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Individual single-walled carbon nanotubes (SWNTs) in aqueous suspension are visualized directly by

fluorescence video microscopy. The fluorescent tagging is simple, biocompatible, and does not modify the

SWNTs. The dynamics of individual SWNTs in water are observed and quantified for the first time. We

measure the confined rotational diffusion coefficient and find it in reasonable agreement with predictions

based on confined diffusion of dilute Brownian rods. We determine the critical concentration at which

SWNTs in suspensions start interacting. By analyzing the fluctuating shape of SWNTs in the 3 to 5 �m

range, we determine that their persistence length ranges between 32 and 174 �m, in agreement with

theoretical estimates; thus, commonly available SWNTs in liquids can be considered as rigid Brownian

rods in the absence of imposed external fields or self-attractive forces.
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The behavior of single-walled carbon nanotubes

(SWNTs) in liquids is still poorly understood. This is

perhaps surprising, because SWNTs are commonly de-

scribed as high aspect ratio rodlike particles, and slender

rigid objects in liquids have been studied for decades [1–

3]. The difficulty in dispersing SWNTs in liquids and the

lack of viable techniques for observing their dynamics in

suspensions have slowed fundamental progress on liquid-

phase behavior of SWNTs. SWNTs in liquids are impor-

tant in the physical, material, and life sciences; real-time

visualization of SWNTs in liquids can impact each of these

areas of research. Liquid-phase processing is key to devel-

oping scalable techniques for directed assembly or self-

assembly of SWNTs, e.g., production of SWNT fibers [4]

and films [5], length and type separation of SWNTs. The

high aspect ratio and stiffness of SWNTs may enable more

efficient delivery of genes and drugs through cell mem-

branes [6]; directly visualizing SWNTs in water would

yield detailed information on the interaction of SWNTs

with cells [6,7] and biomolecules—DNA and proteins can

provide unique and selective building blocks for directed

assembly of SWNTs into functional nanoscale and micro-

scale structures, e.g., sensors [8]. Visualization can also be

important for controlled manipulation of SWNTs into

nanostructures, e.g., by optical trapping and tweezing [9].

From a fundamental viewpoint, it is not known whether the

theoretical predictions of rotational diffusivity and persis-

tence length stemming from the assumption that SWNTs

are homogeneous hollow cylinders [10,11] can be applied

to SWNTs in liquids because the diameter of a SWNT

(�1 nm) is close to the size of the solvent molecules, and

any imperfections in the sidewalls of the nanotubes could

affect dynamic properties. High resolution techniques like

transmission electron microscopy and atomic force mi-

croscopy yield SWNT length and diameter [12,13], but

do not provide real-time dynamics in liquids and cannot be

applied to living systems. The dynamics of small objects,

including SWNTs, in liquids have been studied using bulk

techniques such as light and neutron scattering [14,15] and

birefringence [16]; these techniques involve large ensem-

bles of molecules and the interpretation of results is diffi-

cult when samples are poorly characterized and polydis-

perse, as is always the case with SWNTs. These difficulties

hinder greatly progress on characterization and certifica-

tion of SWNT samples, posing problems both to producers

and users; direct determination of SWNT rotational and

bending properties in liquids would remove these barriers

to widespread commercial use. Single molecule fluores-

cence video microscopy has provided dynamic information

on molecules and small particles like F-actin [17], micro-

tubules [17], DNA [18,19], and wormlike micelles [20].

Recent progress has been reported on fluorescence visual-

ization of SWNTs [6,21–25]; the most promising method

developed so far relies on the spontaneous infrared fluo-

rescence of SWNTs [25]. These techniques do not have

sufficient temporal and spatial resolution to yield the dy-

namics of SWNTs in liquids. Here we present a simple and

convenient SWNT fluorescent tagging procedure; with this

technique, we study the dynamics of individual SWNTs in

water by video microscopy.

