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Dynamics of quantum droplets
In an external harmonic
confinement

Maitri R. Pathak & Ajay Nath™*

Recent theoretical and experimental results show that one-dimensional (1D) weakly interacting
atomic Bose-Bose mixtures with repulsive interspecies mean field (MF) interaction are stabilized by
attractive quadratic beyond-mean-field (BMF) effects into self-bound quantum droplet (QD) in free
space. Here, we construct an exact analytical model to investigate the structure and dynamics of QDs
in presence of external harmonic confinement by solving the 1D extended Gross-Pitaevskii equation
(eGPE) with temporal variation of MF and BMF interactions. The model provides the analytical form
of wavefunction, phase, MF and BMF nonlinearities. The generation of QDs and interesting droplet to
soliton transition in presence of regular/expulsive parabolic traps by taking the comparable MF and
BMF interactions are illustrated. We derive the phase diagram of the droplet-soliton phase transition
between amplitude of MF, BMF interactions and harmonic oscillator frequency. The strength and form
of oscillator frequency are identified as key parameter for tuning the compression, fragmentation and
transport of droplets. Finally, the stability of the obtained solutions are confirmed from Vakhitov-
Kolokolov (VK) criterion and are found stable.

The formation of droplets is one of the characteristic feature of classical liquids which results due to counter
balancing of attractive van der Waal’s interactions with repulsive interactions generated from high density of its
constituents'. Recently, in one of the pioneering experiment in the field of Bose-Einstein condensate (BEC) and
superfluids, a new type of dilute quantum droplets (QDs) are observed in Bose-Bose mixtures with isotropic
contact interactions®® and anisotropic dipolar interactions®®. Different from the classical liquids, these QDs
are generated at very low temperatures (10° order less than classical liquids) in BEC phase which makes them
ultradilute quantum liquid with its density 108 orders of magnitude lower than liquid helium’s®. Although, the
formation of liquid state in weakly interacting BEC is not possible according to mean-field theory, however,
Petrov pointed out that the QDs phase can be stabilized when the dominant contribution to the energy due to
the contact mean field (MF) interaction is close to vanishing and becomes comparable to the beyond mean field
(BMF) effects Lee-Huang-Yang (LHY) corrections arising from quantum fluctuations’. Based on this stabilization
proposal, the dilute QDs are experimentally realized in binary Bose-Bose mixtures®, dipolar gases® and similar
stabilization mechanisms are proposed for its existence in Bose-Fermi mixtures'®!! and dipolar mixtures'>!*.
These developments led to a plethora of works in this field"*?'. It is relevant to mention that the formation of
vortices in droplets?*?, multiple droplets*, existence of striped states?, droplet clusters?® and supersolid prop-
erties in phase coherent droplets?’, are also predicted in BECs. The precise experimental control and tunability
over the QDs parameters: population density of mixture constituents, inter- and intra- component interactions,
confinement, temperature and spatial dimension, opens new direction in modelling the other complex many-
body systems like liquid helium®?!. Further, one possible application of the QDs is considered in the precise
designing of matter-wave interferometer®:.

In this work, we aim to construct an exact analytical model for investigating the generation of QDs in
cigar-shaped two component BEC mixture and study its spatio-temporal dynamics in the presence of external
harmonic confinement. In order to construct the analytical model, we consider binary Bose-Bose mixture in
one dimensional geometry. The choice of binary BECs offers the presence of competing intra- and inter-com-
ponent interactions which is required for the generation and stabilization of QDs’ and these interactions are
experimentally tunable using Feshbach resonance technique®. Additionally, the quasi 1D condensates are quite
useful for studying fundamental physics problems and a variety of nonlinear excitations like solitons (bright,
dark, grey), compactons, rogue waves, Faraday waves, etc. are theoretically and experimentally explored in it*.
Further, the choice of 1D geometry offers significant stability advantage of nonlinear excitations in comparison
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to three-dimension geometry and a clean controllable many-body test bed for precise measurement of quantum
many-body effects. Although, in recent times, the dynamics of QDs is investigated in 1D geometry in absence
of any external confinement i.e. free space. Astrakharchik et. al. identified the two physically different regimes
(Gaussian shape and broad flat top plateau) of QDs depending its size in free space using eGPE®' and Tylutki et.
al. distinguished droplets from quasi-1D bright solitons by investigating the excitation spectrum of the QDs in
free space®. However, the study of QDs in presence of external confinements got less attention in the current
literature. The motivation for studying two-component BEC in presence of external harmonic trap is threefold:
(i) study novel phase transition: by tuning interaction and particle number in binary bose-bose BEC mixture in
the 1D configuration, Cheiney et. al. realized an interesting phenomena of droplet to bright soliton transition
in the harmonic trap®; (ii) mimic actual experimental scenario: in the current QDs experiments, it’s difficult to
completely realize the free space situation experimentally, as there is always a presence of weak external harmonic
trapping potential due to residual trapping frequency along the axial direction®; and (iii) stability of droplets:
presence of external harmonic trap not only might improve its stability but can find application as a bath for
sympathetic cooling of other systems’. Therefore, theoretically it would be important to investigate the behavior
of QDs in presence of external harmonic confinement. We calculate the non-trivial exact form of wavefunction,
phase, MF and BMF nonlinearities. Although, a family of solutions are obtained for eGPE from the constructed
model, we mainly emphasize on the localized non-linear solitary excitations. Further, we find that one of the
consistency conditions governing the condensate dynamics and harmonic oscillator frequency interestingly maps
with the linear Schrodinger equation and Riccati equation. This provides flat top droplet profile corresponding
to each solvable quantum mechanical configuration and leads to a significant control over the system dynamics.
Utilizing the nature of ME, BMF interactions and strength of oscillator frequency, we demonstrate the droplet to
soliton transition in presence of regular/expulsive parabolic trap. We also identify that the oscillator frequency
and the sign of ME, BMF interaction amplitude’s act as the key parameter for controlling the droplet-soliton
transition in the system. Further, we investigate the fragmentation and merging of QDs by choosing the elliptic
solution of eGPE. The temporal evolution of QDs is studied by estimating the number of droplets w.r.t. the
oscillator frequency of trap. We also illustrate the transport of QDs corresponding to the variation of oscillator
frequency in the droplet domain.

