition is most easily obtained from Eq. (5) by the follow-
ing consideration.

Imagine a layer of thickness 4, on an infinitely thick
crystal. The layer and substrate crystals are assumed to be
identical with no damage or strain. Then, “X;” in Eq. (5) is
the scattering amplitude of the substrate which is the infinite
crystal solution, and “X(0)” at the layer surface will again
be the infinite crystal solution because the layer crystal is
identical with the substrate with no damage or strain. Thus,
by putting X(4) = X, in Eq. (5) and solving for X, we get
the infinite crystal sofution,'* which is

x._ —Cx\C"—B*
o_‘ .
B

(6a)

The lower sign in Eq. (6a) gives the correct infinite crystal
solution. That is, the initial condition is

B

C—C=B?

The rocking curve is calculated using Egs. (5) and (6b)
for given strain and damage in each layer, and the best fit of
the calculated rocking curve to the experimental curve gives
the strain and damage distribution in the layer approxima-
tion. Since the correct evaluation of s (which is a square root
of complex variables) in Eq. (5) is important for the rocking
curve calculation, we provide the formula in the Appendix.
Equations (5) and (6b) can also be used for virgin or ion-
damaged epitaxial layers of superlattices with suitable struc-
ture factors for each composition.

For virgin super}attices, the computation can be much
simpler because the strain and structure factor is identical
for all periods. The scattering amplitude X at the top of the
layer which is the jth period from the substrate is given by

_ (P—iQ)X,_, + (T —iR)
TATHIRX,_, + (P+iQ)]
where
P= (BB, — C,C))tan(s,4, ) + 5,5,
0 = Cs; tan(s,4,) + G5, tan(s,4,),
R = 5,B, tan(s,4,) + 5,8, tan(s,4,),

Xo= (6b)

(7N

and
T= (BlC2 -— Bzcl)tan(SlAl)tan(slpAz),

X, is the infinite crystal sofution, and 4,,4,,B,, etc., are for
composition “1” and “2” [see Fig. 1(b)] and are defined in
Egs. (2) and (5). The parameters, P, Q, R, and T are the
same for all periods, and thus Eq. (7) can be used for a very
fast calculation of rocking curves for superlattices.

Finally, we present in Fig. 2 an experimental rocking
curve (dashed) obtained from a virgin GaAs(100) crystal
for FeK ,, (400) refiection, and a calculated rocking curve
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FIG. 2. Dynamical diffraction theory calculation of rocking curve. Experi-
mental (dashed) and calculated (solid) curves are shown for an Fek,,
(400) reflection from a virgin GaAs(100) crystal. The formula (6b) was
used for the calculation with 10-arcsec half-width Gaussian convolution.

(solid) from the formula (6b) with a 10-arc s half-width
Gaussian convolution.

1il. STRAIN/DAMAGE DISTRIBUTION IN MeV-ION-
BOMBARDED GaAs(100) SINGLE CRYSTALS

Formulas (5) and (6b) were used for the analysis of
rocking curves taken for GaAs single crystals bombarded
with 15-MeV Cl ions to various doses at room temperature.
The experimental rocking curve was taken by measuring the
(400) reflection of FeK, radiation from ion bombarded
(100)-cut GaAs at each angle which is varied in 0.0015-deg
steps.

Figure 3 shows the experimental (dashed) and calculat-
ed (solid) rocking curves in the left column, and the depth
distributions in the layer approximation of the perpendicu-
lar strain (solid) and average random atomic displacements
(dashed) in the right column. The figure shows that the
strain and damage in the surface layer saturate in a high-cose
irradiation.

In the analysis of rocking curves measured for ion-
damaged crystals, we choose our initial form of the strain
and damage depth distributions based on the following two
assumptions. The first assumption is that the strained/dam-
aged layer thickness is the same as the ion range in the sam-
ple material. The second is that the strain/damage depth
distribution follows the nuclear stopping power distribution;
that is, the higher the nuclear stopping power, the higher the
strain and damage.

From this starting point the initial distributions are var-
ied so as to produce the best fit to the rocking curve data. In
practice, the calculated rocking curve often needs to be con-
voived with a Gaussian function to fit the experimental
curve. This is due to the mosaic structure of the crystal iat-
tice due to the lattice disturbance from thermal vibrations
and the jattice defects in ion-damaged crystals.

The strain at the sample surface, as obtained by the dy-
namical theory analysis, was measured as a function of beam
dose (D), nuclear (S, ), and electronic (S, ) stopping pow-
ers by bombarding GaAs(100) crystals with various MeV
ions (see Fig. 4). Figure 4 shows that the surface strain var-
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FIG. 3. Dynamical x-ray diffraction theory analyses of the GaAs rocking
curves. Left-hand side: experimental (dashed ) and calculated (solid) rock-
ing curves. Right-hand side: strain (solid) and damaged (dashed) depth
profile. Note that the layer at 5§ um depth has become amorphous at 5 X 10"
cm™2
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FIG. 4. The perpendicular strain at the surface of GaAs(100) crystals ob-
tained by the dynamical theory analysis of the experimental rocking curves
taken for (400) symmetric reflections of FeK,, radiation from the
GaAs(100) crystals bombarded with various MeV ions as shown in the

figure.

ies with (1 — &S, ) DS, with k = 0.09 (appropriate units are
given in the figure), and saturates to ~0.4% after a high-
dose bombardment.

This result illustrates that the strain produced by nu-
clear collisions is partially annealed by the electronic colli-
sion processes. The saturation and stopping power depen-
dence of strain has been explained in a separate paper by an
ion-lattice single-collision model in which the point defect
production and saturation is discussed for MeV-ion bom-
barded GaAs single crystals."?
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APPENDIX
Formula for evaluating s = /C? — B2

for y< — gy,
for —q, <y<qy

§=5,+is5,

S=15,+I5y
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for g, <y<q,
fory>gq,,

= —5+is

s= —5,+ 15
where

s;=r+r)/2,

52=‘R;_"_"1—)75s

o =NT=F75F,
q.=k/8

and
"1=})’2—g2+k2“1"
r,=2(yg—k),

r= AT
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