As-synthesised SWNTs exist as bundles or aggregates

bound tightly by strong van der Waals forces. The SWNTs

were dispersed as individuals in an aqueous solution of

sodium dodecyl sulphate (SDS) [12]. In water, SDS above

the critical micelle concentration (8.1 mM) exists as spheri-

cal micelles up to a concentration of 810 mM [26]. During

sonication in water with SDS, individual SWNTs get en-

cased in SDS micelles [Fig. 1(a)] whose estimated diame-

ter is �7 nm [27]. Raman and fluorescence spectroscopy

[12,27] of the dispersion showed that the SWNTs in solu-

tion were dispersed individually (Fig. S1 in Ref. [28]). The

first moment and cube root of the third moment of the

length distribution in the polydisperse sample were hLi �

250 nm and hL3i1=3 � 440 nm (determined by atomic
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force microscopy and dilute solution rheology [29]). The

SDS-SWNT complexes were labeled with a hydrophobic

red fluorescent dye PKH26 [28] which was added to the

aqueous suspension and incorporated spontaneously into

the core of the micelles. Adding the dye did not affect the

Raman and fluorescence spectra; thus, the SWNTs did not

aggregate when the dye was added. Figure 1(b) shows

images of fluorescent individual SWNTs undergoing

Brownian motion. Diffraction limited the resolution of

SWNT diameters; however, SWNTs longer than about

1 �m were readily identified and visualized in focus for

tens of seconds or longer (movie1.wmv in Ref. [28]). This

simple fluorescent tagging technique can be used with

other surfactant-nanotube systems (e.g., pluronics).

Visualization of control samples of surfactants and dye

without SWNTs showed only diffuse fluorescence and

lacked any identifiable slender objects.

Rotational diffusion of an ensemble of Brownian rigid

rods is described by the Debye equation [10,30]. In spheri-

cal coordinates the solution of this diffusion equation can

be expressed conveniently in terms of a set of orthogonal

eigenfunctions [10]—spherical harmonics, a combination

of trigonometric functions and Legendre polynomials

Pk�x�. The autocorrelation of the two-dimensional projec-

tion u�t� of the fluctuating orientation of rods in the en-

semble decays exponentially in time; the correlation

functions are described by

 hPk�u�t� � u�0��i � exp��DR
k k�k� 1�=2t�

where DR
k are the diffusion coefficients (rates of decay) of

the different harmonics. A suspension of rods is considered

dilute if each rod can rotate freely without being affected

by other rods; in this case, all diffusion coefficients are

equal (DR
k �DR) and independent of rod concentration

[30]. The transition to the semidilute regime, where rod-

rod interactions become important, occurs when the num-

ber concentration � reaches a value proportional to L�3,

where L is the length of the rods. Theory predicts that in

monodisperse samples the transition should occur at �	 �
1=hL3i; bulk measurements on polydisperse samples show

that the transition occurs at � � 30=hL3i [11]. We prepared

solutions at number concentrations 2�	 and 0:3�	 [28] and

measured the decay of the orientational correlation func-

tions. Figure 2 (insets) shows that the orientational corre-

lation functions decay exponentially at both concentra-

tions. At 0:3�	 [Fig. 2(a)], the first three harmonics of a

3:3
 0:2 �m SWNT decay at the same rate, indicating

that the SWNT is in a dilute suspension. At the higher

concentration [Fig. 2(b)], the decay rates of the first three

harmonics of a 3:4
 0:3 �m SWNT are different, i.e., this

SWNT is interacting with others. Figure 2 shows the ratio

of the second and third diffusion coefficients with re-

spect to the first, measured on 27 SWNTs at the two

concentrations. At the lower concentration hDR
2 =D

R
1 i�

0:95
0:04 (hDR
3 =D

R
1 i � 0:90
 0:08); i.e., the diffu-

sion coefficients DR
k are equal and the suspension is dil-

ute. At the higher concentration hDR
2 =D

R
1 i�0:91
0:14

FIG. 2 (color online). Dilute to semidilute transition. Ratio of

the second DR
2 (filled symbols) and third DR

3 (open symbols)

two-dimensional rotational diffusivities with respect to the first

DR
1 , at concentration 2�	 (black �) and 0:3�	 [4 (red online)].