In the following section, we provide an exact analytical model for investigating the dynamics of QDs in a
weakly interacting 1D mass-balanced binary Bose-Bose mixture in the presence of external harmonic trap using
1D eGPE. Here, we have considered the system with temporally varying competing repulsive cubic MF and
attractive quadratic BMF interactions. The model and analytical framework for the calculated system variables
is explained by finding the wavefunction, oscillator frequency, MF and BMF nonlinearities. It is shown that
with suitable choice of the harmonic oscillator frequency, one can realize following experimentally realizable
forms of trap configurations: (a) free space; (No confinement); (b) V(x,t) = %szz; (regular harmonic); and
(c) V(x,t) = — 1 M?x% (expulsive harmonic). Moreover, the the consistency conditions governing the oscillator
frequency interestingly maps with the linear Schrodinger equation which leads to a significant temporal control
over the droplet dynamics of the system. We then investigate the dynamics of condensate under the influence of
regular and expulsive parabolic traps. In comparison to free space, the axial compression of the atomic number
density is observed in above-mentioned confinement with the variation of oscillator frequency. We illustrate
the droplet to soliton transition in the considered system and remarkably identify the strength of oscillator
frequency and sign of ME, BMF interaction’s amplitude as the key parameters for realizing this transition. For a
better insight of the phenomenon of droplet-soliton transition, a phase diagram between the MF, BMF interac-
tion amplitude’s and the oscillator frequency is also plotted. Moreover, by choosing the elliptic solution of eGPE
and oscillator frequency of trap, we achieve fragmentation, merging and transport of QDs across the potential.
The stability of obtained solution is confirmed using Vakhitov-Kolokolov (VK) criterion through an estimation
of slope of norm w.r.t. chemical potential.

Results

The model and analytical framework. We begin by considering the binary BEC with equal masses and
equal number of atoms in the components under the influence of BMF (LHY corrections for quantum fluctua-
tions) in presence of temporally varying external harmonic confinement. The same magnitude of equilibrium
densities of binary mixture components makes the result analysis clearer and easier. In 1D geometry, the system
is described by the following equation'**:
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where v () are the wavefunctions of first and second component of binary mixture. Further, we assume
that the coupling constants describing the repulsion between the atoms in each components are equal:
gt =g =g = 2h%ay(t)/(ma% )and g. = gr,. Here, As(t) = (g + 3g)/2 represents the self interaction coef-
ficients whereas A (t) = (g. — g)/2 is the cross interaction coeflicients along with I'(t) = ﬂgw 2/(mh)®. We
also consider binary mixture under influence of an external harmonic trapping potential V(x, ) with frequency
wr, i€, mwix?/2.a] is the transverse oscillator length of the trap and a,(t) represent the time dependent inter-
and intra- components atomic scattering lengths which is tunable through Feshbach resonance technique?®.
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Considering the binary mixture as mutually symmetric spinor components with y; = ¥, = Yo, then the
dynamics of the considered system reduces to the time-dependent dimensionless single eGPE':

192 1
it 332 +g1(t)|1/f|—gz(t)|1ﬁ|2—5M(t)x2=0 V. (3

Here, 1/ (x, t) can be treated as the condensate wave function of the droplet with mass # and | (x, t)|? repre-
sents the normalized density of each component. The parameters g; (1) = I'(¢) and g2 (t) = A(¢) + A () are
the binary mixture components coupling constants representing BMF and MF interactions. In experiments it is
possible to tune g; () and g»(¢), both to positive or negative values by changing the sign of atomic scattering
length. Here, g1(¢) and g, () are non-zero functions. Further, M(¢) is the time dependent harmonic oscillator

frequency; a constant M(t) implies an oscillator potential which can be confining or expulsi\zre for M > 0 or
; ; hgi(t) [AAA. MAHAIG () V20OI()
M < 0, respectively. Here, the value of scaling parameters xo, to, /o are NG 2rjlg2 (t‘) 2O et Adg (D

respectively®!. Equation (3) is the extended GPE added with external harmonic confinement and for M (t) = 0,
it has been extensively used in the past theoretical studies to describe the structure and dynamics of quantum
droplets”?!.

