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�$A�\��a��G8���uU'�'��qR!dÆJ�0�G#~GuU'0^�0RROv.���y�n�tRR!dG8Dk(#�$A}L-wxy5;thtRRv8�G#*sq��q��R�y��nRREAy�XDk	
§1.1 ÆH)V
_:��℄�

§1.1.1 ��[��UZ�MJB�R"`�!"`�yOb�.1R�q�YqÆyj�5GyRG.S(&.	7&��asqRG8��S(i�
∇ · u = 0 (1.1)

(
∂

∂t
+ u·

)
u = −∇

(
P

ρ
+ gz

)
+ ν∇2u (1.2)�� (1.1) � (1.2) &OM���asqR8
$ �q
$ 	�;� ρ ��aRGy�

P (x, t) �	�� u(x, t) = (u, v, w) �Ay�
� ν ��aRsq�v6/� x = (x, y, z) �rK�
� z H�#Zj	℄9#
Ro1
Ω = ∇× u (1.3)

1



2 s�� �2� 1.1: {�;��RRvq +zH7 gqD� /y5^}R S	Jv 10−2 − 10−5 M ��a℄::R MJÆ� < 0.1 M+q�Dq B� 1-25 M`�*R B� 10 & -2 ^� Y��5R�JaR B��Gy&k 2 & -10 ^� Gy;GRk+/| B��`1aW 1-10 ^� ��O?�|R B��`1aW 12-24 ^�toR B��`1aW o(100) d  X��k��� (1.2) <�y (∇×), =F�� (1.1), $API
(
∂

∂t
+ u·

)
Ω = Ω · ∇u + ν∇2Ω (1.4)�X��:Q�l;�IYD�XRÆ�℄A�XR�B��$x��l2}. 5Rsq�v6/ ν �^ (∼= 10−6m2/s), 7&���y#
^y�5R��C�ka�#
�� (1.4);R�vkaWS(&.�$AO

(
∂

∂t
+ u·

)
Ω = Ω · ∇u (1.5)�U'��q� Ω ≡ 0. F Ω dJ�� (1.5), ku eΩ � Ω R<��
�$API

(
∂

∂t
+ u·

)
Ω2

2
= Ω2[eΩ(·∇u)]V�Ay^y�ON,��$AS(ku [eΩ(·∇u)] = M/2. S(J��_Fsq�aR

Ω2(x, t) R5^X>{� Ω2(x, 0)eMt. 7&��U'��q�V����W'����qEk�'�R	���Ay u S(F��/ Φ M��
u = ∇Φ (1.6)K8
$ P��Ay� Φ ?{7h Laplace ��
∇2Φ = 0 (1.7)M)I�
R V�

u · ∇u = ∇u2

2
− u × u



§1.1 \%�a-fn�V}b 3yq
$ ��;9W�^yo1RAy (1.7), =F'�'�ko�$API
∇
[
∂Φ

∂t
+

1

2
|∇Φ|2

]
= −∇

(
P

ρ
+ gz

)J&P
−P
ρ

= −gz +

[
∂Φ

∂t
+

1

2
|∇Φ|2

]
+ C(t) (1.8)�;J&w/��q t R�/	NS()�yAy�;�7�$AS(o1 Φ′ �P

∂Φ′

∂t
=
∂Φ

∂t
+ C(t), ∇Φ′ = ∇Φ��;R gz ��a*		

§1.1.2 sXs$bI8�9`-ysoRsaC�j��ZAy?{℄��
∂Φ

∂n
= 0, y B j (1.9)�; n� BR<��Z�
��Z/Z�a	u�^� z = −h(x, y),��^bMdm(x0 , y0, z0)�R(�JS(b�

(
∂h

∂x

)

m

(x− x0) +

(
∂h

∂y

)

m

(y − y0) + (z − z0) = 07&��^�ZR<��
?G�
n =

(
∂h

∂x
,
∂h

∂y
, 1

)
/
√

1 + (∂h/∂x)2 + (∂h/∂y)2L(�y�^�Ay�R�Z^y��.�\
∂Φ

∂n
= n · ∇Φ =

∂Φ

∂z
+
∂Φ

∂x

∂h

∂x
+
∂Φ

∂y

∂h

∂y
= 0, y�^ (1.10)yaKMJj�$AkuaKMJS(L-� F (x, t) = z − ζ(x, y, t) ≡ 0, M)I� FR�Æ&�

dF =

(
∂F

∂t
+ u · ∇F

)
dt ≡ 0 (1.11)9W F Ro1��M)I ∇F = (−ζx,−ζy, 1), $AOaKMJjRsq�C�fz

∂ζ

∂t
+ Φxζx + Φyζy − Φz = 0 (1.12)Hy�$AM)ZpF�OuRq��fz	V�&.MJÆ�`=��S(R��hpFMJ�5R	�VU5�	� Pa. y5Rq��;�!"`�$A< Pa = 0. 7&�℄9�� (1.8), $APIaKMJjRq��C�fz

−gζ +

[
∂Φ

∂t
+

1

2
|∇Φ|2

]
= −Pa

ρ
(1.13)



4 s�� �2FG�N�#OvR	5R"`/��z�mi_�L�
7yUaKJjC�fz�#OvR	B�JjR5�sqpFX
&.��5�sqZ5R(qR)Qx��3Co�$AX
��Do5�	�	"z5�Z5RR)QpF�+~MJRRuy�>��V�[0R4℄H\2rSI�k+/q~R5R�)KU5�RGyk^U5RGy���$A3S(&.5�RpF	 |[
(1.1) +�G��h���&F�~%�b�

(
∂

∂t
+ u · ∇

)
Pa
ρ

+

[
∂2Φ

∂t2
+ g

∂Φ

∂z
+
∂(u)2

∂t
+

1

2
u · ∇(u)2

]
= 0, ; z = ζ; Pa =!2", 9?

∂2Φ

∂t2
+ g

∂Φ

∂z
+
∂(u)2

∂t
+

1

2
u · ∇(u)2 = 0, ; z = ζ

§1.2 �
l�:
#�<RyMJRR�0�^R.f>�MJR"`R\7���k�&/S(PIt.	$A�J!>"`OuRÆy�Q=RxyÆy�R0 A, Rx λ, ��^�Exy h0; �qÆy� ω−1. $AF 


λ/2π

ω−1

A

Aωλ/2π


 M� 



x, y, z, h

t

ζ

Φ


 (1.14)S(J�YqrKRÆy� λ/2π, Ay� Φ RÆy� Aωλ/2π, 7&�AyRÆy� Aω. V�'
K
F��M��O




Φ

x, y, z, h

t

ζ


 M� 



(Aωλ/2π)Φ′

(λ/2π)(x′, y′, z′, h′)

(ω−1)t′

(A)ζ′


 (1.15)��Xu69W Laplace �� (1.7), $API

∇′Φ′ =

(
∂2

∂x′2
+

∂2

∂y′2
+

∂2

∂z′2

)
Φ′ = 0, −h′ < z′ < εζ′ (1.16)v=`�=F�� (1.9)(1.12)(1.13), $AO

∂Φ′

∂n′ = 0, z′ = −h′ (1.17)
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∂ζ′

∂t′
+ ε

(
∂Φ′

∂x′
∂ζ′

∂x′
+
∂Φ′

∂y′
∂ζ′

∂y′

)
− ∂Φ′

∂z′
= 0, z′ = εζ′ (1.18)

∂Φ′

∂t′
+

(
2πg

ω2λ

)
ζ′ +

ε

2
(∇′Φ′)2 = −P ′

a = − 2πPa
ρAω2λ

, z′ = εζ′ (1.19)�;� ε = 2πA/λ =RRfy. FG�y'
K��;�ZW�CR6/Do�BWy��;RQ�B�v	Hy�$AS(M)RRfy#w^R.f	�U^�0R� ε ≪ 1. M)I�&RaKJZ5�J z′ = 0 RpO� O(ε), �|�$A[0�aKJC�fzRt.	� Φ′ y5�Jjp Taylor 	F�P
Φ′(x′, y′, εζ′, t′) = Φ′

∣∣∣∣
0

+ εζ′
Φ′

∂z

∣∣∣∣
0

+
(εζ′)2

2!

∂2Φ′

∂z′2

∣∣∣∣
0

+O(ε2)�; Φ′
∣∣∣∣
0

= Φ′(x′, y′, 0, t′). Hy�$A< O(1) 
�=�aKJC�fzG��B z′ = 0 ��




∂ζ′

∂t′
=
∂Φ′

∂z′

∂Φ′

∂t′
+

(
2πg

ω2λ

)
ζ′ = −P ′

a�;�2OmB�ROvWPI,�	=I
mR+z
�$APIOv.R^�0RR��V>
∇2Φ = 0, −h < z < 0 (1.20)

∂Φ

∂z
= 0, z = −h (1.21)

∂ζ

∂t
=
∂Φ

∂z
, z = 0 (1.22)

∂Φ

∂t
+ gζ = −Pa

ρ
, z = 0 (1.23)��� (1.8) Ov.�S(PI�aRd	��

P = −ρgz + p (1.24)�; p = −ρ∂Φ
∂t ��aRq		��2��d"`�4x�W���fz�+Jfz�'0k�RC�fz	ys�?����z0r|�asq/yONR(ZAy�>��ys�MJjBAy=B℄�	�:Qs�?�!o/yC�k��Ayy�X+kaKON,�I�	Hy�$Am55mC!>C�kR!y δ. �&�$Ay+Jj<4℄rK6

(xn, xτ1, xτ2), xn ��JR�ZrK�	 xτ1, xτ2 ��JR�X(ZrK	FG�
∂

∂xn
≫ ∂

∂xτk
, k = 1, 27&�℄9Ov.Rq
���yC�ka�(ZAy uτ �=7hu6

∂uτ
∂t

≃ ν
∂2uτ
∂x2

n

− 1

ρ
∇τP
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δ ∼

√
2πν

ω7&�B ν ≃ 0.01cm2/s, 2π/ω ≃ 1s��δ ≃ 0.1cm. �X!yZwxRRRx (λ ∼ 10−200m)Q:���^R	>��V��}�C�k�}��v5m� 100ν, BD�� 10s ��a`}�C�kR!y� O(10)cm (a�Sx�C�kyZZÆyZRxQBR�a5^;L�:��^�yXXRx=x�XXD�R�qa��Rq�4R�VzÆ	>���Ukk5URxRx=x��qÆyk5UD�Rx�q"`�3x�M)�vRuJ`=	
§1.3  �Tn:��u|$A}�nuUtRL-R!dG8Dk�NA)jD���0�R/�Q�/��QAy	tR�MJRR!�r��kwM2�

ζ(x, y, t) = Re[Aei(k·x−ωt)] = a cos(k · x − ωt+ δ) (1.25)�;
k = (kx, ky), x = (x, y)

a, δ ��/� A �:w/	O���t��S(��℄2� Re >j�F:/r�
ζ(x, y, t) = Aei(k·x−ωt) (1.26)�U�6y x Rxi�� ζ �D�� 2π/ω �0� a R�GR		�UsoR�W t, � ζ�F x, y G.RRq�y y QVR�Jj�RqD�� 2π/kx, y x QVR�Jj�RqD�� 2π/ky. y x �Z�?<�xyRR) (CRp) R/[� kx/2π, v=`�y y �Z�?<�xyRR) (CRp) R/[� ky/2π. 7&� k ��R/�
	RRQ�/o1�
S(x, y, t) = k · x − ωt (1.27)y!XsoR�W t, �U S =w/ R*O���Z<��
�

ek = (kx, ky)/k, k =
√
k2
x + k2

y (1.28)�\�!Q�/�w/R*O�5JQy��QV	BR0��/��R)�=U S = 2nπ,	Rp��=U (2n+ 1)π. S RV,O<&�t��(�QO	Z5�J z = 0 Rm5~x
A ���0	� S R�Æ&

dS = ∇S · dx +
∂S

∂t
dtZQ�/Ro1� (1.23) �t�:�S(�H��U/,QVRQO�KU

k = ∇S = ek|∇S|, −ω =
∂S

∂tQO�\��O�Z%qRAy�
ek ·

dx

dt
=

−∂S/∂t
|∇S| =

ω

k
= C (1.29)



§1.4 `PwB'tn�[ 7N��QAy	QAyRo1:Q�RRf�+�Q�R�qG.+�R/�Q�RYqG.+	
§1.4 �3O�M�: �Hy�$A�Ov.R5R��=FUwxy.f�[0tRR\�	�xy h =w/,tRRf�+� ω, Q=`�O





ζ(x, y, t) = η(x, y)e−iωt

Φ(x, y, z, t) = φ(x, y, z)e−iωt

u(x, y, z, t) = v(x, y, z)e−iωt

P (x, y, z, t) + ρgz = p(x, y, z)e−iωt

(1.30)��du69WOv.�� (1.20)-(1.23), $API
∇2φ = 0, −h < z < 0 (1.31)

∂φ

∂z
= 0, z = −h (1.32)

iωη +
∂φ

∂z
= 0, z = 0 (1.33)

−iωφ+ gη = −pa
ρ
, z = 0 (1.34)���� (1.33) � (1.34), O

−ω2φ+ g
∂φ

∂z
=
iω

ρ
pa, z = 0 (1.35)�;�S(ku pa = 0. ��2PAy� φ, � η �

η = Aeikx (1.36)F&xG
��T+�H��� (1.31)-(1.32) R�7hr�
φ = B cosh k(z + h)eikx=FaKMJC�fz (1.35) �ku pa = 0, P
B = −−igA

ω

1

cosh khx℄9C�fz (1.33), �H�+�R/(qRQ)#nu6
ω2 = gk tanh kh (1.37)N��
au6	7&�OAy�RM2��

φ = −−gA
ω

cosh k(z + h)

cosh kh
eikx (1.38)
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kh

[(
k
h

)t
a

n
h

(k
h

)]
0

.5

0 1 2 3 4 5 6
0

0.5

1

1.5

2

2.5

(a) kh

[t
a

n
h

(k
h

)/
(k

h
)]

0
.5

0 1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

1.2

(b)z 1.1: (a) (ÆL�,[(ÆLS0Sv7� (b) (ÆLRBz[(ÆLS0Sv7
au6 (1.37) �S(�Ni�V>R'
Kr�
ω(h/g)1/2 = (kh tanhkh)1/2'
K�+�'
KR/(qR��
au6�Vy 1.1(a) L�	yN|.f>�$API{��=
{
ω ≃

√
ghk, k ≪ 1

ω ≃
√
gk, kh≫ 1

(1.39)S.IR/u6 kλ = 2π, �H'
KR/�dj�xyZRxR:	7&� kh≪ 1 9MR�xRC"5R.f�	 kh≪ 1 �9M}R�x5R.f	B h so��}R�+�Q	B�+so��xy^�R/�5�Rx�}	�Uwxy.f�5RRQAy�
C =

ω

k
=
(g
k

tanh kh
)1/2

(1.40)�=R'
Kr��
C√
gh

=

(
tanh kh

kh

)1/2

(1.41)N�'
KR/R#nu6Vy 1.1(b) L�	v=`�yN|.f>�$API
{
C =

√
gh, kh≪ 1 (xR�"5R)

C =
√
g/k, kh≫ 1 (}R�x5R)

(1.42)!"`�ywxy.f>�Rx�xRRQAy:�5	7&�V����KqJ�Rx��RRRlj��S(a`�F\�qR�j��xRRwwyy�}RRR�C�BKqZ��Q��xR�}R&FPn5�	;VRxRRy��(qt�	 ���Hu℄��w'9K����� -�z&;�\��fn�$Q��	*�� (1.42) S(J��ywxy.f>�V� kh≪ 1 ���Q=RxR�"5RRQAy3�soXGR�NAy�Q��;X>�~&a�r��#
aR	!".f>�5R�
aR	
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§1.5 �SO$A}JI�RREAyS(o1��+�R/RG/�9MRq

R�QAy	Hy�$A&O*RRsq��q���X�Jm[0�(jx�Rqz0;EAyRz�	
§1.5.1 TI%�C#��$AkuyR/<��� (k0 − ∆k, k0 + ∆k) a�/y!E!DR	���aKJR�%G�

ζ =

∫ k0−∆k

k0−∆k

A(k)ei[kx−ω(k)t]dk, ∆k/k0 ≪ 1 (1.43)�; A(k) �R/�	��+JpR/R�/�y k0 d	F�$API
ω = ω(k0) + (k − k0)

(
dω

dk

)

k0

+O[(k − k0)
2] (1.44)x� ω0 = ω(k0), Cg =

(
dω
dk

)
0

=
(
dω
dk

)
k0

, � ξ = (k − k0)/k0, kuR/� A(k) hl~+�<:�,dR�=�O




ζ ≃ A(k0)e
i(k0x−ω0t)

∫ ∆k/k0

−∆k/k0

{eik0ξ[x−Cgt]}k0dξ

= 2A(k0)e
i(k0x−ω0t)

sin ∆k(x− Cgt)

(x− Cgt)

= Age
i(k0x−ω0t)

(1.45)�;
Ag = 2A(k0)

sin ∆k(x − Cgt)

(x− Cgt)
(1.46)M)I�� (1.45) O//7_ ei(k0x−ω0t), $AS(� ζ J��O58k7�0 Ag R!DR�	��!m�Ag DoRR)4�Vy 1.2 L���(Ay Cg t�R��XAy��EAy	R)4Q��R�(qR=x��0Rk7xyÆy�5mVU π/∆k, :vRRRx 2π/k0 5P�	ywxy.f>�=F
au6 (1.37), O





Cg =
dω

dk
=

1

2

ω

k

(
1 +

2kh

sinh 2kh

)

=
C

2

(
1 +

2kh

sinh 2kh

) (1.47)7&�yN|.f>�R
Cg ≃

{
C =

√
gh, kh≪ 1, (xR�"5R)

1

2
C =

1

2

√
g/k, kh≫ 1, (}R�x5R)

(1.48)y;V5xR.f>�aGOXV�
1

2
< Cg/C < 1 (1.49)MQQAy5UEAy�ZXR)}*RER�℄Z��t�	
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x­C
g

t

π/∆k

A
g

z 1.2: ��8FSS�/z
§1.5.2 IX%�C��:QEAyZ

�Q(qRu6�Hy�$A`C!>�ywxyRtRR�a�<�!�rRaKJ>5NR�E

�\Fj℄�P9M!XD�jR�E,�� X�aNaRq
�





Ek =
1

2
ρ

∫ ζ

−h
[u(x, t)]2dz

≃ 1

2
ρ

∫ ζ

−h
[Reu(x, t)]2 + [Rew(x, t)]2dz

(1.50)�;�&DI O(kA)2 
�J&jNG�� z = 0, F u = ∇Φ S(2�Ayt	!"`�\
a = ReAe−iωt, b = ReBe−iωt��J ab R�E,

ab =
1

T

∫ T

0

abdt =
1

2
Re(AB∗) =

1

2
Re(A∗B) (1.51)℄9Ay�RM2� (1.38), T+G�Ayt





u =
gkA

ω

cosh k(z + h)

cosh kh
ei(kx−ωt)

v = 0

w = − igkA
ω

cosh k(z + h)

cosh kh
ei(kx−ωt)9W�� (1.50), =FJ&f�

∫ kh

0

cosh2 ξdξ =
1

4
(sinh 2kh+ 2kh)�
au6 (1.37), $AO





Ek =
ρ

4

(
gkA

ω

)2
1

cosh2 kh

∫ 0

−h
[cosh2 k(z + h) + sinh2 k(z + h)]dz

=
ρ

4

(
gkA

ω

)2
1

cosh2 kh

sinh 2kh

2k
=

1

4
ρgA2

(1.52)
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x­Cg t

|A
g
|

C
g

t∆

z 1.3: "ESS*5S �S�/z���<�JJ>�aNaR�
�
Ep =

∫ ζ

0

ρgzdz =
1

2
ρgζ2 =

1

4
ρgA2 (1.53)S(J��q
��
�QVR���H\��R

RE&	�aNaRd

�

E = Ek + Ep =
1

2
ρgA2 (1.54)Hy�$AM)k��\R)R<�
yR�#�JR
�A+	NVU	�pdR�EA+	7&






�A+ =	�pd+ =

∫ ζ

−h
p(x, t)u(x, t)dz

≃ −ρ
∫ 0

−h
ΦtΦxdz

=
1

2
ρg

[
1

2

ω

k

(
1 +

2kh

sinh 2kh

)]
= ECg

(1.55)

S(J��*q��R.1j:�EAy�

�QRAy	$AMo<�
yRxRRe;q~MJRR.f	}RH�q#�'�!~x�q#�)4S
���EqR�XmR�RR��?��RRrYS
Vy 1.5.2F�R℄�	7�}RH(WR

A+� ECg,7&�R5R�vA+!o� Cg, R��?G(EAy�Q	
|[
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(1.2) �jQ�YD_I�C�*3v����YD�gK* ρ, b� >�YDgK*

ρ′; ��G��h z = 0, &h z = −h, Ch z = −h′. +0j/dw����t_*
(
ω2

gk

)2

{ρ′cothkhcothk(h′ − h) + ρ} − ω2

gk
ρ′ρ′{cothkh+ cothk(h′ − h)} + ρ′ − ρ = 0P�H��2 k,�-u℄\�Q ω1} ω2�Q=9o�%k&	A�*�; h′ → ∞"� ω2

1 = gk,

ω2
2 = gk

ρ′ − ρ

ρ′cothkh+ ρ
< ω2

1 ,�0j&h�G��h�+`
*
e−kh(E�=k&), − ρ′

ρ′ − ρ
ekh(ES=k&)PQ=k&\��+
9K��2 k �t_L	

(1.3) 	1G�h���h'O�3h��5|�O Pa }3h2b�3� P 2��bI
Laplace t_�

P − Pa ∼= −T (ζxx + ζyy), z ≃ 0y; T *�h'O_2	;UKQ 20oC "�:| - 3&h��h'O_2 T =

74 × 10−3N/m. +t+G�h�&F����-�3�>��hvw�� Φ ∝
ekxei(kx−ωt), 0j��t_*

ω2 = gk + Tk3/ρ�0jj9K2�Lo4 Cm, �bI
C2

C2
m

=
1

2

(
λ

λm
+
λm
λ

)
=

1

2

(
km
k

+
k

km

)y;� λm = 2π
km

= 2π
√

T
gρ , C2

m = 2
√

Tg
ρ P3}:|C6� λm } Cm *Q5�+�` ω, C ; k �Æ�	



BT\ �2NDOHFr9L�
7GRq~U���qONRM�:�RKq�NR�Q�wxR+zH\	�dM�S
ha�^`���^+�C0��Q=R7GR���|QOFM�V	Æ07GRR�QO�d.1��`�*RR�Q&/�S(�Æ0�^`�_e℄��h��r�Rh�R��>N|Q+>q~�5	�	7G5RR�Q&/:�:u	8
}\�KqhHz�t<R�^Tq	��io#Ov&/RG��8
}�n�BÆy	F�	
§2.1 UjM��ku���wxyR�)=OORsaC�R�V	m��ku�aKJ��^RKqZrK y 'u�7&�$APIt.� x, z �JaRÆ�"`�Q=R5RsqRAy�7h
∇2Φ =

∂2Φ

∂x2
+
∂2Φ

∂z2
= 0 (2.1)V�5RROv.ku���)5�	� Pa(x, t) �'&R��aKMJjRC�fz�

∂ζ

∂t
=
∂Φ

∂z
(2.2)

∂Φ

∂t
+ gζ = −Pa

ρ
(2.3)ku�^��� z = −h+H(x, t), �^MJR���� F (x, t) = H(x, t)− h− z = 0 7&�K�^MJ�/RÆ&℄�

dF =

[
∂F

∂t
+ (u · ∇)F

]
dt = 0SAyRo1� (1.6), $AO�^C�fz

∂H

∂t
+
∂Φ

∂x

∂H

∂x
− ∂Φ

∂z
= 0, B z = −h+H(x, t) (2.4)u�^�3�^�QBUku��^C�x`�;m�k��� H , ∂H∂t � ∂H

∂x R�0�^�:Q�^C�fz (2.4) ;RÆ(WS(&.�Ov.�=�F�U
∂Φ

∂z
=
∂H

∂t
≡W (x, t), B z ≃ −h (2.5)�|�W (x, t) �'&R�/	�>mR"`�V�\���fz��y X5^4�y℄&5^\�"`R��fz���o-�d"`�$A:W Laplce G7�NRhG7�

f(s) =

∫ ∞

0

e−stf(t)dt (2.6)

f(t) =
1

2πi

∫

Γ

estf(s)ds (2.7)�; Γ �:�J s ;yH� f(s) RLO�dRRfR�#O	�7GRRG8���t
Laplace G7�SP

∂2Φ

∂x2
+
∂2Φ

∂z2
= 0 (2.8)

13
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∂Φ

∂z
= W (x, s), z = −h (2.9)

−ζ(x, 0) + sζ =
∂Φ

∂z
, z=0 (2.10)

−Φ(x, 0, 0) + sΦ + gζ = −Pa
ρ
, z=0 (2.11)*�� (2.10) � (2.11) ;℄> ζ, P

∂Φ

∂z
+
s2

g
Φ = −ζ(x, 0) +

s

g
Φ(x, 0, 0) − sPa

ρg
= G(x, s), (z=0) (2.12)7&�V�\o�5JjR��fz�U\�aKJR���#�% ζ(x, 0)� ΦR��,�

G(x, s) 3��Do�	��R"`�� Cauchy-Poisson"`	��z� Φ(x, 0, 0) R+z.1�$AM)\&R5�	� Pa(x, t) = Iδ(t)(�|� δ(t)� Dirac δ �/), U t = 0 �#5J��*R� t = 0 �W5J%I!�F	�	�aKJfz�� (2.3) y�q t R (0−, 0+) ��aR�tJ&�P
Φ(x, 0, 0+) − Φ(x, 0, 0−) +

∫ 0+

0−

gζdt = −I
ρ

∫ 0+

0−

δ(t)dt = −I
ρFG� Φ(x, 0, 0−) = 0, 	 ζ ?o�ONR�L(�$API Φ(x, 0, 0+) = −I/ρ. �:Q� ΦR��,�9M�|U t = 0+ �WpFUaKJR�F	�	�UON�q t, S(����aykx��KqR`�=Osq�U

