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A scale transformation of the nonequilibrium macroscopic system to larger similar sys-
tems is introduced to find kinetic equations for the evolution and fluctuation of the macro-
variables. In the scale transformation, we postulate that the probability distribution for the
fluctuation of the macroscopic degrees of freedom and the quantities determined by the micro-
scopic degrees of freedom per unit volume are invariant. The characteristic length of the
macroscopic state Z, the macroscopic state variables y¢ and their fluctuation variables 2, are
transformed by lp=LI, (L>1), ys*=L "y and 2“=L "%, respectively. The probability dis-
tribution then takes the form P({z%}, {ql}, 2/I% #/I’), where q, 2, d and ¢ denote the wave
vectors, volume, dimensionality and time, respectively. If @<(8, then the master equation is
reduced to a linearly generalized Fokker-Planck equation with time-dependent coefficients and
the probability distribution is normal around the mean evolution. If @=28, then the nonlinear
drift terms are important and a renormalization of kinetic coefficients must be done to
determine the mean evolution. For the isotropic Heisenberg ferromagnets near the Curie
point, @=8=(d—2+%) /2 and §=(d+2—%)/2, where y is the correlation critical exponent.
For the isotropic homogeneous turbulence, =1, §=—1/3 and §=2/3, where Kolmogorov’s
specttum is assumed. For example, this indicates that the turbulent viscosity has the form
a3V (wg~%/3), v being the frequency.

§ 1. Introduction

Macroscopic systems have characteristic properties which do not appear in
systems of small numbers of degrees of freedom. The central limit theorem and
the phase transitions are outstanding examples. In a previous paper,” we have
proposed a general type of kinetic equations from the statistical-mechanical point
of view. In this paper we shall explore the most dominant features of macro-
scopic systems by introducing a new method of asymptotic evaluation for large
systems and deriving the asymptotic form of ‘the kinetic equations,

A similar attempt has been made by van Kampen® and by Kubo, Kitahara
and Matsuo® for uniform systems by the use of the Kramers-Moyal expansion of
the master equation. They extended the central limit theorem in the form of the
system-size expansion of the master equation, and showed that, for large values
of the system size £, the master equation is reduced to a linear Fokker-Planck
equation and the probability distribution of the macrovariables is normal or Gaus-
sian around their mean evolution. These works, however, are limited to the uni-
form disordered systems which are described by a small number of macrovariables.
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434 H, Mori

The critical phenomena and ‘the turbulence suggest that nonuniform systems can
have quite different features and must be described by a large number of the
macroscopic degrees of freedom which increase enormously as the system size
becomes large. For such systems the £ expansion cannot be used. Instead a
scale transformation of the nonequilibrium macroscopic state will be shown to
be useful.

As the characteristic lengths, we have the linear range of the intermolecular

force 7, and the correlation length of fluctuation 1, where A>7,. In the case of

critical phenomena near the equilibrium critical point, 1 represents the correla-
tion length of equilibrium fluctuation which becomes anomalously large near the
critical point.® In the case of the fully-developed turbulence, 1 would be the
inverse of the lower limit of the inertial range of wave numbers, at which energy
is fed into the turbulence®® _ )

It is convenient to distinguish the following three cases about the range of

wave numbers of the macrovariables concerned: denoting the upper limit of wave
numbers of the macrovariables by ¢°,

(@ ¢2<1, &) ¢2>1, () ¢°a=1, ey

where ¢°«1/r,. The components with wave numbers g>g° will be called the
eliminated degrees of freedom. In both (@) and (5), the Markov approximation
is valid, whereas in (¢) it is not valid since the separation of the time scale of
the macroscopic and the eliminated degrees of freedom is not possible.” In (q),
which will be called the normal case, the transport coefficients are determined
by the eliminated degrees of freedom. In this case it will be shown except.a
few special systems that the master equation is reduced to a linearly generalized
Fokker-Planck equation and the probability distribution is normal around the
mean evolution. In (4), which will be called the extremely anomalous case, the
transport coefficients are not determined by the eliminated degrees of freedom but
by the nonlinear fluctuation of the macroscopic degrees of freedom.” In this case,
therefore, a renormalization by eliminating the nonlinear mode coupling between
the components in the wave number range ¢°>¢>q%, where ¢* is a wave num-
ber satisfying ¢®1<1, must be done to obtain the transport coefficients.”’® The
turbulent viscosity®” and the dynamic critical phenomena will be formulated from
this point of view.