In order to obtain analytical solutions of (3) in presence of of the time-dependent harmonic trapping potential
and discuss QDs spatio-temporal dynamics in it, we assume the following ansatz solution:

¥ (x,1) = /A FIE(x, 1)]e? ™D, (4)

where A(f) and &(x, t) = y (t)x + & are the time-modulated amplitude and travelling coordinate of the con-
densate, respectively. Here, y (t) is the positive definite functions of time with § > 0. In principle, the y (¢) and
—38/y (t) represents the inverse of the width and the position of the center of mass of the excitation®, respectively.
Further, we assume the quadratic form of the phase as:

RACIEN / Ey*()
2y (t) 2

Now, by substitution of the ansatz Eq. (4) and phase form (5) in Eq. (3), we obtain the following consistency
conditions:

¢ (x,t) =

at. (5)

2
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where E is eigenvalue of Eq. (6), G1, G2 denote nonlinearity constant which can have positive or negative depend-
ing on scattering length along with:

A(t) = y(£),202(t) — Gay (£) =0, )
261() — Gily (]2 =0, 8)

Y )y @) — 2y (1)
2y2()
where M(t) is the oscillator frequency of the harmonic confinement. It is important to note here that if y (¢) is

constant then M(¢) = 0i.e. no external harmonic trap. The Eq. (9) can be transformed into the well-known linear
form of Schrodinger equation by taking y () = ﬁ:

M) = ; )

a’(t) + 2a()M(t) = 0. (10)

Equation (10) reveals a non-trivial correlation between the oscillator frequency and the amplitude of con-
densate wavefunction. This is one of the main results of this paper. By taking advantage of this connection, one
can in principle identify QDs corresponding to each solvable quantum-mechanical system. Further, the Eq. (10)
can be transformed into the Riccati equation,

V() —v3(t) = 2M (1), (11)

witha(t) = e~ Js V@)Y’ The merit of these correlations is that it provides freedom to control the dynamics of
the QDs in a number of analytically tractable ways as the Schrodinger equation and the Riccati equation can be
exactly solved for a variety of M(t). The solution of Eq. (6) can be given as”!:

i 3(E/Gy)
1+ /1 — £ G cosh(/-E£) (12)

o G}

where, 1o = —2/9with E < 0,G; < 0and G, > 0. Thus, the complete solution of Eq. (3) can be written as:
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Figure 1. Quantum droplets in free space and external harmonic trap. Variation of density profiles (a) in free
space w.r.t. changing magnitude of mean field interaction strength (G) for the physical parameters: y (t) = 1,

E = -2/9,G; = —1, along with G, = 0.99 (dotted purple), 0.9999 (dotdashed blue), 0.999999 (dashed red)
and 0.9999999 (thick black line); (b) in presence of regular harmonic trap (dotdashed blue line) and expulsive
harmonic trap (dashed line red) for the physical parameter values: yp = 1.5, M = 04, E = —2/9,G; = —1,

G, = 0.9999 and t = 1. Here, the free space quantum droplet profile is depicted with black line for y (#) = 1and
Gy = 0.9999.

’ 2
3(E/G)Vy (D) ., e el

Y(x,t) =
14+,/1— %g—% cosh(v-E(y (H)x + §))

Equation (13) represents the localized solution of Eq. (3). Below, we study the dynamics of QD’s by consider-
ing the exact solution (13) of eGPE in presence of temporally varying repulsive cubic MF and attractive quadratic
BMF interactions in harmonic confinement. Based on Eq. (9), we investigate the droplet dynamics for the follow-
ing experimentally relevant forms of harmonic traps with suitable choice of oscillator frequencies M(t) and y (¢):

(13)

(a) Free space: y () =constant, M (t) = 0; No confinement
(b) Regular harmonic: y (t) = ypsec(Mt), M(t) = M3V (x) = %szz
(c) Expulsive harmonic: y (t) = yosech(Mt), M(t) = —M* V(x) = —%szz

where, 9, and M are real positive constants. In principle, depending on the need of the physical situation, one
can choose the suitable y (¢) form for controlling the depth and width of the resultant traps. Here, in the following
sections, we demonstrate the generation of QD’s in above mentioned trap configurations i.e. in absence/presence
of regular/expulsive parabolic traps.

Quantum droplets in free space with M(t) = 0. In this section, we investigate the generation of QD in
absence of external confinement i.e. free space. In the 1D geometry, the dynamics of QDs is extensively investi-
gated in free space scenario”"?!. Here, from the constructed analytical model, we write down the wavefunction
solution of Eq. (3) for V (x, t) = 0. For this, we consider y (#) =constant = y, which ensures that M(f) becomes
zero from Eq. (9). Thus, the complete wavefunction solution form of Eq. (13) for § = 0 becomes:

3(E/G1) /7 ei[—f %m]

Yx,t) =
1+,/1— %g—%cosh(ﬁx yx)

where y > 0, with E < 0, G; < 0and G, > 0. The obtained form (14) of free space wavefunction solution for
eGPE (4) is identical to the results reported in the literature with G; = —1721°1, R

Further, for this form of y (t), the BMF and MF interactions becomes: g1 (t) = (1/2)G1y 2, and g2(¢) = (1/2)Gzy,
respectively. Depending upon the sign of G,, Eq. (14) leads to investigation of QDs dynamics in three characteristic
regimes: (a) G, > 0: flat top density profile i.e. droplet domain, (b) G, < 0: integrable GPE with bright soliton solution
with quantum fluctution term approaching to zero, and (c) G, is very small: GPE with only quadratic nonlinearity giving
rise to the droplet wave function of the Korteweg-de Vries-type®.

In Fig. 1a, we plot the variation of condensate density profiles for the wavefunction (14) w.r.t. the changing
magnitude of mean field interaction i.e. G, with G, > 0. Here, the physical parameter values: y (t) = L, E = —2/9,
G = —1, along with G, = 0.99 (dotted purple), 0.9999 (dotdashed blue), 0.999999 (dashed red) and 0.9999999
(thick black line). It is apparent from the figure that as MF interaction strength G, — 1and becomes comparable
to BMF interaction strength G; = —1, the signature feature of QD’s i.e. flat top density profile is realized. The
variation of condensate density with the MF interaction parameter G is in conformity with the physical situa-

tions reported in the literature®2.