Φ(x, t) → 0, B |x| → ∞℄95^a=OORsaKqRku��� (2.8)-(2.12)L-R"`�T+F FourierG7R��2�	 Fourier G7Ro1�




f̃(k) =

∫ ∞

−∞
e−ikxf(x)dx

f(x) =
1

2π

∫ ∞

−∞
eikxf̃(k)dk

(2.13)9W7GR"`R���S(�H�Ay�R Fourier-Laplace G7RY Φ̃(k, z, s) 7h
d2Φ̃

dz2
− k2Φ̃ = 0, −h < z < 0 (2.14)

dΦ̃

∂z
+
s2

g
Φ̃ = G̃(k, s), z = 0 (2.15)

dΦ̃

dz
= W̃ (k, s), z = −h (2.16)�;�

G̃(k, s) = −sP̃a(k, s)
ρg

− ζ̃(k, 0) +
s

g
Φ̃(k, 0, 0) (2.17)



§2.1 zj\Y[ 15T+�H��U�� (2.14)-(2.16) L-R"`�NR��
Φ̃ =

sechkh

s2 + gk tanh kh

[
gG̃ cosh k(z + h) +

W̃

k
(s2 sinh kz − gk cosh kz)

]
(2.18)�;��j�;Rb!W9M�aKJKqR�V�bÆW9M�^℄KqR�V	<h

Fourier-Laplace G7�$APIAy�Rr�
Φ =

1

2π

∫ ∞

−∞
dkeikx

1

2πi

∫

Γ

dsestΦ̃(k, z, s) (2.19)=F�� (2.3), aKJQyRr��




ζ = −Pa
ρg

− 1

g

∂Φ

∂t
(x, 0, t)

= −Pa
ρg

− 1

2π

∫ ∞

−∞
dkeikx

1

2πi

∫

Γ

dsest
s

g
Φ̃(k, z, s)

(2.20)y(>�^�;�$Ak��X\��mMoy<aKq.f>�V�F�� (2.19)� (a-74)�"`�t&/	
§2.1.1 {=r+':k3�48K�	Hy�M)R.f�

Pa(x, t) = W (x, t) = Φ(x, 0, 0) = 0; ζ(x, 0) ≡= ζ0(x) 6= 0UaKJj'	��F�5�	�����^'Kq�2OaKJjR���%	7&�$AO
W̃ = 0, G̃ = −ζ̃0(k) (2.21)9W�� (2.20), PaKJQy

ζ = − 1

4π2i

∫ ∞

−∞
dkeikxζ̃0(k)

∫

Γ

ds
sest

s2 + gk tanh kh
(2.22)T+2PuU s RJ&�M)I7J�/y

s = ±iω, (ω =
√
gk tanh kh) (2.23)�O�XNd	�U t < 0 R.f�yR'X s �Jj<(>R'DO�Vy 2.1 L��7�7J�/R7_ est y s→ ∞ ��!5`4U�	℄9 Jordan :z�y5R'f'jROJ&��	℄9 Cauchy �/oz�7��X'fa'�d�L(
mRuU s RJ&��	U

ζ = 0, (t < 0) (2.24)�U t > 0 R.f�?{��n' s �JjR'f (xy 2.1). ℄9 Jordan :z��\�X5R'f'ROJ&��	2Oy ±iω �XNd�R�/
1

2πi

∫

Γ

sest

s2 + ω2
=

1

2πi

∫

Γ

sest

(s+ iω)(s− iω)
= cosωt, (t > 0) (2.25)
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t>0 t<0

x

x

O

ω

ω

­i

i

Re s

Im s

z 2.1: ;0�KkGV3i Laplace H8SEP9W�� (2.22), $AO
ζ =

1

2π

∫ ∞

−∞
dkeikx cosωtζ̃0k (2.26)� ζ0(x) J��r�℄&Rlj�

ζ0(x) = ζe0(x) + ζo0 (x)�Q=R Fourier G7��



ζ̃(k) = 2

∫ ∞

0

dx cos kxζe0 − 2i

∫ ∞

0

dx sin kxζo0 (x)

≡ ζ̃e0(k) + ζ̃o0 (k)

(2.27)�;� ζ̃e0 � k R�Rr�/� ζ̃o0 � k RyR��/	�t<�x�ku ζ0 � x R��/�7& ζ0 = ζe0 , �� (2.26) G�




ζ(x, t) =
1

π

∫ ∞

0

dkζ̃e0 cos kx cosωt

=
1

2π
Re

∫ ∞

0

dkζ̃e0 [ei(kx−ωt) + ei(kx+ωt)]

(2.28)�;�j�;Rb!W9MRtR�bÆW9MntR		)�$AJ����Kq&a�Rx*�I'05RZ�R���KRR
aCoR	K�� (2.28) ���`CMJ���%��RRRF���!"_y�5	>��kwOAumR� t �5�Rq�R{�v8	��J��d{�v8�&/�x�FR����y5RÆ0;K Kelvin _�RUQ� (soQ��). �����nV>��� f } g * k �w�|2�YfC8��\
I(t) =

∫ b

a

dkf(k)eitg(k) (2.29) t �5�>b��(v>	eÆ� eitg  t �5"* k �<9*<|2��L 2.2 <'	��D��ib�,h��o���W	:*CF k0 d(z�>F8\	 CF k0, Yf�
g′(k) = 0, ; k = k0 (2.30)
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­1

0

1

a bk
0

g(k)­g(k
0
)

Re exp{it[g(k)­g(k
0
)]}

k

z 2.2: Ve k0 � S
0 g(k) H//g2L 2.2 9
7+� k0 d(� exp{it[g(k)− g(k0)]} +f	
Æ��P�\�A�og	
0�Yf���|2t%
exp[itg(k0)] exp{it[g(k)− g(k0)]}P g(k), �� k0 d(� Taylor %6��	}Ql�Yf?>
g(k) ≃ g(k0) +

1

2
(k − k0)

2g′′(k0)�=8��\&�?
I ≃ eitg(k0)f(k0)

∫ ∞

−∞
dk exp[i(k − k0)

2tg′′(k0)/2])J�\h	*� ±∞ E8S	��	1�t_&
∫ ∞

−∞
dke±itk

2

=

√
π

t
e±iπ/4Yf?>

I ≃ eitg(k0)f(k0)

√
2π

t|g′′(k0)|
e±iπ/4 (2.31)y;�; g′′(k0) > 0 "��
F eiπ/4; ^!��y g′′(k0) < 0, !��
F e−iπ/4. �0�\$y�\�* O(1/t).=FUQ���$A3S(Mo�� (2.28) M2RRtRy t ≫ 1 �R{�rU	Hy�$A�H g(k) Rr��

g(k) = k
x

t
− ω(k)Q=RO

g′(k) =
x

t
− ω′�

g′′ = −ω′



18 sz� `Pw#([�!n\Y[
ω

k
(a)

ω,,
k

(c)

C
g

k
(b)

=ω,

x/t
(gh)

0.5 +

z 2.3: ω,ω′ � ω′′ G k SH/*y 2.3(b), S(J��B x > 0 ��V� x/t <
√
gh, �B

x/t = ω′(k0) = Cg(k0) (2.32)���/ g(k) O!XUd k0, N� x/t R�/�UUdR,#nUxi�Ay x/t. yR/�� (0,∞) a��� (2.28) M2RntR�=OUd�N�J&RgI,
V� O(1/t). 7&�℄9UQJ&�= (2.31), $API
ζ(x, t) ≃ 1

π
ζ̃e0(k0)

[
2π

t|ω′′(k0)|

]1/2
cos
[
k0x− ω(k0)t+

π

4

]
+O(t−1), B x/t <

√
gh (2.33)M)I ω′′(k) < 0, S(J��V� x > 0, t > 0, �y 2.3(b) yOM�R*O x/t Z7O ω′,y x/t >

√
gh R.f>�X>O�d	�.�\�Bxi�RAy x/t 5URREAym5, √

gh ��J& (2.28) =OUd�S(�=�
ζ ≃ O(t−1), B x/t >

√
gh (2.34)*�� (2.33),S(�H�V�xi�(RREAysq�MJIR�R/� k0 �+� ω(k0)R!6�!DR�RR�0�F t−1/2 2uR	V�xi�RsqAy�5�� k0 �^ (xy 2.3), M}JIRx�x��0�5 (7��� ω′′A = OP !) RR�	7� ζ̃k CoU��
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t

t
1

t
2

x/t=u
1 x/t=u

2

xz 2.4: �Ytryj�)rdbSSZr	rz�% ζ0(x), L(����%�Do�
aRR�0	ku�
ζ0(x) =

Sb

π(x2 + b2)���W5JOJJ� S, 
y� b R��vw���
ζ̃k = ζ̃e0(k) = Se−|k|bV� b R,�5����^R k0 �=RRx5R�GR�� ζ̃e0 R,�^	F\ b R�j�\o k0 RR�0u^	�|�xi�y t1 �WLxR.f
��m�3PIy 2.4 L�R℄�aKJ’ b�’,U��xRO�%R4��}RO#�R4�	xmMo!>#!�W t2(> t1) R.f	�m!Xxi�m:�MJIR�RxXG��0u^�RRsqAy&O� (x/t) = u1,

(x/t) = u2 R�Xxi��vZR%q��>�MA(qRYqqV�5����RxsoRRO&aR4���3�
aH\	xi�V��U(QAy%qR!\oRR)��MawRAy3?{X�k �7��UQd k0 � C(k0) ZR)I2R`d�QuR	kVM(Rx� 2π/k0 RREAysq��MJIR��!RxR!DR�NA*#CZm�yI��>�7�RRQAy�5UEAyR	Hy�$A&/�XsqAyXmRxi�(qRER

	u�Xxi�(qRAyp�^�yYso�W t, &OI2�`d x1, x2, P) x2 > x1, 7& k1 > k2(xy 2.3(b)).�U k2 � k1 (qRUd k0, MJRS(M��
ζ = A(k0) cos

[
k0x− ω(k0)t+

π

4

]�;�
A =

1

2π
ζ̃e0

[
2π

t|ω′′(k0)|

]1/2
(2.35)
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�=�
E ≈ 1

2
ρgA2 (2.36)7&� x1 Z x2 (qZRRd

�

Etot =≈ 1

4π
ργ

∫ x2

x1

|ζ̃e0 |2
1

|ω′′(k0)|
dx

t
(2.37)K x/t = ω′(k0), bMy 2.3(c), T+�H

dx

t
= ω′′dk0 = −|ω′′(k0)|dk0 (2.38)7&$AO

Etot ≈
∫ k1

k2

ρg

4π
|ζ̃e0(k0)|2dk0 =w/ (2.39)�Xw/Z�q t 'u	7&� Qj
/�
9K�I�u�(2����HoR.��4Æ���>b�
9K�Æ*oR-��9K	��MoUQ�PIR5 x, 5 t >R{���ZX�~�z0R�6�$A���

(2.32) R k0 Ci� k, � k Bp x � t R�/���� (2.32) R�C&O� x � t 2G�PS.I x/t = ω′, $AO
1

t
= ω′′kx, −ω

′

t
= ω′′kt7&

kx =
1

tω′′ , kt = −ω′ 1

tω′′ (2.40)S(J�
∂k

∂t
+ ω′ ∂k

∂x
= 0 (2.41)QBU

∂k

∂t
+
∂ω

∂x
= 0 (2.42)M)I

dk =
∂k

∂t
dt+

∂k

∂x
dx (2.43)7&��\7O

dx

dt
= Cg = ω′, dk = 0

k ,��w/	�� (2.36) �( ω−1, y� x � t 2G�S(PI
∂

∂t

(
E

ω

)
+

∂

∂x

(
Cg
E

ω

)
= 0 (2.44)N�X�~��=RG8��	7&��U5GRD�vR�ÆJ��	
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§2.1.2 K��I�48�3	mbRR�=U k ≈ 0, (��U √
gh RAysq	yR���

g′(k) ≃
(x
t
−
√
gh
)�^�Q���Uo�	) ω′′ ≃ −

√
ghh2k ��^����=u6 (2.33) Xx���x�O`�R�=	(>�$AMo��uUt�PmbRxmxRR ——— �GR	KU k ≃ 0, =F
au6 ω2 = gk tanh kh, $A� g(k) ��^ k p Taylor 	F





g(k) = k
x

t
− ω(k) ≃ k

x

t
−
√
gh

(
k − k3h2

6
+ · · ·

)

= k
(x
t
−
√
gh
)

+

√
gh

6
h2k3 + · · ·

(2.45)���GR� x/t−√
gh S���r?{,� O(k3) W	v=`�S(�H2O�� (2.33)RRtRRgI�B�R�7&





ζ =
1

2π

∫ ∞

0

dkζ̃e0(k) cos(kx− ωt) +O(t−1)

≃ 1

2π
ζ̃e0(0)

∫ ∞

0

dk cos

[
k(x− t

√
gh) +

(
h2t

√
gh

6

)
k3

] (2.46)�;F� ζ̃e0 ���/�!��	$AS.I
ζ̃e0(0) =

∫ ∞

−∞
ζ(x, 0)dx (2.47)���KqQ�5JRdaJ	�

Z3 =
2(x− t

√
gh)3

h2t
√
gh

, k(x− t
√
gh) = Zα (2.48)�

dk =

(
2

h2t
√
gh

)1/3

dαJ& (2.46) G�
ζ ≃ ζ̃e0

2π

(
2

h2t
√
gh

)1/3 ∫ ∞

0

dα

(
Zα+

α3

3

)
(2.49)o1 Z R Airy �/�

Ai(Z) =
1

π

∫ ∞

0

dα cos

(
Zα+

α3

3

)
(2.50)$API

ζ ≃ 1

2
ζ̃2
0

(
2

h2t
√
gh

)1/3

Ai

[(
2

h2t
√
gh

)1/3

(x− t
√
gh)

]
(2.51)x�:QR���/ Ai(Z) y Z = 0 ?�R,�x�F/,J&PI	y/,J&��S(℄97JWD�/yQ�/VU [3(2k+1)π/2] = ak, k = 1, 2, · · ·<�d��J&N&�|�~��
mRJ&.�Q�/5q (0, π/2), (Sxy� 2π R|� (π/2, π/2 + 2π), , (π/2 +

2π, π/2 + 4π), · · · 5qjRJ&(�		B Z ^U��)D�,�5��$A3S(FUQ
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­10 ­8 ­6 ­4 ­2 0 2 4
­0.8

­0.6

­0.4

­0.2

0

0.2

0.4

0.6

0.8

1
Ai(Z)

Zz 2.5: 6Kv�D�Mr�SAHSSH/�fsL� Ai(Z)�m` Ai(Z) R�=,	 Airy �/RG..fVy 2.5 L��B Z < 0 ����CR�B
Z > 0 ��N�//2u	$AJI��UsoR t, Z !:U x− t

√
gh, �9MZdxFR� x = t

√
gh R=x	yR�R�J�RR�0�^�	mQ)�HyR�R#JY=x��yR)R#J��0�RxJ{u^	 Z !:U t−1/3, 7&�Xm�WRb�rYXm�2�KUxFR�R=x!:U t1/3, :QQmRRrF�q	�v	F	y�.;��GR�0F t−1/3 �*2u (x�� (2.51)), 	R�;�WRR�F t−1/2 R�*2u	7&��GR~/R�q: ”Rw ” x�:Q�GR��Pm1��y`�*R�JMHP`QF	

§2.1.3 �=���48?_h	`�*R�`�q~R5R	B�^`�5^R�^�%�'&R��5R"`$.��a��"`	>KU*�i
`�?�R�^�%Ti_�7&�2
p�Y[kx`��i
R5Rb&�,.�6�^sqRv8	'wJIR`�*RR�X\���̀ �*RI2����w�~�5x��CR�GH\�m�I2RR)S
X�m5R	Hy�$A}�n!XzU.RTq�(���X\�j(ovL-	ko����WaKJj=OKq�
ζ(x, 0) = Φ(x, 0) = Pa(x, 0, t) = 0 (2.52)y�^ z = −h, ^J�% H(x, t) a�\o�7& W − ∂H

/ ∂t �'&R�K�� (2.18) P
Fourier-Laplace G7#R��̃

Φ =
W̃

k cosh kh

s2 sinh kz − gk cosh kz

s2 + gk tanh kh
(2.53)aKJ�%�

ζ =
1

2π

∫ ∞

−∞

dkeikx

cosh kh

1

2πi

∫

Γ

ds
sW̃

e

st

s2 + ω2 (2.54)�;�ω =
√
gk tanh kh. $Axko��^sq�y'0^�qqVa��RwG%q�U

H(x, 0−) = 0, H(x, 0+) = H0(x)



§2.1 zj\Y[ 237&�^�ZAyS(F δ �/M��
∂Φ

∂z
= W (x, t) = H0(x)δ(t) (2.55)*	�$AO W̃ = H̃0(k), )

ζ =
1

2π

∫ ∞

−∞
dk

H̃0(k)

cosh kh

1

2
[ei(kx+ωt) + ei(kx−ωt)] (2.56)v=U�CR[0�$AS(� H0(x) J����/ Ho

0 (x) �r�/ He
0 (x)R�	kuC�fz�S(Ov.R���℄&S(&F�z�G#x�LPR��lj�m	T+#Q�r�/ He

0 (x) R`=Z�C[0RaKJ���%.r�&v=�XmR�Hy��7J�/R7_ (cosh kh)−1, N�}RR�VJ^�	7&Hy$AR;[0��/ Ho
0 (x) R`=	:W�/ B(x), �P

Ho
0 =

dB

dx
(2.57)7&� B(x) ?G� x Rr�/�)

H̃o
0 = ikB̃(k)

B̃ � k Rr�/	7&�$AO




ζ =
1

2π

∫ ∞

−∞
dk

eikx

cosh kh
ikB̃(k)

1

2
[eiωt + e−iωt)]

=
1

2π

d

dx

∫ ∞

−∞
dk

eikx

cosh kh
B̃(k)

1

2
[eiωt + e−iωt)]

=
1

2π

d

dx
Re

[
2

∫ ∞

0

dk
eikx

cosh kh
B̃(k)

1

2
[eiωt + e−iωt)]

]
(2.58)y t �5)kx�GR��v=`�$AS(FUQ��z�XJ&�S�PI#wQ=Rov����HR!XL�pO��B x/t = w/ �� ζ ∼ t−2/3. Hy�$AMo!>Z

x > 0 5^�QR�GR?�R.f	����� (2.58) ;RbÆXJ& (ZRtROu) �L�pF�	)�J&RB�gIma k ≃ 0 R?�	M)I




J = Re

∫ ∞

0

dk
ei(kx−ωt)

cosh kh
B̃k ≃ ReB̃(0)

∫ ∞

0

dkei(kx−ωt)

≃ ReB̃(0)

∫ ∞

0

dk exp{i[k(x− t
√
gh) +

1

6
k3h2t

√
gh]}

≃ πB̃(0)

(
2

h2t
√
gh

)1/3

Ai

[(
2

h2t
√
gh

)1/3

(x− t
√
gh)

]7&�� J 9W�� (2.58), $API
ζ ≃

(
2

h2t
√
gh

)2/3
B̃(0)

2
Ai′
[(

2

h2t
√
gh

)1/3

(x− t
√
gh)

]
(2.59)�; Ai′(Z) = d

dZAi(Z). Sx��GRF�q t−2/3 2u	�:�^$.Ru�C�L.f>R�GR2u�bP� (℄� ζ ∝ t−1/3), �
7��^sq'u'����u℄&RgIO<&)Q\℄R4�	�/ Ai′(Z) RG.v8Vy 2.6 L�	 Hy�M)I
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1
1.2

Ai’(Z)

Zz 2.6: 	_���,gr�SAHSSH/

∫ x

−∞
Ho

0 (x)dxB�^�nuR��� B(x) ≥ 0,

B̃(0) =

∫ ∞

−∞
B(x)dx���ZR�QRR�R�GR�5JR�L (7&�5*�C#�); F#RR)��0{�	7&�ynf (x < 0), R��ZRRR�uU x H� z HR,Y���GR�!X^RR)	>��V��^+fR�ZQ���B x > 0 ��R�R�G3�5�Rj�	

|[
(2.1) +0� *%F�

ζ(x, 0) = ζ̃0(0)δ(x), ζt(x, 0) = 0b�)�D�%Y&
∂2

∂t2
= gh

[
∂2ζ

∂x2
+
h2

3

∂4ζ

∂x4

]?>�%Q& (2.51).

(2.2) d` - >O�� Cauchy-PoissonWC	8\�j�d`O��G�h	��G�h�/�*%Kz
ζ(x, 0) =

b

π
(x2 + b2)−1�%�2P��SRG�hk��=+5 t �>b x/t sH"��($y��i0j��[HL��8�CFd( ω′′ QW��>	
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(2.3) 3Y���		1�Y�Y9Q U , �KQ h. Æ'�I9K) Φ, bIH�9K = U~i+ ∇Φ, Φ = Φ(x, y, z, t)y; x, y, z *sH�:�P��+k+t� Φ �*�4WC�2~i0�8�
U Pw���t_ ω = ω(k, U) ��k	��� t = 0 "���/��)
�O
p = p0δ(x)δ(i) O� G�h��+�H ζ(x, t) (�?�}�)  5 t }5 x b��(x:��i0[HLn} U �O�	

§2.2 >��L�5:'jMX�j!�[0R��Æ�7U5R	Hy�$A}Mo`�7UR�PkuNq~U�^Kq	V�Kq�y!XONR5�5^�q~RR}�\LO5��Z�Q����aRsq�`�R	$A}F�BRG7�2P`�7URR��P=FÆbUQ�Y[�R{�v8	Hy�Ay� Φ(x, y, z, t) 7h`� Laplace ���kuyQ.�W�aKJj'Kq��^sq�Æ�R�7hsq��
∂Φ

∂z
= W (x, y, t), z = −h (2.60)

W 2yONR5^X���	)
Φ,∇Φ → 0, (B r = (x2 + y2)1/2 → ∞) (2.61)Hy�$AFhljR�� (V=�/�) m2 Φ Rr�	M)y t = 0+ �WR;y

(0, 0,−h) R�FKq�NRAy�V=� G(x, y, t). ����=U�^Rsq�Ou6
∂G

∂z
= δ(x)δ(y)δ(t − 0+), z = −h (2.62)V=�/ G 47hZ Φ �=R���fz�

∇2G = 0, −h < z < 0, −∞ < x, y <∞ (2.63)

Gtt + gGz = 0, z = 0 (2.64)

G = Gt = 0, t = 0, z = 0 (2.65)

G,∇G→ 0, r → ∞, t ON (2.66)T+#Q� Φ S(F G M��
Φ =

∫ t

0

dτ

∫ ∞

−∞
dx′
∫ ∞

−∞
dy′W (x′, y′, τ)G(x − x′, y − y′, z, t− τ) (2.67)*+zjJ��� (2.67) 9M�!6��FhRlj�y x = x′, y = y′, z = −h, � t = τ ,hR&y�

W (x′, y′, τ)dx′dy′dτ



26 sz� `Pw#([�!n\Y[$A&LAJoz��X�/ f1(t) � f2(t) RAJ
∫ t

0

f1(τ)f(t− τ)dτ = f1(t) ⊕ f2(t)R Laplace G7�VU��X�/ Laplace G7R�J	
f1 ⊕ f2(s) = f1(s) · f2(s)

. ℄9�Xoz�$AS(PI Φ Rr�V>
Φ(x, y, s) =

∫∫ ∞

−∞
dx′dy′W (x′, y′, s)G(x− x′, y − y′, z, s) (2.68)7�dhOH��v��P2� G(x, y, t) GT+�	�&�$Ao1 δ(r), �P
δ(x)δ(y) =

δ(r)

2πr
(2.69)�Xo1�y�|J&QVRfz>\�R	

∫∫ ∞

−∞
dxdyδ(x)δ(y) = 1 =

∫ 2π

0

dθ

∫ ∞

0

rdr

2πr9W�� (2.62), P
∂G

∂z
=

1

2πr
δ(r)δ(t − 0+) (2.70)Hy�uU G R"`Z θ 'u�	M)I"`RH��v�=F�
R Hankel G7

f̂(k) =

∫ ∞

0

rJ0(kr)f(r)dr (2.71)�hG7�
f(r) =

∫ ∞

0

kJ0(kr)f̂ (k)dk (2.72)o1 G R Laplace-Hankel G7
Ĝ =

∫ ∞

0

e−stds

∫ ∞

0

rJ0(kr)G(r, z, t)dryNrK>��� (2.63) G�
1

r

∂

∂r

(
r
∂G

∂r

)
+
∂2G

∂z2
= 0, −h < z < 0, 0 ≤ r <∞ (2.73)M)I3^��/ J±ν(r) 7ho1NRwÆ&��

[
d2

dr2
+ r−1 d

dr
+

(
1 − ν2

r2

)]
J±ν = 0x℄9&℄J&�=F'0k�fz G = 0, ∂G/∂r = 0, $AO





∫ ∞

0

dr · rJ0(kr)

[
1

r

∂

∂r

(
r
∂G

∂r

)]
= J0

(
r
∂G

∂r

) ∣∣∣∣
∞

0

−
∫ ∞

0

(
r
∂G

∂r

)
kJ ′

0dr =

= −krJ ′
0G

∣∣∣∣
∞

0

+

∫ ∞

0

Gk2(rJ ′′
0 + J ′

0)dr = −k2

∫ ∞

0

rJ0Gdr = −k2Ĝ



§2.2 q℄Fv_QnJj\b[ 277&���� (2.73) �t Laplace-Hankel G7�S(PI
d2Ĝ

dz2
− k2Ĝ = 0 (2.74)aKJfz (2.64) '�G7(#Rr��

Ĝz +
s2

g
Ĝ = 0, z = 0 (2.75)^℄C�fz (2.70) RG7�

Ĝz =
1

2π
, z = −h (2.76)℄9fz�� (2.75) � (2.76), $API�� (2.74) R�

Ĝ =
1

2π

1

s2 + ω2

s2 sinh kz − gk cosh kz

k cosh kh
(2.77)�; ω2 = gk tanh kh, 2j�Rh Hankel G7�P

G(r, z, s) =

∫ ∞

0

kJ0(kr)Ĝdk, r = (x2 + y2)1/2 (2.78)V�dhXy^JNrKR
d�	�y�!d r′, �?{� |r| = r 7� |r− r′|, 7&O
G(|r − r′|, z, s)f(r) =