Although one of the main purposes is to develop a general theory, we shall
keep our mind on two typical examples. One is the isotropic homogeneous tur-
bulence in an incompressible, three-dimensional fluid whose velocity field u,(r)
obeys the Navier-Stokes equation®

0 ==y ()0, Y
9ee ) =P O3 @)+ 5w, @

where the subscripts o and 8 indicate the x,y and z components and y is the
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Dynamics of Macrovariables for Nonuniform Systems 435

kinematic viscosity. In terms of the Fourier components
_1 .
uaq=§ »dr exp(iq-r)u,(r), 3

2 being the volume of the system, (2) takes the form
duaq/dt = 12’ (P ’ u/'q—p) Ugp T qzvuaq ’ (4)
P

where ) ,” denotes the sum over the wave vectors whose magnitude is smaller
than a cutoff g°." The other is the dynamic critical phenomena in an isotropic,
three-dimensional Heisenberg ferromagnet near the Curie point whose Fourier
components of the spin density s;l"‘ (=0, +) obey”

d 0 i ’ [ 1 1 ] + = 2 )
e Sy = — Sp Sq_n— A ViSq s 5
% w5 L, w1 eI ®)
d w_ . s i os,[1 1 . .
A Sq* = kiwgs,” iéffé ; [X" —ie—]sp°$§~p—q?”¢5q', (6)
. ip  ~le-p
where 3°=1/kT*°, T* being the equilibrium temperature,
Lra=2|s'1D%  Xg=25,* 7", )

“¢---)* indicating the equilibrium average, v, are the spin diffusion coefficients and
0, is the spin wave frequency. When ¢°A==1,p, depend on the wave number q.
In §2, basic kinetic equations are summarized from the viewpoint of the
theory of generalized Brownian motions, and it is pointed out that the £ expansion
method is not valid for nonuniform systems. In §3, scaling exponents a, 8, Os
and 0, are introduced to characterize the most dominant features of macroscopic
systems and it is shown that the form of the master equation critically depends on
the inequality relations between these scaling exponents. Examples of the normal
case (a) and the anomalous case () are studied in §§4 and 5, respectively.
Section 6 is devoted to a summary and remarks, where Table I summarizes the
values of the scaling exponents in typical examples studied in this paper.

§ 2. Basie kinetic equations.

The macroscopic state variables which we consider in this paper are the
local densities X,(r), (#=1, 2, ---),* which satisfy the conservation laws

0X,(r)/0t= —'Zﬂ‘,@JMQ (r)/org, . 8

where J,(r) are the local fluxes. The local densities and fluxes are assumed to

be coarse-grained- in coordinate space so that they consist of the Fourier com-

ponents with the wave vectors whose magnitude is smaller than a cutoff ¢°."

* The capital letters A, X, Z, &, etc,, indicate the phase functions, and the small letters a, z,
2, &, etc., denote their values.
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436 H. Mori

Following the theory of generalized Brownian motions; we write (8) in the form
of the generalized Langevin equation ’

0X,(r) /0t = —Ph,(X) + R, (2). ®

The first term represents the systematic part and R, (¢) is the fluctuating forces. \

The systematic part consists of a streaming term v,, and a dissipative term

C/w 3D
hr (X)) == [0,0(X) +C o (X)]. ‘ (10)

The dissipative term C,, is related to the fluctuating forces R,,.(¢) through the
kinetic coefficients involved. In (2), Vu and C,,. represent the first and the
second term, respectively. In general, we may assume that the systematic part

is a functional of the local densities {X, (r),v=1,2,---} and their coordinate de-
rivatives at r; ’ )

hour (X) =fp[ X, (), a—a—Xm, " x@, } (1)

7 0r,0rg

Let us suppose that the macroscopic state is described by the solution of
the deterministic equation ’

09, 8) Ot = —h(y) 4

with the boundary conditions imposed on the system. Then the fluctuation of
X, from y,(r), :

Z,@)=X,(r) —y,(r, 1), @
is determined by )
0Z,(r) /0t = —4h,p(Z, £) + R, (D), (14)
where \
_ . ) ~0Z,(F) K
A (Z, t)_{exp[;z”( ) 8y, (r, ) T2 ore 30y, (r ) Jor) ]
~ U b (). (15)

When an external force is applied, it is added to (12). In describing the fluctua-
tion, it is more convenient to use

- 1 .
By ()= jdr exp(iq-r)Z,(r, 1), (16)
since their two-time correlation functions

Fu (2, 26) =< [Be (&) — <(Be(®) o] [B* () — (B (2) Do Do a7

can be assumed to have definite values for large 8, where k represents the set -
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Dynamics of Macrovariables for Nonuniform Systems 437

(#, @) and <--->, indicates the average over the initial ensemble. Then (14)
leads to

dBy () /dt = — 4hu(B, £) + Ru(2) (18)

with
45u(E, D) 571:9__ fdr exp(iq-1) o (Z, ), (19)
R0 =30y [dr expGiar) S1s o, 1, 20)

where 4,(r,¢) are the fluctuating local fluxes corresponding to R,.(2).
The probability distribution function for E(z) ={E:(£)} to take a set of values
§={6 is given by

I, ) =TI 0(Ec(®) —£x) o - @D

If we may assume that the fluctuating forces R,(¢) are represented by a Gaussian
white process, then” we obtain

0 . ) { 7 0 s }
ZIT(E, D) =D {4h (&, )T €&, &) + 2] ——[Lull(§ 0]}, 22
R UGOESWSVRCDY JCRED SRS (CD) 22)
where
’ Eklzqzaq,q’D/w ’ (23)
Dl"‘E jdr, j; dt<gllﬁ (T, t) O(Z;kﬂ (T’, O) >e. (24)
D,, are related to v, by D,s=0, % The Gaussian assumption, however, is

not valid at least when ¢°2>>1. Therefore, we go back to a general type of
the master equation proposed in. a previous paper,” which will be referred to
as I hereafter. ,