’ (14)
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Figure 2. Quantum droplet to soliton transition in regular harmonic trap. The condensate densities are
displayed with varying (a) time (f) with M = 1; and (b) M with t = 1. (c) Variation of corresponding MF (g (?),
dashed line) and BMF interactions (g (), thick line) w.r.t. M att = 1. (d) Phase diagram between yp and M
representing droplet to soliton transition. Here, other physical parameters are: yy = 1.5, E = —2/9,G; = —1,
and G2 = 0.999999. All parameters are in dimensionless unit. Figures are plotted using MATLAB R2020b
(Master License 31349846) and Mathematica version 1.5.1.2021061827, Wolfram Research, Inc.

Quantum droplets in regular harmonic trap with M(t) = M2. In comparison to previous section,
here we investigate the impact of regular harmonic trap on the dynamics of QDs. Although, the droplets are
extensively explored in free space domain, however, its study had got less attention in presence of external har-
monic traps. Here, from the constructed model, we calculate the form of wavefunction in presence of regular
parabolic trap. In order to realize the chosen trap form, we take y (t) = ypsec(Mt) which makes the form of
oscillator frequencey: M (t) = M? from (9). Now, using the Eq. (13) with § = 0, the resultant form of complete
wavefunction for regular harmonic trap can be written as:

3(E/G1)+/yosec(Mt) i ~Mx Taniye1z2 — B2 00
e

: (15)
1+ \/%cosh(@ X ypsec(Mt)x)

withyyg > 0,M > 0,E < 0,G; < 0andG; > 0.

In Fig. 1b, we compare the profile of condensate densities for the regular harmonic trap (dotdashed blue line)
with the free space domain (black line) using wavefunction solutions (14) and (15), respectively. For plotting,
the magnitude of dimensionless physical parameters are: yp = 1.5, M = 0.4, E = —2/9,G; = —1,G; = 0.9999
and t = 1. Specifically, for comparison, the free space QD density profile (black line) is plotted with y (#) = 1and
Gy = 0.9999. Figure clearly illustrate that in comparison to free space, QDs gets compressed due to the presence
of regular parabolic trap which is as per physical understanding.

In Fig. 2, we illustrate an interesting physical phenomena of droplet to soliton transition in regular har-
monic trap by tuning the strength of MF and BMF interactions. Recently, Cheiney et. al. reported the bright
soliton to QD transition in a binary mixture of two component BEC in presence of external harmonic con-
finement by tuning the interaction strength and particle number’. Motivated from this, in Fig. 2a, we inyesti-
gate the spatio-temporal dynamics of QD in chosen trap configuration with g (t) = (1/2)G[ypsec(Mt)]2, 2, and
2 (@) = (1/2)Gaypsec(Mt) i.e. y (t) = ypsec(Mt) for M = 1. It is evident from figure that initially, at t = 0, the

Vix,b) =
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condensate density having QD profile which with increase in time demonstrate strong compression at t = nr/2,
where # is a real number, and these condensate atoms coalesces forming large density peaks. Here, other physi-
cal parameters are: yp = 1.5, E = —2/9,G1 = —1,and G = 0.999999. This behavior of condensate density can
be understood by plotting the g; () (thick line) and g, (¢) (dashed line) profiles w.r.t. M att = 1 (Fig. 2¢) for the
same parameter values. It shows that the magnitude of g>(t) and g; (¢) increases sharply near nr /2 points due
to presence of sec(Mt) term which physically represents a strong repulsive MF and attractive BMF interactions.
Further, the magnitude of g (¢) is proportional to [ypsec(Mt)]z leading to compression of condensate atomic
density. Analytically, the sign of g (t) and g>(t) changes at nsr /2 values i.e. in the [0, 7 /2]and [377 /2, 277 ] domains,
£2(t) is positive whereas in between [ /2, 377 /2], this becomes negative whereas g; (f) is negative in [0, 7 /2] and
[37/2, 27 ]. The change of sign g»(¢) results in making MF interactions repulsive to attractive with variation of M.
As the balance of MF and BMF interaction is required for realizing QD and as discussed earlier, for g,(t) > 0,
the density profile of Eq. (3) will be droplet whereas if g(t) < 0, then it becomes soliton”*>*. In the time inter-
val [r/2, 37 /2], the considered system will have attractive MF interaction with continuous loss of condensate
atoms due to imaginary BMF term leading to formation of bright solitons®*®. On this basis, we reveal an analyti-
cal scenario for the droplet to soliton in regular harmonic trap with the change in sign of £g,(¢) in Fig. 2c at
n7w /2 points. Based on this, in Fig. 2d, we construct a phase diagram in between yy i.e. amplitude of ME, BMF
interaction’s and M. For yp > 0, g2(¢) is positive in [0, 7 /2] and [377/2, 277 ] domains i.e. droplet density profile
whereas it becomes negative in between [0, 7 /2] with yp < 0 resulting into soliton formation. This is one of the
important result of this article revealing non-trivial correlation between the droplet to soliton phase transition
with M and yy. Here, all the parameters are in dimensionless unit with magnitude: yp = 1.5, E = —2/9,G; = —1,
and Gy = 0.999999. Further, in Fig. 2b, we illustrate the impact of the strength of M on single QD profile using
(15). It is apparent from the Fig. 2b that with M tending from 0 — 1 leads to increase in height and decrease
in the width of QDs profile due to its compression. In principle, by tuning the oscillator frequency of external
confinement, one can tune the width and height of QDs. Here, we depicted the profile with physical parameters:
yo=15t=1G; =0.999999,E = —-2/9,G; = —1.