∫ ∞

0

kJ0(k|r − r′|)Ĝ(k, z, s)dk (2.79)�| 



x = r cos θ, y = r sin θ

x′ = r′ cos θ′, y′ = r′ sin θ′

|r − r′| = [r2 + r′2 − 2rr′ cos(θ − θ′)]1/27&�=F�� (2.68), $AO
Φ(r, θ, z, s) =

∫ ∞

0

r′dr′
∫ 2π

0

dθ′W (r′, θ′, s) ·
∫ ∞

0

kJ0(k|r − r′|)Ĝ(k, z, s)dk (2.80)U��Ay� Φ(r, θ, z, t) S(F Laplace hG72P	Q=R�aKJ�%R Laplace G7�
ζ = − s

g
Φ

∣∣∣∣
z=0

=
1

2π

∫ ∞

0

r′dr′
∫ 2π

0

dθ′W (r′, θ′, s) ·
∫ ∞

0

kJ0(k|r − r′|) s

s2 + ω2

dk

cosh kh
(2.81)�>m�$A}[0Æ�`�*R�Q=R�GR	

§2.2.1 �=%��48Si?_h	ku�^R�F�%�
W (r, θ, t) = W(r, θ)δ(t− 0+) (2.82)� Laplace G7�

W = W(r, θ) (2.83)



28 sz� `Pw#([�!n\Y[9WaKJ�%R�� (2.81), P�th Laplace G7�$API
ζ =

1

2π

∫ ∞

0

r′dr′
∫ 2π

0

dθ′W(r′, θ′, s) ·
∫ ∞

0

kJ0(k|r − r′|)cosωtdk

cosh kh
(2.84)���!\&/�x�F Neumann oz [10], ��/ J0(k|r − r′|) 	F�V/





J0k|r − r′| =

∞∑

−∞
Jn(kr)Jn(kr′) cosn(θ − θ′)

=

∞∑

0

εnJn(kr)Jn(kr′) cosn(θ − θ′)

(2.85)�| εn � Jacobi 2� (ε0 = 1, εn = 2, B n ≥ 1). ��� (2.85) 9W�� (2.84), Pb
1

2π

∫ ∞

0

r′dr′
∫ 2π

0

dθ′W(r′, θ′, s)Jn(kr
′) ·
[

cosnθ′

sinnθ′

]
=

[
W c
n(k)

W s
n(k)

]
(2.86)$API

ζ(r, θ, t) =

∞∑

0

εn

∫ ∞

0

kJn(kr)
cosωt

cosh kh
· (W c

n cosnθ +W s
n sinnθ)dk (2.87)
�j��\o W(r, θ), 3S(�t (2.86) RJ&�2� W c

n(k) � W s
n, xK/,J&�2�3S(PIm#R�	��PI!d+zDk�Hy�$AMo��t<R.f�

W = W1(r) cos θ, �W = W0(r) (2.88)Sxb!�.f>��^�F�%uU y H���R�ybÆ�.f>��H��R	bÆ�.f:�t<��|�2\�b!�.fR&/	$AJI
{

W c
n(k) = 0(n 6= 1), W s

n = 0, (n = 0, 1, 2, · · ·)

W c
1 =

1

2

∫ ∞

0

dr′ · r′W1(r
′)J1(kr

′)
(2.89)9W�� (2.87), P

ζ = cos θ

∫ ∞

0

kJ1(kr)
cosωt

cosh kh
(2W c

1 )dk (2.90)�>m�$AMo5 r �5 t fz> ζ R{�vU	b
Ŵ1(2k) = 2W c

1 =

∫ ∞

0

rJ1(kr)W1(r)dr, F (k) = k
Ŵ1

cosh khS.I V�
J1(kr) =

1

π

∫ π

0

dψ cos(ψ − kr sinψ) (2.91)�� (2.90) G�




ζ(r, θ, t) = cos θRe
1

π

∫ π

0

dψ

∫ ∞

0

dkF (k) cos(ψ − kr sinψ)e−iωt

= cos θRe
1

2π

∫ π

0

dψ·

·
{
e−iψ

∫ ∞

0

dkF (k)ei(kr sinψ−ωt) + eiψ
∫ ∞

0

dkF (k)e−i(kr sinψ+ωt)

}
(2.92)



§2.2 q℄Fv_QnJj\b[ 29Hy�Mo�� (2.92) ;Rb!XÆBJ&
I =

∫ π

0

dψe−iψ
∫ ∞

0

dkF (k)eit[krt
−1 sinψ−ω(k)] (2.93)S(J��Q�/#nU�XG
 k � ψ, y k ∈ (0, π) � ψ ∈ (0,∞) R��a��Q�/� k � ψ R~G/m����S(��UQd	$A�� ψ so�2�� k RUQgI�G#� ψ B:v=R��	7&��U5 t, so rt−1, sinψ, FUQ�V>�





g(k) = krt−1 sinψ − ω(k)

g′(k) = rt−1 sinψ − ω′(k)

g′′(k) = −ω′′(k)

(2.94)℄9y 2.2 S&� g′′(k) > 0. y g′(k) R�dO!XUd�FNSPJ&R�=,
√

2π

t|ω′′(k)|F (k) exp
{
it
[
krt−1 sinψ − ω(k)

]
+ i

π

4

}�;R k =7h�� g′(k) = 0. v=R&/MQ��� (2.92) ;R�!XJ&=OUd�7&� O(t−1) 
V	J& I S(i�
I =

∫ π

0

e−iψeiπ/4
(

2π

t|ω′′(k)|

)1/2

F (k)eit[krt
−1 sinψ−ω(k)] (2.95)HyuU ψ RQ�/S��Æ
G/�





f(ψ) = krt−1 sinψ − ω(k)

df

dψ
= krt−1 cosψ +

dk

dψ
[rt−1 sinψ − ω′(k)] = krt−1 cosψ

d2f

dψ2
= −krt−1 sinψ + rt−1 cosψ

dk

dψFG� ψ RUd� ψ = π/2, Q=R d2f/dψ2 = −k0rt
−1 < 0. 	 k0 7h

rt−1 − ω′(k0) = 07&�$AO
I = e−π/2

√
2π

t|ω′′(k0)|
F (k0)

√
2π

k0r
· ei[k0r−ω(k0)t] (2.96)Q=RaKJ�%�





ζ = cos θRe

[
−i
2π

√
2π

t|ω′′(k0)|
F (k0)

√
2π

k0r
· e[k0r−ω(k0)t]

]
+O(t−1)

=
1

2π

√
2π

t|ω′′(k0)|
F (k0)

√
2π

k0r
· sin[k0r − ω(k0)t] +O(t−1)

(2.97)S(J��B r/t = w/��
ζ ≃ 1

t
cos θF (k0)

√
1

k0rt−1|ω′′k0|
sin t[k0rt

−1 − ωk0] (2.98)



30 sz� `Pw#([�!n\Y[�; k0 � r/t R�/�RR2uA+ ∝ t−1, :!�Rb	�^�F�%R��v��A��\ x �Z (θ = 0) RR�0m5�	�\��H y, B θ = π/2, 3π/2 �R0�^	V��!\ku
W1 =

{ A

a

√
a2 − r2 r < a

0 r ≥ a
(2.99)7&� 




Ŵ1(k) =
A

a

∫ ∞

0

rJ1(kr)
√
a2 − r2dr

= Aa2

∫ π
2

0

J1(ka sin θ) sin θ cos2 θdθ

(2.100)S.I3^��/RV/	F� ([10], 384, 474  ), $A�H 1

Ŵ1(k) = Aa2

[
π

2

1

ka
J2

1 (ka/2)

]
(2.101)Q=R�$AO

F (k) =
k

cosh kh
Ŵ1 =

π

2

Aa

cosh kh
J2

1 (ka/2) (2.102)*�� (2.102)SxhR5^5^ a R�V	 J2
1 (ka/2) FG��CR�:Q F (k) ��F ka�CR�*h5Xm℄&mRROFrpF	

1 d�Q.�9��^: J [10], U)'NÆ
∫ π/2

0

(cos θ)p(sin θ)qdθ =
Γ(p+1

2
)Γ( q+1

2
)

2Γ(p+q
2

+ 1)

2zΓ(z)Γ(z +
1

2
) = 2

√

πΓ(2z)T0K4_
Æ1�OT��TW1
HÆ
Jn(z) =

∞∑

0

(−)m

m!Γ(n + m + 1)

(
z

2

)2m+n

J2
n(z) =

∞∑

m=0

(−)mΓ(2m + 2n + 1)

m!Γ(m + 2n + 1)[Γ(n + m + 1)]2

(
z

2

)2m+2n9'� 



Ŵ1(k) =
A

a

∫ ∞

0

rJ1(kr)
√

a2
− r2dr

= Aa2

∞∑

0

(−)m(z/2)2m+1

m!Γ(m + 2)

∫ π/2

0

(sin θ)2m+2(cos θ)2dθ

= Aa2

∞∑

0

(−)m(z/2)2m+1

m!Γ(m + 2)

Γ(3/2)Γ( 2m+3

2
)

2Γ(m + 3)

= Aa2

∞∑

0

(−)m(z/2)2m+1

m!Γ(m + 2)

√
π

2
(2
√

πΓ(2m + 3)/22m+3)

2Γ(m + 3)Γ(m + 2)

= Aa2 π

2

1

ka
J2
1 (ka/2)�=%BHK�w8� Γ(3/2) =

√

π/2.
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§2.3 Uj�`i�:�4�Hy�$Ae�[0yj!�R���.f�=R�GR	�U�GR� kh≪ 1, >��U�&5R r, KU�GR!oOYXON5RRx�7&
kr ≫ 1=F5 kr � J1(kr) {�r�

J1(kr) ≃
√

2

πkr
cos(kr − 3π

4
)pUQ�=�$AS(PI

ζ ≃ cos θRe

∫ ∞

0

F (k)

√
2

πkr
· 1

2
[ei(kr−ωt−

3
4π) + e−i(kr+ωt−

3
4π)] (2.103)Z�C[0R.rv=���GR�2Ob!X7J�/�B�R�PS(� ω 	F�

ω ≃ Cmk(1 − k2h2

6
)�; Cm =

√
gh �QAyRm5,	KU

F (k) ≃ Aa
π

2

(
ka

4

)2

=
Aa3

16

π

2
k2$AO

ζ ≃ cos θ

2

Aa2

16

√
π

2

1√
r
· Ree−

3
4π

∫ ∞

0

dkk3/2ei[k(r−Cmt)+
(kh)3Cmt

6h
] (2.104)�;RJ&S(Ci�

I = h−5/2

∫ ∞

0

d(kh)(kh)3/2ei[kh( r
h
−Cmt

h
)+ 1

6 (kh)3 Cmt
h

] (2.105)jWG
97��P
(kh)3

Cmt

6h
= u6, kh = u2

(
Cmt

6h

)−1/3$API
I = h−5/2

(
Cmt

6h

)−5/6 ∫ ∞

0

du2u4ei(u
2p+u6) (2.106)�;�

p =

(
r

h
− Cmt

h

)(
Cmt

6h

)−1/3J&S(Ci�
I = −2h−5/2

(
Cmt

6h

)−5/6
d2

dp2

∫ ∞

0

du2u4ei(u
2p+u6) (2.107)�N9W�� (2.104), O





ζ ≃
√
π

cos θ

2

Aa3

16

1√
r
h−5/2

(
Cmt

6h

)−5/6

· d
2

dp2
Re

[
(1 + i)

∫ ∞

0

due−(u2p+u6)

] (2.108)
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p

T
,

T
p

an
d

T
p

p
­8 ­6 ­4 ­2 0 2 4

­1.5

­1

­0.5

0

0.5

1

1.5

T

T
p

T
pp

z 2.7: T , Tp � Tpp q� p S
0
B p = 0, UBxi�!�y r = Cmt ���$AS(C��� (2.107);RJ&�� τ = u6,� ∫ ∞

0

duu4eiu
6

=
1

6

∫ ∞

0

dττ−1/6eiτ =
1

6
Γ

(
5

6

)
ei5π/12V�$Ao1�/

T (p) = Re

[
(1 + i)

∫ ∞

0

ei(u
2p+u6)du

]
(2.109)U��S(PI

ζ =

{
cos θ

2

Aa2

16

√
π

2

1√
r

}
h−5/2

(
Cmt

6h

)−5/6

Tpp (2.110)

T , Tp � Tpp F p RG.�Vy 2.7 L�	S.I ζ RG.!:U
r−1/2t−5/6 = (r/t)

1/2
t−4/3 =

(r
t

)
r−4/3S(�H�yR� r/t ≃ Cm ?��R0!:U t−4/3 C r−4/3. \ A < 0, �^yR'℄&

(
−π

2 < θ < π
2

) Z>+f�n'℄&Zj+f��ZÆ�.rv=��yRCRxi�JIR�GR�!XRp��\�!XQRR)	
§2.4 *)�|:*�Hy�$AmMo58k7RER�.�(jx�
aH\Rz�	*t<"`���2P!d&D��*;�H"`t.R����=�����C:u"`ioG�	MoR���R!DRtR�

ζ(x, t) = Re

∫ ∞

−∞
A(k)ei(kx−ω(k)t) (2.111)Nq~U!xRRe;�y x = −∞ R}RH* t = −∞ F�M�	R0� A(k) <CU��Kq	f�+ ω(k) <!"Rr�	�U Gause R)

ζ(x, 0) = ReA0e
ik0xe−x

2/4σ2

(2.112)



§2.4 LK[SngZ 33�0� A(k) Kh Fourier G7PI




A(k) =
1

2π

∫ ∞

−∞
ζ(x, 0)eikxdx

=
A0

2π

∫ ∞

−∞
e−i(k−k0)x−x2/4σ2

dx

=
A0

2π

∫ ∞

−∞
e−[ x

2σ
+i(k−k0)σ]2−(k−k0)2σ2

dx� u = x
2σ + i(k − k0)σ, $AO

A(k) =
A0

2π
2σe−(k−k0)2σ2

∫

Γ

e−u
2

du�;�J&$O Γ �:�J u j* −∞ + i(k − k0)σ I ∞ + i(k − k0)σ R*O	7� e−u
2y Γ Z�HqRf7a��/R�℄9 Cauchy oz� Γ S(7��H	=F*3R��

∫ ∞

∞
e−u

2

du =
√
π (2.113)$API

A(k) =
A0σ√
π
e−(k−k0)2σ2

(2.114)Q=R��W t RRr�
ζ = Re

A0σ√
π

∫ ∞

−∞
e−(k−k0)2σ2+i(kx−ωt)dk (2.115)Mo σk0 ≫ 1, 
�)4��� k = k0 ?�R��pR.f>j-J&RvU	xF k0 �#�7J�/�Au^�7&�S(�=`< ω(k) �NR Taylor 	FR�XW�

ω(k) = ω0 + (k − k0)ω
′
0 +

1

2
(k − k0)ω

′′
0 + · · ·�; ω0 = ω(k0), ω

′
0 = ω′(k0), VV�� u = k − k0, ζ S(i�
ζ ≃ Re

A0σ√
π
ei(k0x−ω0t)

∫ ∞

−∞
e−(σ2+itω′′

0 /2)u
2+i(x−ω′

0t)udu (2.116)z��u b =
√

1 + iω′′
0 t/2, =Fu6 (2.113), P

ζ = ReA

[
1

b
e−(x−ω′

0t)
2/4σ2b2

]
ei(kx−om0t) (2.117)FG�)4(EAy Cg = ω′

0 sq�NRm5,�Hy x = Cgt. �U5 t, �:U t1/2 2u	)4RxyÆy 2σb, �U5 t, !:U t1/2 !5	7&�y�Q��;� XREnmn�X	Z�� (1.45) Q:��� (a-168)�!�C�	�� (2.117) �=RRELCOR

S(�=�




1

4
ρg|A0|2

∫ ∞

−∞
dx

∣∣∣∣
1

b
e−(x−ω′

0t)
2/4σ2b2

∣∣∣∣
2

=
1

4
ρg|A0|2

∫ ∞

−∞
dx

[
1 +

1

4
(ω′′

0 t)
2

]−1/2

exp

{ −(x− ω′
0t)

2

2σ2[1 + (ω′′
0 t)

2/4]

}

=
1

4
ρg|A0|2

√
2σ

∫ ∞

−∞
e−u

2

du =
1

4
ρg|A0|2

√
2πσ
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�=�
1

4
ρg|A0|2

∫ ∞

−∞
e−x

2/2σ2

dx =
1

4
ρg|A0|2

√
2πσ (2.118)SxRER

�$ R	=BS.� σ−1 �R)4k7R58G.+	V�I σ−2 
�=�3>rS
a7OR7+ ω′′. ��:Q�!d�$AmJ!Xt<R�_	M)�XRx�+pO�^R!DR

ζ = A0{exp[i(k−x− ω−t)] + exp[i(k+x− ω+t)]}�; k− = k − δk, k+ = k + δk, ω± = ω(k±), δk/k ≪ 1. � ω p Taylor 	F�O
ω± =

[
ω ± ω′δk +

1

2
ω′′(δk)2 + · · ·

]7&� 


ζ ≃ 2A0 cos[δk(x− Cgt)]

· exp

{
i

[
kx−

(
ω +

1

2
ω′′(δk)2

)]
t

} (2.119)S(J��&DI O(δk), Ok7)4�sqAy� Cg = ω′(k); &DI O[(δk)2], Q��+3�~G.	�Uy k0 ?�Op)RQ��0���� (2.111) S(�=�
ζ(x, t) ≃ Re{A(x, t)ei(k0−ω0t)} (2.120)�; 




A(x, t) =

∫ ∞

−∞
dkA(k)

· exp

{
i

[
(k − k0)x−

(
(k − k0)ω

′
0 +

1

2
(k − k0)

2ω′′
0

)
t

]}T+�#� A 7h!>Æ&��
∂A

∂t
+ ω′

0

∂A

∂x
=
i

2
ω′′

0

∂2A

∂x2
(2.121)��
_��;wxR Schrödinger��	y>!��$A}F!�oq�� (�BÆy�),*\7�����G��X��	����RId��S(t.F#R&/���(#�z#Ov"`ioG�	

§2.5 ���a:Rt$Odyr�j�$A:W5G

{
x1 = µx, x2 = µ2x, · · ·
t1 = µt, t2 = µ2t, · · ·

(2.122)�; 0 < µ ≪ 1, µ ����qÆy:Ry
	yoq&/;��j-5G
�BpaG
�z	��''#Q����zPIR��Z�N��R��!5�''���z#Ov"`RO�b<	



§2.5 �Y[,ny"dw�q 35kuAy��aKJ�%�
{

Φ(x, z, t) = Φ(x, x1, x2, · · · ; z; t, t1, t2, · · ·)
ζ(x, z, t) = ζ(x, x1, x2, · · · ; t, t1, t2, · · ·)

(2.123)Hy�G/Rr��~�G.




∂

∂x
→ ∂

∂x
+ µ

∂

∂x1
+ µ2 ∂

∂x2
+ · · ·

∂

∂t
→ ∂

∂t
+ µ

∂

∂t1
+ µ2 ∂

∂t2
+ · · ·

(2.124)7& 



∂2

∂x2
→ ∂2

∂x2
+ 2µ

∂2

∂x∂x1
+ µ2

(
∂2

∂x2
1

+ 2
∂2

∂x∂x2

)
+ · · ·

∂2

∂t2
→ ∂2

∂t2
+ 2µ

∂2

∂t∂t1
+ µ2

(
∂2

∂t21
+ 2

∂2

∂t∂t2

)
+ · · ·

(2.125)� z RG/r�XG	NUM)5GR!DR�koOoqV/�
Φ = (ψ0 + ψ1 + ψ2 + · · ·)ei(kx−ωt) (2.126)�;

ψα = ψα(x1, x2, · · · ; z; t1, t2, · · ·), α = 0, 1, 2, · · · (2.127)�5G
R�/�!DRR5G�0	��� (2.124)-(2.126) 9W Laplace ����PmvW�PIV>R
~��




O(µ0) : − k2ψ0 +
∂2ψ0

∂z2
= 0

O(µ) : − k2ψ1 +
∂2ψ1

∂z2
= −2ik

∂ψ0

∂x1

O(µ2) : − k2ψ2 +
∂2ψ2

∂z2
= −

[
2ik

∂ψ1

∂x1
+
∂2ψ0

∂x2
1

+ 2ik
∂ψ0

∂x2

]
(2.128)v=`�KaKJC�fzPI





O(µ0) : − ω2ψ0 + g
∂ψ0

∂z
= 0, z = 0

O(µ) : − ω2ψ1 + g
∂ψ1

∂z
= 2iω

∂ψ0

∂t1
, z = 0

O(µ2) : − ω2ψ2 + g
∂ψ2

∂z
= 2iω

∂ψ1

∂t1
−
[
∂2ψ0

∂t21
− 2iω

∂ψ0

∂t2

]
, z = 0

(2.129)K^JfzP
∂ψ0

∂z
=
∂ψ1

∂z
=
∂ψ2

∂z
, z = −h (2.130)FG� ψ0 R��

ψ0 = −−igA
ω

cosh k(z + h)

cosh kh
, A = A(x1, x2, · · · ; t1, t2, · · ·) (2.131)�;

ω2 = gk tanh kh (2.132)



36 sz� `Pw#([�!n\Y[� ψ0 9W�� (2.128)-(2.130), S(PIuU ψ1 R#�(���#�(C�fz (aKJj). �=R�("`( ψ0 ��#���	�X#�("`?{7h!XS�vfz`>O�	�XS�vfz��� Green f�=FU ψ0, ψ1 #PIR	
∫ 0

−h
dz

[
ψ0

(
∂2ψ1

∂z2
− k2ψ1

)
− ψ1

(
∂2ψ0

∂z2
− k2ψ0

)]
=

[
ψ0
∂ψ1

∂z
− ψ1

∂ψ0

∂z

]0

−h9W ψ0 (SOuRfzu6�Kj�S(PI
− ∂A

∂x1

{
gk

ω

1

cosh2 kh

∫ 0

−h
cosh2 k(z + h)dz

}
=
∂A

∂t
(2.133)S.I*j�aR
VUEAy Cg, $API

∂A

∂t1
+ Cg

∂A

∂x1
= 0 (2.134)NR�� A(x1−Cgt1),:Q)4R(EAy�Q)XCGrY	�X��)j�\� (1.46),��FUJ{F�! `��RR�RR�	y!U"`;�By!X4℄`5a��Kq��'0k�RC�fzV�L-�2:y'0k�RKq,��ONC�4U��X
,#�R�!v	:V�B5JOh���yk� (x→ ∞) =OtR�

−igA
ω

cosh k(z + h)

cosh kz
ei(kx−ωt)B ω > 0 so�� k �!�>�*

�QR�yJ� k > 0, 7�

�*�q;mZ��QR	>��y$ 6p;�

Zq
Ou�2��'F�q
���xF!(R0�y2QjX
af�:�x���j#Q	*/�j��4=Bjj`&Ro�fz	V�
U4Ny!U"`R��a�!"`�XfzS(L-�� ”/�� �/d�I�HmO-�>Z��,	” �XB�Rfz��/pfz	U��yYd\&.f>�#Q/pfzR�zv�'&��x�R	Hy�$A�!UJ��!X�,"`y t→ ∞ �RNN�M)\&.f�K x = 0 �}RHR!D�qq~R��U x > 0 5^R!�R	u x = 0 ?�R!DRR�0���Y��* A(t) = A1(t1), * t ∼ −∞ R 0 ,58`G.I t ∼ ∞ R A0(xy 2.8), S(a�Q� x1 > 0 �R��K�� (2.132) \���;

A(x, t) = A1(t1 − x1/Cg)7&��UQ�ONR t1, B x1 �&5��R0��	�3�:�B x1 → ∞ �� A ≃
A1(−x1/Cg) → 0, ℄9y 2.8, �2Oy Cg > 0 �`�S
R�7� Cg � k m��L(!oO k > 0. K�� (2.126) S&� ψ

i(kx−ωt)
0 ZR�Q�(UZ��Q	
�j�/pfzS(*!"R�,"`~P�X?kuKqR58M�	�� (2.134) LDoRv8�2��U O(µ−1) Æy�UuU x1 � t1 R.f	Hy�$AÆ0Æ
R���fz�Mo`xR=x��q O(µ−2) jRG.�U�rS x2 � t2 R.f	#��S(#Q� ψ1 R#�(��

ψ1 = − g

ωk

q sinh q

cosh kh

∂A

∂x1
, q = k(z + h) (2.135)
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A
1

t
1

o

A
0

z 2.8: 6HS1 A1(t1).�vU�� (2.134), N7hC�fz	�|X` ψ1 R�(��7�N/yU ψ0 ;	� ψ0� ψ1 RM2�9WI
~���Q=RC�fz�$API