Let us introduce the ““extensive’ variables

A, () = f dr exp(ig ) X,(r,2) (25)

and. denote the set of them by A(2)={A.(¢)}, where A, is included to denote )

Ay*. Then, as was shown in I, the probability distribution function for A(z) to
take a set of values a= {a:} obeys the following master equation:

2 pa,n = ;,5%{— [0x(a) +Ci(a) 1P}

+i(~1)nzz 0 0 [Gfkl...k,,(a)P]’ (26)

n=2 gl ky Nz aakl adkn

where
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438 H. Mori

we(@) = (1/8) 33 [l 445 2 0F (“) _ {Ak’aAl*} 2, @)
dl N

_ 0F (a) __%{clﬂsﬁ:,t_,@l »

Corn @) = = 32 [ Luan () 222 | @8)

Ky key, (d) /n' = ka...kﬂpl;lc"* (a) —;' Ckl"'kn (a) . (7122) (29)

In (27), the curly brackets denote the Poisson brackets and {++5 ap® indicates
the conditional average over the canonical ensemble with a ﬁxed Value a of A.
F(a) is the dimensionless generalized free energy

Fl@y=-Inw(), [w(@)=<3(A0)—-a))]. (30)
L,,.+,;:(a) are the generalized diffusion coefficients whose explicit expressions
are given by (36) and (41) of I. Since the conservation laws (8) lead to
A@) = quﬁ Idr exp(ig-r)J ﬁ(r t) 31
we have 7
Lkl'"kn;l (a) N6n+1, (32)
where §=¢°l. In most cases we may assume that
L/co.‘.kg,,;z(ll) #,Q(— l)n ; Gog """ qwb/sq‘;agg+--'+qznyq’Dllo:"I‘zn;V » (33)

where D, ..,..., are constants independent of &, the wave vector and the macro-

scopic state, and the diffusion tensors of odd rank vanish due to the local isotropy
in the local equilibrium state.

Introducing the “densities” x, by

-

4y =0zs , | o (34)
we denote the quantities per unit volume by /G\(x),
Gx)=G@)/2. ‘ (35

Then (26) can be written as

0 _y 0 g
L@ D =3 @) P 8]

s (—)"‘ 1__2...2 0 ...i[&kr_.kn(x)P(x,t)], (36)

=2l QVTVE WM Ox, Oz
where _ ‘
he(x) =~ (z) +Ce(2) ]. (37
Following van Kampen,® let us introduce the deterministic equation

dy(2) /dt= —hi(), ‘ (38)
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Dynamics of Macrovariables for Nonuniform Systems 439
and define the fluctuation varia]oles 2z, and & by
ze=94 (D) + 21, ;-k=71_§ & (39)

Examples of (38) are provided by (4), (5) and (6). The probability distribu-
tion function fot z={z;} is given by ’

Pz, ) =P(y(t) +2,8). (40)
Sinc\:e | '
2 Pt ~ OB 4 55 0P(z, 1) ;; 28 (41)
(86) leads to
9 pe,ty=31-0 (4hi(z, OP(z, £)}
0t © 0z

T SR Cnd I, P s (O +D P D)},

na=2 72! an -1 % kn @zk azk‘n
(42)
where ‘
dha (e, ) =ha (3 +2) — 1) = |exp( T2y 2 )~ 1]he). (43)
J 03),- .
Rewritting. in terms of £,= v 2z, we thus obtain
1
(5 ) = Z R (6, OIT(E, D} + Z n! Wg
Loy 00 s £ '
’X;i ;ﬂ agkl aek" {akr"kn<y(t) + \/‘g) H(E’ t) }’ (44)
where
A (8, )= @Ubi(z, ) =2 [exp< P ’) —1]hk(y). (45)

When 4hi(z) is a linear function of z, 4R (&) =4k (€). Equation (19) with (15)
is the local representation of (45). Equation (44) is the most fundamental equa-
tion on which the present theory is developed. The corresponding Langevin
equation is given by (18). If §=¢°A<1, then the terms of higher derivatives
with #2>3 are of order 0" and the second term of (29) is of higher order than
the first term by 6. Then, to order 0% (44) is reduced to the generalized Fokker-
Planck equation (22). When 0>>1, however, such an approximation is not valid.

In uniform disordered systems which can be described by a small number
of macrovariables, the sums in (44) and (45) do not depend on &, and J1{CN)
must be a definite function of ¢ and ¢ for large £. Then, in the thermody-
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440 H. Mori

namic limit £—oo, (44) is reduced to

LICORDIIPMORETY SR e ) (46)
where
Ay (v) =0hi (v) /0y, , (47)
s+ () /2=Lics @) =2 Ly ) 0F (3) /03, (48)
and (18) takes the form
dE.(t)/dt= ——; ey () E; (@) + R (D). ‘ (49

Thus, in uniform systems, the fluctuation of the macrovariables is described by
the linear Fokker-Planck and Langevin equations with time-dependent coefficients,
In nonuniform systems, however, the sums in (44) and (45) are taken over all
the macroscopic degrees of freedom whose number is proportional to £, and II (&, £)
cannot be a definite function of & and 2. Therefore, the thermodynamic limit
§—oco cannot be taken in (44) and (45). This difficulty, however, will be re-

moved by introducing a scale transformation of the nonequilibrium macroscopic
state.

