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Abstract In the present research, application of the Natural Orthogonal Complement
(NOC) for the dynamic analysis of a spherical parallel manipulator, referred to as SST,
is presented. Both inverse and direct dynamics are considered. The NOC and the SST fully
parallel robot are explained. To drive the NOC for the SST manipulator, constraints between
joint variables are written using the transformation matrices obtained from three different
branches of the robot. The Newton—Euler formulation is used to model the dynamics of
each individual body, including moving platform and legs of the manipulator. D’ Alembert’s
principle is applied and Newton—Euler dynamical equations free from non-working general-
ized constraint forces are obtained. Finally two examples, one for direct and one for inverse
dynamics are presented. The correctness and accuracy of the obtained solution are verified
by comparing with the solution of the virtual work method as well as commercial multi-body
dynamics software.

Keywords Spherical parallel manipulator - Natural orthogonal complement - Inverse
dynamics - Direct dynamics

1 Introduction

Dynamics modeling of mechanical systems has been applied to different engineering
branches and has attracted attention of many researchers. Many solutions for solving the
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dynamical equations of motion have been proposed. When multi-body systems are consid-
ered, the quality of system modeling and solution of its related equations are important.
Parallel and serial robots are some of the multi-body systems which require knowledge of
their dynamic models. This information, for example, can be used for design and selection
of the robot components, control and simulation.

Generally, solving kinematics problem of a multi-body system is necessary for the dy-
namics analysis. In [1-11], the common dynamics methods such as Newton—Euler method,
Lagrangian formulation and the principle of virtual work are used. Many researchers have
considered kinematics and dynamics analysis of parallel robots. In [12], the direct kine-
matics of parallel robots with revolute joints is presented. The direct kinematics of parallel
robots is usually more difficult than its serial counterpart. For parallel robots, obtaining so-
Iution to the direct kinematics is commonly challenging and most of the times results in a
high degree polynomial with multiple answers [13—15]. Numerical methods are commonly
employed to obtain the multiple solutions. Still additional methods are required to identify
the one correct solution among the multiple solutions. These make obtaining the direct kine-
matics problem challenging [16]. Direct dynamics problem requires solution of the direct
kinematics. This requirement further introduces challenges for direct dynamic applications
of parallel robots. Therefore, dynamical solution methods that are independent of directly
obtaining kinematics solution are certainly more desirable. One method with such charac-
teristic is the natural orthogonal complement (NOC) method. The NOC was first introduced
by Angeles and Lee [17]. The NOC dynamic modeling was found to have certain advanta-
geous in [18] and others. This method defines natural orthogonal complement for Cartesian
velocity-constraint matrix. The velocity constraint matrix may also be defined in joint space
in which case the form of natural orthogonal complement will be different. The NOC gener-
ally leads to elimination of non-working constraint wrenches. Furthermore, using the NOC,
the number of driven dynamic equations becomes minimum and separated. The NOC uses
the Newton—Euler dynamic equations and incorporates the kinematics constraint equations.
This eliminates the need to directly solve the kinematics.

In [1], kinematics and dynamics of a parallel robot with a 3UPS-PU (where U, P and S,
represent universal, prismatic and spherical joints, respectively) architecture is investigated.
To obtain the dynamical equations of motion for this robot, the Newton—Euler method and
the NOC approach are used. In [2], a formulation of inverse dynamics for Stewart platform
using Newton—Euler method is presented. Gravity effects and viscous friction in joints are
considered. Additionally, it is shown that to obtain actuated forces a proper elimination
method can lead to a fast and economic algorithm which is useful for real time control.