∂2ψ2

∂z2
− k2ψ2 =

i2g

ω

∂2A

∂x2
1

q sinh q

cosh kh
+
ig

ω

(
∂2A

dx2
1

+ i2k
∂A

∂x2

)
cosh q

cosh kh

∂ψ2

∂z
− ω2

g
ψ2 = i

(
2h sinh kh

cosh kh
Cg +

C2
g

ω

)
· ∂

2A

∂x2
1

+ 2
∂A

∂t2
, z = 0

∂ψ2

∂z
= 0, z = −h

(2.136)'�x	t<R9/sC�S(PIt<RS�vfz
∂A

∂t2
+ Cg

∂A

∂x2
=
i

2
ω′′ ∂

2A

∂x2
1

(2.137)�;
ω′′ =

d2ω

dk2
=
Cg
k

(1 − 2kh tanhkh) −
C2
g

ω
+
C

2k
(2khcothkh− 1)F µ � µ2 &O�(�� (2.134) � (2.137), >j^b/ µ, <: x, t G
�$AO

∂A

∂t
+ ω′

0

∂A

∂x
=
i

2
ω′′

0

∂2A

∂x2
(2.138)B��7m\)4RR58k7�Z�� (2.121) ��!�	aF(EAy Cg sqRrK6�

ξ = x− Cgt�� (2.138) G� Schrödinger ��
∂A

∂t
=
i

2
ω′′

0

∂2A

∂ξ2
(2.139)�X��2�!XYqrK�:)� x, z RC,"`T+�z	>J$AJJ x, t �5�)4RR{�vU	
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§2.5.1 f�	`8	�,�yY!�W��R!DR�&#!o`��>m	��RS(k��qy!x5e!|R!D}RHm�H�I�m#�yY!so�6��H!oR!Dsq	Hy�$A�27hV>C�fzR�� (2.139) R��

{
A→ 0, ξ → ∞
A→ A0, ξ → −∞

(2.140)�3�:�)4*R�(#Rw/ A0, G�R�R�CR�	$Aa�Q=v�Rr��
A = A0f(γ), γ = − ξ√

t
(2.141)9W�� (2.139), $API

f ′′ − iγ

|ω′′|f
′ = 0 (2.142)Q=RC�fz� {

f → 1, γ ∼ ∞
f → 0, γ ∼ −∞

(2.143)7&�℄9�� (2.142), P
f = C

∫ γ

−∞
exp

(
iu2

2|ω′′|

)
du (2.144)�2

1 = C

∫ ∞

−∞
exp

(
iu2

2|ω′′|

)
du (2.145)=F V� ∫ ∞

0

eiτ
2

dτ =

√
π

2
eiπ/4 (2.146)P�

C = e−iπ/4(2π|ω′′|)−1/2 (2.147)7&�$API
f =

A

A0
= e−iπ/4(2π|ω′′|)

∫ γ

−∞
du exp

(
iu2

2|ω′′|

)
(2.148)=Fu6 (2.146), $AO

f =
A

A0
=

1

2
+ e−iπ/4(2π|ω′′|)

∫ γ

0

du exp

(
iu2

2|ω′′|

)
(2.149)u πv2 = u2

|ω′′| , j�G�




f =
A

A0
=

1

2
+
e−iπ/4√

2

∫ β

0

dv exp[i(πv2/2)]

=
e−iπ/4√

2

[
1 + i

2
+

∫ β

0

dv

(
cos

πv2

2
+ i sin

πv2

2

)] (2.150)



§2.5 �Y[,ny"dw�q 39

­4 ­2 0 2−β

A/A
0

1.0

z 2.9: S1S{1- (Miles 1962) [��- (Longuet-Higgins 1974) S;	
S1z>~SI 160ft �jQ��,� ω = 5.52rad/sec.�;
β = −ξ(tπ|ω′′|)−1/2 (2.151)℄9"m� (Fresnel) �/Ro1

S(z) =

∫ z

0

sin
πt2

2
dt, C(z) =

∫ z

0

cos
πt2

2
dt (2.152)$AO

f =
A

A0
=
e−iπ/4√

2

[(
1

2
+ C(β)

)
+ i

(
1

2
+ S(β)

)]
(2.153)M)I ∣∣∣∣ AA0

∣∣∣∣ =

∣∣∣∣
(
A
A0

)(
A
A0

)∗ ∣∣∣∣
1/2

, O
∣∣∣∣
A

A0

∣∣∣∣ = 2−1/2

{[
1

2
+ C(β)

]2

+

[
1

2
+ S(β)

]2
}1/2

(2.154)

∣∣∣∣ AA0

∣∣∣∣ ∼ β R7Oxy 2.9. S(J��yR� x = Cgt R�J�)4R//2u�y x = Cgt�2I!U,R!'�y x = Cgt O(#�F\ |x − Cgt| R�j�'�y A0 ?�RX(�C#�m#2I A0 ,	�{5^!:U t1/2 v	������gqR5R
aH\	
Longuet-Higgins(1974)R��ovj$��!z0	�;/y\Fo
jRp4�S
Z#Ov`=Ou	\O`��U�&QR�0�xiIRR)y)4RRb!XQ)�
H	KUyx5;)4RRAy�R)AyR!'�r�XQeRR)I2)4RRQ)�R�qqV��XRRD� (xy 2.10). V�yQ)�RQPh(
H�OA>�H�XQe
HR(qR�qqV� 2T .
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xθ1 θ1

2
T

T

T

dx/dt=Cdx/dt=C
gt

2
T

z 2.10: y6<SFBz - RBza> (Cg = C/2); "SSS*[*5SS*C�S�Rf8	SrW�
2T , z< θ1 = 2π/k.
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B&\ H
^/9/�SmyOv.�=>�5JRR
au6�
C =

ω

k
=

√
g

k
tanh khB h 58G.��< h �4℄.R,�P�RRA��J{G.R	�U!oR ω, R/ ky�Q��;58G.�7&�B!�J<
R*Vxy5�QIxy5GR5^��RA�J{G.R	
m�*RQO}�~�7�Rq�R0��~G.	L�ZQAyOuRH\�y~��}�;���p	5R�pR�!��7��5��ZO58G.R��	Æ05R�pOB5R�d.1	:V���`r:u�G�!"���5�"�*x�mRRqy�����5^�Zv>�~!oRCG��|Q�BR�RX�*z0j��wj��RqRT.�?{R�8
RaTy!o�yj�&OLw2	8
(�pz0�Bd�NsQ�xyG.�'0^R�QRpF	7m5GRG8��}*!�6p.Roq��G�������
_��;R WKB(Wentzel-Kramers-Brillouin ��) R~�	

§3.1 >���8 �:%
�(<R''&L�BRxk^U\�xy��S(FX�~��=	�U5R"`�Hy�$AkoRxk^U5xG.R5�xyÆy�U
µ = O(∇h/kh) ≪ 1 (3.1)�:Q�y!XRxR��a� h RQ�G.�^	���^��5G�^	Hy�$A<

µ �^b/mpoq&/��&�$A:W5G

x = µx, y = µy, t = µt (3.2)� Φ = Φ(x, y, t), h = h(x, y, t), �Ov.R\7���





µ2(Φxx + Φyy) + Φzz = 0, −h(x, y, t) < z < 0

µ2Φtt + gΦz = 0, z = 0

Φz = −mu2(Φxhx + Φyhy), z = −h(x, y, t)
(3.3)x:Wa�RtR	F�

Φ = [φ0 + (−iµ)φ1 + (−iµ)2φ2 + ·]eiS/µ (3.4)�;
φj = φj(x, y, z, t), S = S(x, y, t)��	F.�\R0F5GrK x,y, t G.�	Q��FbrK µ−1(x, y, t) G.	7&

∂Φ

∂x
= µ

∂Φ

∂x
= iΦ

∂S

∂x
+ µ

{ ∞∑

j=0

(−iµ)j
∂φj
∂x

}
eiS/µ

43



44 sJ� [[�OnOy)2���b!W;3O� O(1) R
�Q�;O µ−1 R
7�S(��mz�	*�2G�$API




µ2Φtt = −(−iµ)2Φtt

= −
{ ∞∑

j=0

(−iµ)j{[S2
t

+ (−iµ)Stt]φj

+ 2Stφjt + (−iµ)2φjtt}
}
eiS/µ

∇Φ =

{ ∞∑

j=0

(−iµ)j(i∇S/µφj + ∇φj)
}
eiS/µ





µ2∇2
Φ = −(−iµ)2∇2

Φ

= −(−iµ)2
{ ∞∑

j=0

(−iµ)j
[
∇2
φj +

∇S
−iµ · ∇φj

+
1

−iµ∇ · (φj∇S) +

(∇S
−iµ

)2

φj

]}
eiS/µ$Ao1

k = ∇S, ω = −St (3.5)4℄R/�
�4℄�+	&x (−iµ) RZ(H�P
~��




O((−iµ)0) : φ0zz − k2φ0 = 0, −h < z < 0

φ0z −
ω2

g
φ0 = 0, z = 0

φ0z = 0, z = −h

(3.6)





O((iµ)1) : φ1zz − k2φ1 = k · ∇φ0 + ∇ · (kφ0), −h < z < 0

φ1z −
ω2

g
φ1 = −[ωφ0t + (ωφ0)t]/g, z = 0

φ1z = φ0k · ∇h, z = −h

(3.7)�� (3.6) � (3.7) ��XwÆ&��RC,"`��� (3.6) R��
φ0 = − igA

ω

cosh k(z + h)

cosh kh
(3.8)�;

ω2 = gk tanh kh (3.9)7&� ω(x, y, t) � k(x, y, t) Z h(x, y, t) Ru6�Z h �w/�R
au6�!�R	�0
A �;ow/	��Do A 7hR���$A=FuU φ0 � φ1 R Green f��PI2� φ1 RS�vfz� ∫ 0

−h
dz{φ1(φ0zz − k2φ0) − φ0(φ1zz − k2φ1)} = [φ1φ0z − φ1zφ0]

0
h9W
~���$API





∫ 0

−h
dzφ0[(k · ∇φ0) + ∇ · (kφ0)]

= −1

g
{φ0[ωφ0t + (ωφ0)t]}z=0 − {φ2

0}z=−hk · ∇h
(3.10)



§3.1 q℄�YR�[n����!^ 45=F Leibniz ��
D

∫ a

b

fdz =

∫ a

b

Dfdz + (Da)[f ]z=a − (Db)[f ]z=b�; (
D S� ∂

∂t
, ∂

∂x C ∂
∂y

)
, �PmvW��� (3.10) G�
∇ ·
∫ 0

−h
dzkφ2

0 +
1

g

∂

∂t
[ωφ2

0]z=0 = 0=F�� (3.8),(3.9), E � Cg Ro1� (1.54),(1.47), T+�#
∇ ·
(
E

ω
Cg

)
+
∂

∂t

(
E

ω

)
= 0 (3.11)y�_R'g��;�

��+R:,��pF
�	)B�_Rv858`CG��N�XG
	7&��|R E/ω ��RpF
�*�� (3.11) S(J��BN(EAy�(��$ R	�U5G5R�Q�/ S R\7��K (3.9) � (3.11) ��2P	y~�j������ (eikonal equation). 2�2�Q�/ S, �0S(k���� (3.11) PI	℄9o1 (3.5), $AS(J�

∂k

∂t
+ ∇ω = 0 (3.12)i�!�r���

∂k

∂t
+
∂ω

∂x
= 0 (3.13)℄9o1� k �<�xyjVQOR/[�UVQORGy�	 ω ��k�sodRVQOR/[�UVQORk
	y x � x+ dx L�R\7aa�VQOR�j+� dx · ∂k/∂t,	xFB\7aRVQOR�+� dx · ∂ω/∂x, 7&�� (3.13) 3�R)$ *	>C�$A}4NU[0!DR�Æ0XX���)Z~�;L[0R�\�t�:	$A}�aG
R}->j�7���=��''G��=O?�x5&58G
�+zG
�	

|[
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(3.1) �gKQ ρ } ρ′ �Q�{���	Æ�C� z = −h(x, y), &h z = 0, RG�h z = −h′ ,		G�hs�(8 (
Q8\n�"�G�hÆI�o), \℄n�w��M (� WKB (8). 0j� -#(8 O(µ0) b�oRQ E = 1

2∆ρgA2, R��t_}
9K\�*




ω2 =
∆ρgk

ρ′cothkh′ + ρcothkh

Cg =
C

2

[
1 +

ω2

g∆ρ(ρ′h′csch2kh′ + ρhcsch2kh)

]Æ�0j� O(µ) #b�9%xF�=7�O�R.�Y&
∂

∂t

(
E

ω

)
+ ∇ ·

(
E

ω
Cg

)
= 0

§3.2 >����M�g��:0
Tn
§3.2.1 .�8$�k�kVR�! R� ∂

∂t = 0, ℄9�� (3.12), S& ω = const, 7& k = k(x), k2 = (∇S)2,

ω2 = gk tanh kh, ����O�t<Rr��
∇ · (ECg) = 0 (3.14)uU�y x−y �Ja,7� k�
�NAR5^��ZFYqvOG.	2�kHF+T��+,,�� k #R��i�)=�i$Q�i	Nd�!�UB`RQO S = const; �Q�RpOr�pOz	Hy�$AmMopOzR!~���|R
y� dσ0 � dσ(y 3.1).Hy��\pOzRC�r�R(>DOJ&�� (3.14), �F Gauss ayoz(S Cg (UpO�!���S(#Qk�pOz�|R
�QV

ECgdσ = E0Cg0dσ0 = const (3.15)�����FUwxy.fR��R~�	K�� (3.15) S&��!pOR�0G.�
A

A0
=

[
Cg0
Cg

dσ0

dσ

]1/2
(3.16)�; dσ/dσ0 ��pOqV7_	!=Do�pO�	)'& 0 d�R�0���US2P�pOQ.!d�R�0	℄9o1 (3.5), Q�/7h#Ov~Æ&��

|∇S|2 = k2, U (∂S
∂x

)2

+

(
∂S

∂y

)
= k2 (3.17)R|R k2 K
au6 (3.9) Do	�X����S(F\���(#w!"R��j(�z	Hy�$A����z�t�\L-V>	
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π/2−α

h
1

h
2

k

α

σd
x

dσ0
x

0

grad(h)

z 3.1: qP{�WyP� y = y(x) �!\oRpO��f+?o�
y′ =

dy

dx
=
∂S

∂y

/
∂S

∂xK�� (3.17) P
√

1 + y′2 =
k

∂S/∂x
,

ky′√
1 + y′2

=
∂S

∂y�bÆX��<G/�




d

dx

(
ky′√
1 + y′2

)
=

∂2S

∂y∂x
+
∂2S

∂y2
y′

=

(
∂2S

∂y∂x

∂S

∂x
+
∂2S

∂y2

∂S

dy

)/
∂S

∂x

=

[
1

2

∂

∂y
(∇S)2

]/
∂S

∂x

=

(
∂k

∂y

)√
1 + y′2$APIpO��

d

dx

(
ky′√
1 + y′2

)
=
√

1 + y′2
∂k

∂y
, k = k(x, y(x)) (3.18)j�� y(x) R#OvÆ&��	2�'&��d (�BdRpOf+), 3S(F/,���PpO$-	Hy�$AmJJ�� (3.18) Z Fermat 
z(qR�=u6	 Fermat
z/�� ”�

P0 } P1 *��i��QF���
L =

∫ P1

P0

kds



48 sJ� [[�OnOy)2Q�P" P0 } P1 �l�Z+��\�!;�(;eZ+��ij>~" L 4�4	” ��#Q�!
z�x�FG&�R!X���M)��
L =

∫ P1

P0

F [x, y(x), y′(x)]dx (3.19)B)�B F 7hV>R Euler ��
d

dx

(
∂F

∂y′

)
=
∂F

∂y
(3.20)���� L 2N,	<��

L =

∫ P1

P0

k
√

1 + y′2dx (3.21)��� (3.19) ;R F � F = k
√

1 + y′2, T+#Q��� (3.18) ����=U Fermat 
zR Euler ��	7&������ Fermat 
z2X��m!�+R��M2��	�mZ
�=����hR	G	�Bx�M)�^f+CrS#Ov��3x��tQ
�=	>C$AMoXXpOR�r+UDoR���NAZ!d~�"`Ov:u6	
§3.3 ;3
?� k
:�M$Aku�LORVxOZ y H�t�7&�h = h(x), k = k(x), Euler�� (3.18)G�

d

dx

(
ky′√
1 + y′2

)
= 0 (3.22)7&

ky′√
1 + y′2

= K = const (3.23)M)I
y′√

1 + y′2
=
dy

ds
= sinα (3.24)

(�; α �pOZ! x HRg�), Sx��� (3.23) 3�$A*3R Snell o*
k sinα = k0 sinα0 = K, C sinα

C
=

sinα0

C0
(3.25)�| k0, α0 �pOj!'&d (x0, y0) jR k, α ,	*�� (3.23), S(2�

y′ =
dy

dx
=

±K√
k2 −K2

(3.26)J&PpO��
y − y0 = ±

∫ x

x0

Kdx√
k2 −K2

(3.27)FG��y k2 > K2 �`S
OpO	!XRRQOZpOQ��QORf+?o�
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(x
0
,y

0
) x

1

(b)

y

α0

x
0 x

1

K

k
0

k(x)

(a)

z 3.2: (a) "	[S k(x) 8P� (b) XqqP (K < k0 = kmin)

dy

dx
= ∓

√
k2 −K2

K
(3.28)QOR���

∓Ky =

∫ x√
k2 −K2 + const (3.29)(>�nX�S
R.f	

[V 1] WpI�ZC�VR�JRB�^O�Z��k�mRR���t�R��
<�q��5nmn"R�V��d�#*U�V~���d"`S(Ft<RTqmÆ0��3	�t<�x�kuman�
(x ∼ −∞) RWpR��JR��tRWpOy x = x0 ��W�Z (x0 < 0), Z x HRg�� α0; K
au6 (3.9) S&� h n^� k n5	℄9�� (3.25), α y�Z��G^�	#xG5�Z~�;R�p.fQ=	7� k0 sinα0 = K < k, r℄� √

k2 −K2 d��/�7� dy/dx > 0, r�� (3.26),(3.27) ;<!�	F\ h Ru^� k �5� dy/dx u^�pOn��Z���GPnmn#*UVxO��Zn#�xnmn~xVxOR�O	pO$-�.yxy 3.2.p�NN.f�kuZn#�5J��fr��V��Uj-pO�KU h → 0 ��
k → ∞ (S.B h → 0 �O k ∼ ω/

√
gh), pOWZ�4U#*UVxO (α → 0, K Snell o*), m?#*`tF��O	

Pocinki(1950) ���V>R k(x),

k =

{
k0, x > a

k0
1 − a/b

1 − x/b
, a > x > b



50 sJ� [[�OnOy)2��!X�a x = a, ?2��O x = b R�VTq	9W�� (3.26), P
dy

dx
=

(1 − x/b) sinα0/(1 − a/b)√
1 − (1 − x/b)2 sin2 α0/(1 − a/b)2

, a > x > b (3.30)<
λ =

sinα0

1 − a/b
, ξ = 1 − x/b, η = y/b$API

dη =
−λξdξ√
1 − λ2ξ2

=
1

λ
d
√

1 − λ2ξ2 (3.31)J&T+P�
ξ2 + (η − ηc)

2 =
1

λ2U
(x− b)2 + (y − yc)

2 =
(b − a)2

sin2 α07&�pO�!-fmy x = b, y = yc Rf'	u y0 �pOZVxOR x = a �d�yj�;� x = a, y = y0, 3PIb/ yc Z y0 (qRu6
yc = y0 − (b− a) cosα0

[V 2] 4Ay!�ZjRRkV kmax > K = k0 sinα0 > kmin(xy 3.3(a)), �pO2S
/yU k > K R5^ b < x < a ;	I��pO* x0(b < x0 < a) ���	)Wp� α0 ∈ (0, π/2). * x0 I a, dy/dx > 0, y K�� (3.27)(< + �) \��pO4�U
(x, y) = (a, ya) d��;

ya = y0 +

∫ a

x0

Kdx√
k2 −K2S.��U�&~+R�^� k S(y x = a ?�	F� Taylor V/�V� k′x=a 6= 0, $AO

k2 = K2 + (x− a)(k2)′x=a + · · · (3.32)j-J&�ONR�>�y x = a � dy/dx �'05�7&*O x = a �LO�dpOR)4����aO	KUQ�pO<&Q��Do�0R�� (3.16)Xx��	��d (a, ya),

dy/dx < 0, pO�W=m�K�� (3.27)(< - �) \��*II2*O x = b �0	 x = b �LOpOR)4R�!f�aO	���pOyZ! y H�Z��Rm��yj-�f�aO(qm=gq (xy 3.3(b)). �UL-R K >R!DR�y�� b < x < a (��XS
/y	��H\��RR4A	KU�\7��yaKJj>�j&�� (5�	�C+), �S
:�KRR�℄M�	7��U��5R K(> kmin) ,�kx�Z�X/ythR	L(���XS
K�Z�fWpRthRM��ZR�4m�Ov.Hz&/��V&	X���PXu�K�℄hM�7�RRS
v	
[V 3] �i
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b a(a)

k

K

x

b a
(b)

y

x

α0
x

0
,y

0

y
a

(1)

y
a

(2)

y
b

(1)

z 3.3: (a) "	[S k(x) 8P� (b) XqqP (K < k0 = kmin)
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K

2

K
min

K
1

x
0

x
1

k(x)

(a)

x
0

(b)

y
1

o

y

K
2

K
1

K
minz 3.4: 	jk[ATdSqP
 (a) 	jk k(x) SH/� (b) Yn K -SXqqP�UVxy�^R�i� k(x) RG.Vy 3.4(a) L�	V�WpRR K = k0 sinα0 =

K2 < kmin, pO�Z�iH�Z�7�	#��Z�7�'��iZRt��Vy 3.4(b)L�	>��V� K = K1 �&5��y k < K1 5^aXS
/ypO� k(x1) = K1 R*O x = x1 �!f�aO�pO2
�=N��R℄!f	�UsoR k0 = kmin, 2�Wp� α0 �&��U π/2, 3S(2I�&5R K ,���WpOZVxORg���^RZ����Wp��-Wp	B K 2I��, k0 sinα0 = kmin ��WpOG�{�`�tUVxO	
§3.3.1 aj��yj-Rt<.f>� ∂/∂y = 0, �T+��� (3.14) �tJ&�$API

ECg cosα =
1

2
ρgA2Cg cosα = const (3.33)Hy�$AF>K 0, M�bMxy h0 >R,�� λ = 2kh/ sinhkh, $API�0:

A

A0
=

[
(Cg)0 cosα0

Cg cosα

]1/2
=

[
k cosα0

k0 cosα

1 + λ0

1 + λ1

]1/2
(3.34)y�ZWpRNN.f>� cosα = cosα0 = 1, $AO

A

A0
=

[
k

k0

1 + λ0

1 + λ1

]1/2
(3.35)	y�"R5;� cosα→ 1, Cg ≈ C ≈

√
gh,

A

A0
≈ (Cg0 cosα0)

1/2(gh)−1/4 (3.36)



§3.3 oPyV<��ynB' 53S(J���0F\xyRu^	�j	���xyR −1/4(HR#nu6�� Green o*	��!X!"vR����UR/5G.f�S(FWKB ��PI	Z"5R
au6 k ≈ ω(gh)−1/2 Q���S&4℄RRRfyFxyu^	�jR�*�
kA ∝ h−3/4S.�Bxy�&^��p�Ov.z0G�R^�0koXx���#Ov`=GPB��m�	����U!Xwf+R�V�B5�&"��p� WKB ��RG�vko
∣∣∣∣
dh

dx

/
kh

∣∣∣∣≪ 1��"`	m#�y����R�~
H�q~�!X�U}�YURt�q5�z0&/�i_	�ZWp>R�� (3.35), yt�q5(�R�X�Vj55PI����#
(Eaglesen, 1956).

§3.3.2 j/(�q;8�LV�L-��aO?�R.fOd\&�jCR&/X�F�>���U*R�aO.f�pO�=:�T+w!	Hy�$A��=U x = 0 R y H��aO�WppO��ppOvy�nf	y x = 0 ?��S(<�=
k2 ≃ K2 − γx, (γ > 0) (3.37)�|ko x = 0 � dk/dx 6= 0, )�'&R	U� k R x &
�

k1 = (−γx)1/2 (3.38)) ∫
k1dx =

2

3
γ1/2(−x)3/2 (3.39)��pO�= (3.35), $API

A = A0

(
Cgk1

k

)1/2

0

(
K

Cg

)1/2

x=0

(−γx)−1/4 ≡ β(−γx)−1/4 (3.40)�aOnfRaKJ�




η = β(−γx)−1/4eKy/µ
{

exp

[
i
2

3

γ1/2

µ
(−x)3/2

]

+R exp

[
−i2

3

γ1/2

µ
(−x)3/2

]} (3.41)j�;Rb!W�=UWpR�bÆW�=U�pR��:�0 R ;o	Kj-���S(J��B x→ 0 ���0'N`�5	7&�?{\��aO?�R4℄z0C��?{,��0uU x RmQ
G/	$Ako�r�j
Φ =

−igX
ω

cosh k(z + h)

cosh kh
exp

(
iK

y

µ
− iω

t

µ

)
(3.42)�; X = X(x) ;o	�j�9W�� (3.3), O

µ2Xxx + (k2 −K2)X ≃ 0 (3.43)



54 sJ� [[�OnOy)2�� (k2 −K2) y x ?�CG2�� x < 0 ��!R� x > 0 ��>R	�� (3.43) R�y x < 0 ���CR�y x > 0 ��<kR	y/�+z; x = 0 ��WZd	=Fu6
(3.37), �� (3.43) G�

µ2Xxx − γxX = 0 (3.44)�y x = O(µ2/3), U x = O(µ−2/3) a�
�R�=	:�
Z = γ1/3xµ−2/3 (3.45)�� (3.44) 3G� Airy ��
XZZ − ZX = 0 (3.46)�k��

X = aAi(Z) + bBi(Z) (3.47)

Airy �/ Ai(Z) � Bi(Z) <O(>{�r�




Ai(Z) ∼ 1

2
√

2
Z−1/4 exp

(
−2

3
Z3/2

)
, Z ∼ ∞

Ai(Z) ∼ 1√
π

(−Z)−1/4 sin

[
2

3
(−Z)3/2 +

π

4

]
, Z ∼ −∞

(3.48)





Bi(Z) ∼ 1√
π
Z−1/4 exp

(
2

3
Z3/2

)
, Z ∼ ∞

Bi(Z) ∼ 1√
π

(−Z)−1/4 cos

[
2

3
(−Z)3/2 +

π

4

]
, Z ∼ −∞

(3.49)V�y x = O(µ2/3) > 0 R5^aX/yOR�aOCsaC���K (3.49) S&�?{p�� Bi(Z), 7&
η = aAi(z)eiKy/µ (3.50)6/ a ��JR�pR�0 R, ?{K −Z ≫ 1 ��� (3.50) Z (3.41) |z#Co	=F�� (3.48), j�Ci�





η ≃ a

2i
√
π

(
−γ

1/3

µ2/3
x

)−1/4

eiKy/µ
{

exp

[
i
2

3

γ1/2

µ
(−x)3/2 +

iπ

4

]

− exp

[
−i2

3

γ1/2

µ
(−x)3/2 − iπ

4

]}
, −γ1/3µ−2/3x ∼ −∞

(3.51)��� (3.41) Z�� (3.51) QV�3PI
{
a = 2

√
πieiπ/4β(γµ)−1/6

R = eiπ/2
(3.52)�U'&R k(x) �\oRy x0 �RWpRm:� β �'&R�6/ a S(�U2P	,PS.R��Hy�m5�0�ONR��Hy2I�aO(�R`�	�pR�WpRR�0Qm�>O π/2 RQ�p	�UO�iR.f�S
�H�f�aO (xy 3.4); V��aORqVXT5�n�aOR�W`= (Ai(Z) R�℄) �R�aO�pF��XR>��R�aO�S~spR	T:&/rS�R�aOR�z�m�Fj Ai � Bi �/	 d(k2)/dx = 0 > d2(k2)/dx2 6= 0R.f:�:u�
�jS(FQmR���z	
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RC�k��	�S(X&5^�t|z��2��!5O`R<!M2�	��z0y�N+z�&$;Æ0�7R�aO�_� (Ludwig,

1966; Nayfeh, 1973), P)''=FI5R&/ (Chao, 1971). �Ut<RX��r��&^R�0R.f�'O!d��#����z0 (Chao & Pierson, 1972).