§ 3. Scale transformation

A scale transformation which we introduce here differs from the similarity
laws in fluid mechanics which are obtained by changing all linear dimensions in
the same ratio and by keeping all dimensionless quantities invariant® In the
following scale transformation, molecular quantities such as the intermolecular
force and the mean molecular density are kept constants.

Denoting one of the characteristic lengths of the macroscopic state by I, we

introduce a larger similar system whose characteristic length I, and volume &,
are given by

L=Ll, @=L, (L>1) (50)

where d is the dimensionality, The smallest distance of the spatial variation of
the macroscopic state variables b=1/q° is one of the characteristic lengths, There-

fore, the number of the macroscopic degrees of freedom is invariant under the
scale transformation;

_ 2 _ 1
Zk" - Zﬂ: @r)* .[(<qc> dq= Z/l @n)* .f(<qLc) 94z, ®1)

where

q=L"q, ¢°=L"¢". (52)
Equation (50) also leads to
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Dynamics of Macrovariables for Nonuniform Systems 441

rp=Lr, q.ri=q'r. (53
Since the force range 7, the lattice constant and the mean molecular density
are not changed, the total number of the degrees of the freedom of the system
becomes L? times, and thus the number of the microscopic degrees of freedom
becomes. L® times. We postulate, however, that the quantities determined by the
microscopic degrees of freedom per unit volume are invariant. This will be
called the Ansatz I. For instance, D,,..,,;, in (33) are invariant, which leads to

Afcll...knd; kn*zL—niki---k,‘_l;kﬂ* . (54)
This ansatz is the most crucial point .of our scale transformation. In the normal
case (@) and the extremely-anomalous case (&), (54) is satisfied. It will be

pointed out in §6 that (54) can be extended in a more general form.
Let us define the scaling exponents for the time and the state variables by

tr=L%t, y.f=L"%,, (55)
al=L"*z,, &5 =L@»fg (56)

The time scaling exponent § must be positive. In most cases f differs from a.
The values of ¢ and S depend on the variable. For instance, the mass density
o(r) and the momentum density j(r) of fluids can have different exponents which
are related to each other by §,=f;—0+1 from the conservation law. In the
following, however, we assume that the relevant variables lead to a single §.
We next postulate that the probability distribution for the fluctuation of the
macroscopic state variables is invariant under the transformation [—I; when L
is large:.
PX(2", 1) =P(z,t), IT"(§%t) =1I(§,0). (57

In other words, the macroscopic probability distribution has a certain functional
form independent of L when L is large. This will be called the Ansatz II. In

accordance .with this ansatz, the macroscopic fluctuation part of the generalized
free energy (30) must be invariant;

AF" (&% t,) =L 4F (&, 1), (58)
where 4F (&, 5)=F (v(t) +£/v8) —F(y(£)). From (28), (29) and (54), there-
fore, we obtain

Lo (25 ) =L-+1+-0C, . (2,7), (59)

&21""‘511. (zL’ tL) :L—nn! ka"'kn—l;kn* . (60)

To obtain (60), we have assumed 8<(d+1, which is satisfied in all the examples
we shall study in this paper.

The fluctuation drift coefficient Ahk(z ) in (42) and (44) consists of the
streaming and dissipative part. Let us define their scaling exponents for large

L by
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442 - H., Mori

A9E (2, ) =L 43, (2, 1), 61)
ACF (2% 1) = L=+ 4C, (2, 1), (62)
where (59) leads to ‘ (
. Op=d+2-28. ” (63)
From (45) we have ’ |
ARF (5, £1) = LOPARE (25, 8,), \ (64)

and similar equations for 4%,(&, £) and 4C.(&,5). The scaling exponents of

4hi(2,£) and 4k, (&, ¢) are thus determined by either of 05 and 0p which is
smaller. .

The scale transformation of the master equation (44) thus leads to

5 16D == DLt e, 0 + LaCo 6, 0T, )

o (__)ng—(n—z)ﬂ 0 0
+ :é; [—1ta e o 08, 0&s,

{/L\kl--‘kn-l;kn*n(gy t) }.3 (65)

where

_a 1/n-2 _ l
o= (0, 0)+2(n_1>(d+2a 0., (66)

0o being given by (63). Equation (18) leads to 7
dE(t) /dt=L""54%,(E, t) + L*~%24C, (5, ) + L~ qQ, ®, (67)

where it has been used that R,*(z,) =LWD-8-C2rR, (). In (65), (67) and the
following, 4%, and 4C, represent their most dominant parts for large L. The
scale transformation of (42) is similarly obtained and each term yields the same
scaling exponent as the corresponding term of (65). .