The decoupled natural orthogonal complement (DeNOC) method was first introduced
in [5]. Unlike the NOC, the DeNOC method allows one to write expressions of the elements
of the matrices and vectors associated with the dynamic equations of motion in analyti-
cal and recursive form. In this reference, DeNOC method is used to obtain the dynamics
analysis of a hexaglide parallel robot. The concept of DeNOC is applied to a 3-RRR planar
parallel manipulator to develop dynamics formulation that is both recursive and modular. An
algorithmic approach to the development of both forward and inverse dynamics is demon-
strated [6]. Recently, application of DeNOC was extended to obtain a recursive forward
dynamics algorithm for serial robots with flexible links. The algorithm is applied to a two
flexible link arm and is shown to be computationally more efficient and numerically more
stable than other algorithms present in the literature [19]. Additional studies on DeNOC
for both serial and parallel mechanism as well as other dynamic systems may be found in
[5, 20-24]. In [4], the dynamics of non-holonomic mechanical system is derived using the
NOC.

@ Springer



Dynamics analysis of a 3-RRP spherical parallel manipulator 363

References [7-9] used the principle of virtual work and introduced a new recursive matrix
method which is useful for dynamic modeling of parallel robots. Recursive matrix method is
used to obtain the dynamics analysis of the Agile Wrist [25]. Additionally, actuated powers
in two states, full and simplified dynamic models are compared.

In [14], a new spherical star-triangle parallel robot, called SST, is introduced. In [10]
and [11], inverse and direct dynamics of this robot is presented using virtual work method.
However, the virtual work method requires solution of the direct kinematics problem for
obtaining the direct dynamics. Therefore, an algorithm for selecting the admissible solution
among eight possible solutions for the SST robot is also presented [11]. However, time
to obtain direct kinematics solution can negatively affect the performance of the system.
With the NOC, the system kinematics is integrated with its dynamics as a set of differential
equations. This potentially can aid in lowering the computation time.

In this paper, first geometry of the SST parallel manipulator and the NOC are briefly
described. Next, the constraint equations and other necessary equations for dynamics anal-
ysis of the SST parallel robot using the NOC are formulated. Finally, two examples, direct
and inverse dynamics, are presented. In the first example, a robot trajectory is given and in-
verse dynamics using the NOC is solved to obtain required motor torques. Results are next
verified with inverse dynamics using the virtual work method [10]. In the second example,
motor torques, obtained from the inverse dynamics of the first example, are used as input for
the direct dynamics solution using the NOC. The output of the direct dynamics is compared
with the input of the inverse dynamics.

2 Introducing the SST parallel robot

The SST parallel manipulator [14] consists of a fixed virtual spherical triangular base, P,
and a moving platform which is shaped like a spherical star, S. The fixed base and the
moving platform are connected via three legs. Each of the three moving legs is made of
RRP (revolute-revolute-spherical slider [26]) joints. The isotropic model of this manipulator
is shown in Fig. 1. To develop the mathematical model of the manipulator, first a sphere
with center at O and a fixed spherical triangle, P,P,P3, on its surface is considered. The
unit vector vy is defined along OP;. The revolution axis of each actuated joint is along unit
vector e, (k = 1,2, 3). This unit vector is perpendicular to plane OP;P;;. Rotation about
axis of the unit vector e is defined by angle y;. See Fig. 2.

The moving spherical star (MSS), S, is next considered. The MSS is made of three arcs
which are located on surface of a second sphere. The three arcs of MSS intersect at point E.
The angle between these arcs (o, &, and «3) can be manually selected by the robot designer
to obtain the desired performance. Position of point E defines end-effector position. Direc-
tion OF can be defined by unit vector s. See Figs. 1 and 2. The arcs of the moveable star
platform ERy intersect the line which is along the actuator links at the point R;. Angular po-
sition of the actuators are defined by the unit vector e;3 (k = 1, 2, 3). Direction of this unit
vector is defined along OR;. Additionally, there exist two more joints. The second joint is
also a revolute joint with its axis along ey 3. The third joint is referred to as spherical slider
joint with its axis along e;¢. The axes of all three joints pass through center of the sphere,
point O. See Fig. 2. Rotation about axis of the unit vector e, 3 is defined by angle .

