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ABSTRACT. In this paper we study some qualitative behavior of the solutions of the

difference equation

bz,

Tp4+1 = QTp + n=0,1,..,

Ty — dn—1’
where the initial conditions z_1, xo are arbitrary real numbers and a, b, ¢,d are positive
constants with czo — dx—1 # 0.

1. Introduction

In this paper we deal with some properties of the solutions of the difference
equation

bx,,

(1) Tpt1 = ATy + n=01,..,

Ty — dTp_1’
where the initial conditions x_1, zo are arbitrary real numbers and a,b,c,d are
positive constants with cxg — dzr_y # 0.

Recently there has been a lot of interest in studying the global attractivity,
boundedness character and the periodic nature of nonlinear difference equations.
For some results in this area, see for example [21-41].

Many researchers have investigated the behavior of the solution of difference
equations for example:

In [5] Elabbasy et al. investigated the global stability character, boundedness
and the periodicity of solutions of the difference equation

oy + PTr—1 + YTn—2
Az, + By 1 +Cxppo’

Tn41 =

Elabbasy et al. [6] investigated the global stability, boundedness, periodicity char-
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acter and gave the solution of some special cases of the difference equation

ALp—k
—_—
B+ Hz':o Tpn—s

Elabbasy et al. [7] investigated the global stability, periodicity character and gave
the solution of some special cases of the difference equation

Tp+1 =

Alogeili [1] obtained the form of the solutions of the difference equation

x _ Tn—1
n+1 — .
a4 — TpTn-1

Simsek et al. [32] obtained the solution of the difference equation

Tn—3

Tpyl] = ————.
nr 1+$n,1

Other related results on rational difference equations can be found in refs. [2-20].
Here, we recall some notations and results which will be useful in our investi-
gation.
Let I be some interval of real numbers and the function f has continuous partial
derivatives on I**! where I**1 = I x I x ... x I (k -+ 1— times). Then, for initial
conditions x_p,T_k41,...,To € I, it is easy to see that the difference equation

(2) Tnt1 = [(Tn, Tno1, oy Tn—g), n =01, ...,
has a unique solution {z, }5° _,.
A point T € I is called an equilibrium point of Eq.(2) if
T = f(z,T,...,T).
That is, z,, = T for n > 0, is a solution of Eq.(2), or equivalently, Z is a fixed point

of f.

Definition 1(Stability).
(i) The equilibrium point T of Eq.(2) is locally stable if for every e > 0, there exists
d > 0 such that for all z_g, x_g41,...,2_1, 20 € I with

‘.’E,k — fl + |£L'7k+1 —f| + ...+ ‘CUO —f| < (5,

we have

|, —Z| <e forall n>—k.
(ii) The equilibrium point T of Eq.(2) is locally asymptotically stable if T is
locally stable solution of Eq.(2) and there exists v > 0, such that for all
Tk, Tftl, - To1,Xo € I with

|T—f —Z| + [T—p1 — T| + ... + |z0 — T| < 7,
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we have
lim =z, =7.
n—oo
(iii) The equilibrium point T of Eq.(2) is global attractor if for all x _j, & _g41,...,x_1, 2T €
1, we have
lim =z, =7.
n—oo
(iv) The equilibrium point Z of Eq.(2) is globally asymptotically stable if Z is
locally stable, and 7 is also a global attractor of Eq.(2).
(v) The equilibrium point Z of Eq.(2) is unstable if T is not locally stable.
The linearized equation of Eq.(2) about the equilibrium T is the linear difference
equation

k

(3) Yn+1 = Z Mynﬂ

=0

Now assume that the characteristic equation associated with Eq.(3) is

(4) P(A) = poX* + p A L e A+ py = 0,
where p; = W
Tr—i

Theorem A ([28]). Assume that p; € R,i=1,2,... and k€ {0,1,2,...}. Then

k
(5) > il <1,
=1

s a sufficient condition for the asymptotic stability of the difference equation
Yntk + P1Ynt+k—1+ . + PkYn =0, n=0,1,....