The time scaling' exponent § must be chosen to equal either of 0y and 6,
which is smaller, Thus we have the following two cases:

[A] 6s=0p:
Then 6=0,. From (66), {,=0 if =2, and £,>0 if n==3. Thus for large

L,
e =52 s one o+ 5 0 Laue s ©®
6t S = 65,, ] > ’ 7 661* H ’ ’
dE, (&) /dt = — 4R, (8, £) + Ru (2), , (69)
where _
=~ ' - Nk Sy L) if . D> ’ ‘ (70.
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Dynamics of Macrovariables for Nonuniform Systems 443

The case 9,(y)=0 is included as a special case of (70). Equation (68) is a
- generalized Fokker-Planck equation, where 4%, can be a nonlinear function of £,

[B] 0s<05:

Then #=0s. From (66), £,>>0. This is obvious if d+205—0,=0. If d
+2603—0,<<0, then this comes from the inequality £,>> (6, —0s) + (d+20s—0p) /2
=(d/2) + (6,/2) >0. Thus for large L,

0 S B _

dE,(t) /dt =47 (E, £). (73)

Equation (72) quite differs from (68). This form will appear in the extremely
anomalous case (&).
When a<f, we have a simple situation.

[A7] a<B:
Let us consider (43). Since z;%0/0y;"~L~%¥~* is small for large L,

AiLkL (EL, tL) = L(d/Z)_(ﬁ_a)—sAiik (57 t) ]
where ’ ’ )
AR (€, ) =25 () &5, (74

le; being given by (47), and ¢ denotes the scaling exponent of he(v). In this
case, we have =0 —a=0, from (62) and (63), and thus arrive at the case [A].
Insertion of (74) into (68) and (69) leads to the linearly generalized Fokker-
Planck and the Langevin equation with time-dependent coefficients, respectively.

The probability distribution function I7(§, #) depends on the macroscopic
characteristic length Z; for the I, system,

IIL (EL, tL) =F({§kL}, '{qL} ’ AQL, tL; lL) . (75)

The L dependence of the arguments are given by (50), (52), (65) and (56),
but IT*(&% ¢;) must have such a functional form that L cancels out the right-
hand side of (75). This can only happen if II(§,2) is of the form

I (&, &) =P({&d~ D7}, {al}, Q7" t1™%). (76)

Equation (76) is the most general representation of the scaling of the macro-
scopic fluctuation, including the dynamic scaling. Similarly (58) leads to

AF (&, £) =174 ({&1-9P*8}, {ql}, Q7% t177). 77

It should be noted that we can replace &I~“®*# in (76). and (77) by =z:l*, but
then their £ dependence changes. The explicit functional form of (76) is not
known to us until we solve the kinetic equation (68) or (72) explicitly. Never-
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444 H. Mori

theless, (76) gives us useful information. As an example let us consider the
mean evolution of & ’ )

50 =@ = [ame .. @’
Equation (76) leads to the form ) ‘
Euq (&) =q P+ FY (gl 1g"). (79)

The characteristic complex frequency of the time evolution of (78), therefore,
must be of the form

2,4=a"S.(aD). S (80)

Thus the exponent of the frequency spectrum is given by 4.

Since § is a function of B, the unknown parameter is 8 only. To determine
this' we use the same-time correlation function

La =D O =aC(al e, @D
where &/=§,—&,(t) and 7 must be non-negative. From (76), '
7=d—28>0. (82)

Let us take the correlation length of fluctuation A as /. In the normal case where
¢°2<1,7=0 and f=d/2. In the critical regime of the equilibrium critical phe-
nomena where ¢°A>1, y=2—y and §= (d—2+7%)/2, where 7 is the correlation
critical exponent. In the isotropic homogeneous turbulence, y=11/3 and f= —-1/3
" if Kolmogorov’s spectrum is. used.

Finally let us consider the scaling of tlie evolution équation (38) which

describes the macroscopic state. The scale invariance of the macroscopic flow
pattern leads to

Vug(8) =a°Y,(ql, tq7). \ (83)
The scale transformation must keep the most dominant feature of the evolution
equation (38) invariant. Thus « and ¢ are dletermined in such a way that

vi'=L""y,, t;,=L% : (84)
satisfies

Lo [0, (0) J* =L [Co (0) P = L°, (85)

where [---]* denote the L factors of ©,* and G, For the equilibrium systems,
(38) leads to the free energy minimum §F (9) /0y,=0, which determines . In
most cases the evolution scaling exponents @ and ¢ differ from the fluctuation
scaling exponents 8 and #. For example, the Navier-Stokes equation (4) has
a=1 and =2, If ¢ could be smaller than both of 0s .and 0p, then § had to
be set to be r and all the terms of (65) and (67) would vanish for large L.
This, however, cannot occur. Although there are two kinds of time scales T
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and 6 in the nonsteady states, theréfore, 70 and we can single out the @ time
scale by taking large L.
§4. Normal cases (¢°A<1)
Since q”]_<<1, we obtain |
g=d/2, y=0, 0,=2. (86)
To have exponents explicitly, we first consider three examples.