Fragmentation and merging of QDs by tuning oscillator frequency: We demonstrate a novel mechanism for the
fragmentation and merging of QDs with the tuning of oscillator frequency of regular harmonic trap. We show
that by choosing the elliptic solution of Eq. (6) in place of localized solution, one can induce the fragmentation
in QDs. In order to demonstrate this effect, we write the solution of Eq. (6) as:

F(§) =B Cn[B§, q1+ D, (16)
where B =, /W%I)D >0,D= 3% <0,and g% = —((ZZZGEI)) D?, and ¢* > 1/2%. Here, q is the modulus
parameter for the Jacobi elliptic function cn. For investigating the dynamics of condensate in the regular har-

monic confinement, we take the same parameter values of Fig. 2 i.e.yp = 1.5, E = —2/9, with y () = yp sec(Mt).
Thus, using this, the complete wavefunction solution of (13) becomes:

i M Tantpe1e? —  BE00 5,
V(6 1) = 3(E/G1)/yosec(M) [B Cn(B &, q) +D}e[ S (17)
withd =0,M > OwithE < 0,G; < 0and G, > 0.

Figure 3a and b depicts the impact of magnitude of M on the fragmentation and merging of QDs for M = 0.75
and M = 0.5 with g = 0.9. Here, we have taken comparable strength of MF and BMF interaction strengths
with G; = —1, and G2 = 0.999999, respectively so that density profile remains in droplet regime (Fig. 2b). For
exploring the condensate dynamics, we considered potential in the range [—1, 1]. It is evident from the figures
that, initially at ¢ = 0, a single QD profile is observed and with increase in time, it gets fragmented and forms the
QD train. Further, with increase in time, these fragmented components starts to coalesce and again merges to
form a single QD. Importantly, with M changing from 0.5 — 0.75, the number of fragmented droplets increase.
In Fig. 3¢, we have separately depicted the number of droplets at different instant of time for M = 0.1 (black
line), M = 0.4 (red line), and M = 0.6 (blue line), respectively. It is quite clear that with increase in magnitude
of M from 0.1 — 0.6, the time of fragmentation reduces but along with that number of droplets formed also
decreases. In cigar shaped BEC, the bright solitary trains are experimentally explored in harmonic trap® and
through tuning of condensate atoms gain profile theoretically investigated by Atre et. al.*. Recently, Cidrim et.
al. explored the generation of soliton trains in two component BEC*. The present temporal evolution in Fig. 3
allows us to obtain fragmentation and merging of QDs by tuning of oscillator frequency and persisting for future
experimental realization.

Transport of droplets across potential: In Fig. 4a, we illustrate an analytical scenario for the oscillation and
transport of QDs in regular harmonic confinement in the considered system. In order to realize the transport of
QDs in parabolic trap, we have taken § # 0 in Eq. (13) along with y (t) = ypsec(Mt) which ensures the form of
trap as (1/2)M?x2. Thus, the resultant wavefunction becomes:

M ot

3(E/Gy)~/yosec(Mt) i|—MTan[Mt]z*— [ —0—

e
1- %% cosh(v-E x (yosec(Mb)x + 8))
1

Y(x,t) = )
* 1+ (18)

withyg > 0,M > 0,E < 0,G; < 0andG; > 0.

In Fig. 4a, we plot the condensate density profile for wavefunction solution (18) for the parameter values:
Yo =158 =25E=-2/9,G; = —1,G; = 0999999999 and M = 0.5. Figure clearly depicts the oscillation of
QD across the chosen harmonic trap. In principle, the center of mass position of condensate density is connected
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Figure 3. Fragmentation and merging of quantum droplets in regular harmonic trap. The condensate density
profiles are plotted for (a) M = 0.75and (b) M = 0.5 with other parameters values: yp = 1.5, E = —2/9,

G1 = —1,G2 = 0.999999 and g = 0.9. (c) The number of droplets w.r.t. time ¢ is depicted for M = 0.1 (black
line), M = 0.4 (red line), and M = 0.6 (blue line). Here, all the parameters are made dimensionless. Figures
are plotted using MATLAB R2020b (Master License 31349846) and Mathematica version 1.5.1.2021061827,
Wolfram Research, Inc.
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Figure 4. Transport of quantum droplets in regular harmonic trap. (a) Condensate density profile for M = 0.5,
and (b) the center of mass position of quantum droplet are depicted for the parameter values: yp = 1.5,8 = 25,
E=-2/9,G; = —1,and G; = 0.999999999. In (b), black thick line (M = 0.5), dotted red line (M = 0.75), and
blue dotdashed line (M = 0.25). Here, all the parameters are in dimensionless units. Figures are plotted using
MATLAB R2020b (Master License 31349846) and Mathematica version 1.5.1.2021061827, Wolfram Research,
Inc.
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with [—8/y ((t)] and is oscillating w.r.t. time*’. For the considered case, —38/y ((f) = —(8/y0) cos(Mt) i.e. for
M = 0.5, the maximum magnitude of —(8/yp) cos(Mt) appears att = 2n. This is validated from Fig. 4a as the
direction of oscillation of QDs changes att = 2nm locations. For providing a better interpretation of the oscilla-
tion of QDs in this system, we plot —(8/yo) cos(Mt) w.r.t. M in Fig. 4b for the same parameter values: yp = 1.5,
8 =25,E=-2/9,G; = —1, and G, = 0.999999999. Here, M = 0.5 (black thick line), M = 0.75 (dotted red
line), and M = 0.25 (blue dotdashed line). It is apparent from the Fig. 4b that as M changes from 0.5 — 0.75,
then temporal periodicity of oscillation increases whereas with M becoming 0.5 — 0.25 leads to its decrease.
Thus, we reveal a non-trivial analytical connection of oscillator frequency with the transport and oscillation of
QDs and by using this, one can control the temporal periodicity of QDs oscillation.