Consider the following equation
(6> Tp41 = f(l’na xn71)~
The following theorems will be useful for the proof of our main results in this paper.
Theorem B([27]). Let f : [a,b]*> — [a,b] be a continuous function, where a and b
are real numbers with a < b. Suppose that f satisfies the following conditions:

(a) f(x,y) is non-decreasing in x € [a,b] for each fized y € [a,b], and is non-
decreasing in y € [a,b] for each x € [a,b].

(b) If (m, M) is a solution of the system

m= f(m,m) and M = f(M,M),
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then
m = M.

Then there exists exactly one equilibrium T of Eq. (6), and every solution of Eq.(6)
converges to T.

Theorem C([27]). Let f : [a,b]?> — [a,b] be a continuous function, where a and b
are real numbers with a < b. Suppose that f satisfies the following conditions:

(a) f(x,y) is non-increasing in x € |a,b] for each fized y € [a,b], and is non-
decreasing in y € [a,b] for each x € [a,b].

(b) If (m, M) is a solution of the system

m=f(M,m) and M = f(m,M),

then
m = M.

Then there exists exactly one equilibrium T of Eq. (6), and every solution of Eq.(6)
converges to T.
2. Periodic solutions

In this section we study the existence of periodic solutions of Eq.(1). The
following theorem states the necessary and sufficient conditions that this equation
has periodic solutions.

Theorem 1. Fq.(1) has positive prime period two solutions if and only if

(7) (c+d)(a+1) >4d, d+#ac.

Proof. First suppose that there exists a prime period two solution

"'7p7 q)p7 q7 A

of Eq.(1). We will prove that Condition (7) holds.
We see from Eq.(1) that

bq
cq—dp’

p=aq -+

and
bp

cp—dg’

q=ap+
Then

(8) cpq — dp* = acq® — adpq + by,
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and
(9) epq — dg* = acp® — adpq + bp.
Subtracting (9) from (8) gives

d(¢® = p*) = ac(¢* = p*) + bq - p).

Since p # q, it follows that

10 = .

(10) pta=——ro

Again, adding (8) and (9) yields

(11) 2epq — d(p® + ¢*) = ac(p® + ¢*) — 2adpq + b(p + q).

It follows by (10), (11) and the relation
P’ +q*=(p+q)?—2pg forall pgeR,
that

b2d
(d—ac)2(c+d)(a+1)

(12) pq =

Now it is clear from Eq.(10) and Eq.(12) that p and ¢ are the two positive distinct
roots of the quadratic equation
b2d

(13) (d—ac)t® — bt + d—a)crdarn

and so
9 4b%d

>
(c + d) (a+ 1)
Therefore inequality (7) holds.
Second suppose that inequality (7) is true. We will show that Eq.(1) has a

prime period two solution.
Assume that

_ bta
P= 2(d — ac)’
and
_ b-a
= 2(d —ac)’

4b%d
— 2%
where « \/b CcrdlatD)
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From inequality (7) it follows that « is a real positive numbers, therefore p and
q are distinct positive real numbers.
Set
r_1=p and xy =gq.

We show that x1y =x_1 =p and x5 =1x0=4q.
It follows from Eq.(1) that

bq acq® — adpq + bq
r1 = aq -+ =
cq —dp cq — dp

acbé_z@r‘”dhdm%gﬁdxa+n}+bbé_i@]

CL&:Z@]‘dbétZ@}

Multiplying the denominator and numerator by 4(d — ac)?