[11 Navier-Stokes fluids:
Equation (4) leads to

a=1, r=2, (87)
0 ) =i (P Ya D ap t Vep (P Famp) + (Porg )Tl (39

If d>2, then a<B,0=0s=2(=0p) and
196, =T [(P-yqp) buptYap(P-Eq )] (89)

If d=2, then a=8,0=05=2(=0p) and
A'?/Lk &0 =i2'|:(P‘yq—p) Eap+yuP(P '.Eq—p) +71; <p'éq—1’) Sap]' (90)
P A2

If d<2, then a>p,0=0s=(d+2) /2 (<6D)‘ and
49, (8,8) =i(1/V2) bIg (P Eq-p) Eap - , (91)

In this case, since f<Cr, the scaling of the fluctuation is valid in the inertial range
where the dissipative term can be neglected.

[2] Lsotropic Heisenberg ferromagnets:-
Equations (5) and (6) lead to
a=0, =2, (92)
494’ (=, £) =1C,2 (q°p) [vp*2q-p+Yi-p2p" +2p 2 0], (93)
494% (2, £) = +iq"Bzy* +iC, 3V (q-p) [vp°25-p+ Yi-p%p +2p%5-p], (94
where B-and C are constants. »Sij:xce a<fB,0=0s=2(=0p) and
dhy' (8, ) = —iC/ Y (@-P) [vp* €+ ¥a-pfp ] + 406 (95)
ahg* (&, 1) = Fig'Be,* FiC, 3 (qP) [vp'65-p+ 0ipfp'l T aW160% (96)

Since §=r; and 4h; are linear functions of & no singular phenomena are expected
to occur,

[3] Fluctuations in the equilibrium state:

Since ¢°A< 1, the macroscopic densities y,(r, ) and their Fourier transform
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¥:(¢) do not depend on the system size £ and are invariant under the scale
transformation. This leads to a=0.

Except for the case of the low-dimensional Navier-Stokes fluids (d<<2), we
have @<(f and arrive at the case [A’]. Then (68), (69) and (74) lead to

dE(2) /dt= — Z s () E; (t) + R (2), L)

0 oI
II & 1) = {Z y }
@5 =331 {1 T
Thus we obtain the linearly .generalized Fokker-Planck equation. of the same type
"as (46), even for nonuniform systems, though under the restricted conditions.
Let us put

(98)

II(§, t) =exp[ - 0(, t)] (99
Then (98) takes the form

"’ m(e t)—-Z Qe () + Zle(y) [5,_]

06,

=~ 00 0@ 00
> Ly 100
£93)3 k,,[améj =€ ae,] (100)

Noting that @ (&, £) depends on &, through z, =y, () + (&/V£), we expand 0 (&, £)
in the power series of &,. Since O(E, ) =0%(€%, ), we obtain

Lo o g 000,20 101
2l Q7 47-‘-' %51:1 S aykl...aykn' (101

Since <@, the terms with #=>3 can be neglected for large L. Thus we can
assume the quadratic form :

() =0,@) + Z

0,0 =0, +3 221 ¢u(@®) [Se—EO] & —E* D], (102)
where £,(¢) is the mean evolution (78), and ¢, (£) is the inverse matrix of % (2),
% (@) =<{[&—EO1[EF -5 O @). (103)
Both X, and ¢, are hermitian matrices;
To =Yoo=, Pur= uow =555 - (104)

Inserting (102) into (100), and equating the terms of the same order in &’=¢,
‘—‘gk(t), we ﬁnd

d&.(t) /dt= Z YIOHIFION (105)
dX () /dt = — 2 [Xesdes () + lkj O Xn]+ 2L, , ' (106)

where I’;‘}clE[Lk;,—l—Ll.;m] /2=I1:*. Equation (105) represents the average of (97).
Since I, are real constants, L, form a real symmetric matrix. The lk,(y),fkl,
(@), % (@), ¢u(®) and O(E £)/Q are definite functions in the thermodynamic
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limit @—>oo0. In the homogeneous systems, the square matrices are diagonal with
respect to the wave vector. Inserting (102) into (99), we obtain

HGEH=NOew{-3 TN @ [6-FOIE*-E @O Q0D

Thus it turns out that when a<Cg, II (&, ¢) is given by the normal distribution.

§5. Extremely anomalous cases (¢°A>1)

As typical examples, we consider the fully-developed turbulence in the Navier-
Stokes fluids and the dynamic critical phenomena in the isotropic Heisenberg
ferromagnets near the Curie point.

[1] Isotropic homogeneous turbulence in three dimensions:

Assuming Kolmogorov’s spectrum y=2+ (5/3), we obtain
f=-1/3, y=11/3, 0,=17/3. (108)

The o and ¢ are given by (87). Since a>B, (88) leads to fs=1+p=(d+2
—1)/2=2/3<6p, and

Aﬁaq (E) =1 (1/\/:91) §, (p ) Eq—p) Eap ] (109)

which is identical with (91). Thus we arrive at the case [B] with 6=2/3. Since
6<r(=2), the range of wave numbers must be divided into two subranges; the
range I, g< g, where the time scale is determined by the characteristic frequency
2,=4¢°S(gd), and the range II, ¢,<qg<g°, where it is given by 2,=a5" (al).
The range I is the inertial range where Kolmogoi‘ov’s spectrum is expected to
be valid®® and thus .(108) and (109) are obtained. In the range II, the dis-
sipative term is also important even for determining the fluctuation.