§3.4 ;3
hLv:�M�dj��^R�r'w�Æ�R�U5x h = h(x, y). Æ0���r�d.1`5	Hy�$AMo�;!�zURTq—– VxO�fDR.f	Ou5RR�v"`�m|K Aithur Æ0� (1946).

§3.4.1 .�8$�k��UHyM)R.f�FNrK (r, θ) M�5x�h = h(r), 7&R�R5^�2� r R�/� k = k(r). ��PIpOR Euler ���$A* Fermat 
z���<V>J&RN,
L =

∫
k(r)

√
1 + r2θ′2dr (3.53)�; θ′ ≡ dθ/dr. S.I�yNrK>�� ∫

F (r, θ, θ′)dr R Euler ��R!"r�� [?]

∂F

∂θ
− d

dr

(
∂F

∂θ′

)
= 0$AO�� (3.53) R Euler ��

d

dr

[
∂

∂θ′
(k
√

1 + r2θ′2)

]
= 0 (3.54)S(J���\!pO

kr2θ′

1 + r2θ′2
= const = κ (3.55)�; κ �M�BpORw/	*;S(�� θ′:

dθ

dr
=

±|κ|
r
√
k2r2 − κ2

(3.56)r�j�J&�X���PI
θ − θ0 = ±|κ|

∫ r

r0

dr

r
√
k2r2 − κ2

(3.57)�; (r0, θ0) �pOk�R'&d	Hy�$AmJJw/ κ R+z.1	�PUy 3.5, �� (3.55) S(Ci�
κ = kr

rdθ√
dr2 + r2dθ2

= kr
rdθ

ds
= kr sinα (3.58)�;� α �pOZVxOR�djpOZVxO��
Rg�	\y (r0, θ0) d�Wp��

α0, �
κ = k0r0 sinα0 (3.59)
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h=const

α

r

d θ

P

P
’

PP
’
=ds

PQ=rdθ

z 3.5: qP�WyP

∆θ

O

D

A

B

C

r
1

r
2

k
1

α1

α2

α1
∋

α2
∋

k
2

k
3

z 3.6: gSÆs	_



§3.4 oPyi�#nB' 577&�w/ κ �KpOR���6����ZDoR	L(�\!pO�
κ = kr sinα = k0r0 sinα0 (3.60)�3�VxO�fD.f>R Snell o*	Z*O.fXmR��Hy r p�?j7_�Hy Snell o*;	�jxz��Hy$A�OH��R
r�^R.fp!d�VR[0	�&�$Aku

k = ki = const, ri−1 ≤ r < ri, i = 1, 2, 3M)!fk� (1)(2)(3) 5RpO (xy 3.6), y (i) 5�BpO( ai−1 xFq�O r = ri−1,( α′
i �WpI r = ri j�	y��d(qpO�*O~	� Snell o*=FI (1) Z (2) 5R�O r = r1 ��$API

k1 sinα′
1 = k2 sinα1 (3.61)�S. α1 6= α′

2; ��j�Ky 3.6 T+J�
sinα1 =

CD

AC
=
r2∆θ

AC
, sinα2

′ =
AB

AC
=
r1∆θ

AC
(3.62)7&

r1 sinα1 = r2 sinα′
2 (3.63)�j�9W�� (3.61), PI

k1r1 sinα′
1(= k2r1 sinα1) = k2r2 sinα′

2 (3.64)FG�m�R0#�FU�N!6���R2r�*	$AO
knrn sinα′

n = const���� (3.60) yX��.f>RM2�	L( r R�H�KVxOR�7:�R	Hy�$A=I�� (3.57), FG�pO2S
/yU k2r2 > κ2 R5^�y��'- r∗�
k2r2 = κ2, (r = r∗) (3.65)Q=R θ �� θ∗, K>�Do

θ∗ − θ0 = ±
∫ r∗

r0

|κ|dr
r
√
k2r2 − κ2

(3.66)K�� (3.56) S&�y (r∗, θ∗) d� dr/dθ = 0; pO�<��U
d��<x
dmk	k�Mo dr/dθ R2��!"`�S(�B�of�;R!>��>J7�:Q	x~G!>R)O (VQO) R��	upO� r = f(θ), VQO� r = g(θ), KUNA�<&!�R�7&
∇(r − f(θ)) · ∇(r − g(θ)) = 0U

g′ · f ′ = −r27�℄9�� (3.56)

f ′(θ) = ± r

κ

√
k2r2 − κ2
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rz

h(r)

α0

β

β0
P

0

P
’

θο
∋

P
*

|K|

r
*

r
0

θ0

(a)

(b)

(c)

z 3.7: �>SfG (a) asg�z� (b)kr G r SH/� (c) qPSY��s7&�VQORÆ&���
g′ =

dr

dθ
= ∓ κr√

k2r2 − κ2
(3.67)Q=RJ&r��

κθ ±
∫
dr

r

√
k2r2 − κ2 = const (3.68)��z�j-��R+z�1�(>MoXv k(r):

[V 1] 0 < kr <∞, k(r) F r <kG. (xy 3.7)$A&Ly�"R5;� ω/k ≃
√
gh, 7&B ω !o��?oO k ∝ h−1/2; B r → 0��2� rh−1/2, 3O kr → 0. ~=y5;RfreF3+U�!.f	ku P0(r0, θ0) d�pOR��d��O

θ − θ0 = −|κ|
∫ r

r0

dr

r
√
k2r2 − κ2

(3.69)�;7� dθ/dr < 0, J&��<>��yI2��d P ∗(BdR r∗ ���'-) ��&��F�{���d�pOK>�Do
θ − θ0 = −|κ|

∫ r

r0

dr

r
√
k2r2 − κ2

(3.70)�|J&��<!�	FGpOuU�- θ = θ∗ ���$AS(�pOR�$�i�
|θ − θ∗| =

∫ r

r∗

|κ|dr
r
√
k2r2 − κ2

(3.71)
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r

z

r
*

(a)

(b)

(c)

o

|K|

r
*

|K|>(kr)
min

|K|<(kr)
min

r=a

kr r=b

z 3.8: gsF
 (a) asg�z� (b)kr G r SH/� (c) qPSY��sNARX��rVy 3.7 L�	FG� r = r∗ ��-Rm^,	kuO!X�JR* x = −∞ pZ!freF� r ≥ r0 ��^�5�R�r k = k0; WpR
m�tU x H	℄dyf7 |y| ≤ r0 (�RWppOZfD r = r0 XQ��7	*O���X�~~W�
myf7 −r0 < y < 0 aRpO�WeF��Z�-g� α0 ��N��Zfm�y�m^, r∗ (#��xfm�7	?o��U�- θ = θ∗, xFeF���tpOZ&xd�-Rg�� π − α0(xy 3.7). �pORd~W�� β, �Fx
β − θ′0 = π − α0�; θ′0 �pOxFeF℄dR�Z�

θ′0 − θ∗ =

∫ r0

r∗

|κ|dr
r
√
k2r2 − κ2

(3.72)v=`�*f7 0 < y < r0 �WeFRpO��ZeF;m�	#xF;m	U��yeFR2+f�* x H�fmRpO<&Q��&F\�dpORtR<&Fr	\O`�y!
x HjRQ.d�vU��v�dR�0�<℄pO.rR�5�Xy x HjRd��Q�pORFrS
��0j5��S
��0u^�<CURRQ�	Hy�M)y x HRm!fRpO��V −r0 < y < 0 R!f	KU� α0 R�XN|,� α0 = π(?JWp) � α0 = π/2(-Wp), pOX�~~W�U β = 0, 	�U;qR α0,� β > 0. 7& β !oO!Xm5,��UWpIeFj'fRt���HR.fv= (2� β <>,). L(� x H!fRpO.��Z�!fRpOQ���4>Z8fRpOQ�	vU�� (3.16), BQ�pOQ���pOz�J���R04U'05��|R�=3�`�	
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[V 2] kr �u^Im^,	#�5R.f�U��Oy r = b �RfrE�.f3���	ku r − b → 0 �� h → 0, �K
au6S&�B k → h−1/2 �� kr → bh−1/2. y5 r �� kr → k0r. �ULOZ�f

r = a Q�RWppO� |κ| < k0a. ℄dZERH�&�� (U |y0| = |r0 sinα0| �&^)RpO� κ2 < (krmin)2, }m?(
HRr�I2��	>��℄dxH�kRpO�7h
(kr)2min < κ < (k0a)

2, }7EuF�I2X���	��pORWp� α0 = αc0, 7h
| sinαc0| = (kr)min/k0r0��pOR�pH\�S(��qR℄&

R;IEj�V�EJ#�5J�

3>R;IEo?�R^5^�7&�OOuUy�j|QObG�p�!�R
1��BG��H�mQBi_	MpIE#R℄℄&pO�>�~FrH\	7&�O'�RXO&L��j�+/���E2+R!#��PX�SNRB+(�	

[V 3] 4Ay2r�ZjRRV�5xG.Vy 3.9 L���yONR r � kr S
2I4℄m5,	V�!pO*
(r0, θ0) ��� α0 > π, �y2I r = r1, θ = θ′1 (��pOK>�\o

θ − θ0 =

∫ r

r0

|κ|dr
r
√
k2r2 − κ2*	� dr/dθ > 0; G#�pO��=�5R r, PO

θ − θ′1 =

∫ r

r1

−|κ|dr
r
√
k2r2 − κ23���pO�����Z���y�X�afD r = r1 � r = r2 (q�3Rq	pOuU�- θ = θ′1, θ

′
2, · · · ���R	�-��y?X�yD�

∆θ = 2|κ|
∫ r2

r1

dr

r
√
k2r2 − κ2(#�pO�r�~B:	V� ∆θ � 2π ROz/5��pO~=I��d�Ur�!f(>7O�7&�fz

∆θ

2π
=

n

m
, m, n = 1, 2, 3, · · ·Co�74Ay�ZjRaK�qR ”8�, ”. *�K�\
7 (V+) q~RRC7GRWp��3S
q~�dT��P�~h�	NA

�|y�^|MjR��|Q��R!�!y�G	�V�/+:�R�v�q�OS
��^k(R,(Nn�m	

§3.4.2 aj��Hy�$AM)WpIfr�p5 r ≤ r0 R�JRRpOqV7_	uWppO�tU x H	#��*y 3.7, $AS.I
θ0 = π + β0�; β0 = π − α0. ℄9�� (3.57), $AO




θ = π + β0 ±

∫ r

r0

|κ|dr
r
√
k2r2 − κ2

|κ| = k0r0| sinα0| = k0r0| sinβ0|
(3.73)
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r

z

(a)

(b)

(c)

kr

r
1 r

2

o

K

θ
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2

z 3.9: 5Bz3s	[kSS
 (a) asg�z� (b)kr G r SH/� (c) qPSY��s
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dσ0

dσ

A
0

A

BΒ0β0

β0+ d β0

rr
0

O

z 3.10: gsWyP/g?SqP{Y��s?!f7�pRpOK���d (r0, θ0) M�	M)�f<OWp� β0 � β0 + dβ0 RQ�pO�Vy 3.10 L��y r < r0 RQ!fDj�
dσ = AB cosβ = r∆θ cosβ = r cosβdβ0

(
∂θ

∂β0

)

r=const7� ∆θ ��\'-� r RfDy
R	y��fDj� r = r0, ∆θ = ∆β0 ,

dσ0 = A0B0 cosβ0 = r0dβ0 cosβ07&�pORqV7_�
dσ

dσ0
=

r cosβ

r0 cosβ0

(
∂θ

∂β0

)

r=constKU kr sinβ = κ = const,

cosβ =

√
1 −

( κ
kr

)27&�$API
dσ

dσ0
=

{
r
√

1 − (κ/kr)2
(
∂θ

∂β0

)

r=const

}
{r0 cosβ0}−1 (3.74)�;� ∂θ/∂β0 S(*�� (3.73) 2G/PI	

§3.4.3 0yK�2�U��.f�$A<
kr =

{
k0a

ln(a/b)

ln(r/b)
, b < r < a

k0r, a < r



§3.4 oPyi�#nB' 637&�fER��Oy r = b ��E1y r = a �	 kh � kr RG.7OVy 3.11(a)-(b) L�	��?�5�"�B r → b ��O
h ∼ k−2 ∼ r2 ln2(r/b), dh/dr ∼ 0L(��V��X�Sx�y��.f>�LO�WE1RpOvZ��O#*Q�	pO���T+J&	pO���

±(θ − θ0) =

∫ b

a

k0a| sinα0| ln(r/b)d ln(r/b)√
(k0a)2 ln2(a/b) − (k0a)2 sin2 α0 ln2(r/b)

(3.75)�;� ”+” ��=U*bÆ\N�WE5RpO� ”-” ��=U*b`\N�WE5RpO	�
D = ln(a/b)/ sinβ0, ρ = ln(r/b) (3.76)Ci�� (3.75), �tJ&�$API





±(θ − θ0) =

∫ ln(r/b)

ln(a/b)

ρdρ√
D2 − ρ2

=

√
D2 − ln2(a/b) −

√
D2 − ln2(r/b)

(3.77)NVlU
ln(r/b) =

{
D2 −

[
±(θ − θ0) −

√
D2 − ln2(a/b)

]2}1/2�|�( ln(a/b), =Fo1 (3.76), $API
ln(r/b)

ln(a/b)
=

{
csc2 β0 −

[
± θ − θ0

ln(a/b)
− cotβ0

]2}1/2

, θ0 = π + β0 (3.78)Q=R7Oxy 3.11(c).u (b, θb) �*b`\N�WE5Rm�C!fpO (β0 = π/2, θ0 = 3π/2)Z��OR�d	KU sinβ0 = 1, ℄9�� (3.77), O
θb −

3π

2
= ln(a/b), U θb =

3π

2
+ ln(a/b)v=`�*bÆ\N�WE5Rm�C!fpOZ��O�U (b, θ′b), θ

′
b �

θ′b =
π

2
− ln(a/b)V� ln(a/b) < π/2, �/y!~��O

r = b, −
(π

2
− ln(a/b)

)
< θ <

π

2
− ln(a/b)y℄|�WpR7�=j���~��7 Arthur ��2+�	V� ln(a/b) > π

2 , �yER2+f�* x H!fmRpO>Z* x H�!fmRpOQ��k�lj�P�B`SQ��S(C�dRR0	B ln(a/b) = π
2 , U a/b ≃ 4.81 ��* x H!fmRm�CR�fpO��U��R θ = 0 ��2+�3X:/y�	
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0 1 2 3
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0.5

k
0
h/2π

r/b(a)

o 1 a/b

r/b

kr

k
0
r

(b)

1.0.6.2

(c)

β0=−π/2

β0=π/2

β0=0
1.00.5

(d)

β0=−π/2

β0=π/2z 3.11: gsF (Pocinki). (a) 	_
K� (b)kr ∝ r 8P� (c) qPY��s� (d) 	� r = b �
(dσ0/dσ)1/2 SOPz



§3.4 oPyi�#nB' 65��PIqV7_�$Ax(Mo*b`\N�WE5RpO	���� (3.74) R�2���� (3.77) 2uU β0 R~G/��C�
∂

∂β0

(
D2 − ln2(r/b)

)1/2
= D

∂D

∂β0

(
D2 − ln2(r/b)

)−1/27&
∂θ

∂β0
= 1 −D

∂D

∂β0

[(
D2 − ln2(a/b)

)−1/2 −
(
D2 − ln2(r/b)

)−1/2
]℄9�� (3.76), $AO

∂D

∂β0
= − cosβ0 sin−2 β0 ln(a/b)7&

∂θ

∂β0
=

{
1 +

ln(a/b)

sin2 β0

[
1 − cosβ0√

(1 −R2 sin2 β0)

]}
(3.79)�;

R ≡ ln(r/b)/ ln(a/b)7&�pORqV7_�
dσ

dσ0
=

r cosβ

a cosβ0

∂θ

∂β0
=
r
√

1 − (k0a)2 sin2 β0/(kr)2

a cosβ0

∂θ

∂β0
(3.80)�; ∂θ/∂β0 K�� (3.79) \o	 r = b � (dσ0/dσ)1/2 RNOy�Vy 3.11(d) L�	x�/��(j�z���<O ” 'h ” Rv8�7�$Ako� k RY�FU2�Rr��	xyG.?{K
au62P	7&��UXmR�+�QmR k >�=UXmRxy	!"`R_���\o ω � h(x) m2pO��0�!"`�?{aF/,��2�	�U*RCfRVxO.f�/,2�PXi_	�U!"RVxO� Skovgaard, Johnson�

Bertelsen (1976) _��DopO�R0R`C����;4?7M)��^RW^`=	
§3.4.4 ���=�L��.	℄.Æ6Æ8;Q[�pO�=RId���!X`�"`���|��pOzR!�"`	>��?{��`!pORG.�tT:M)��"`4m�4℄Æ�R	4O!d.f�"`88j3�Æ�R��V�RWpI5G�^jR�#NaR.f	Æ�`=ZMpG(Qu	7&�x�\�!��=�(&/xy58G.�)`S�AR5�G.R.f	ywxyR.f>�Ay�S(i�

φ = −−igη
ω

f (3.81)�;
f =

cosh k(z + h)

cosh kh
, ω2 = gk tanh kh (3.82)℄9 φ 7hR Laplace ��S&� η(x, y) 7hÆ�R Helmholtz ��

∇2η + k2η = 0 (3.83)



66 sJ� [[�OnOy)2��!XL-MpH\R��	7&��U5GxyR.f�R��� (3.81),(3.82)SG�F�2� k � h <R�4℄R,���J���zR	GU��;U� Berkhoff(1972) ~G� η(x, y) R!XQBt<R���Xmp�FXmR���G���X�� (Schonfeld,

1972; Johnson & Brink-Kjaer, 1973, Smith & Sprinks, 1975; Lozano & Meyer, 1976). Hy�$A\� Smith � Sprinks R0#	
φ � f R&DR\7���





∂2φ

∂z2
+ ∇2φ = 0, −h ≤ z ≤ 0, ∇ =

(
∂

∂x
,
∂

∂y

)

∂φ

∂z
− ω2

g
φ = 0, z = 0

∂φ

∂z
= −h · ∇φ, z = −h

(3.84)





∂2f

∂z2
− k2f = 0, −h ≤ z ≤ 0

∂f

∂z
− ω2

g
f = 0, z = 0

∂f

∂z
= 0, z = −h

(3.85)� φ � f =F Green f��
∫ 0

−h
dz

[
φ
∂2f

∂z2
− f

∂2φ

∂z2

]
=

[
φ
∂f

∂z
− f

∂φ

∂z

]0

−h9W�� (3.84) � (3.85), $API
∫ 0

−h
dz
[
φ(k2f) − f(−∇2φ)

]
= 0 −

[
0 − f

∂φ

∂z

]

−h
= −(f∇h · ∇φ)−h (3.86)=F φ � f Ro1 (3.81) � (3.82), $API

∇φ =
−ig
ω

(
f∇η + η

∂f

∂h
∇h
)





∇2φ =
−ig
ω

[
f∇2η + 2

∂f

∂h
∇η · ∇h

η
∂2f

∂h2
(∇h)2 + η

∂f

∂h
∇2h

]7&��� (3.86) S(Ci�




∫ 0

−h

{
f2∇2η + 2f

∂f

∂h
∇η · ∇h+ fη

∂2f

∂h2
(∇h)2 + fη

∂f

∂h
∇2h+ k2f2η

}
dz

= −(∇h · ∇η)f2

∣∣∣∣
−h

− fη(∇h)2 ∂f
∂h

∣∣∣∣
−h=F Leibniz ��

D

∫ a

b

fdz =

∫ a

b

Dfdz + (Da)[f ]z=a − (Db)[f ]z=bn|Rr�WZR|Rb!WS(�P�PI




∇ ·
∫ 0

−h
f2∇ηdz +

∫ 0

−h
k2f2ηdz

= −fη(∇)2
∂f

∂h

∣∣∣∣
−h

−
∫ 0

−h
fη
∂2f

∂h2
(∇h)2dz −

∫ 0

−h
fη
∂f

∂h
∇2hdz



§3.4 oPyi�#nB' 67℄95G�^Rko�K�� (3.1) S&� ∇h/kh = O(µ) ≪ 1. xM)I ∇η/kη = O(1), $A�HR|ZWZn|(:� O(µ2), S(.>	2J&�P�F
∫ kh

0

cosh2 ξdξ =
1

4
(sinh 2kh+ 2kh)$API

∇ · (F∇η) + ω2Gη = 0 (3.87)�; 



F = CCg =
1

2
gh

tanhkh

kh

(
1 +

2kh

sinh 2kh

)

G =
Cg
C

=
1

2

(
1 +

2kh

sinh 2kh

) (3.88)S.I�=u6 ∇η/kη = O(1), �� (3.87) R�!�r��
∇ ·
(
CCgη

k

k

)
+ ω2Cg

C
η = 0 (3.89)

Smith & Sprinks(1975) �!\m`�L�R#�QT� (evanescent modes), NA9M4℄`=�
V� O(µ), 7	S(&.	MA/��"z�� (3.87) R-p� O(µ2), >�2
&DI O(µ), 7&�R�Q� O(1/µ) R=x(#�Q�RuJ-pS2 O(µ).�UwxyR.f��� (3.87).� Helmholtz�� (3.83). �U5G^xy.f (kh≪
1), �� (3.87) .�

∇ · (h∇η) +
ω2

g
η = 0 (3.90)7&�2��^f+�^��� (3.87)-(3.94) � XRx��_e!�lW (interpolation).x�/���� (3.93) 4x��BRC�fz	KU�/��i_�2�N�F/,��	������ (3.87) R+z�1� Herchenroder :��

η = AeiS (3.91)�;� A, S ���/	'��℄�y℄R&x�S(PI
{
AF∇ ·K + K · ∇(AF ) + FK · ∇A = 0

−FA|K|2 + F∇2A+ ∇A · ∇F + ω2GA = 0
(3.92)�;

K = ∇S (3.93)7&�T+#Q
∇ · (FA2K) = 0 (3.94)

|K|2 = |k|2 + (FA)−1∇(F∇A) (3.95)K�� (3.93) S&
∇× K = 0 (3.96)
�j�*�� (3.94)-(3.96) S(�� A � K.
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∇A/kA = O(∇h/kh) = O(µ) (3.97)�� (3.95) �=�

|K|2 = |k|2 +O(µ2) (3.98)	�� (3.94) ��=�
∇ · (CgA2) = 0 (3.99)7&�pO�=��� (3.87) RNN.f	G	��� (3.87) S(FU�aOR�^	Hy�$A( h = h(x), )Y*O x = const �!�aOR.fm:Q�!d	7� ∂

∂y = 0, 7&�K�� (3.94) � (3.96), $API
{
K2 = const

FA2K1 = const = (FA2K1)0
(3.100)℄9�� (3.95)

K2
1 +K2

2 = k2 +
1

A

(
∂2A

∂x2
+
∂ lnF

∂x

∂A

∂x

)
(3.101)9W�� (3.100), $API

∂2A

∂x2
+
∂ lnF

∂x

∂A

∂x
+

{
k2 −K2

2 −
[
(FA2K1)0
FA2

]2}
A = 0 (3.102)y�aO?�� A � ∂A/∂x v�5��� (3.102) RL�℄&�

∂2A

∂x2
+ (k2 −K2

2)A = 0 (3.103)�X��L-��aO�^aRMp`=�Z�� (3.43) Qm	F/,��2���\F�� (3.87), ��2I�QR&y��2�!XRx&�!d�&^R	U�B`rOG.R5^�5��`C��%�	7&� Herchenroder R��S(F�� (3.98),(3.99),y�,R	U.f>m��p"`��U�p�Mp"`�F��
(3.94)-(3.96) :F�� (3.87) `�!d�\O�ykxMpFMR5^ (V�aO��dV)��	US<P�1)	�U A = 0 R�^��z�m��{ (x�� (3.95) C (3.102)). <aR/,��4O;�		
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BP\ 2N��2.79t��bk�
KU5RR
av�xR�QPmb�|�5R8wRRx3''�x (�V`�*R),'�k=xR�Q(#��GRRRx3`x�	�qWpIN�C�KU�N
7RM��S
q~N�h���+mZRT�RRx!:UN�R*- (5 f|^4 10 f|). 7&Æ0xROB�R�d.1	V�R�Q�WYX5^�B5^a!XRxj5xRQ�G.�&FM��>�HRRapH\����pRGPQBSx�	t<RpOz0�&.�pR�7&�X����.f	yF�Æ0:�:uR
aRRap(��x�Mo!>"5R;xRRv="`��;
a��#�ZRG.�XB�R	��/�jFU�z�$AL��zxyq�G.R.f	Gxy.fR!XO=RH\�RR4A�UyY!�+��aRR�dj7N7y!℄&��Jj	y+fR�V�5'm��Zj�v/yO�d.1RxR4A"`	Hy�$A2�nEq`+fR�VjRCiR	&��Moap5�R\FÆJv8	x�/���^��G..fS�/2�R"`�/zm�sC:u�!"m:x�F�=��C/,��2�	
§4.1 
#���Tn:ZZ