2 2 12
9h2d — 4ab“cd + 4dab*d _ 9bda
(c+d)(a+1)

2(d —ac){cb —bd — (c + d)a}

T =
Multiplying the denominator and numerator by {¢b — bd + (¢ + d)a} {(c + d)(a + 1)}
we get

[(4b3d3 + 4b3cd? — 4ab®cPd — 4ab3cd2) + (4b20d2 + 4% d® — 4ab*cAd — 4ab20d2) a]
2(d — ac) {4b%cd? + 4b%d3 — 4ab?c?d — 4ab3cd?} '

r1 =

Dividing the denominator and numerator by {4()20(12 + 4b%d3 — 4ab*cd — 4ab20d2} gives

S b+a
YT %d—ae) P

Similarly as before one can easily show that
To = q.
Then it follows by induction that
Top =¢q and X941 =p forall n>-1.
Thus Eq.(1) has the positive prime period two solution
s DS QD

where p and ¢ are the distinct roots of the quadratic equation (13) and the proof is
complete. O
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3. Local stability of the equilibrium point

In this section we study the local stability character of the solutions of Eq.(1).
The equilibrium points of Eq.(1) are given by the relation

b
T —dT’

T =ar +

If (¢ — d)(1 —a) > 0, then the only positive equilibrium point of Eq.(1) is given by

b
(c—d)(1—a)

T =

Let g:(0,00)2 — (0,00) be a function defined by

bu
14 = .
(14) o) = au+
Therefore
dg(u,v) . bdv
ou N (cu — dv)?’
dg(u,v) bdu
Ov  (cu—dv)?’
Then we see that
dg(z,7) d(l1—a)
ou T e—a) PO
9g(T, T) d(1 —a)
= ——==p.
Ov (c—d)

Then the linearized equation of Eq.(1) about T is

(15) Yn+1 — PoYn—1 — P1Yn = 0.

Theorem 2. Assume that
lac —d| +d|l —a| <|c—d|.

Then the equilibrium point of Eq.(1) is locally asymptotically stable.
Proof. Tt is follows by Theorem A that, Eq.(1) is asymptotically stable if

Ip1] + |po| < 1.

That is
d(l1—a)

(c—d)

a— <1,

‘d(l—a)
(c—d)
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then
la(c —d) —d(1 —a)| + |d(1 —a)| < |c—d].
Thus
lac —d| +d|l —a|] <|c—d].
The proof is complete. O

4. Global attractor of the equilibrium point of Eq.(1)

In this section we investigate the global attractivity character of solutions of
Eq.(1).
Theorem 3. The equilibrium point T of Eq.(1) is a global attractor if ac > d.

Proof. Let p, q are a real numbers and assume that g : [p, q]> — [p, q] be a function
defined by Eq.(14).Therefore

dg(u,v) . bdv
ou B (cu — dv)?’
dg(u,v) bdu
v  (cu—dv)?’
bdv . .
Case (1) If a — —————— > 0, then we can easily see that the function g(u,v)
(cu — dv)?

increasing in u, v.
Suppose that (m, M) is a solution of the system

m=g(m,m) and M = g(M,M).
Then from Eq.(1), we see that

bm bM
L WMt —an
then
(M—-m)=a(M—-m), a#l.

Thus
M =m.
It follows by the Theorem B that T is a global attractor of Eq.(1).
bd
Case (2) If a — Y 5 < 0, then we can easily see that the function g(u,v)

(cu — dv)

decreasing in v and increasing in v.
Suppose that (m, M) is a solution of the system

M =g(m,M) and m=g(M,m).
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Then from Eq.(1), we see that

bM bm
=aM + —— M = _
me=a +cM—dm7 aercm—dM’

cMm — acM? — dm? + adMm = bM, cMm — acm?® — dM? + adMm = bm,

then
(M? —m?)(d —ac) = b(M —m), ac > d.

Thus

M =m.
It follows by the Theorem C that T is a global attractor of Eq.(1) and then the
proof is complete. O

5. Special case of Eq.(1)

In this section we study the following special case of Eq.(1)

(16) Tpal = Tp + -’I;in’
Tnp — Tp—1

where the initial conditions x_1, xg are arbitrary real numbers with x_1, zg €
R/{0} and z_1 # xo.

5.1. The solution form of Eq.(16)

In this section we give a specific form of the solutions of Eq.(16).