Quantum droplets in expulsive harmonic trap with M(t) = —M2. In this section, we study the
generation of QDs in presence of expulsive harmonic confinement and the droplet to soliton transition. In order
to investigate the dynamics of QDs in presence of expulsive harmonic trap, we take y (t) = ypsech(Mt) in Eq. (6)
which results into the trap form —(1/2)M2x2. Substituting this form of y (¢) in Eq. (13) gives the wavefunction
for expulsive parabolic trap as:

3(E/G) \/yosech(Mt) [z EAESE
e . (19)
14+4/1— %g—f cosh(+/-E X ypsech(Mt)x)

withd = 0,7 > 0,M > 0,E < 0,G; < 0and G, > 0.

In Fig. 1b, we depict the profile of condensate density for expulsive harmonic trap (dashed line red) for
the physical parameter values: yp = 1.5, M = 0.4, E = —2/9,G; = —1,G, = 0.9999 and t = 1. Here, for com-
parison, quantum droplet profile in presence of the free space is also depicted with black line for y (#) = 1 and
G2 = 0.9999. The presence of expulsive trap results in the increase of height and decrease in droplet width in
comparison to free space droplet profile (black line) and this is as per physical understanding. Further, in Fig. 5,
we investigate the spatio-temporal dynamics of condensate density in presence of expulsive harmonic trap.
Figure 5a depicts the temporal evolution of droplet for M = 0.25 and clearly reveal its compression at t = 0.
Here, we considered the parameter values: yp = 1.5, E = —2/9,G; = —1, G, = 0.999999. This compression of
droplet in expulsive trap can be understood from the MF and BMF interactions profile represented in Fig. 5c.
For y (t) = ypsech(Mt), the form of BMF and MF interaction becomes: g1 (t) = (1/2)G[yosech(Mt)]2, and
() = (1/2)Gayosech(Mt), respectively. It is apparent from Fig. 5¢ that g, (¢) and g (t) have maximum magni-
tude at M = Oand t = li.e. strong repulsive and attractive interactions whereas their amplitude decreases with
increase in M for y > 0. However, g1 () is proportional to [ypsech(Mt)]2 leading to strong compression. Simi-
lar, temporal profile of g1 (¢), g2(¢) can be obtained by keeping M = 1and varying time. Fig. 5¢ clearly justifies
the strong compression in condensate density atf = 0 in Fig. 5a. It is important to note here that the profile of
Fig. 5¢ get reversed for yp < 0 which means g (¢) becoming attractive with continuous loss of condensate atoms
due to imaginary BMF term leading to formation of bright solitons®. As discussed above, in this domain, the
condensate density becomes soliton. Based on this, we construct a phase diagram in between y and M in Fig. 5d
which shows that droplet to soliton transition in expulsive trap can be observed by changing the sign of MF and
BMEF interaction’s amplitude. Different from regular harmonic confinement, the droplet to soliton transition
occurs in expulsive trap by tuning the sign of MF and BMF interactions. It is due to the change in nature of MF,
BMF interactions from sec(Mt) (regular harmonic) to sech(Mt) (expulsive harmonic). Figure 5b illustrates the
variation of droplet profile w.r.t. changing magnitude of M. With increase in magnitude of M from 0 — 1 leads
to decrease in height and increase in the width of QDs profile due to its expansion with changing strength of
oscillator frequency. In principle, by tuning the oscillator frequency of external confinement, one can tune the
width and height of QDs. Here, we depicted the profile with physical parameters: yp = 1.5, E = —2/9,G; = —1,
G, = 0999999 and ¢t = 1.

Vxt) =

Stability analysis. Using various forms of ¥ () in Eq. (13), we investigated the generation and spatio-tem-
poral dynamics of droplets in absence/presence of regular/expulsive traps. In this section, we perform the stabil-
ity analysis of (13) using the VK criterion*!. The VK criterion is widely used for the stability analysis of nonlinear
Schrodinger equation and it is already established in the literature that necessary condition for a solution to be
stable is positive slope of dN/dE, where N is the normalization and E is the chemical potential of the system. If
the dN/dE of obtained solution is negative then the solution is unstable and for the condition that N /dE = 0,
the solution remains marginally stable. Now, using Eq. (13)and N = |’ j;o | |dx, one can estimate the correla-
tion between normalization N and E as:

E
N=-|l| ——=|—-/—|> (20)
3 /1— = Mo
o

where G; = —1land % ~ 1. Equation (20) estimates the magnitude of N in presence of harmonic trap and is