Finally, the motion of the spherical slider joint can also be viewed as a revolute joint
with an axis that passes through the origin of the sphere. This axis is defined by a unit
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Fig. 1 Isotropic model of the SST manipulator with motors

Fig. 2 Parameters description of kth leg
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vector, ex4¢ (k =1, 2, 3). See Fig. 2. This unit vector is perpendicular to the plane OER,
and passes through origin. Therefore

S X €43
s x exy3ll

Finally, rotation about axis of the unit vector e;¢ is defined by angle ;.

fork=1,2,3 (D

€16 =

3 The Natural Orthogonal Complement (NOC)

Dynamic models developed using the NOC offer many advantages such as being struc-
turally algorithmic, computationally efficient and numerically robust. The method leads to
the elimination of the non-working kinematic-constraint wrenches and also to the derivation
of the minimum number of equations. Additionally, the dynamics model is in the form of the
Euler—Lagrange equations without involving constraint forces, moments or Lagrange mul-
tipliers. The resulting equations of motion for the manipulator are in terms of the actuated
joint coordinates [24].

Any formulation of equations of motion requires characterization of the role of the phys-
ical restrictions that are imposed on a system’s movement. These restrictions lead to con-
straint equations between joint variables (generalized coordinates), which include both pas-
sive and active joints. In dynamics analysis of parallel manipulator using the NOC, obtain-
ing the constraint equation is an important stage. If we describe the joint variables with g;
(i=1,2,...,m), then we can write an independent constraint equations in general form as

fl@ =0 @

If the degrees of freedom of the robot number n, then the number of dimensions of the
constraint vector equation f(q) will be equal to (m — n). The time derivative of the constraint
equations can be written as

¢q = O(m—n)x 1 (3)

in which @ is (m — n) x m matrix and is called Jacobian matrix of both active and passive
joints. Additionally, q is the time derivative of the joint variables and is called joint-velocity
vector. Therefore, we can write

PRCY 4)
aq

We can separate @ and q with respect to actuated and unactuated parts as

a u of of
b= [[¢ ](mfn)xn [¢ ](mfn)x(mfn)] = [% % :I(mfn)xm ) (5)
. [qa]nxl ]
= . 6
1 |:[qu](m—n)><l mx1 ( )

where the trailing superscript “a” and “u” designate “actuated joints” and “‘unactuated
Jjoints”, respectively. Dimensions of the matrices @“ and @* are equal to (m — n) X n and
(m — n) x (m — n), respectively. Additionally, the ¢ and ¢" are vectors of the actuated and
unactuated joint rates, respectively. By placing Egs. (5) and (6) into Eq. (3), we will have

U u -1 agsa
q'=—(2") 2q ™
The above equation can be rewritten as

Plqt =_¢a(‘l(l (73)
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By taking time derivative of the above equation, we can write

¢“qu 4+ PGt = _¢“qa _ ¢aqa (7b)
or
o'§ =—[0° &"] [gu} — P4 (7¢)
Using Egs. (5) and (6), we can write
. =15 . ava
q'=—(2") (2q+2°4") ®)
where & = dfta and " = d:ftu . In the NOC, the twist vector, t;, and its derivative, i,-, of ith
rigid body can be defined as
,-=[“”’] , ’,-=[“.”'] fori=1,2,...,r )
Vi loxi Vi loxi

In which  is number of rigid bodies in a system. Therefore, the twist vector and its time
derivative for all rigid bodies existing in the system can be written as

t t
t; . t

t=| . , t=1 . (10)
tr 6rx1 tr 6rx1

The twist vector of the ith rigid body can be written as a linear transformation of the joint-
velocity vector as follows:

w; K.
t,»_|:vl}_K,q (11
where K; = ‘3% is a (6 x m) matrix and is called Jacobian matrix of ith rigid body. Equation