Ttheorem 4. Let {x,}52 1 be the solution of Eq.(16) satisfying x—1 =k, x¢ =
h, with k # h, k,h € R/{0}. Then forn=0,1,...

h
Ton—1 = k+n(h—k+(n—l)+M),

Tan

h
h h—k — .
-l—n( +n+h—k)

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption
holds for n — 1. That is;

h

Tz = h+(n—1) <hk+(n1)+hfk>.

Now, it follows from Eq.(16) that

Ton—2 h
ne1 = Top— —_— = =h -1 (h—-k -1 —_—
fan-t Ton—2t Toan—2 — T2n—3 * (n ) ( * (n ) * h — k)



492 Elsayed Mohammed Elsayed

h+(n—1) (h k+(n—1)+hhk>

(h+(n—1)<h Ft (n— 1)—|—hhk>>—<k+(n—1)<h k- (n—2) hh»

h+(n—1)<h—k—|—(n—1)—|—hﬁk>
h—k+((n-1) '

_|_

:h+(n—1)(h—k+(n—1)+hﬁk>+

Multiplying the denominator and numerator by (h — k) we get

Ton—1 =k+(n—1) (h—k‘—i—(n—l)—i—hﬁk)+(h+(n(}:_l)k()h_k))+(h—k)
:k+(n—1)(h k—i—(n—l)—l—hhk)—&-(h—k)—l—(n—l)-&-(hhk),

then we have

h
x2n1:k+n(h k+(n—1)+M)

Also, we get from Eq.(16)

Top = Top—1 -+ T2l
Toan—1 — T2n—2
h
E+nh—k+(n—-1)+-—
h h—k
= k+n h—k+(n—1)+h_k + 5
-1

Multiplying the denominator and numerator by (h — k) we get

h
Top = k+n<h k+(n1)+hk>

N (k(h — k) +n(h —k)*) + (n(n — 1)(h — k) + nh)
(n—1(h—Fk)+h ’

or

h
$2n:k+n(h k+(n—1)+M)+(h—k+n)

Thus we obtain

h
xgn—thn(h k+n+hk)

Hence, the proof is completed. O

Remark 2. Tt is easy to see that every solution of Eq.(16) is unbounded.
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Numerical examples

Here we consider numerical examples which represent different types of solutions
to Eq. (1).

Example 1. Consider x_1 =29, xg =8 and a=b=c=d = 1. See Fig. 1.

plot of x(n+1)= ax(n)+(bx(n)/(cx(n)—-dx(n-1)))

1400 T T

1200

1000

800

600

x(n)

400

200

0 10 20 30 40 50 60 70 80 90 100

Fig. 1

Example 2. See Fig. 2, sincex_1 =9, rp=6and a=0.8, b=3, c=5, d=2.

plot of x(n+1)= ax(n)+(bx(n)/(cx(n)-dx(n-1)))

9 T T T T T T T T T

8.5k

7.5k

x(n)
~

6.5F

55f




494 Elsayed Mohammed Elsayed

Example 3. See Fig. 3, sincex_1 =7, zg=9anda=0.5, b=13, c=6, d = 3.

plot of x(n+1)= ax(n)+(bx(n)/(cx(n)-dx(n-1)))

8.8F
8.6

8.4F

7.8F
7.6
7.4F

7.2F

0 5 10 15 20 25 30
n

Fig. 3

b
Example 4. See Fig. 4, since z_; = 1.928 (=p= ot , o = 1.071
2(d — ac)

b—a
= = ———— :2 = :4 :1.
( q 2(d—ac)> and a , b=6, ¢ , d 0

plot of x(n+1)= ax(n)+(bx(n)/(cx(n)-dx(n-1)))

1.9
1.8 -
1.7 -
16} J

E 15} g
14} <
1.3
1.2
l.lD 2 4 6 8 10 1.2 14 16 18 20




Dynamics of Recursive Sequence of Order T'wo 495

References

[1]

2]

[11]
[12]

[13]

[14]
[15]
[16]

[17]