Since a>>f, the probability distribution of fluctuation must drastically differ
from the normal distribution. It is, however, not easy to determine it since (73)
is a highly-nonlinear equation. Recently Nelkin has discussed this problem, as-
suming a kinetic equation similar to (72).® The turbulent viscosity pur, may
be regarded as an effective viscosity on a single mode £,,(2) due to the mode-
mode coupling with other modes. Since Q% =0°’S(Q4), its spectrum must be
of the form

Ve (Q, ©) =Q7*V(Q4, 0Q™), (110)

where o is the frequency.

The turbulent viscosity can be formulated in the following way. Other modes
exert a fluctuating force on the mode £,4(#) due to the nonlinear mode coupling
(109). In order to express this effect in terms of a viscosity, we eliminate other
modes by the projection-operator method.” Using the master operator M (§) and
its adjoint A(&)
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M@ ==Y 0®, 40 =T @2, (11
we first introduce

£.() =exp[t4 (&) 16 . (12

Since (72) leads to IT(¢, ) =exp[tM (&) ]I (&, 0), we can then write the mean
evolution (78) as ) .

() = j dEIT(E, 0)£:(2). (113)

If we set II(§,0) =[1+B,0&*]II*(€) with a steady-state distribution IT (&, B,
being a constant, then this takes the form

058y =Tu(®) B, T(t) =C06 (£)06* (0), (114

where 08, (8) =&, () —<{(&)*, and <--->* indicates the average over the steady-state
distribution IT*(§). Equation (114) shows that the two-time correlation functions
¥ (2) describe the linear response of the steady state to a weak disturbance.
In previous papers,”'” the renormalization for the equilibrium fluctuation has been
shown. This method, however, can be used .also for the steady state by replac-
ing the equilibrium average by the steady-state average. Namely, setting <0&,0&,*)°
=0%,5<|0&s|>>*, we introduce the projection operator

FF(©) =225 (I () 08,7)08,/108,1™". (115)

Then the equation of motion for (112) can be written as'®

d8(2) /dt = 3 w3, — 3 j Grs ()08, (t—5) ds+ au 2), (116)

Where .
iopy={0€,* 4(§) 06:>°/<|0€,%°, 117)
s (8) = — 08" A(8) 4 (£) >* /<1084, , (118)
@ ()= exp[t(1—-P) A(§)1 (1 —P) A(&) 0¢. . (119)

The g;(2) represents the fluctuating force exerted by other modes due to the
nonlinear mode coupling. Since {g(#)3%*(0)> =0, the mean evolution 08, (2) is
obtained from (116) through (114). The mean evolution has a quite different
feature from in the normal case (105). That is the memory effect coming out
from the memory kernel ¢,(s) in (116). The turbulent viscosity is represented
by this memory kernel. In the isotropic homogeneous turbulence, all the corre-
lation functions are diagonal. Then (116) leads to

Fog @ /di=i0gdFug—Q [ v (Q 90Fugt—9ds, (1200

where iwe=<{0§304%,9(£) ' /{|0€,0|>’, and (118) leads to
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s (Q,0) = &0 (QD j (@ exp[t(L—P) A(®) Taugy'e*ds,  (121)

where guo=(1—P)49,(£). Since [an]’.‘ =L"7" and [£]*=L*, (121) satisfies
the dynamic scaling (110). To calculate (121) explicitly, we may employ a self-
consistent equation approach developed for the equilibrium critical phenomena.”

[2] Magnetic critical phenomena:

The equilibrium state y is determined by
0F (v) /0y, =0 (122)

with the positive hermitian matrix F.;=0F (y) /0y:0y,*. Since the second terms
of (27) and (28) can be neglected for large £,

e (2) =33 [0 2) + Fus, (2)10F (2) /0%, (123)

where M (z) = —{As, A;*}; 20°/8°Q. Therefore, (122) gives a stable steady
solution of the evolution equation (88). The correlation length of critical fluctua-
tion is a function of temperature 7';V A~e™, (e=|T—T¢|/T¢), where T¢ is the
Curie temperature and y—=2/3 for the three-dimensional isotropic Heisenberg fer-
romagnets. Now we take ¢°1>1. Then 1 is one of the characteristic lengths
of the macroscopic state, and the scale transformation (50) means 7" approach-
ing to T according to g;=L~®e This agrees with Kadanoff’s scaling.® Ac-
cording to the scaling theory of static critical phenomena, the thermodynamlc free
energy F (y) obeys the same scaling as the fluctuation free energy 4F (z). If
a magnetic field A is applied, then it must be transformed by &;=L"%h, where
x=d—a. Therefore,

a=B=d—z=d—2+7)/2, (124)

and y=2—7, 0,=4—7, where 77~0.075 for the three-dimensional isotropic
Heisenberg ferromagnets. Since My;(x) ~zi, (123) leads to [9,(z)1*=[F (z)]*
=L"? giving

Os=d—B=(d+7)/2=(d+2—7)/2. (125)

Since w,=0/#B°%",, ¢ being the spontaneous polarization, (5). and (6) lead to
the same result for 5. Thus we have the following two cases.