e

equal to the N reportecll for free space®*. Thus, even in the presence of external trap, the system has a continuous
symmetry property and N is conserved in time as per Noether’s theorem*. In Fig. 6, using Eq. (20), we plot
dN/dE w.r.t. Ewhere G; = —1. Itis evident from the figure, that the magnitude of dN/dE is positive w.r.t. its vari-
ation E which indicates the stable nature of the obtained solution.
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Figure 5. Quantum droplet dynamics in expulsive harmonic trap. The compression of condensate density
w.r.t. (a) time (¢) for M = 0.25, and (b) oscillator frequency M att = 1for the dimensionless parameter values:
yo = 1.5, E = —2/9,G1 = —1,G, = 0.999999. For the same parameter values, the variation of g (¢) (light
orange filled region) and g>(¢) (light blue filled region) w.r.t. M att = 1are depicted in (c). (d) Phase diagram
representing the droplet to soliton transition in between yp and M in presence of expulsive trap. Figures are
plotted using MATLAB R2020b (Master License 31349846) and Mathematica version 1.5.1.2021061827,
Wolfram Research, Inc.
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Figure 6. Stability analysis of obtained solution. The slope of norm N w.r.t. E is plotted as a function of chemical
potential (E) diagrams as a function of the E Vs with G; = —1.
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Summary
The main results reported in this paper are summarized as follows. We report a large family of exact analytical
solution of 1D eGPE for investigating the structure and dynamics of QDs in harmonic confinement for tem-
porally varying MF and BMF interactions. We have considered a weakly interacting 1D mass-balanced binary
Bose-Bose mixture with competing repulsive cubic MF and attractive quadratic BMF interactions. The dynamics
of QDs investigated w.r.t. the oscillator frequency and the strength of BMF interaction in different experimentally
realizable forms of trap configurations: (a) V(x,t) = %szz; (regular harmonic); and (b) V(x,t) = —%szz;
(expulsive harmonic). The constructed solutions for the free space is in agreement with existing results in the cur-
rent literature®’. Compression and flat top profile of the atomic number density is illustrated in above-mentioned
confinement with the variation of M and G. Such flat top density profile was reported in the literature for QDs
in free space domain. We have observed the droplet to soliton transition in regular/expulsive harmonic confine-
ment depending on the magnitude of M and sign of 9. We have produced the phase diagram between the BMF
interaction amplitude and the oscillator frequency for a better insight of droplet-soliton transition. Utilizing the
elliptic solution of eGPE and oscillator frequency, we demonstrates a novel mechanism for fragmentation, merg-
ing and transport of QDs. The stability of obtained wavefunction solutions are confirmed using VK criterion.
As an extension of the present work, it may be interesting to verify the collision of small/large droplets, its
impact on fragmentation/merger and study its dynamics in 2D/3D dimensions in presence of harmonic trap.

Methods

We consider the Bose-Bose mixture BEC with equal masses and equal number of atoms in the components
under the influence of BMF (LHY corrections for quantum fluctuations) in presence of temporally varying
external harmonic confinement. By taking the spinor components of binary mixture as mutually symmetric,
the Hamiltonian is taken as

) 1 32 1
iaif =—53—;§’ —aOWIW + 2O Y+ MO Y. 1)

i.e. in the form of time-dependent dimensionless 1D eGPE. Using similarity transformation technique, we assume
an ansatz solution and connect the 1D eGPE with a solvable PDE. This results into a number of constraints
over phase, MF and BMF nonlinearities as PDEs. Next, we solve these equations and obtain the general form
of wavefunction solution.

Data availability
All data generated or analysed during this study are included in this published article. It can be reproduced by
utilizing the form of wavefunction and considered trap form.

Received: 16 December 2021; Accepted: 31 March 2022
Published online: 28 April 2022

References
1. Ferrier-Barbut, I. & Pfau, T. Quantum liquids get thin. Science 359, 274-275 (2010).
2. Cabrera, C. R. et al. Quantum liquid droplets in a mixture of Bose-Einstein condensates. Science 359, 301-304 (2018).
3. Cheiney, P. et al. Bright soliton to quantum droplet transition in a mixture of Bose-Einstein condensates. Phys. Rev. Lett. 120,
135301 (2018).
4. Ferrier-Barbut, ., Kadau, H., Schmitt, M., Wenzel, M. & Pfau, T. Observation of quantum droplets in a strongly dipolar Bose gas.
Phys. Rev. Lett. 116, 215301 (2016).
5. Edler, D. et al. Quantum fluctuations in quasi-one-dimensional dipolar Bose-Einstein condensates. Phys. Rev. Lett. 119, 050403
(2017).
6. De Rosi, G., Astrakharchik, G. E. & Massignan, P. Thermal instability, evaporation, and thermodynamics of one-dimensional
liquids in weakly interacting Bose-Bose mixtures. Phys. Rev. A 103, 043316 (2021).
7. Petrov, D. Quantum mechanical stabilization of a collapsing Bose-Bose mixture. Phys. Rev. Lett. 115, 155302 (2015).
8. Semeghini, G. et al. Self-bound quantum droplets of atomic mixtures in free space. Phys. Rev. Lett. 120, 235301 (2018).
9. Schmitt, M., Wenzel, M., Bottcher, E, Ferrier-Barbut, I. & Pfau, T. Self-bound droplets of a dilute magnetic quantum liquid. Nature
539, 259 (2016).
10. Rakshit, D., Karpiuk, T., Brewczyk, M. & Gajda, M. Quantum Bose-Fermi droplets. SciPost Phys. 6,079 (2019).
11. Rakshit, D. et al. Self-bound Bose-Fermi liquids in lower dimensions. New J. Phys. 21, 073027 (2019).
12. Smith, J. C,, Baillie, D. & Blakie, P. B. Quantum droplet states of a binary magnetic gas. Phys. Rev. Lett. 126, 025302 (2021).
13. Bisset, R. N., Pena Ardila, L. A. & Santos, L. Quantum droplets of dipolar mixtures. Phys. Rev. Lett. 126, 025301 (2021).
14. Petrov, D. & Astrakharchik, G. Ultradilute low-dimensional liquids. Phys. Rev. Lett. 117, 100401 (2016).
15. Tononi, A., Wang, Y. & Salasnich, L. Quantum solitons in spin-orbit-coupled Bose-Bose mixtures. Phys. Rev. A 99, 063618 (2019).
16. Liu, B. et al. Symmetry breaking of quantum droplets in a dual-core trap. Phys. Rev. A 99, 053602 (2019).
17. Morera, I, Astrakharchik, G. E., Polls, A. & Julid-Diaz, B. Universal dimerized quantum droplets in a one-dimensional lattice.
Phys. Rev. Lett. 126, 023001 (2021).
18. Mistakidis, S. I. et. al.. Formation and quench of homo-and hetero-nuclear quantum droplets in one-dimension. arXiv preprint
arXiv:2108.00727 2021).
19. Mithun, T. et al. Inter-component asymmetry, and formation of quantum droplets in one-dimensional binary Bose gases. Symmetry
12, 174 (2020).
20. Bottcher, F. et al. New states of matter with fine-tuned interactions: Quantum droplets and dipolar supersolids. Rep. Prog. Phys.
84, 012403 (2020).
21. Luo, Z.-H. et al. A new form of liquid matter: Quantum droplets. Front. Phys. 16, 32201 (2021).
22. Cidrim, A., Santos, EE.A.d., Henn, E.A.L., & Macri, T., Vortices in self-bound dipolar droplets. Phys. Rev. A. 98, 023618 (2018).
23. Li, Y. et al. Two-dimensional vortex quantum droplets. Phys. Rev. A 98, 063602 (2018).