M. Aloqeili, Dynamics of a rational difference equation, Appl. Math. Comp.,
176(2)(2006), 768-774.
Tn—1

C. Cinar, On the positive solutions of the difference equation Tny+1 = [ maea—
TnTn—1

Applied Mathematics and Computation, 150(2004), 21-24.
ATn—-1

C. Cinar, On the positive solutions of the difference equation xpy1 = ————
1+ bxnxn_1

Applied Mathematics and Computation, 156(2004), 587-590.
Tn—1

—————— Applied Mathematics
-1 + TnTn—1

C. Cinar, On the difference equation Tp4+1 =
and Computation, 158(2004), 813-816.

E. M. Elabbasy, H. El-Metwally and E. M. Elsayed, Global attractivity and peri-
odic character of a fractional difference equation of order three, Yokohama Math. J.,
53(2007), 89-100.

E. M. Elabbasy, H. El-Metwally and E. M. Elsayed, On the difference equation xny1 =

AL —k
————— J. Conc. Appl. Math., 5(2)(2007), 101-113.
/6 + Y H?:O Tn—i
E. M. Elabbasy, H. El-Metwally and E. M. Elsayed, Qualitative behavior of higher
order difference equation, Soochow Journal of Mathematics, 33(4)(2007), 861-873.

E. M. Elabbasy, H. El-Metwally and E. M. Elsayed, On the difference equation xn+1 =

d0%n + 0 Tn 1 ¥ BTk 3 roihematica Bohemica, 133(2)(2008), 133-147.
boxn +b1xn-1+ ... + bpTn—k
E. M. Elabbasy and E. M. Elsayed, On the global attractivity of difference equation
of higher order, Carpathian Journal of Mathematics, 24(2)(2008), 45 - 53.

E. M. Elabbasy and E. M. Elsayed, On the solutions of a class of difference equations
of higher order, International Journal of Mathematics and Statistics, 6(A09)(2010),
57-68.

E. M. Elabbasy and E. M. Elsayed, Dynamics of a rational difference equation, Chi-
nese Annals of Mathematics, Series B, 30(2)(2009), 187-198.

H. El-Metwally, E. A. Grove, and G. Ladas, A global convergence result with applica-
tions to periodic solutions, J. Math. Anal. Appl., 245(2000), 161-170.

H. El-Metwally, E. A. Grove, G. Ladas and H. D. Voulov, On the global attractivity
and the periodic character of some difference equations, J. Differ. Equations Appl.,
7(2001), 1-14.

H. El-Metwally, Global behavior of an economic model, Chaos, Solitons and Fractals,
33(2007), 994-1005.

H. El-Metwally and M. M. El-Afifi, On the behavior of some extension forms of some
population models, Chaos, Solitons and Fractals, 36(2008), 104-114.

E. M. Elsayed, On the solution of recursive sequence of order two, Fasciculi Mathe-
matici, 40(2008), 5-13.

E. M. Elsayed, Dynamics of a recursive sequence of higher order, Communications
on Applied Nonlinear Analysis, 16(2)(2009), 37-50.



496

(18]

(34]

(35]

Elsayed Mohammed Elsayed

Tn—>5

E. M. Elsayed, On the Difference Equation T,4+1 = T —
- Tn—2Tn—-5
Journal of Contemporary Mathematical Sciences, 3(33)(2008), 1657-1664.

E. M. Elsayed, Qualitative behavior of difference equation of order three, Acta Scien-
tiarum Mathematicarum (Szeged), 75(1-2), 113-129.

E. M. Elsayed, Qualitative behavior of s rational recursive sequence, Indagationes
Mathematicae, New Series, 19(2)(2008), 189-201.

E. M. Elsayed, On the Global attractivity and the solution of recursive sequence, Studia
Scientiarum Mathematicarum Hungarica, 47(3)(2010), 401-418.

E. M. Elsayed, Qualitative properties for a fourth order rational difference equation,
Acta Applicandae Mathematicae, 110(2)(2010), 589-604.

E. M. Elsayed, Qualitative behavior of difference equation of order two, Mathematical
and Computer Modelling, 50(2009), 1130-1141.