Lines indicate average values (solid line DR
2 =D

R
1 and dashed

line DR
3 =D

R
1 ). Insets: (a) The orientation correlation functions

overlap at the lower concentration; thus, this 3:3
 0:2 �m

SWNT is noninteracting at 0:3�	. (b) The orientation correlation

functions do not overlap at the higher concentration; thus, this

3:4
 0:3 �m SWNT is interacting at 2�	. Times below 0.15 s

were used to fit Wk � � 2
k�k�1�

lnhPk�u�t� � u�0��i; P1�x� � x;

P2�x� � 1:5x2 � 0:5; P3 � 2:5x3 � 1:5x.

FIG. 1 (color online). Fluorescence visualization of individual

SWNTs. (a) Schematic of the SWNT-SDS-Dye complex. The

surfactant hydrocarbon chains arrange on the surface of the en-

capsulated SWNT. Spheres represent dye molecules. (b) Time

lapse images of diffusing SWNTs. Scale bar is 10 �m.
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(hDR
3 =D

R
1 i � 0:87
 0:15) and the suspension is transition-

ing to semidilute.

Figure 3 shows the measured two-dimensional rotational

diffusivity as a function of SWNT length. The measured

diffusivity is lower than that predicted theoretically for

noninteracting rigid rods in bulk (solid line in Fig. 3)

[10,31]. Here the nanotubes are confined between two

glass plates separated by a small gap (�2:5 �m, Fig. 3 in-

set); thus, wall effects (which slow down diffusion) must

be considered. Superposing the drag on a rod due to the two

walls gives the confined rotational diffusion coefficient

[32]. The measured diffusivity is about 40% below that

predicted by the confinement model (Fig. 3), which is

reasonable agreement within the scatter of the data.

The stiffness of an inextensible elastic threadlike object

is characterized by its bending stiffness � [33]. When a

microscopic thread is placed in a liquid, the balance be-

tween Brownian forces, which tend to bend the thread, and

elastic forces, which oppose curvature, is characterized by

the persistence length Lp � �=kBT (kB is the Boltzmann

constant)—the contour distance along the thread over

which the tangent to the thread contour remains correlated,

in the absence of flow and other forces [11]. The literature

is divided on whether, in the absence of flow, individual

SWNTs in liquids should be considered rigid (Lp � L) or

semiflexible (Lp � L): theoretical estimates [34] based on

measurements of bending stiffness [35] predict persistence

length of tens of micrometers; experiments based on the

size of closed SWNT rings [36] estimated the persistence

length to 800 nm; recent neutron scattering data [15] show

that SWNTs behave as rigid rods on length scales of at

least �150 nm, whereas earlier x-ray scattering [37] in-

dicated that SWNT do not display rodlike behavior at any

length. The persistence length can be determined through

the bending stiffness, which can be measured from the re-

sponse (deflection) of a thread to an imposed force [35],

although this is arduous at the nanoscale because of the in-

trinsic difficulties in precisely imposing forces on and mea-

suring deflection of individual SWNTs. Intrinsic thermal

vibrations in vacuum also induce undulations and can be

used to measure SWNT stiffness [38]. The shape (local

tangent angle) of an elastic thread can be expressed con-

veniently as a sum of bending modes (biharmonic func-

tions) of increasing wave number; in the absence of exter-

nal forces, equipartition of energy dictates that the variance

of the amplitude of the bending modes of a thread im-

mersed in a liquid is inversely proportional to the product

of the persistence length and the wave number squared.

Thus, the persistence length can be determined by measur-

ing the distribution of amplitudes of bending modes from

images of a SWNT undergoing thermal undulation in

water.

Nanotube images for shape analysis were acquired at

time intervals of 333 ms to ensure that they were uncorre-

lated (the first bending mode of rods of length <4 �m

and Lp � 20 �m relaxes in �b � 4��L4

500kBTLp ln�L=d�
< 10 ms).