§4.1.1 In[�ywxy.f>��xRm:� kh≪ 1, 7&�V�R0Zxy(:�^
A

h
≪ 1, C� |ζ|

h
≪ 1 (4.1)�Ov.�=�F	yGxyR.f>�\ h(x, y) RG.Æy�RxR
V��Ov.�=SS(�F	ywxy5;�'0^�0xRaR5RsqG8j�5�R��#�ZRG.S(&.�	���a*		ON�0RxR.f����	7&�xRsq�=`�Æ�R	yfz (4.1) >�8
$ ���

∂ζ

∂t
+ ∇ · (hu) ≃ 0 (4.2)�;� u = (u, v), ∇ = (∂/∂x, ∂/∂y). q
$ ���
∂u

∂t
= −1

ρ
∇P (4.3)d	��aR*	

P = ρg(ζ − z) (4.4)q
��r�G�
∂u

∂t
= −∇(gζ) (4.5)*�� (4.2) � (4.5) ;℄> u, O

∂2ζ

∂t2
= ∇ · (gh∇ζ) (4.6)
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72 s℄� PwY��jRnnC{��a[��!XG6/R47q~Æ&���Z}RR��X%!�	\O`�B h = const ��N.�
∂2ζ

∂t2
− C2∇2ζ = 0, C2 = gh (4.7)��mt<RRq��	y"5;�S(R�Rq/yU X5k;	V�R���+� ω R!DR��S(&x�YG
V>�
{
ζ = η(x, y)e−iωt

u = v(x, y)e−iωt
(4.8)℄9�� (4.2), (4.5), (4.6), $AO





iωη = ∇ · (hv)

v =
−ig
ω

∇η

∇ · (h∇η) +
ω2

g
η = 0

(4.9)ywxyR.f>�$AO Helmholtz ��
∇2η + k2η = 0, k =

ω√
gh

(4.10)V�fZC��Jv�J��C�fz��jR�ZAy���U
u · n = 0 (4.11)℄9�� (4.5), (4.8) � (4.9), $API

∂ζ

∂n
= 0,

∂η

∂n
= 0 (4.12)BfZC���#Jv����� (4.12) .�\�JjaKJQyX�m53�m^	X��V��J����RXR��5S(|s�s��P�~SxR�a��C�fz#nU�a (C�p) Rd
�	#�T��R!℄&�L("`�8�#OvR	�U+fR�V��>�Hv=Ri_	I�5m"R℄&�}R>
H�r�}��}�

�a�+~R.f (�+ ∼ 0.1/sec) 3���	�U�&xRR�
HH\XFM��V`�*R3���	7&$Ako��UL[0RxR�y�VCi'
H�

X>�a	$AS(��VCiRC�fzo�

lim
h→0

hu · n = 0, C lim
h→0

h
∂ζ

∂n
= 0 (4.13)BG�'0k��=j�BRfz	Hy�$A*ÆJROv.z0�<xR�=�
U`~G��� (4.6). ~zR���` Friedriches(1948) �#OvxRR[0	℄9+zjR����V>Æy<'
KG


{
(x′, y′) = k(x, y), z′ = z/h0, h′ = h/h0

t′ = (k
√
gh0)t, ζ′ = ζ/A0, Φ =

1

k

A0

h0

√
gh0φ

(4.14)



§4.1 y��a[)2nd| 73�| ω ∼
√
gh0k. �tF�x�(>�.'
KG
R ”′” ��\�Ov.R'
K���





µ2∇2φ+ φzz = 0, −h < z < 0

µ2φtt + φz = 0, z = 0

φz + µ2∇h · ∇φ = 0, z = −h(x, y)
(4.15)�;� µ = kh0 ≪ 1, ∇ ≡

(
∂
∂x ,

∂
∂y

) �5�^y7_	:WV/
φ = φ0 + µ2φ2 + µ4φ4 + · · · (4.16)� O(µ0) 
�$AO 



∂2φ0

∂z2
= 0, −h < z < 0

∂φ0

∂z
= 0, z = 0,−h

(4.17)7&
φ0 = φ0(x, y, t) (4.18)

φ0 L7hR��;o	� O(µ2) 
�$AO




∂2φ2

∂z2
= −∇2φ0, −h < z < 0

∂φ2

∂z
= −∂

2φ0

∂t2
, z = 0

∂φ2

∂z
= −∇h · ∇φ0, z = −h

(4.19)�PU Green f�
∫ 0

−h

[
φ0
∂2φ2

∂z2
− φ2

∂2φ0

∂z2

]
=

[
φ0
∂φ2

∂z
− φ2

∂φ0

∂z

]0

−h
(4.20)$API φ2 RS�vfz�U φ0 =B7hR��

−h∇2φ0 = −∂
2φ0

∂t2
+ ∇h · ∇φ0 (4.21)NS(Ci�

∂2φ0

∂t2
= ∇ · (h∇φ0) (4.22)=I
mRG
�P=FOv.R Bernoulli �� gζ = Φt, 3S(*j�~G��� (4.6).

§4.1.2 >�5r8��6q8z0i	�U5r�Jx:Lm:�
yk^UeZÆ0�S(a��Z
R�ZG.k^UeZG.	*x`J���7��:LRf�j�Z�
����XC�fz.�\ ζ R�ZG.S(&.	U��sqK!���L-�55~GV>	u x �eH� y ��H� b(x) �
y� h(x) �xy� y = a1(x), a2(x) ����U�
b = a2 − a1, �5�JJJ = A = hb (4.23)



74 s℄� PwY��jRnnC{��a[Hy�$A���v�� (4.2) * a1 I a2 �tJ&�P
∂bζ

∂t
+

∂

∂x

∫ a2

a1

hudy +

[
h

(
v − u

da

dx

)]a2

a1

= 0 (4.24)�;�FI� Leibniz ��	KU v − u dadx y y = a1(x) � y = a2(x) ����7&�j�X|W�����v��G�
∂ζ

∂t
+

1

b

∂Au

dx
= 0 (4.25)&.�ZAy(S ζ, u R�ZG.�q
���=�

∂u

∂t
= −g ∂ζ

∂x
(4.26)�P�� (4.25) � (4.26), $API

∂

∂x

(
A
∂ζ

∂x

)
− b

g

∂2ζ

∂t2
= 0 (4.27)�U!DR ζ = ηe−iωt, \7���

∂

∂x

(
A
∂η

∂x

)
+
bω2

g
η = 0 (4.28)��*&R Sturm-Lieuville q��	x�/���|$AR�RxZ:LReZÆ0�m
VR	 |[

(4.1) +� Friedrichs �YV�Gz�I\℄=+Y& (4.27).

§4.1.3 g.`-8:0�Nty�C�$A''/���U! R!DR"`�?{jj/pfz�U4℄Kq?oZ��QRfz	$A''*�,"`���R�!U� t→ ∞ RNN��t�0#	��!����o�!U"`R_��>:�^if�NS(��d/yR��S(�yuR�G#�2th�y'0k���	Bm#�j-Rif����m?���7h/pfz	O�`:WyuRifR���� Rayleigh _�R�
m��!"RRq	>JL-R���!�	y"5;�S(uU^℄RW^�ifR+z℄h�<W^�!:U�A�U� 2εu,�; ε �!R^6/	KU��W^��a

�'0k�='Rq/y	���q
��G�
∂u

∂t
= −g∇ζ − 2εu (4.29)�NZ��v�� (4.2) �P�$APIOOvifWRRq��

∂2ζ

∂t2
= ∇ · (gh∇ζ) − 2ε

∂ζ

∂t
(4.30)



§4.1 y��a[)2nd| 75�Uthsqm:��� (4.30) G�
∇ · (gh∇η) + (ω2 + 2iεω)η = 0 (4.31)NS(�=`i�
∇ · (gh∇η) + (ω2 + iε)2η = 0 (4.32)C�fz�y'0k� η ?{O�	U��m?R!U���B ε→ 0+ �RNN	:Wif#�/�jR_�� η 7h

∇ · (gh∇η) + ω′2η = 0 (4.33)�;
ω′ = ω + iε (4.34)�7O!R^y℄R:�+	Hy�M)R7!4℄R��+apR!�"`	k�Rxy�w/�apR=7h

∂2ηs

∂x2
+
ω′2

gh
ηs = 0 (4.35)�k��

ηs = aeik
′|x| + be−ik

′|x|�;
k′ = k + iε(gh)−1/2, k = ω(gh)−1/2 (4.36)FG�����y x→ ∞ �O��?{� b = 0. G#�< ε→ 0 RNN�apRG�
ηs = aik|x|, ζs = aik|x|−ωt, k|x| ≫ 1 (4.37)�.�\4℄vKqq~RapR��tR	U��'0k�C�fzR�!�_��� ”/�x�I� ���H*mO-��	”��fz��/pfz	T+�#��S(�/pfzi�
(
∂

∂x
∓ ik

)
ηs → 0, kx→ ±∞ (4.38)y4℄v��+:�Æ�apR.f>� ηs ywxyRk�7h

∇2ηs + k′2ηs = 0 (4.39)yNrK>�k�&xG
S&��k��V>ZW(lj
{
H

(1)
n (k′r)

H
(2)
n (k′r)

}{
sinnθ

cosnθ

}KU Hankel �/R{�vU�
{
H

(1)
n (k′r)

H
(2)
n (k′r)

}
∼
√

2

πk′r
exp

[
±i
(
k′r − π

4
− nπ

2

)]
, (|k′r| ≫ 1) (4.40)



76 s℄� PwY��jRnnC{��a[	 k′ �O!�℄R���,# r → ∞ ��RO�v�� H
(2)
n RWXr|/y�� ε → 0,apRRk�S(i�

ηs =

∞∑

n=0

(αn cosnθβnsinnθ)H
(1)
n (kr) (4.41)B kr ≫ 1 �� ηs R{�vU�





ηs ≃
[ ∞∑

n=0

(αn cosnθ + β sinnθ)e−
inπ
2

]√
2

πkr
ei(kr−

π
4 )

≡ A(θ)

√
2

πkr
ei(kr−

π
4 )

ζs ≃ A(θ)

√
2

πkr
ei(kr−ωt−

π
4 )

(4.42)�T�!��tR	L(��� (4.42) �O���+RÆ�ap.f>R/pfz�N�S(i�
√
kr

(
∂

∂r
− ik

)
ηs → 0, kr ≫ 1 (4.43)�|x�&k/��fz (4.43) �:���2'0k� ηs → 0 Rfz&P�	j-uU/pfzR:Q�4�Kth�|�7G�_��!Xt<R{-	V�Kq�yY!ONR�WF��� t→ −∞��ζ → 0;Oif���S(a� t→ ∞��ζ → 0.U�S(F Fourier G7

η =
1

2π

∫ ∞

−∞
ζ(x, t)eiωtdt (4.44)�� (4.30)R FourierG7�!��� (4.31)RC,"`�����%ifRthKq η(x, ω′)RC,"`	7&�7GKqS(KV>RhG72P

ζ(x, t) =

∫ ∞

−∞
η(x, ω′)e−iωtdω (4.45)�QBU%ifth�ROvlj	KU ω′ = ω + iε, �� (4.45) S(Ci�





ζ(x, t) = e+εt
∫ ∞

−∞
η(x, ω′)e−iω

′tdω

= e+εt
∫ ∞+ıε

−∞+iε

η(x, ω′)e−iω
′tdω′

(4.46)'��2X�� ε→ 0 �RNN��|R��� (4.46);R FourierJ&�<R��: ω′ �JlQU�HR!$-	Hy�
G$A''2Im?[K�$A3S(�CO�Rif�3:� ζ(x, t) �th�R!X Fourier J& (th�7h/pfz)

ζ(x, t) =

∫ ∞

−∞
η(x, ω)e−iωtdω (4.47)�;J&$-?{lQU ω �JR�H	8�R;U�S(~�IQ. kh >R`�.r	
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§4.2 3O�+Q:2j�M
Z�#0�:)0yN℄|Q�RX����,�~UXGv�'w��RXX#�5J�B�^O�ZC'm���>�HR
rR`rG.	y�d.f>�`CWpRR�p�spOB�.1	p�mt<RTq�SM)5xR!�G.� h = h(x), 	R��ZWpR
ηI = AIeikx���'�`CSP� y HRRC�nCR�&O�

{
η = ηI + ηT = TAIeikx, x≫ 1

η = ηI + ηR = AIeikx +RAIe−ikx, −x≫ 1�;� T �sp6/� R ��p6/��b�;mIp=R/,	Hy�$AMo2O!XR
R!�.f�)2M)�ZWp	
§4.2.1 0yW4�L�G	X�!.q[87Hy�$Akuy x = 0 ���xyOq�G.�B x < 0 �� h = h1; B x > 0 ��
h = h2; �; h1 � h2 �XQVRw/	�+� ω R�XWpR�&O* x ∼ ±∞ pm�FG�?XRvO!d

sp�R
��!d

�p=>�*	q~2xR
	�QRapR	y x = 0 R�f�R7h

∂ζ

∂t
+

∂

∂x
(hu) = 0 (4.48)

∂u

∂t
+ g

∂

∂x
ζ = 0 (4.49)�|�B x < 0 �� (ζ, u, h) = (ζ1, u1, h1); B x > 0 �� (ζ, u, h) = (ζ2, u2, h2). Hy�?{2� x = 0 �R|zfz (��fz). $A{�ko��� (4.48), (4.49) yn�xyq�O

x = 0 ����	PS(uU x, * x = 0− J&I x = 0+. 7�J&R5q�'0^R�	
∂ζ/∂t � ∂u/∂t =�ON�7&��� (4.48) � (4.49) ;Rb!W�J&=OgI�$AS(PI 




[hu]
x=0+

x=0−

= 0, C lim
x→0−

h1u1 = lim
x→0+

h2u2

[ζ]
x=0+

x=0−

= 0, C lim
x→0−

ζ1 = lim
x→0+

ζ2
(4.50)�dfz�\���q�J��f�
 hu, 5JQy ζ Ru6	�Uthsq� ζ = η(x)e−iωt, u = v(x)e−iωt, =F�� (a-316), �H

d2ηm
dx2

+ k2
mηm = 0, (m = 1, 2) (4.51)�;
km = ω/

√
ghm (4.52)U��AyRYq℄&7h

vm = − ig
ω

dηm
dx

(4.53)
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η1 = η2, h1

dη1
dx

= h2
dη2
dx

(4.54)���"`R_�� �4?{jj/pfz�UWpRq~RKq2Z��Q	U��V�2ORf (Cnf) mRWpR��yQ�f!o2OntR (CRtR). ��"`!".�ko�fR'0k�v��WpR A−eik1x � B+e
−ik2x, �k�OV>r��

{
η1 = A−e

ik1x + B−e
−ik1x, (x < 0)

η2 = B+e
−ik2x +A+e

ik2x, (x > 0)
(4.55)WpRR�0 A− � B+ �'&R�apRR�0;o	=F|zfz (4.54), $API

{
A− +B− = A+ +B+

k1h1(A− −B−) = k2h2(A+ −B+)T+�� 



B− =
(k1h1 − k2h2)A− + 2k2h2B+

k1h1 + k2h2

A+ =
2k1h1A− − (k1h1 − k2h2)B+

k1h1 + k2h2

(4.56)Q=R5�r��
{As} = [S]{AI} (4.57)�;

{AI} =

{
A−

B+

}
, {As} =

{
A+

B−

}
(4.58)





[S] =

[
T1 R2

R1 T2

]

= (k1h1 + k2h2)
−1

(
2k1h1 −(k1h1 − k2h2)

k1h1 − k2h2 2k2h2

) (4.59)5� [S] ��ap5�	��z� T1, T2, R1, R2R.1�$Aku2OmanfRWpR�7&�A− 6= 0, B+ = 0.Fx�
A+

A−
= T1 =

2k1h1

k1h1 + k2h2
(4.60)

B−
A−

= R1 =
k1h1 − k2h2

k1h1 + k2h2
(4.61)U�� T1 � R1 S&Oo1�WpRma h = h1 f�Rsp6/��p6/	 T2 � R2 Sv=`o1�ma h2 fRWpRRsp6/��p6/	S.I kmhm = ω

√
hm/g, $API 




T1 =
2
√
h1√

h1 +
√
h2

=
2

1 +
√
h2/h1

R1 =

√
h1 −

√
h2√

h1 +
√
h2

=
1 −

√
h2/h1

1 +
√
h2/h1

(4.62)

T1 � R1 Fxy:RG.Vy 4.1 L�	S.�BWpRmax5f���pRRQ�XG�>WpRma�"R℄!f���pRRQ�G. π. S(#QapR (�pR�spR) L�(R

VUWpRL�(R

	B'm�"� h2/h1 ≪ 1 ��
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z 4.1: S�[XqSÆs(n/g?Stq70 T1 ��q70 R1.

T1 = 2(1 −
√
h2/h1), R1 = 1 − 2

√
h2/h1 (4.63)���p6/ R1 ≃ 1, 7&�WpR��pR(��8j�!XUR�y x = 0 ���0�

2AI RRp	?{/���Uhl^R h2, 4&�0�$A&.�R#Ov`=S
��&B�R	EGKUxy h2 Ru^�spRR�0�jIWpRR�5�>��7�
�A+ T 2
1 ·Cg ∝

√
h2, L(k�R

C�^	y h2/h1 ≫ 1 RN|.f>��p6/ R1 = −1,7& x < 0 �RR��!XUR�2� x = 0 ��R�	

§4.2.2 \3C~}`-ÆR!8h9*x`J�|zfz��zR	>��NA�℄9�� (4.48)� (4.49)~G�mR���X���B�#sqZ5�sqQ:S(&.� ∂/∂x �^�`���G	yR
R�^a�dkoX��	℄<�j!�;Rz0�.O``� Batholomeuz(1958)yMR�
;�3��!"`	M* kh �Q.R"`_����
U`#Q�j!�R��� kmhm → 0�R!DR{�NN	MR0#QBx�rS!d�:uR/���	Hy�$A\�!��t<R0#�LFR/�3�L�R|z{���	#��$A�+z5^��L�pFRÆ0&�kt��t	�V�ykx��dRWpf�xyÆy�Rx 1/k1, 7&
η1 = A(eik1x +Re−ik1x) (4.64)�B`L-�Rq	�X O(k−1

1 ) R5^�!Xkt	yktRxi�Jm�R
R�^�^�(5U2�F (4.64) R Taylor 	FRrXW�3
�&�`\�℄|aKJR�=L-	7&�
η1 ≃ A[1 +R+ (1 −R)ik1x] +O((k1x)

2), (k1x→ 0) (4.65)�UyRRspfRktRxi��RK
η2 = ATeik2x (4.66)
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U

Uh
1
/h

2
h

1

h
2

z 4.2: "SÆs(nS uL-�NyR
R�^a4U
η2 ≃ AT (1 + ik2x) +O((k2x)

2), (k2x→ 0) (4.67)"5e;R Bernoulli ���
η = − ig

ω
η (4.68)7&

φfar
1 =

−ig
ω
A[1 +R+ (1 −R)ik1x], (k1x→ 0) (4.69)

φfar
2 =

−ig
ω
AT [1 + ik2x], (k2x→ 0) (4.70)R
R�^k�!X�t�℄|R\�Æy�B`xy�sq�Æ�R	R
jRsq���C�fz�
φxx + φzz = 0 (4.71)

φn = 0 (4.72)"zaKJj[DROv.C�fz�
φz −

ω2

g
φ = 0>��W(:�

ω2φ

g

/
φz = O

(
ω2h2

g

)
= O(k2h2)7&�aKJfz�=�

φz ≃ 0, z = 0 (4.73)�;R-p� O((kh)2). �y+zj.�\�txi��C�xÆyRR/y�2xI!d�3�?!7�=%O!q��'OR
RNoR:L�Vy 4.2 L�	FhrA��C��N���
�jS(2P�Xt.R��"`R�	ykt���t�;�vO\F;o6/	|z{���R>!\��kt���t�y;q5^ (UBm5^) ~+`���m��X;q5^yktxi�Jm������d�y�txi�JmTkx��h�7?0:��
φfar|kx≪1 = φnear|x/h≫1 +O((kh)2) (4.74)



§4.2 Pw��xn�jB'�|zHO[nKO 81y�t|z(���i� φnear Rkt�= (Ua�R�NN):

{
φnear = C −DUh1 + Ux, x/h1 ∼ −∞

φnear = C +DUh1 + U
h1

h2
x, x/h2 ∼ ∞

(4.75)�\OS.� x ∼ ±∞ �R?jw/Qp 2DUh1; j�;O`X;o6/ C,D,U , �; D�pi^w/ (block constant), NZ U (qO!oRu6�H~GV>	℄9��v�yQ� x ��O
Uh1 =

∫ 0

h

φxdz =
∂

∂x

∫ 0

−h
φdz + φ(x,−h)∂h

∂x
(4.76)�j�* x1(< 0) I x2(> 0) J&��; −x1/h1 ≫ 1, x2/h2 ≫ 1, $API

[∫ 0

−h
φdz

]x2

x1

= Uh1(x2 − x1) −
∫ x2

x1

φ(x,−h)∂h
∂x
dx (4.77)KUy x1 � x2 ��� (4.75) �F�7&�j�n|S(i�

C(h2 − h1) +DUh1(h2 + h1) + Uh1(x2 − x1)	R|S(i�
Uh1(x2 − x1) + C(h2 − h1) −

∫ ∞

−∞

∂h

∂x
[φ(x,−h) + C]dx�NA9W�� (4.77), $AO

D = − 1

h1 + h2

∫ ∞

−∞
dx
∂h

∂x
[φ(x,−h) + C]/Uh1 (4.78)7� φ+C !o� Uh1 R
V�r D �
V� 1 R'
K/��<CU�tRX��r	�U5rR
R.f�>!�;~P� D RF�,	|[

(4.2) ��.�_AiY&Q z = −H(x), +0�Y& (4.78) 9
Mx%
Uh1D = − 1

h1 + h2

∫ ∞

−∞
dx

{
∂h

∂x
[φ(x,−h) + C] +

∂H

dx
[φ(x,−H) + C]

}5
5+�J�_2�gr-
* .��-;B+C�	ku�t'&�7	D �'& (F C � U M�). Hy���� (a-382)Z�� (4.69),(4.70)�t|z	� x Rm(HQV�$API
C − Uh1D =

−igA
ω

(1 +R)

U =
−igA
ω

(1 −R)ik1
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C + Uh1D =

−igA
ω

T

U
h1

h2
=

−igA
ω

T ik2*�du6;�T+�� R, T,C � U , ���
R = −1 − b+ 2iDk1h1

1 + b− 2iDk1h1
(4.79)

T =
2b

1 + b− 2iDk1h1
(4.80)

Uh1 =
−igA
ω

ik2h2T (4.81)

C =
−igA
ω

2b− iDk1h1

1 + b− 2iDk1h1
(4.82)�;

b = k1h1/k2h2 (4.83)7� D ��/�
V� 1, ry O((kh)2)R-p��a�N��V R, T, U,C RQ���NA5^R�VS(&.	�X�0Z Batholomeuz(1958)R�0!5�Tuck(1976) (j-��GP	7&�yj--p��a�R, T R5^Zj���!5�t<R|z�2�� (4.54)R�zvPI#�	��#�2�FU\&.r�BFUfWp.r�3>�H"`	
§4.2.3 >�W4�L�8;�C�wGG.5^R�t�p�ow��R'g"`�!"�/,2�	>���U5rR
��\&.r�S(F:G�/z0�/2�	�&�$A:W:G
 Z = x+ jy �:� W (Z), W R�℄�Ay��U

φ(x, y) = RejW (Z)S.�|Ry/<�bp j, (F5OUM)�qG.�F�R i. "z i, j v� √
−1, >�BNA!��H��!XQBU�!Xm:Jp�/	\O���Ay�M��





Φ(x, y, t) = ReiRejW (Z)e−iωt = Reie
−iωtRej(φ+ jψ)

= Reie
−iωtφ = Reie

−iωt(φ1 + iφ2)

= φ1 cosωt+ φ2 sinωt�| φ1 � φ2 uU i � j v���/	Hy�$A� Z �JjRf7F Schwarz-Christoffelf�A�Ij'X ζ �J (xy 4.3):

dZ

dζ
=
K

ζ

√
ζ − 1

ζ − c2
(4.84)FG�:� W = φ+ jψ �K ζ �Jj
d&y� Uh1 Rhq~�

W =
Uh1

π
ln ζ + const (4.85)��Do�� (4.84) ;R K � c2, $AS.I:Ay�
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A A’B B’ C D

1 c
2

ζ

y=­h
1

y=­h
2

B’

B A

A’

C

D

o

Z

xjy

C

CD A B

1 c

t

z 4.3: SÆ/g?S-�B�
dW

dZ
=
dW

dζ

/
dZ

dζ
=
Uh1

πK

√
ζ − c2

ζ − 1
(4.86)y A ?�� ζ ∼ ∞, dW/dZ ≃ Uh1/πK = Uh1/h2. 7&

K = h2/πy B ?�� ζ ∼ 0, dW/dZ ≃ Uh1c/πK = U . 7&
c = h2/h1��2�� (4.84) RJ&�K>-G7:W t �J

ζ =
t2 − c2

t2 − 1
, U t =

√
ζ − c2

ζ − 1
(4.87)N�j'X ζ �J�A�I t �JRb!\N�Vy 4.3 L�	���� (4.84), $API

Z + jh1 =
h2

π

(
1

c
ln
t− c

t+ c
− ln

t− 1

t+ 1

)
(4.88)�|�ow/ jh1 ���� Z �JZ t �JjR C dOVyL�RA�u6	��� (4.87) 9W�� (4.85), P

W =
Uh1

π
ln
t2 − c2

t2 − 1
(4.89)



84 s℄� PwY��jRnnC{��a[�Ub!\N\oR t, S(K�� (4.88) 2P Z, xK�� (4.89) 2P�=R W . ���32P��tR�	Hy2 A � B R�^aR{��=	� t *nC�� B d�$AO




Z + jh ≃ h2

π

[
1

c
ln(t− c) − 1

c
ln 2c− ln

c− 1

c+ 1

]

W ≃ Uh1

π

[
ln(t− c) + ln

2c

c2 − 1

]℄> ln(t− c) #PI
W ≃ UZ +

Uh1

π

[
jπ + ln 2c+ c ln

c− 1

c+ 1
+ ln

2c

c2 − 1

]
(4.90)� t *RC�� A d�$AO





Z + jh1 ≃ h2

π

[
1

c

(
ln
c− 1

c+ 1
+ jπ

)
− ln(t− 1) + ln 2

]

W ≃ Uh1

π
[ln(c2 − 1) + jπ − ln 2 − ln(t− 1)]℄> ln(t− 1), PI

W ≃ Uh1

h2
Z +

Uh1

π

[
ln(1 − c2) − 2 ln 2 + jπ − 1

c
ln
c− 1

c+ 1

]
(4.91)HyS(��� (4.90) Z�� (4.91) R?jw/Qu�$API

2D =
Uh1

π

[
c2 + 1

c
ln
c+ 1

c− 1
− 2 ln

4c

c2 − 1

]
(4.92)�X��K Tuck(1976) \��#��j!�;� D LpR
Vm`	=B/��S(2P�/�RH>�m	�U

h(x) =

{
−h1, x < 0

x2 − h1, x > 0R.r (Ux+O&Z), 'K Rayleigh y}R"`;�P	
|[
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(4.3) 8\ x < x1 ��n�KQ h1 �[��=� x > x2 ��n�KQ h2 �5�jP� zL� x1 < x < x2 n��KQ h = ax2, y; h1 = ax2
1, h2 = ax2

2, R�
(x2 − x1) ≫ h1, h2. ��T"?x�25�YhVm��>5[�	+0��_2Q 




T =
ib

µ1/2∆

R = i sinh

(
b

2
ln

1

µ

)
exp

[
−2i

(
ω2

ga

)1/2
]/

∆y; 



b =

(
1 − 4

ω2

ga

)1/2

, µ = x1/x2

∆ = 2

(
ω2

ga

)1/2

sinh

(
b

2
ln

1

µ

)
+ ib cosh

(
b

2
ln 1µ

)�$y�%L�8� ω2/ga } µ �p� (Kajiura 1961).