If d<6-7, then §=05(<6p) and the dynamics of the critical fluctuation
is described by (72) and' (73). The streaming velocity 4%, may be approximately
given by .

, 1 .
‘ hﬁe «/.Q Z [x° 2 g p]éf’ Sa-2 (126)
49,(§) = 1 :
* ’ = 0 , 127
iy ihﬂe mz [ ip xiq-p]S” e a2
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where, since &=3>>0, only the terms of lowest order in . and z; have been
retained. Then we meet a situation similar to the turbulence. Since a=f, the
probability distribution of fluctuation JT (§,£) must deviate from the normal one.
The mean evolution of fluctuation 0%, (z), however, can be determined by (116)
and written in terms of the renormalized kinetic coefficients ¢u;Gw). The linear
transport coefficients, observed by neutron scattering for example, are thus given

by

2 o0
Tl =2 | Dor 2 [“atp ot =P 4@ Japre |, a2s)
aQ
where D, is given by (24). From (80) the second term in the square brackets.
must have the scaling form 12D, (Q2, w2*?), where we have assumed d =3 and 7=0.
This form agrees with the Halperin-Hohenberg non-classical dynamic scaling,'®
If d=6—7, then §=0,=4—7(<0s) and the kinetic equations are provided
by (68) and (69) with (126), (127) and 4C,(€) = —¢*[D,/7,]&," For d>6—1,
therefore, (70) leads to a simple relaxation form for the mean evolution; &,%(z)
~ exp[ —2¢’D,/%%,]. Thus it turns out that the conventional theory'™ is valid
only for d>6—7, and the non-classical dynamic scaling' holds for d<<6—1.

§6. Summary and remarks

It has been shown that the scaling exponents @, B, 05 and 6, defined by (55),
(56), (61) and (62), are the parameters characterizing the most dominant
stochastic features of the macroscopic systems and provide us with a useful method
for finding asymptotic kinetic equations for large systems. Table I summarizes

Table L. Scaling exponents in typical examples.

1 2 3 4
Equilibrium Fluctuations Navier-Stokes' Fluids (d=3)
gik1 ) geA> 1w geiL1 geA>1
region hydrodynamic critical laminar turbulent
o 0 @d—2+79/2 1 1
] d/2 @-2+9)/2 3/2 —1/3
a<p a=p a<fB a>f
0p o 2—y+¢ 2 1773
fs (@+2—7)/2 2 - 2/3
0=0p=¢ 050y 0=0p=2 0=05<0p
if d=2-—7+24.

a) ¢=2 for the conserved densities and $=0 for the bulk-contact systems.

b) The ordered state (T'<<Ty) is included in the case 2 irrespectively of the value of ¢¢ since 1500, *
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their values in the typical examples studied in this paper. This table indicates
that our scaling- would be useful for constructing a framework of the statistical
mechanics of fluctuations and nonequilibrium states, including the nonlinear steady
states far from equilibrium. In fact, starting from a general type of the master
equation, proposed in a previous paper from the statistical-mechanical viewpoint,”
and applying our scaling, we have derived asymptotic kinetic equations for sev-
eral examples. .

In the uniform systems®® and in the generalized time-dependent Ginzburg-
Landau model, the fluctuation of the macroscopic state variables also arises from
the interaction with the contact system. Imagine, for example, the spin system
in contact with the phonon system. To include such systems, we extend (54)
in the following form:

Lty grp] =L, (¢p=0) (129)

Then, instead of (63) and (60), we obtain
'0D=d+¢¥28=¢+r, (130)
[Gepr ) =L, (131)

where we have used f<<d+1. These equations lead to the same expression
for &, as (66) but with (130) for 0p. Thus (65), (67) and the subsequent
equations are also. valid for the bulk-contact systems with (130) for 5. It turns
out that the @ expansion method is valid only if «=0,3=4/2, (=0),¢=0 and
thus 6 =0,=0. It is worth noting here that the £ expansion method is not valid
for the ordered or coherent state, since then « is not zero as suggested by
Table I. In the kinetic Ising model near the Curie point,* if ¢°A>1, then
a=8=(d—2+7)/2, (r=2—1), and §=0,=2—7+ ¢, where $==0.1* These cases
are also included in Table I. Thus our scaling theory gives us a generalization
of the central limit theorem, the £ expansion methods®® and the scaling theories
of thermodynamic critical phenomena®'®:'® in a unifying manner.

The second merit of our scaling theory is that it can also be applied to
nonlinear steady states far from equilibrium, such as the turbulence, as discussed
in §5 [1]. ' ‘

The third and probably the most important merit would be that the inequality
relations between the scaling exponents give us a useful method for finding ki-
netic equations from the statistical-mechanical point of view. This has been
formulated in [A], [A’] and [B] of §3, and examples have been studied in
§§4 and 5. .
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