(11) is also used in the direct kinematics of a serial type multi-body system to express the
twist of the ith rigid body as a linear transformation of the joint velocities. Equation (11),

fori =1,2,...,r, can be assembled and expressed in compact form as
Ki
t=Kq, K=| : (12)
K, 6rxm

where K represents Jacobian matrix of all rigid bodies existing in a system. Additionally,
the K matrix can be divided into two parts K* and K" as

K= [[Ka]()rxn [Ku](vrx(mfn)] = [ 3?;(1 ;)qtu ]6r><m (]3)

Therefore, Eq. (12) can be rewritten as

t=K(lqa+Ku('lu (14)

The time derivative of Eq. (12) leads to the twist vector differentiation as

t=Kq+Kq (15)
Using Egs. (3), (5), (6), and (7), we can obtain the joint-velocity vector as a function of
independent the joint-velocity vector as

q=Lq" (16)
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where the L matrix is defined as

Inxn
L: |:_(¢u)—l¢a] (17)

The L matrix is called joint orthogonal complement and shows the relation between the
independent and dependent joint velocities. Multiplying the two sides of Eq. (16) by the @
matrix and using Eq. (3), we will have

SLG* =0 (18)
Since the q“ vector represents array of independent and arbitrary joint rates, we can write
PL=0 (19)

The time derivative of Eq. (16) can be written as

i=Lg" +Lq° (20)
By substitution Eq. (16) into Eq. (12), we will have
t=Kq=KLq" =Tq¢" (21)
where
T =KL (22)

where T is a (6r x n) matrix and is called the NOC matrix. The T matrix is defined as the
linear transformation which maps the independent joint velocities into the generalized twist
of the system. Substituting the K matrix from Eq. (13) and the L. matrix from Eq. (17) into
above equation leads to

T=K‘—K'(¢") " &* (23)
Additionally, the time derivative of Eq. (21) leads to
t="Ti" +Tq" (24)
where
T=K'—K‘(¢") '@ + K'(¢") ' " (@) '&" — K'(0") ' &° 25)

Equations (17), (23), and (25) allows obtaining the L, T and T matrices when the constraint
equations of a multi-body system are supplied. These matrices will be used in dynamics
analysis of the multi-body system.

4 Constraints equations for the SST parallel manipulator

Consider the joint variables y;, u; and By, for k = 1,2, 3, as shown in Fig. 2. Additionally,
consider Fig. 3 in which the moving coordinate frame {E}, xyz, is attached to the MSS
and the base coordinate frame {B}, x¢yozo, is attached to the robot fixed base. To write the
constraint equations between joint variables of the SST robot, for each branch, we must
place the xoypzo frame on the xyz frame. Another words, we must obtain a rotation matrix
between these two frames. For this purpose, we need to define four additional coordinate
frames for each branch as

— A fixed, non moving, coordinate frame for each leg, {0k} or xox Yor Zok -
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Fig. 3 The moving and base
coordinate frames

— A moving coordinate frame for each leg, {1k} or x; y1,21x, attached to the actuated link.

— A moving coordinate frame for each leg, {2k} or xux y2x 2ok, attached to the intermediate
passive link.

— A moving coordinate frame for each leg, {3k} or x3; y3xz3¢, attached to the MSS.

Next, consider the coordinate frames in Fig. 4 for kth branch as well as Figs. 5, 6 and 7 for
each branch. Using rotation matrices, we can place the coordinate frame xo Yorzox On the
moving coordinate frame x3; y3;z3¢ by

UYR=URIRHYR fork=1,2,3 (26)
where

%R =Rot(zo, i) fork=1,2,3, 27)

WR=Rot(xy, ui) fork=1,2,3, (28)

FR=Rot(zxy, pr) fork=1,2,3 (29)

Consider the first branch in Fig. 5. The coordinate frame xo; o1 201 coincides with the base
coordinate frame {B}. Additionally, the coordinate frame x3; y31z3; also coincides with the
moving coordinate frame {E}. Therefore, we can write

ER=JR (30)