Images were thresholded and reduced to a single pixel

backbone by standard image processing (Matlab skeleto-

nization). Using the procedure of Gittes et al. [17], the

shape of the backbone was expressed as a sum of ten

Fourier modes (n) ��s� �
���������

2=L
p

P

10
n�0 an cos�n�s=L�,

where ��s� is the tangent angle along the arc s of the rod

with contour length L. The variance of the distribution of

mode amplitudes ha2ni was corrected to account for noise

due to limited resolution of the imaging system [17] and

the persistence length was calculated as L�1
p � �n�=L�2 


�ha2ni
measured � ha2ni

noise�. Measurements of persistence

length were restricted to 13 nanotubes with length greater

than 3 �m because images of shorter nanotubes did not

show sufficient bending. As expected [17], in short, stiff

filaments, experimental noise dominated the thermal fluc-

tuations in the higher modes; hence, the measurements

from the higher modes are not reported. Because all experi-

ments were performed at the same ionic strength, they

combine the effects of the intrinsic and electrostatic per-

sistence length (the electrostatic effect should be minimal

because the Debye screening length is about 1.7 nm).

Figure 4 shows the persistence length of 13 nanotubes

measured using the first bending mode: the measured

values range from 32 �m to 174 �m. Based on the in-

plane stiffness calculated using density functional theory

[39] (C � 345 N=m) and its relationship to the bending

stiffness � � �CR3, the persistence length of HiPco

SWNTs (typical [40] radius R to 0.3 to 0.65 nm) is esti-

mated [34] to be �7 to 74 �m, which is consistent with the

FIG. 3. Two-dimensional rotational diffusivity DR
1 of SWNTs

as a function of length at concentration 0:3�	. Symbols are the

experimental measurements. The solid line is prediction in bulk

[31] DR �
3kBT�ln�

L
b����

��sL
3 (diameter b � 7 nm, solvent viscosity

�s � 0:95 mPa s, � � �0:446). The broken line is the average

diffusivity in a two-dimensional confined geometry (plate sepa-

ration 2:5
 0:3 �m) computed through Eq. 5 of Ref. [32]. Error

bars are standard deviation of the length and the errors in the

linear fits. Inset: The best-fit line of the confinement model (solid

line) is obtained by assuming a fluid viscosity �40% higher than

measured.
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experimental results in Fig. 4. Most SWNTs samples com-

prise SWNTs shorter than 1 �m; clearly Lp � L and

single-walled carbon nanotubes in liquid can be considered

as rigid in the absence of imposed external fields (e.g.,

flow) or self-attractive forces.

We have presented a simple and convenient fluorescent

tagging procedure for visualizing in real time individual

surfactant-stabilized SWNTs in water by standard visible-

light microscopy. By using this method, we provide the

first data on SWNT rotational diffusion coefficient and

show that the measurements agree with predictions based

on the theory of confined diffusion of slender Brownian

rods. We report the first direct measurements of SWNT

persistence length in a liquid; in the range of our measure-

ments (SWNTs 3 to 5 �m long), we show that they agree

with theoretical estimates. This new visualization method

will be invaluable for understanding the dynamics of nano-

tubes in suspension, e.g., in sorting of nanotubes by flow-

fractionation, electrophoresis, in making aligned films and

fibers by liquid processing methods, and in studying the

interaction of nanotubes with living organisms (e.g., cells)

and biological molecules like DNA.
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FIG. 4 (color online). Persistence length Lp of SWNTs of

different lengths determined by the amplitude of the first

Fourier mode (n � 1) describing their shapes. About 100 images

of each SWNT were used to measure the distribution of mode

amplitudes. The error in the contour length is the standard

deviation and the error in the persistence length is computed

by Eq. 23 of Ref. [17]. Inset: An almost straight (top left) and a

bent (bottom right) configurations of the same SWNT (length

3:6 �m, persistence length 68:5 �m).
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