Scientific Reports |

(2022) 12:6904 | https://doi.org/10.1038/s41598-022-10468-6 nature portfolio


http://arxiv.org/abs/2108.00727

www.nature.com/scientificreports/

24. Yukalov, V. I, Novikov, A. N. & Bagnato, V. S. Formation of granular structures in trapped Bose-Einstein condensates under oscil-
latory excitations. Laser Phys. Lett. 11, 095501 (2014).

25. Wenzel, M. et al. Striped states in a many-body system of tilted dipoles. Phys. Rev. A 96, 053630 (2017).

26. Kartashov, Y. V., Malomed, B. A. & Torner, L. Metastability of quantum droplet clusters. Phys. Rev. Lett. 122, 193902 (2019).

27. Chomaz, L. et al. Long-lived and transient supersolid behaviors in dipolar quantum gases. Phys. Rev. X 9, 021012 (2019).

28. McDonald, G. D. et al. Bright solitonic matter-wave interferometer. Phys. Rev. Lett. 113, 013002 (2014).

29. Inouye, S. et al. Observation of Feshbach resonances in a Bose-Einstein condensate. Nature 392, 151-154 (1998).

30. Pethick, C.J. & Smith, H. Bose-Einstein Condensation in Dilute Gases (Cambridge University Press, Cambridge, England, 2008).

31. Astrakharchik, G. E. & Malomed, B. A. Dynamics of one-dimensional quantum droplets. Phys. Rev. A 98, 013631 (2018).

32. Tylutki, M., Astrakharchik, G. E., Malomed, B. A. & Petrov, D. S. Collective excitations of a one-dimensional quantum droplet.
Phys. Rev. A 101, 051601 (2020).

33. Otajonov, S. R, Tsoy, E. N. & Abdullaev, FKh. Stationary and dynamical properties of one-dimensional quantum droplets. Phys.
Lett. A 383, 34 (2019).

34. Nath, A. & Roy, U. A unified model for an external trap in a cigar-shaped Bose-Einstein condensate. J. Phys. A: Math. Theor. 47,
415301 (2014).

35. Triki, H., Biswas, A., Moshokoa, S. P. & Belic, M. Optical solitons and conservation laws with quadratic-cubic nonlinearity. Optik
128, 63-70 (2017).

36. Kengne, E., Liu, W.-M. & Malomed, B. A. Spatiotemporal engineering of matter-wave solitons in Bose-Einstein condensates. Phys.
Rep. 899, 1-62 (2021).

37. Belmonte-Beitia, J., Pérez-Garcia, V. M., Vekslerchik, V. & Konotop, V. V. Localized nonlinear waves in systems with time-and
space-modulated nonlinearities. Phys. Rev. Lett. 100, 164102 (2008).

38. Al Khawaja, U. et al. Bright soliton trains of trapped Bose-Einstein condensates. Phys. Rev. Lett. 89, 200404 (2002).

39. Atre, R, Panigrahi, P. K. & Agarwal, G. S. Class of solitary wave solutions of the one-dimensional Gross-Pitaevskii equation. Phys.
Rev. E73,056611 (2006).

40. Cidrim, A., Salasnich, L. & Macri, T. Soliton trains after interaction quenches in Bose mixtures. New J. Phys. 23, 023022 (2021).

41. Vakhitov, N. & Kolokolov, A. A. Stationary solutions of the wave equation in a medium with nonlinearity saturation. Radiophys.
Quant. Electron. 16, 783 (1973).

42. Sardanashvily, G. “Noether’s Theorems. Applications in Mechanics and Field Theory”, Springer-Verlag (2016).

Author contributions
All the authors, i.e., M.R.P, and A.N., have equally contributed to the analytical calculations and interpretations
of the results. They have also participated in preparing the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to A.N.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2022

Scientific Reports |

(2022) 12:6904 | https://doi.org/10.1038/s41598-022-10468-6 nature portfolio


www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Dynamics of quantum droplets in an external harmonic confinement
	Results
	The model and analytical framework. 
	Quantum droplets in free space with . 
	Quantum droplets in regular harmonic trap with . 
	Quantum droplets in expulsive harmonic trap with . 
	Stability analysis. 

	Summary
	Methods
	References