Consider the second branch in Fig. 6. We can place the coordinate frame x3,y3,z3, on the
moving coordinate frame {E} using rotation about the x3, axis by angle (—a»). Therefore,
we can write

PR =3IR = Rot(x33, —a2) = Rot(s, —z) 31

Additionally, the rotation matrix between the coordinate frames xo; yo;zo1 and X2 y02202 can
be written as

0
BR=OR=| 1 (32
0

— o O
S O =
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Fig. 4 Coordinate frame description of kth leg

Fig. 5 Coordinate frames for the Zo1 = 214
first branch

& N
Using Egs. (26), (31), and (32), we can write
FR=0RPRIR=FRERPR (33)
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Fig. 6 Coordinate frames for the
second branch

Fig. 7 Coordinate frames for the third branch

Similarly, for the third branch (see Fig. 7), we can obtain

ER=GRERR=GRER IR (34)
where
PR =R = Rot(x31, — (a2 + &3)) = Rot(s, —(ct2 + &3)), 35)
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B _O0lp _
O3R_03R_

=]

1 0
0 1 (36)
0 0

Finally, the three rotation matrices, obtained from each branch, are equated in order to obtain
the constraint equations. Therefore, we can write

B o1 0lpy 021 32 0l 03 33
ER=3R=pRHRGR =R GZRGR (37)
By equating corresponding terms of the above equation, six independent constraint equa-

tions can be obtained. The six equations also represent the constraint Eq. (2), f(q) = 0,
which is utilized to obtain the L matrix.

5 Computing the K matrix of the SST robot

To write the K matrix, we must write the twist vector, t, for every one of the system rigid
bodies. Then, using Eq. (11), the matrix K; and consequently matrix K can be determined.
Consider Figs. 3 and 4. To obtain the twist vector, t, several steps are taken. First, extension
of the robot joints are defined by vectors e; as

ee=[0 0 1]", (38)
e=[1 0 0], (39)
es=[0 1 0], (40)
ee=UR[1 0 0], 1)
es=PRER[1 0 0], (42)
es=3RAR[1 0 0], (43)
e;=URMR[0 0 1]" (44)

These unit vectors were earlier defined in Sect. 2. Additionally, consider Figs. 1 and 2. The
actuated links of the branches 1, 2, and 3 are called rigid bodies 1, 2, and 3, respectively.
The intermediate passive links of the branches 1, 2, and 3 are called rigid bodies 4, 5, and 6,
respectively. The MSS is called rigid body 7.

In the next step, position vectors r;; are defined. Here indices i and j represent the joint
number and rigid body number, respectively. The vector r;; connects joint number i to center
of mass of the rigid body j. Consider Fig. 8. Using the simple assumption of having mass
center of the actuated link being located in the middle of the rigid body, we can write

rg = 0.5Re4, (45)
Iy = O.SRes, (46)
r33 = 0.5 Re6 (47)

Additionally, we assume that the mass centers of the intermediate passive links are at a
distance of R, radius of sphere, from center of the sphere.

ri; = Rey, (48)
Iy)s = Re5, (49)
I'3g = Re6 (50)
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Fig. 8 The position vectors r;;

The mass centers of the passive revolute joints are located on their respective axis of rotation.

Therefore
ry =0,
rss =0,
rgeg — 0

The mass center of the MSS may help define the other vectors as
T
rip=QR/m)RRERFR[1 0 0]
We can then write
Iy =—Tiu+rp7

The twist vectors of the rigid bodies 1 to 7 can now be written as

t — W | _ vie
1= = .
L V1| _)/161><I'11_’

t, = [O5 Y2

[ V2| |»eaxran]’
t, = @3 | y3€3

L V3 | _)/3e3><r33_’
=] = yier — [Liey

L V4 | L Vi€ ><I‘14—Mle4><l‘44_’
ts = ws [ Y2€2 — [L2€s

L Vs | | v2€2 X Ta5 — [lo€s5 X I'ss |’
t = Ws | y3€3 — [L3€s

L V6 | | V3€3 X 36 — [13€6 X Ko |~
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t, = |:w7] _ |: Yier — [Lies — Blez ] (62)

V7 Y€ X I3 — [L1€4 X Tq7 — Br1€7 X Iy

Therefore, using Eq. (12) the K matrix representing Jacobian of all rigid bodies can be
obtained. Upon obtaining the K and L matrices, Eq. (22) can be used to obtain the NOC
matrix T.