§4.3 ;�j�Y,:�O�Hy�M)f+XGR*Rx�V (Eckart 1951), �Np�xy��G.R!�\&.r	<�E��O� y H�5y x > 0 R5^a��^S(F>�L-
z = −h = −sx, x > 0, s = const (4.93)"`;RZ6/Z y � t 'u�$AS(v V>r�R�

ζ = η(x)ei(βt−ωt) (4.94)7&�℄9�� (4.9), $AO
xη′′ + η′ +

(
ω2

sg
− β2x

)
η = 0 (4.95)pG7

ξ = 2βx, η = e−ξ/2f(ξ) (4.96)�� (4.95) S(i�
ξf ′′ + (1 − ξ)f ′ +

[
ω2

2βsg
− 1

2

]
f = 0 (4.97)����{X���R!v��� Kummor ��	!"`�O�X�(���;!Xy��O ξ = 0 jO�4v�?{t�	 η y ξ = 0 �ON�B ξ → ∞ ���R#����yV>fz>/y�

ω2

2βsg
= n+

1

2
, n = 0, 1, 2, · · · (4.98)N�=U!Xxa8�,�	8��/!:U Laguere �W�

fn ∝ Ln(ξ) (4.99)
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z 4.4: DjSS#6S��y�>yS$ov7




Ln =
(−1)n

n!

[
ξn − n2

1!
ξn−1 +

n2(n− 1)2

2!
ξn−2

− n2(n− 1)2(n− 2)2

3!
ξn−3 + · · · + (−1)nn!

] (4.100)�V�L0(ξ) = 1, L1(ξ) = 1− ξ, L2 = 1− 2ξ+ 1
2ξ

2. rXXT�,yy 4.4 ;	Sx��QRT�yx��Z2uP�b	7��dT��y���OSxR�0�L(��CiR	CiRy�����;	:OS.���KUm5�0�m5q)�Hy��j	���9n�CiR����x��R�7�℄��H��}R
H���x��e7ee�}���Vl	y�5R�V��v=RCiR�|37 Stokes �H� (Stokes 1947); Ursell(1952)�H���RCiRR���;)jxa�����	Z
_��;RH\pv:�CiRQBUm.U	Z0M�CiRR
755O`��+�(hh�`=�x R}qD	5ÆyRCiR (gqRx 200 <|�D� 6 ^���0`<Æ) SK5JjR+=�M�	\O��
Munk, Snodgrass � Carrier(1956), Greenspan(1958) Æ0��tU��t�R+/;R	�~p`=�MAR��Z+/|Ou�	�^ÆyRCiRS(K(hh�R#OvH7M� (Guza & Bowen 1976; Minzoni & Whitham 1977), $A(#x[0	D�� 1-5 &>R;ÆyCiR�SK!x }qDEk�!�#OvH7M�	

§4.4 �C�
H:Fm℄Z
§4.4.1 7*��`5R`r!"�:uR	��a��5RV=�x�O!�S�zQ.X��r�xy.rR��	ONb��\O��U7h��x��7��FXm5^�rYRONb�m-&X��5^�:�t<+t	y�k��;�ONb��<P�;5�d�#m��!��p�w!�Fm�zZ�Z�R5R"`��!I��`	�!\RC�SG�x�R�>���U��b�R5�T�du`��-R*�=F�ONb��R!�'



§4.4 �Æ�x�nZ�}| 87'�FGR	�|�$AL-ONb��yxR"`;R=F�\B/�����RG8��	FONb���OvC,"`�4mO��XmR�z���UG&M��� Galerkin℄M��	G&M����'g�)jR\IV>�
• �C,"`M��!XG&
z��;!X���UoR�
• �2�5^xa.�ONXb� (kwR`�r�<CrVV);

• ���=M�ONXb�aR�Rl,�/ (Ovl,�Æ(l,VV), l,�/a�O�&6/�
• �?Xb���t?�RÆ&�J&����M���&6/R4Ovr��
• �Zb�R4Ovr�?R�m�*	� X��M��!XdaR4Ovr��
• �?X�&6/<��RN,�PI!X�d6/ROv9/��j�
• ��X��j�2��d6/�
• `C+zjIp=R
	G&
zPXd��T+G�R��X�LO+z"`v/yR	!���!"�t�R����L�R Galerkin℄M��	(#�y[0O�#G.RÆ��`�"`;j([0�=F	�$AIp=R"`m:�S(#Q�G&M��Z℄M��Vl	���M��;�rSRG/R
/v:
mRÆ&��;�HRG/
/Z�7&�S(aFSÆ(/�ZRl,�/v (7	��!"R�/v).!"R�k��"`rSON��R5^ (�V�#�R�H�℄z�$HHwV); 	�a��"`R5^'w�z0j�'05R5^	BG�S(u�aF!X5	ONRC���'0k�RC�fzjyBC�j�y�XONR5^a����/,2���(#�:�!XlR`kRC��B:�t`C��X��S(e��t>>�*I5^R�!\kÆ��2q~S(&.Rw!�0	�URq"`m:���2I!oR&Dy��C�4mxF+aXXRxR=x�	��O��R&I+�?XRxa�=BO�&�RUd	7&�V��Æ0RRx���5�℄<�?{�?X���RRxaFZXQmR	U�C�<m5RRxL�2R<XR55^��m}RRL�2R&��:R	U	FG����o�v�X'_R	

Berkhoff(1972)yÆ0R7�ERMp (�;��ER���5xXG)����aF!XfD&��X5^�BfD)��E�>�ywxy5a����fD5^&T�ONXb��f�5^R�F�fD��&ZRhM�	h���/R�&D`7h\7���'0k�RC�fz	X���fDRh&��&R�?{k��2fDj	���ZAy���Zfa"`!���	U��yXm5^a�aFXmvqRl,�/�7&�����S(��u�b� (hybrid element method, HEM). �� Tong, Pian & Lasry(1973)R:��O�/Rl,�/Rb�S��{b� (superelement).yONbZ{b�(qjj	���ZAyR��vfz�J�OQB5RaKy	!�mh����|zfz�u�G&
z;RaGC�fz	���y/,`CR��;�
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Ω
Ω∋

C

B

o

C
out

θ
lz 4.5: b6 Ω ��6 Ω′ SgEs�� C.NAaq`7h	��G&�z�''�d`FUÆ�ap�/p"` (Chen & Mei 1974;

Bai & Yeung, 1974). Æ��R"` (Mei & Chen, 1976), `�ap"` (Yue, Chen & Mei,

1976, 1977)(SOu�aZ�kRQ)pF"` (Mei, Foda & Tong, 1979). >C��n Chen

& Mei R�z��	
§4.4.2 �bIRko:uR`r (V5q�k��7R��O�G.Rxy) 4Ny!(>RDO C(w<pfD) a�Vy 4.5 L�	 C (�xy��XG��a5^bp Ω′; C (aR�a5^bp Ω. WpR�\ θI �Z�





ηI = Aeikr cos(θ−θI)

= A

∞∑

n=0

εn(i)
nJn(kr) cosn(θ − θI)

(4.101)y Ω′ a�apR η′s ?{7h Helmholtz ���/pfz�S(F Fourier-Bessel 	F�&D`M��
η′s = α0H

(1)
0 (kr) +

∞∑

n=1

Hn(kr)(αn cosnθ + βn sinnθ) (4.102)	F6/ αn(n = 0, 1, 2, · · ·), βn(n = 1, 2, · · ·) ;o	 Ω′ adR�%b� η′(= ηI + η′s). 5^
Ω′ �{b�	

Ω a�=R�%� η. �n C ��	���ZAy?{��	
η = η′,

∂η

∂r
=
∂η′

∂r
, (y C j) (4.103)
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



J(η, η′) =

∫ ∫

Ω

1

2

[
h(∇η)2 − ω2

g
η2

]
dA

+

∫

C

h

[(
1

2
η′s − ηs

)
∂η′

∂r
− 1

2
η′s

∂ηI

∂r

]
ds

(4.104)VlUDo Q aR η � Ω′ aR η′s RC,"` (j�; ηs ≡ η − ηI). ��#Q�XVlv�< J R!(G&




δJ =

∫ ∫

Ω

[
h∇η · ∇δη − ω2

g
ηδη

]
dA

+

∫

C

h

[(
1

2
δη′s − δηs

)
∂η′

∂r
+

(
1

2
η′ − ηs

)
∂δη′

∂r
− 1

2
δη′

∂ηI

∂r

]
dsk�&℄J&�=F Gauss oz�j�R|b!WS(i�





∫ ∫

Ω

h∇η · ∇δηdA =

∫ ∫

Ω

[∇ · (δηh∇η) − δη∇ · (h∇η)]dA

= −
∫ ∫

Ω

δη∇ · (h∇η)dA +

∫

C

hδη
∂η

∂r
ds+

∫

B

hδη
∂η

∂n
dsKU ηI '&� δηI = 0, 	)

δη′s = δη′, δηs = δη7&�$API




δJ = −
∫ ∫

Ω

δη

[
∇ · (h∇η) +

ω2

g
η

]
dA+

∫

C

h

[(
1

2
δη′ − δη

)
∂η′

∂r

+

(
1

2
η′s − ηs

)
∂δη

∂r
− 1

2
δη′

∂ηI

∂r
+ δη

∂η

∂r

]
+

∫

B

δηh
∂η

∂n
ds

= −
∫ ∫

Ω

δη

[
∇ · (h∇η) +

ω2

g
η

]
dA+

∫

C

h

[
δη

(
∂η

∂r
− ∂η′

∂r

)
− ∂δη′

∂r
(ηs − η′s)

]
ds

+
1

2

∫

C

h

[
δη′

∂η′s

∂r
− η′s

∂δη′

dr

]
ds+

∫

B

hδη
∂η

∂n
ds

(4.105)b`XJ&VU
I(C) =

h

2

∫

C

[
δη′s

∂η′s

∂r
− η′s

∂δη′s

dr

]
ds� Green f�=FU Ω′ 5^aR η′s � δη′s, =F η′s � η′s v&D`7h Helmholtz ���!���S&V�� C 7�5'-Rf Cout, j-J&R,XG	�\ Cout, η

′s � δη′sv7h/pfz (4.42), 7& I(Cout) = 0, .�\
I(C) = 0xJ�� (4.105), V��� (4.9), (4.13) � (4.103) PI7h��
δJ = 0 (4.106)��m�V� δJ = 0, � η y Ω a?{7h�� (4.9), y B j?{7h�� (4.13), y C j?{7h�� (4.103). I&�j-VlvPI0#	Uo��rS Ω a� Ω RC�jRJ&�HyS(FNp�2P Ω a�=�RG��ONb��
�j2���2�R!�S
{-	
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§4.4.3 ?	G;QHy�$Ak�� Ω aR5J&�ONXb����� (4.104) ;RJ&�txa.	b�RÆy=k^UgqRx�B``rG.RÆy	S(aF��rYRONb��`�r�<CrVV�?Xb�S(OVUC�UBb�ndR�d	7���� (4.104) R7J�/;2� η R!
G/�7&�2�2yONb�5^a η R��v	"z!"�Q
Rl,�/S,#Q�b�qO�QR~+�y�?Xb�S���R�&6/)ym�RONb�/[>��2I�QR&Dy	$A�|2sFmt<R`�d`�b��?Xb�a� η �=`<�Ovl,�/

ηe(x, y) =
3∑

i=1

Ne
i η

e
i = {Ne}T1×3{ηe}3×1 (4.107)�; { } M���
�jK T M�W6�7& { }T M�t�
�FG

{
{ηe}T = (η2

1 , η
e
2, η

e
3)

{Ne}T = (Ne
1 , N

e
2 , N

e
3 )

(4.108)	) 



Ne
i = (ai + bix+ ciy)/2∆e, (i = 1, 2, 3)

a1 = x2
2y
e
3 − xe3y

e
2, b1 = ye2 − ye3, c1 = xe3 − xe2

∆e =b� e RJJ =
1

2

∣∣∣∣∣∣∣

1 xe1 ye1

1 xe2 ye2

1 xe3 ye3

∣∣∣∣∣∣∣

(4.109)�N6/ a2, a3, b2, b3, � c2, c3 S(K>K67PI	 xi, yi � ηei &O9My�d i �R x,

y rK� ηe R,	V�y!XRxa^℄xyG.X5�	RxT:b�RÆy5X5�℄<yb�a<xy� h R4℄�E, he ��zR	V�xyG.X5��S(\� (4.107)℄�Ovl,`PI he(x, y). 2�� (

refa-411) ;RJJ&�$API




I1 =

∫ ∫

Ω

1

2

[
h(∇η)2 − ω2

g
η2

]
dA

=
1

2

∑

e∈Ω

{ηe}T1×3[K
e
1 ]3×3{ηe}3×1

(4.110)�;Bb� e j he = const ��b�Jy5� [Ke
1 ] R&
�

[Ke
1 ]i,j = he

∫ ∫

e

∂Ne
i

∂xα

∂Ne
j

∂xα
dxdy − ω2

g

∫ ∫

e

Ne
i N

e
j dxdy (4.111)B he(x, y) y?Xb� e j<V>ROvl,��

he(x, y) =

3∑

i=1

Ne
i h

e
i = {Ne}T1×3{he}3×1 (4.112)

(�; hei ��d i �R5x), $API
[Ke

1 ]i,j = heβ

∫ ∫

e

Ne
β

∂Ne
i

∂xα

∂Ne
j

∂xα
dxdy − ω2

g

∫ ∫

e

Ne
i N

e
j dxdy (4.113)



§4.4 �Æ�x�nZ�}| 91��� (4.109) 9W�� (4.111) � (4.113), yQ!`�rb� e jRJ&S(`C�m�




∫ ∫

e

Ne
i N

e
j dxdy =





1

6
∆e, (i = j)

1

12
∆e (i 6= j)

∫ ∫

e

∂Ne
i

∂xα

∂Ne
j

∂xα
dxdy =

1

4∆e
(bibj + cicj)

heβ

∫ ∫

e

Ne
β

∂Ne
i

∂xα

∂Ne
j

∂xα
dxdy = heβ

1

12∆e
(bibj + cicj)

(4.114)b�Jy5� Ke
1 ���5�	Hy�LORb��d�%!R�m�o1!XO E X&
Rda�%�
 {η}, �| E � Q a� Q RC�jR�dRd/	y��o��?{�b��dB:E��'`Sm!�dS
+U\FQ�Rb��!��	��?{�b�Jy5��?d���\�!XdaJy5� [K1]. KULOb�R Ke

1 ���5�� [K1] ����5�	m#� I1 i�
I1 =

1

2
{η}T1×E [K1]{η}E×1 (4.115)�� (4.104) ;ROJ&Si�





∫

C

h

[(
1

2
η′s − ηs

)
∂η′

∂r
− 1

2
η′s

∂ηI

∂r

]
ds

=

∫

C

h
1

2
η′s

∂η′s

∂n
ds−

∫

C

h(η − ηI)
∂η′s

∂n
ds

−
∫

C

h(η − ηI)
∂ηI

∂n
ds

=
1

2

∫

C

hη′s
∂η′s

∂n
ds · · · I2

−
∫

C

hη
∂η′s

∂n
ds · · · I3

−
∫

C

hη
∂ηI

∂n
ds · · · I4

+

∫

C

hηI
∂ηs

∂n
ds · · · I5

+

∫

C

hηI
∂ηI

∂n
ds · · · I6

(4.116)

�t<�x�ko C �'-� R RfD	��� (4.102) 9W�� (4.116), $AS(�/`2POJ& I2

I2 =
π

2
kRh

{
2α2

0H0H
′
0 +

∞∑

n=1

(α2
n + β2

n)HnH
′
n

}�;
Hn = H(1)

n (kR), H ′
n =

[
d

d(kr)
H(1)
n (kr)

]

r=RS.�$A''ko C j� C � h �w/	���t/,`C�$A�V/ (4.101) �
(4.102) yb m W���7&� I2 ;RV/�< m W	o1��
 {µ}1×M �P

{µ}T1×M = {α0, α1, β1, · · · , αm, βm}



92 s℄� PwY��jRnnC{��a[�; M = 1 + 2m, Po1��5�
[K2]M×M = (πkRh)diag{2H ′

0H0, H
′
1H1, H

′
1H1, · · · , H ′

mHm, H
′
mHm}J& I2 Si�

I2 =
1

2
{µ}T1×M [K2]M×M{µ}M×1 (4.117)��`CJ& I3 � I4, o1 η y C jR_R {η̂}

{η̂}T1×P = {η̂1, η̂2, · · · , η̂P }� C jRJ&��=`<p�\*O~ η̂P η̂1, η̂1η̂2, · · · , η̂P−1η̂P RJ&� η <Ovl,� η′s<?!O~ j R;d θ = θj jR,	�b j XO~Rxy� Lj , η̂0 = η̂P , T+PI




I3 ≃ −1

2
(kh)

P∑

j=1

Lj(η̂j−1 + η̂j)

·
[
α0H

′
0 +

m∑

n=1

H ′
n(αn cosnθj + βn sinnθj)

]NS(i�5�r�
I3 = {η̂}T1×P [K3]{µ}M×1 (4.118)�; K3 � P ×M 5�





[K3] = −1

2
(kh)

·




2H ′
0L1, · · · H ′

n(cosnθP + cosnθ1)L1, H ′
n(sinnθP + sinnθ1)L1, · · ·

2H ′
0L2, · · · H ′

n(cosnθ1 + cosnθ2)L2, H ′
n(sinnθ1 + sinnθ2)L2, · · ·

...
...

...

2H ′
0LP , · · · H ′

n(cosnθP−1 + cosnθP )LP , H ′
n(sinnθP−1 + sinnθP )LP , · · ·




(4.119)�; n = 1, 2, · · · ,m. S.�v=`�$AS(2PJ& I4




I4 = −1

2
(kh)

P∑

j+1

Lj(η̂j−1 + η̂j)

·[i cos(θ − θI)] exp[ikR cos(θj − θI)]

= −{Q4}T1×P {η̂}P×1

(4.120)�;�
{Q4}T =

1

2
kh{(qP + q1)L1, (q1 + q2)L2, · · · , (qP−1 + qP )LP },

qj = i cos(θj − θI) exp[ikR cos(θj − θI)], (j = 1, 2, · · · , P )J& I5 S(�/``C�m
I5 = −{Q5}1×M{µ}M×1 (4.121)�;

{Q5}T1×M = 2πRkh{J0H
′
0, · · · , imJmH ′

m cosmθl, i
mJmH

′
m sinmθl}

I6 �!X'&w/�<N,�X�pF�7&X?C�	



§4.4 �Æ�x�nZ�}| 93
jL-�PI��
{
J =

1

2
{η}T [K1]{η} +

1

2
{µ}T [K2]{µ} + {η̂}T [K3]{µ}

− {Q4}T{η̂} − {Q5}T {µ}
(4.122)KU J �UoR�r�2

∂J

∂ηj
= 0, (j = 1, 2, · · · , E),

∂J

∂µj
= 0(j = 1, 2, · · · ,M)K&GP!XOv9/��j

{
[K1]{η} + [K3]{µ} = {Q4}
[K2]{µ} + [K3]

T {η̂} = {Q5}
(4.123)Hy:�da�&�
 {ψ} �daXW�
 {Q}:

{ψ} =

( {η}
{µ}

)
, {Q} =




0

{Q4}
{Q5}


�;

{η} =

( {η}
{η̂}

)
=

(Xy C jR�dy C jR�d )�	o1daJy5�
[K]N×N =

[
[K1]

[0]

[K3]
[0] [K3]

T
M×P [K2]M×M

]
(4.124)�; N = E +M , U��� (4.123) S(�!\�P�

[K]{ψ} = {Q} (4.125)��!X�y`CHj2�R {ψ} R5���	 [K1] ��5�� [K2], [K3] � Q ��:5��7& {ψ} �:�
	S.�daJy5� [K] ���5���.�\2x��NRb�R!'�/I`CH;	'�*x~��/,�� (�;OX�.fZ�/�p��:),���ONb�R5^�J�I�V>R'����
• b�R5^=��^URxR 10%.

• y57+C�7OR�^a�b�=k^U7+'-�.�>q~4℄R	X�daR-p	yQ�<aR`C;�{b�Lx�R/[ M �T+CoR� M kwFRRG}	�j	



94 s℄� PwY��jRnnC{��a[



�Fm�
[1] Bartholomeuz, E.F.(1958). The reflection of long waves at a step. Proc. Cambridge Philos. Soc.

54: 106-118.

[2] Milne-Thomson, M.N.(1967). Theoretical Hydrodynamics, 5th ed., Mac-Millan, New York.

[3] Chen, H.S. & C.C. Mei(1974). Oscillations and wave forces in a man-made harbor in the open

sea. Proc. 10th Symp. Naval Hydrodyn. Office of Naval Research, 573-594.

[4] Mei, C.C., A. Foda, & P. Tong(1979). Exact and hybrid-element solutions for the vibration of a

thin elastic structure seated on the sea bottom. Appl. Ocean Res. 1: 79-88.