E. A. Grove and G. Ladas, Periodicities in Nonlinear Difference Equations, Chapman
& Hall / CRC Press, 2005.

A. E. Hamza, S. G. Barbary, Attractivity of the recursive sequence Tp+1 = (a —

Bxn)F(zn-1,...,Tn—k), Mathematical and Computer Modelling, 48(11-12)(2008),

1744-1749.

T. F. Ibrahim, On the third order rational difference equation xp+1 =
Tndn—2 , Int. J. Contemp. Math. Sciences, 4(27)(2009), 1321-1334.

, International

mn—l(a + b-’rnirn—Q)
V. L. Kocic and G. Ladas, Global Behavior of Nonlinear Difference Equations of
Higher Order with Applications, Kluwer Academic Publishers, Dordrecht, 1993.

M. R. S. Kulenovic and G. Ladas, Dynamics of Second Order Rational Difference
Equations with Open Problems and Conjectures, Chapman & Hall / CRC Press,
2001.

A. Rafiq, Convergence of an iterative scheme due to Agarwal et al., Rostock. Math.
Kolloq., 61(2006), 95-105.

M. Saleh and S. Abu-Baha, Dynamics of a higher order rational difference equation,
Appl. Math. Comp., 181(2006), 84-102.

Tn

M. Saleh and M. Alogeili, On the difference equation xny1 = A+ - , Appl. Math.
n—k
Comp., 171(2005), 862-869.
D. Simsek, C. Cinar and I. Yalcinkaya, On the recursive sequence Tp41 = l—T—nT_S’
n—1

Int. J. Contemp. Math. Sci., 1(10)(2006), 475-480.

C. Wang, S. Wang and X. Yan, Global asymptotic stability of 3-species mutualism
models with diffusion and delay effects, Discrete Dynamics in Natural and Science,
Volume 2009, Article ID 317298, 20 pages.

C. Wang, F. Gong, S. Wang, L. LI and Q. Shi, Asymptotic behavior of equilibrium
point for a class of nonlinear difference equation, Advances in Difference Equations,
Volume 2009, Article ID 214309, 8 pages.

I. Yalginkaya, C. Cinar and M. Atalay, On the solutions of systems of difference
equations, Advances in Difference Equations, Vol. 2008, Article ID 143943, 9 pages,
doi: 10.1155/2008/ 143943.



[36]

[37]

[38]

[39]

[40]

[41]

Dynamics of Recursive Sequence of Order T'wo 497

I. Yalginkaya, On the global asymptotic stability of a second-order system of difference
equations, Discrete Dynamics in Nature and Society, Vol. 2008, Article ID 860152, 12
pages, doi: 10.1155/2008/ 860152.

I. Yalginkaya, C. Cinar and M. Atalay, On the solutions of systems of difference
equations, Advances in Difference Equations, Vol. 2008, Article ID 143943, 9 pages,
doi: 10.1155/2008/ 143943.

I. Yalcinkaya, On the global asymptotic stability of a second-order system of difference
equations, Discrete Dynamics in Nature and Society, Vol. 2008, Article ID 860152, 12
pages, doi: 10.1155/2008/ 860152.

ZTn—m

L. Yalginkaya, On the difference equation xn41 = a + —g™, Discrete Dynamics in
Nature and Society, Vol. 2008, Article ID 805460, 8 pages, doi: 10.1155/2008/ 805460.

E. M. E. Zayed and M. A. El-Moneam, On the rational recursive sequence Tn+1 =
a+ By +yTn—1
A+ Bz, +Cxp_q
15-28.

E. M. E. Zayed and M. A. El-Moneam, On the rational recursive sequence Tn+1 =
atn Py 1 tyon_2+ 5””"*33, Comm. Appl. Nonlinear Analysis, 12(2005), 15-28.

, Communications on Applied Nonlinear Analysis, 12(4)(2005),

Azn+Bzy 1+Cxp_o2+Dxy