6 Dynamics modeling

Consider a multi-body system consisting of r rigid bodies. The wrench acting on the ith
rigid body can be represented as

wi=[n ] fori=12...,r (63)

where n} and f; represent the D’ Alembert’s resultant inertia force and torque exerted at the
center of mass, respectively. Therefore, we can write

fj‘:—miéi fori=1,2,...,r, (64)
n=-lw —w xLw fori=1,2,....,r (65)

1

where m; is the body mass, €; is acceleration of the ith mass center, I; is moment of inertia
of the ith body about ith mass center, @; is angular velocity of the ith body and @; is angular
acceleration of the ith body. The Newton—Euler equations for each individual body can be
written as

wi=-Mt; — 2,Mt; fori=12,...,r (66)
where M; and £2; are defined as

M= | T O g =| 9l s fori=1,2,...,r (67)
033 milss f¢ 6 053 033 ] ¢

When all r rigid bodies in a multi-body system are considered, Eq. (66) can be written as

where
M =diag(M;, M,, ..., M,), (69)
2 =diag($2,, 2,,...,2,) (70)

and w* is called the dissipate wrench vector and is defined as
T
w=[w)T wHT - w)T] (71)

The vector of generalized forces of the actuated joints, ¢, that includes forces and moments
of actuated joints is defined as

=[@H" @HT - @] (72)

where n is the number of actuated joints. Therefore, we can obtain powers of the actuated
joints as

7= (q") 7 (73)
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Additionally, the powers related to the inertia (7*), gravity (%) and friction (/) can be
written as

r r
i=1 i=1
r r
mé=3 tewi=) thwi=t'w, (75)
i=1 i=1
r r
al =3t wl =) tfwl =t"w/ (76)
i=1

i=1

where w¢ and w/ represent the gravity and friction wrenches, respectively. We can write

wo=[wHT wHT ... wHT], (77)
w =[w)HT W)t o wHT] (78)
Using the natural orthogonal complement T, Egs. (74), (75), and (76) can be written as
7 =(q) T w, (79)
74 = (q°) T wt, (80)
nl = (") T w/ @1)

In a dynamics system, if we apply the D’ Alembert’s resultant inertia forces and torques, we
can say that the sum of the above powers is zero. Therefore, we have

4+t 4+l =0 (82)
Substituting Eqgs. (79), (80), and (81) into the above equation will yield
@)=+ @) T+ @) T+ (@) W =0 (83)

Factoring actuated velocity vector will yield

@) (T + T W + T w¢ + T w/) =0 (84)
Since the above equation is valid for any ¢, it follows that
T+ T'wW + T 'we + T'w/ =0 (85)
or
7= T (W* + wé +w) (86)

Furthermore, we can write the power dissipated by friction in another form as
al=q"t/ (87)
Substituting Eq. (16) into the above equation will yield
nf =(q") ' LTe/ (88)
Therefore, Eq. (86) can be rewritten as
=T (w* +wf) —L"¢/ (89)
If we substitute w* from Eq. (68) into the above equation, it will yield

T"Mt+ T @Mt — T 'w¢ —LT7/ =¢¢ (90)
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Substituting Eqs. (21) and (24) into the above equation will yield
T'MT§" + (T"MT + T" @MT)§* — T"w® — L' ¢/ = ¢¢ 91)

This equation represents system dynamical model in terms of the actuated joints. Finally,
the dynamics equation of motion can be represented as

I +Cq° — v/ — 8 =1° (92)
where
I=1(q) =T'MT 93)
C=C(q,q) =T'MT + T 2MT (94)
¥ =15(q) =TT w¢ (CR))
' =1/(q@9=L" (96)

From the foregoing discussion, then, it becomes apparent that Eq. (92) represents the sys-
tem’s Euler-Lagrange dynamical equations, free of non-working generalized constraint
forces.

6.1 Inverse dynamics analysis

For the inverse dynamics problem, a desired trajectory of the MSS is given and the prob-
lem is to determine the input torques required to produce the desired motion. The solution
process first requires solving the inverse kinematics problem, which calculates the required
values of the actuated joint-trajectories, q“, q* and “. Next, the K, L and T matrices are
used to evaluate Egs. (93) to (96). The dynamic Eq. (92) can now be used to obtain the
necessary actuated torques.

A possible advantage of the NOC for the inverse dynamics calculations may be its lower
computation time. As will be shown in Sect. 7.2, inverse dynamics computation time using
the NOC is approximately 37 % lower than the virtual work method. Clearly, this state-
ment should be taken with great care as a true scientific comparison requires counting and
comparing exact number of additions and multiplications for each method.

6.2 Direct dynamics analysis

The direct dynamics problem aims to find the response of a robot arm corresponding to
given applied moments and/or forces. That is, given the vector of joint moments or forces, it
computes the resulting motion of the manipulator as a function of time. In the direct dynam-
ics problem, the vector of initial actuated joint positions and vector of initial actuated joint
velocities are given. Therefore, we need to formulate the dynamics equations in terms of the
generalized coordinates of joints and their time derivatives. Unlike other common dynam-
ics methods such as principle of virtual work [10], solution of the direct dynamics problem
does not require directly solving the direct kinematics problem. Additionally, the dynamics
equations are formulated in terms of only the actuated joints [11]. However, using the NOC
kinematics, the equations are integrated with its dynamics as a set of differential equations.
Furthermore, the L matrix allows obtaining the unactuated joint velocities given the actuated
joint velocities. This eliminates the need to obtain the dynamics equations in terms of only
the actuated joints. These advantages can potentially simplify the direct dynamics problem.
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The direct dynamics problem may be solved using Eqs. (7) and (92), a state space for q
and . Now having q, the position at the middle of MSS (point E) can be computed at any
time using the unit vector s that is defined as

s—ORZRZR[1 0 0]

7 Numerical simulation

The solution outlined in this paper is applied to an isotropic model of the SST robot [14]. See
Fig. 1. Based on the previous sections, a computer program is developed using MATLAB
software for both direct and inverse dynamics solutions. For inverse dynamics simulation,
a trajectory for the MSS is supplied and required motor torques are calculated. Results are
verified with another reference [10] using a different method. For direct dynamics simula-
tion, output of the inverse dynamics simulation is used. Results are confirmed with input
trajectory used in the inverse dynamics simulation.

7.1 Specification of the SST manipulator

(a) Architecture parameters—fixed base: Assume that the radius is 0.35 meters and that the
planes OPP,, OP,P; and OP;P; of SST manipulator are located in x—y, y—z and z—x of
base coordinate frame, respectively. See Fig. 1. Therefore

vi=[1 0 0], w=[0 1 0], wi=[0 0 1]

(b) Architecture parameters—MSS: Assume radius is 0.4 meters and that the angle between
the planes OER; and OER; is 120 degree. See Figs. 1 and 3. Therefore

O] =0) =03 = 120°

(c) Mass properties of MSS:

my =2.6kg
0224 0 0
EL=] 0 0224 0 kg-m?

0 0 0.150

(d) Equal mass properties for each actuator link, k =1, 2, 3:

m, =0.3 kg
0.0001 0  —0.0001
kY, = 0 0.008 0 kg-m?

—0.0001 0 0.008

(e) Equal mass properties for each intermediate passive link, k =1, 2, 3:

mip = 0.06 kg
0.00001 0 0
My = 0 0.005 0 | kgm?
0 0  0.005
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Fig. 9 Inverse dynamics input:
circular path followed by point E
on MSS

7.2 Example-1: simulation of inverse dynamics

For the inverse dynamics simulation, the trajectory of MSS is specified as follow

0 =tan"'(s,/s,)

1

@ =cCos s,
v=0
where
1 V1
S0= oo (4«/6 cos(121) — 12+/2sin(121) + ?95)
1 V13395
s, = ﬁ(4«/gcos(12t) + 12+/2sin(121) + . )
1 V13395
s, = 7 (—Sx/acos(th) + 3 )

where 0 <t < /6. Angles 0, ¢ and v are shown in Fig. 4. This implies that position of
point E, moves along a circular path on the surface of the sphere while MSS does not rotate
about the unit vector s. See Fig. 9. Results of this simulation are calculated as function of
time and are plotted in Fig. 10. The output of the inverse dynamics problem using virtual
work [10] and commercial software for this example is also plotted in Fig. 10. As can be
seen the required torques are nearly identical. These results verify the correctness of the
mathematical model. Additionally, simulation time using the virtual work method is slightly
lower than the NOC. The CPU time, for virtual work and the NOC methods, using a 2 GHz
processor with 2 GB RAM memory, are 2.7612 and 1.7316 seconds, respectively.

@ Springer



378 A. Akbarzadeh et al.

Fig. 10 Required input torques 20
for circular path using both the
NOC and virtual work [10]

— NOC method
00 Virtual work method
m— Commercial software T3

Input torque (N.m)
o

-10
-15
20 ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5
t (sec.)

Inverse dynamics input
0.8
sessoe Direct dynamics output
5z o6/
& (Simulation Results)
04. .
&
02, %Qﬂeﬂg_ﬁ
02 S = =
0.4 0.2
0.6 0.4
S
y i 06
. < 0.8
174 Sx

Fig. 11 Direct dynamics output: three-dimensional trajectory of point E

7.3 Example-2: simulation of direct dynamics

For the direct dynamics simulation, the output of the inverse dynamics problem given in
previous subsection is used. The input torques, Fig. 10, are applied as a function of time.
Additionally, the initial conditions of actuators are assumed as

y= % rad, 7, =05549rad, s = 1.0159 rad

. rad . rad . rad
v =4.2096 —, y, = —0.6918 —, 3 =—0.6918 —

S $ s

Simulation result is plotted in Fig. 11. Results show that the trajectory of point E moves
along a circular path. Figure 11 also shows that the simulated path and real path are very

close. This result verifies the correctness of our mathematical model.

8 Conclusion

The application of the Natural Orthogonal Complement for the inverse and direct dynamic
analysis of SST spherical parallel manipulators for the first time is presented. The method

uses joint orthogonal complement which indirectly incorporates the kinematics model. Sev-
eral other advantages of NOC are pointed out. Using this method, the direct and inverse

@ Springer



Dynamics analysis of a 3-RRP spherical parallel manipulator 379

kinematics problems are indirectly solved. Furthermore, there is no need to obtain the ve-
locity and acceleration inversions in order to solve the inverse and the direct dynamics prob-
lems. Using the NOC, the solution for both direct and inverse dynamics problems of the SST
parallel robot is presented. The derived formulations can be used to compute the required
actuator torques for a given trajectory of the moving platform or to obtain the resulting
trajectory for a given actuator torques. The developed formulations are implemented and
simulated using two examples. First, inverse kinematics solution is verified using another
dynamical method as well as a commercial multi-body dynamical package. Next, direct dy-
namics results are verified using the inverse dynamics results. The study presented in this
paper provides a framework for our future research in the areas of SST manipulator control.
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construction and dynamic analysis of a parallel spherical robot”, sponsored by the Ferdowsi University of
Mashhad’s Research Council.
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