95



96 ^$kw



Bv\ >�
"/BW9webJ
§5.1 9+N��k�!XCXXF℄Z5�Q�R℄&(>5^	��!"���k|��;R%��5^ORKdGR7��r��ORK*��wZ�JR�RXk��OR���s	O(�Vy 5.1 L�	EG/yS(S�N�aFM�qRrr

RH7�>Æ0Pm�R�V\|�N�R�`�*R:�RN��q	̀ �*RRgqD��X&>I!X^��NK�kR`�q~	V�`�*RRd���q�&x��yN�aS�R�qS
��/d�����TRp��j�(C_I1�jUCXj����WNG��`GVV	O�m�?{u�yN�(��*I�q�2>m�0�*	��jU��<���R9l	N��qZ}�h��~�Rh�$;R�qQ=�V��mRqR�+ZN�RsO�+!5�3>�~h��>KUN�`r!":�:u�Æ0�m:�i_�OOk�Tq ��/,Tg`C�t&/�>�%�%�	\
k�t<Tq\��/z0��&N�h�RL�\�����O.1R	8
\B}-��JRaT	����+zH7RaD�$AM)WN℄yxR*��OjRN�	Z�RR℄&7���p�℄&7��0!�>O!^℄&Mp�WN℄�WN���:`7aC��p	���pRR

OdS
,�N��x(/pI��;�	Od�u�yN�a	V�WpR����q�x�	WpRR�+��U(>N�RUR�+��N�a>�Hh��7&��℄RWpRS
yN�aS��5RV=�������JJm���*	N�aCO�G5RR
7	h��R�0),%>�!dH7RN7�

• /pif�&F\

*W�℄,Z��	q~�
• N�C�?��WN℄?�RW^I��
• K"�VjRR
Hq~RI��
• 

W%IQ(hRRON�0`=	y�dH7;�/pif�OAyz0j��Rm��m�O Miles � Munk(1961) y!}F"vR�
;�z��LÆ0R�5rN�	W^I��HyN℄C�j�N℄R�RXp|?��!"_UmC�	)F\C�v8RXm	O��G.���tSNRmC?{O��/9�	)KUOÆy`=���/9_UKTq �PI	RR
H�!��/&F\5�R�VjR+~RRH\�H
~*z0j4�zX��u	��U�xR`�*Rm:�
HH\kw'u��	8
;�$AXWW^I��
HI���-S/pifRpF	}-�"`R_�(#�&O[0N��q"`R`���N�;RUR�/pifRDk�k�<,RMp	G#��U!DRWpwxyROZ�t<R�JrYN�R.r�Æ0�� - N�x�R� "`��\�<�.r[07GR"`	m#��}-�R!"Ru�b��j(w!�[0OQ.xy&Z�rYRN�aR�q	
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{n�h�v

(a) (b) (c)

(e)(d)z 5.1: [AO��s
 (a) eHXO^� (b) Py�S�SYSXO^� (c) Px�S�SYSXO^�
(d) P~y�O�� (e) zy�F\kSO�
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§5.2 xf
Lr\:ZZ��t<�x���asqpV>ko� (i) '��a� (ii) '��a� (iii) '0^R0� (iv) Rxk5Uxy� (v) fZC����pR�)��#*U��J	�U7GRm:��%7ht��
g∇ · (h∇ζ) =

∂2ζ

∂t2
(5.1)(Sf�j'�
fz

h
∂ζ

∂n
= 0 (5.2)�Uthsqm:�aKJ�%RYq�0 η 7ht��

∇ · (h∇η) +
ω2

g
η = 0 (5.3)(Sf�jR'�
fz

h
∂η

∂n
= 0 (5.4)�Uwxy.r��� (5.1) .�'gRRq���	� (5.3) .� Helmholtz ��

∇2η + k2η = 0 (5.5)�; k2 = ω2/gh.V�kxN��R`r�t<R��!Dsq.rR/pfzS(F�i�	M)y!��p��OjRN��� Ω M�)jN�S�?��℄:u`rR5^� Ω M���R�W℄&��; h = const, ��O B �*O (y 5.2), Wp�JRSM��
ηI = A exp[ik(x cos θI + y sin θI)] (5.6)�; A, k �Wp�Z θI '&	y�� Ω ;R XR6S&�

η = ηI + ηI
′

+ ηS (5.7)�;� ηI
′ M�=O�N?�4℄`r�*��q~R�pR�	 ηS M�Kj-4℄`rapR�KWN℄��^pF (U5�WN℄) L/pRR	< y HB�U��R*O℄&

B; �pR�
ηI

′

= A exp[ik(−x cos θI + y sin θI)] (5.8)7&�y x = 0 O (N)� B) j
∂

∂x
(ηI + ηI

′

) = 0 (5.9)U���\*��O�/p - apRXS
O�Zk

∂

∂x
ηS = 0, B j (5.10)	)yk�?{��tR�(U7h

√
kr

(
∂

∂r
− ik

)
→ 0, kr → ∞ (5.11)



100 so� �a[HO
{n�h�v
B

B

I

I’

Ω

Ω

z 5.2: A�q	�PkSO�
�U (E�EEjR) xF5'RN��BZ��R=x�RxR|�5��S(�� (5.7);R ηI
′ .>	�U�N���rC Ω ;#XGxyR.r� ηI � ηI

′ RF�L-S
�&i_	S.�By Ω � Ω ;R5x���w/��y�����#R.f>��UQ.R kh,`�Ay�Si�
φ(x, y, z) = − igη

ω

cosh k(z + h)

cosh kh
(5.12)

η �7h5�R Hlmholtz ���2� ω � k Ru6� ω2 = gk tanhkh. 7�LOR��v��#R�L(���
y5�Jj�f�jRC�fz� ∂η/∂n = 0. 7&�xR�}RRC,"`r�jQm	��/�jRv=�$AS(yx5;�tN����*	:�T+`BI#Ov`=	
§5.3 ,1�y�3Oe�x!s:��v=y[0N�(��m��Æ0!>(>N�;URRgq\v	��t<�x�$Ako5x�w/	Hy η S<���/�η RC,"`��(�� (5.5)��(C�fz (5.4),�B k VUYd8�,�O#���Q=R ω �psO�+ (C8��+); Q=R η �psOT� (C8�T�). >J$A[0�Xt<R�_	

§5.3.1 >�v�uN�RfC�� x = 0, a; y = 0, b. K&xG
�PI�� (5.5) R��
η = A cosαx cos βy (5.13)
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!n��6T 101�;
α2 + β2 = k2 (5.14)Hy�C�fz (5.4) ��

∂η

∂x
= 0(x = 0, a),

∂η

∂y
= 0(y = 0, b) (5.15)*	�2

α =
nπ

a
, β =

mπ

b
(n,m = 0, 1, 2, · · ·) (5.16)8�,�

k = knm =

[(nπ
a

)2

+
(mπ
b

)2
]1/2

(5.17)	8�� (sOT�) SK�X/K (n,m) Do�
ηnm = Anm cos

nπx

a
cos

mπy

b
(5.18)sOD�!"�

Tnm = 2π/ωnm (5.19)�; ωnm Z knm k�V>R
au6Q�6
ω2
nm = ghk2

nm (5.20)\ a > b, �mZT� (n = 1,m = 0) <OmZ�+�mxD��)7��GT (LT�). Q=Rsq�!�R	V�5rR�C(:�!Oz/�U a = pL, b = qL(p, q � /), �
knm =

[(
n

p

)2

+

(
m

q

)2
]1/2

π

L
(5.21)����Q��XT� (n1,m1), (n2,m2), 2�

n1

m2
=

n2

m1
=
p

q
(5.22)3OQmR8�,���.r�pT�R�.	Hy�$Am:QT� (n,m) = (1, 1) RYq�k���O

η11 = A11 cos
πx

a
cos

πy

b
(5.23)yC� x = 0, a � y = 0, b j��02N5,�	�*O x = a/2 C y = b/2�0�����fO��R�O�NA�N�&�<X^5r�y?!\o7���Q�^5r5J�%�ZQ��V�O�X5^5Jy�E5�J(j�����X5^5Jy�E5J(>	y

5.3 ;,��5JRVQO	�U�QRT� (n,m), O�\ x = pi
2 a,

3π
2 a, · · · ,

(
n− 1

2

)
πa R n fR�O��\ y =

π
2 b,

3π
2 b, · · ·, (m− 1/2)πb R m fR�O�aKJ7�d�O-&� (n+ 1)× (m+ 1) X^5r	
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z 5.3: 6sO
<tPU� (1,1) SbLKWRP

§5.3.2 K�v�uN�R'-� a; S�FNrK (r, θ), rK
dyfm	\7�� Holmholtz ��Si�

∂2η

∂r2
+

1

r

∂η

∂r
+

1

r2
∂2η

∂θ2
+ k2η = 0yf� (r = a) j�-ZAy (U�ZAy) ��

∂η

∂r
= 0 (r = a) (5.24)F&xG
�R Helmholtz ��R��

η = Jm(kr)(Am cosmθ +Bm sinmθ) (5.25)�; Am, Bm �Q.w/	��7hC�fz (5.24), ?{�
J ′
m(kr)|r=a = J ′

m(ka) = 0 (5.26)KU Jm(Z) �O'N�X�dR�C�/�� J ′
m Rb n X�dbp j′mn : J ′

m(j′mn) = 0, $APIQ=R8�,
kmn = j′mn/a, m = 0, 1, 2, · · · , n = 1, 2, 3, · · · (5.27)Q=R8�� (sOT�) �
ηmn = Jm(kmnr)(Amn cosmθ +Bmn sinmθ) (5.28)��7�:Q\oT�R�k��soR n,m, M)aKJRG.

ηmn = Jm(kmnr) cosmθFG�B mθ = 0, 2π, 4π, · · · , 2(m−1)π ��cosmθ = 1; B mθ = π, 3π, 5π, · · · , (2m−1)π ��
cosmθ = −1; U�� θ = 0, π

m ,
2π
m ,

3π
m , · · · , 2m−1

m π �R=O�y℄|��!o r RfDj�aKJ�%m5	�!�J�
θ =

π

2m
,

3π

2m
,

5π

2m
, · · · , 4m− 1

2m
π
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J ′
m(Z) T�f j′mn T.

m

n 0 1 2 3 4 5

1 0 1.84118 3.05424 4.20119 5.31755 6.42562

2 3.83171 5.33144 6.70713 8.01524 9.28240 10.51986

3 7.01559 8.53632 9.96947 11.34592 12.18190 13.98719

4 10.17246 11.70600 13.17037 14.58525 15.96411 17.31284

(b)(a)z 5.4: gsO
<�YtPU�SWRP
 (a) J1(k11r) cos θ; (b)J2(K21r) cos 2θ.�R�O�y�dOj�aKJ�%��	v=`��!oR θ, Jm(kmnr) F r 	G.���j�y r < a R��a� Jm(kmnr) !���d n− 1(�7&O (n− 1) XR�2� (��wÆ&��z0;!"R Sturm �CozR\�). y 5.4 7�:Q�aKJ��R&5	
J ′
m(Z) R�dS* Abramowitz � Stegun(1972)R"h;nI���VM;L���d�d�5^u�L�=R//�

(m,n) = (0, 1), (1, 1), (2, 1), (0, 2), (3, 1), (4, 1), (1, 2).T+#��KU�28
$ �y��(>RN�;T� (0, 0) XS
/y	
§5.4 i0}{:u|
2{v�Ry'��8;MpO!XB�\��U��8�$ vR�*ON5^��R�C��%Iif	��ifK

7�tR7I'0k�	q~��p/pif	��APOu
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h

Z

x
o

X

z 5.5: ℄L6
SA;%	S9Æ
/pifRDk�$A�n!XK Carrier(1970) _�R�O.;RTq�N<O!XZtRx�R�q6pRgq+z\�	M)<OEqxy h �
y b R''Nx:L (xy 5.5). y x = 0 �O!X8
� MR���NS(�:L'W^`+q	��K!X�vw/� K R�:$�	�t<�x�ko x = 0 �X"5�$AU2R��B* x ∼ +∞ �O!X�0� A, �+� ω R"5RWp����R�% Xe−iωt.

{
ζ = ηe−iωt = A(e−ikx +Reikx)e−iωt

= A[e−ikx + eikx + (R− 1)eikx]e−iωt
(5.29)�;�j�;RbÆW9M��so�R�pR�NZWpR (b!W) ��!XUR�b`W9MK��RI~sqLq~R/pR	��Rsq���

−Mω2X = −KX − pbh (5.30)�; p � x = 0 �<�JJL�%R�aq		
p = ρgη = ρg(1 +R) (5.31)9W� (5.30), P

A(1 +R) = −K −Mω2

ρgbh
X (5.32)y x = 0 ��aRAy u(0) = − ig

ω ηx(0) ?{VU��Ay −iωX , U
u(0) =

gkA

ω
(−1 +R) = −iωX (5.33)T+K� (5.32),(5.33) GP





X

2A
=

ρgbh

−K +Mω2 + iω
2

k ρbh

=
ρgbh

−K +Mω2 + iω
√
gh(ρbh)

(5.34)
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R− 1 = −2iω

√
h

g

X

2A
(5.35)HyS(�� (5.34) Z�wR8
�: - if�6pp!:�	��!X:�w/���

(5.34) ;R&ZS�piK	Hy�iKRy℄ (!:U ρbh) ��ifRpF	��R
I�!d�M)X%��R6p	A = 0 �� (5.34)�SSL-#��RaK�q�2�,��&Z���U
−K +Mω2 + iω

√
gh(ρbh) = 0 (5.36)��!X8�fz�<O: ω �

ω = ±
√
ω2

0 − (
√
ghρbh/2M)2 − i

√
ghρbh/2M (5.37)�;� ω2

0 = K/M . �Q. ω 9W�q7_ exp(−iωt), Sx�C(V>A+//2u�
1

2

√
ghρbh/M (5.38)���!\Z0�!ifR+z℄h�`C/pRLpRd+y!XD�jR�E,





Ėrad =
1

2
Re[pradu

∗]x=0bh

=
1

2
bhRe[ρgA(R − 1)(−iωA∗)]

=
1

2
ρ
ω3

k
|X |2 =

1

2
ρbh(ω2

√
gh)|X |2�;F�� (5.33) � ω =

√
ghk. �X !R
FG�ZifOu (∝ ρbh), 7&��Xif�K/pR��apd+q~R	L(�$A�� (5.34) ;R&ZRy℄��/pif	� (5.34) \�RV= X/2A Si� ω R�/

X

2A
=

(
ρgbh

M

)(
ω2 − K

M
+ iω

√
ghρbh/M

)−1

(5.39)�S(i� k R�/
X

2A
=

(
ρb

M

)(
k2 − K

Mgh
+ ikρbh/M

)−1

(5.40)y:�J k j/y�XNd
±k̃ + ik̂ (5.41)�;

k̃ = k0

[
1 −

(
ρbh2

M

)2
Mg

4Kh

]1/2

,

k0 ≡ ω0√
gh

=

√
K

M

1√
gh

(5.42)

k̂ = −ρbh/2M < 0 (5.43)U��� (5.40) G�
X

2A
=

(
ρb

M

)
(k − k̃ − ik̂)−1(k + k̃ − ik̂)−1 (5.44)
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{n�h�vy^ifR.f>��XNdy�H(>R��	y+z"`;� ω � k v�!R�/�2ONd k̃ + ik̂ O+z.1�yNR?�� |X | �5�� (5.44) S�=`i�
X

2A
≃
[(

ρb

M

)
1

2k̃

]
(k − k̃ − ik̂)−1 (5.45)

|X/2A|2 Rm5,�
max |X/2A|2 = (k̃h)−2 ≃ (k0h)

−2 (5.46)Ny k ≃ k̃ ?�2I	B k− k̃ = ±k̂ ��V=R���4),R!'�L( |k̂| �V=7O
(|X/2A|2 ∼ k) R
yRy
	Zh$z0;!��S(o1�87_ Q

Q = − k̂
k̃
≃ ρbh

2M

√
M

K

√
gh (5.47)F\/pif k̂ Ru^� Q u^�V=7OR)Q�5	
yu^	*	7OGPpZ�m	Z� (5.38) Q:�S& Qω0 �=UaK�qR2uA+	

§5.5 a��f:�0WN℄'w��\!fx	+R�RXR[LF℄��
y (2a) k^URx� ka≪ 1.FG�Æ0Rk���F℄R�Q�O.1R	��t<�x�ko�RX�+�)��#R��pR�5x�w/�7&��X"`���SZ}�;RV="`v:	bMy 5.6, $AM)* x > 0 �ZR�ZWp	yWpf x > 0,  XR6KWpR�as�R�pR��<,R�asqLq~RKqj�	yspf x < 0, 2/y�<,R�asqq~RKq	<,��V�#jR�^RpF�N�R/pI�fR'0k�	EG�XC,"`SFJ&�����=2� (<,
yS�Q.R), >y�|$A}sF|z{�	F��N\O�FU
yk^URxR.f (Buckwald, 1971).�X��R*xDk''y�J�n��	t�(�B!+z"`RZX5^%uGQ4RÆy7m��$A�ZX4℄Æy�=t.���C�fz��2ZX5^aO`R�	!5^aR�kwX7h�!5^;RC�fz�q~�XDov�$A�2�d�yYX;q5^~+`|z�m�*	℄���XDov�PIL�2R
/R�	�|��XXmRÆy�Rx 2π/k �,
 2a, NAR:, ka≪ 1.�xF<,XXRxR5^o1�kt�℄|
kr = O(1) (5.48)FG 1/k ���RÆy� Helmholtz ��;LOWmVB�	ykx<,��/pR?{7h Helmholtz ���/pfz	G	��Uktxi�m:�<,�
d?�R!X�^R5^�/pRSK
d�O�v (dh�rN_V) R�PI

ηR± =
ωQ±

2g
H

(1)
0 (kr) +

ωµ±

2g
H

(1)
1 (kr) sin θ + · · · , x > 0, or x < 0 (5.49)	<,�fRdRkt��

{
η+ = 2A cos kx+ ηR+ x > 0

η− = ηR− x < 0
(5.50)
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2a

r/a=O(1)

kr=O(1)

Near field

Far field

Far field

kr=O(1)

z 5.6: ��SY)rS=-KV/ (5.49) Rb!WCPM
dR^'-'fDR�
�
 = lim
r→0

πr

(−ig
ω

ωQ±

2g

)
∂

∂r
H

(1)
0 (kr) = Q± (x > 0, x < 0)7&� (5.49) �Rb!W9MI'�J x > 0, � x < 0 R�
� Q± R!Xh	y<,?��xyÆy�,
�7	So1

r

a
= O(1) (5.51)���t	y�X5^a

k2η

∇2η
= O((ka)2) (5.52)7&�q�8jK Laplace ��7m�

∇2η ≃ 0 (5.53)�;Q�-p� O((ka)2). ys�j?{7h'�
fz	Hy/pfz'u���S(�>	� (5.53) �'�
fz�o�!X�"`��q��b/	7� η �!Xk��/�S<��/�/ W (Z) = W (x+ jy) R�℄�U
η = RejW (Z) (5.54)2�j-"`3.��2 Z �JjR�/�/�ys�j7h

ImjW (Z) = const (5.55)�Ut<RX��r�mO`R���,�Ap�	yHyR.f>�$AaFV>G7 (N�H5z0;R Joukowski G7ljCGRr�):

Z = − ja
2

(
τ +

1

τ

)
(5.56)



108 so� �a[HO
{n�h�v
D A

A’D’

ja

­ja

B

B’

x A B D D’ B’ A’

Im

Re

τ

τ

τZ=x+jy

jy

­1 1

z 5.7:  uS+ Z �KJk( τ �KSBqN���RX�R5^ApIj'X τ �J (xy 5.7), �s� ABD ApI τ �JR>�H�A′B′D′ApI!�H	��7h ImjW = 0(y A′B′D′ j)� ImjW = const(y ABD j),$A< {
W (Z) = C +M ln τ + C1τ + C2τ

2 + · · ·
+ C−1τ

−1 + C−2τ
−2 + · · ·

(5.57)�;X6/uU j ��/�>uU i S�:/	� (5.49) ;R6/ Q±, µ± (S� (5.57) ;R6/ C,M,C1, � C−1 VSK�t�ktR|z2P	$A�2�y;q5^;��t��Zkt�~+`|z���m��X;q5^yktxi�Jm��U
d (kr ≪ 1), y�txi�Jm���U'0k (r/a ≫ 1). �U
kr ≪ 1,  Xkt�Ra	F��





η+ = 2A+
iωQ+

g

[
− i

2
+

1

π
ln
γkr

2

]

− ωµ+

2g

1

r
sin θ +O[(kr)2 ln(kr)], x > 0

(5.58)





η− =
iωQ−

g

[
− i

2
+

1

π
ln
γkr

2

]

− ωµ−

2g

1

r
sin θ +O[(kr)2 ln(kr)], x < 0

(5.59)�; ln γ = 0.5772157�qlw/	Hym2 r/a≫ 1 ��t�R�=�	S.�y x > 0 f� |Z|/a≫ 1 R5^y τ �Jj�=U |τ | ≫ 1, 7&K� (5.56) P
τ =

2jZ

a

[
1 +O

(( r
a

)−2
)]

(5.60)�N9W� (5.57), PI x > 0, r/a≫ 1 ��t η R�	F�



η+ ≃ RejW ≃ Rej

{
C +M ln

2jZ

a
+ C1

2jZ

a
+ · · · + C−1

a

2jZ
+ · · ·

}

= C +M ln
2r

a
− C1

2y

a
− C−1

a

2r
sin θ + · · ·

(5.61)
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s�nGO 109�!�J�y x < 0 f� |Z|/a ≫ 1 R5^�=U τ �Jj
d?�R5^�7&�K�
(5.56) P

τ =
a

2jZ

[
1 +O

((
Z

a

)−2
)]

(5.62)����t η R�	F��



η− ≃ RejW ≃ Rej

{
C +M ln

a

2jZ
+ C1

a

2jZ
+ · · · + C−1

2jZ

a
+ · · ·

}

= C −M ln
2r

a
− C1

a

2r
sin θ − C−1

2y

a
+ · · ·

(5.63)Hy�� (5.58) Z� (5.61) QVm|z η+, �mvWR6/QV�PV>R9/u6�




(const) : 2A+
iωQ+

g

[
− i

2
+

1

π
ln
γk

2

]
= C +M ln

2

a

(ln r) :
iωQ+

πg
= M

(y) : C1 = 0(
1

r
sin θ

)
: C−1 = ωµ+/ga

(5.64)

v=`��� (5.59) Z� (5.63) QVm|z�PI




(const) :
iωQ−

g

(
− i

2
+

1

π
ln
γk

2

)
= C −M ln

2

a

(ln r) :
iωQ−

πg
= −M

(y) : C−1 = 0(
1

r
sin θ

)
: C1 = ωµ−/ga

(5.65)

�USx�rN_R&y��
µ+ = µ− = 0 (5.66)S(#QQ
:N_R&y����7&�#
�=>�2Oh�B�R�	)O
C1 = C−1 = 0 (5.67)4S#Q� Cn(n = ±2,±3, · · ·) ����7	yHy[0R[Dy>�a�; τ R#�(HX::�	�d��y�#R&/;}Xj#Q	j(:F	Hy2�><X�&w/ C,Q±,M ; T+�P





− iωQ
+

g
=

iωQ−

g
=

A

− i
2 + 1

π ln γka
4

M =
iωQ+

πg
= − iωQ

−

πg

C = A

(5.68)�� (5.68) 9W� (5.49) P
ηR± =

±iA2
− i

2 + 1
π ln γka

4

H
(1)
0 (kr) (5.69)
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ka 1 0.1 0.01 0.0001

|σ| 0.8890 0.4506 0.2786 0.1995K&�S&�ykt;�QBUO!Xt<RhZZX�ZEq`/p�R	�5 kr	F Hankel �/�PI
ηR± = ±Aσ

√
2

πkr
eikr−iπ/4 (5.70)�;

σ =

(
1 +

2i

π
ln
γka

4

)−1

(5.71)=BS.�B q 4U���(− ln q)�58`4U'05��V�B q = 10−1, 10−2, 10−3 ��
− ln q = 2, 4.6, 6.9; 7&�� ka R�d<,��� − ln γka

4 PX℄<5�B ka u^�� |σ|58`4U��VM;L�	 ka �^R.f>SOR�Q��!�����z0Rgq���=B7���aR�v`=�n|R&x`=Lw!�-Uy�d.f>�F℄�^�X=O/pR	yHyR�=>��t�L�O�W�!Xw/W�!X!:U ln r RW	+zjJ���9MaKJREq���#�M�<,�!f�hRpF���!f�?RpF�h?R&yQm	=B_I��Q.R ka, Mp"`SF!dGUJ&����R�=��2�	B ka�5��/pR0 σ � θ O��:uR#nu6�	X\ ka≪ 1 �℄�OH��v�	(#}JI�BRx4mZN�Æ0QB��N�a`>�HQFRh��	BN�Æykwkk{�WN℄R
y��|$A�<,"`Xy�!\[0	
§5.6 ��U��xf9	:)0

§5.6.1 0{7Hy$AmM)!fkZ��R<xs��
y� 2a, Vy 5.8. �UxR (ka ≪ 1) �wxyR.f�s�Ra℄kt2S
�!�R	L(�s�;Rkt!"��
ηc = Be−ikx +Deikx (5.72)kt�=Ra	F��

ηc = (B +D) + ik(−B +D)x +O[(kx)2], (k|x| ≪ 1) (5.73)��;Rkt�Zj�;R!�
η0 ≃ 2A coskx+

ωQ

2g
H

(1)
0 (kr) (5.74)�a	F��

η0 = 2A+
ωQ

2g

(
1 +

2i

π
ln
γkr

2

)
+O(kr), (kr ≪ 1) (5.75)
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2akr=O(1)

Far field

kr=O(1)

x

y

L

O

z 5.8: =yS	�Dt��t"`���*��℄R��"` (bJy 5.9). �F Schwarz-Christoffel G7�: Z �J;R+z5^S(ApI τ �JRj'℄ (Kober, 1957, p155), &G7�
Z =

2a

π

{
−j
√
τ2 − 1 + ln

τ√
τ2 − 1 + j

}
(5.76)ApVy 5.9L�	�,#<,v�o1��℄ √

τ2 − 1�y τ �Jj��H −1 ≤ Reτ ≤ 1�O!TO�&$�<P� |τ | → ∞ � √
τ2 − 1 → τ . o1�/�/ ln τ �TO<�!�H	mj�!���t�=��

η = RejW (τ) = Rej(M ln τ + C) (5.77)�; M,C uU j ��/���	F�=5&�f (x > 0, x < 0) p`C	y��f (x > 0),5 |Z|/a �=U5 |τ |(bJy 5.9), S�� (5.76) 	F�




Z =
2a

π

(
−jτ +O

(
1

τ

))

−jτ =
πZ

2a

[
1 +O

(( a
Z

)2
)]

, x > 0

(5.78)9W� (5.77), P�tR�	F�
η ≃ ReM ln

jπZ

2a
+ C = M ln

πr

2a
+ C, x > 0 (5.79)ys� (��) f�5 |Z|/a �=U^ |τ |. ℄9� (5.76), $AO





πZ

2a
= 1 + ln τ − ln 2j +O(τ2)

τ ≃ 2j

e
eπZ2a, −x/a≫ 1

(5.80)7&
ln τ ≃ πZ

2a
− ln

e

2j
(5.81)
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D

A

A’

D’

ja

­ja

B

B’

x A B D D’ B’ A’

Im

Re

τ

τ

τZ=x+jy

jy

­1 1

z 5.9:  uS+ Z �KJk( τ �KSBqB x/a→ −∞ ��-p(//*u^	L(��tR�	F��
η ≃M

πx

2a
−M ln

e

2
+ C, x < 0 (5.82)ys�f|za���℄9� (5.73) � (5.82), P




B +D = C −M ln

e

2

ik(−B +D) =
πM

2a

(5.83)v=`�y��f�|z� (5.75) � (5.79), P




2A +
ω

2g
Q

(
1 +

2i

π
ln
γk

2

)
= C +M ln

π

2a

iωQ

πg
= M

(5.84)4&�PIuU)X�&/ (B,C,D,M,Q) R<X9/�� (A �'&R), 4x�!Xfz�N#nUs�k|Rm.fz	+zjIp=ROV>X�S
v�
• Rap�'NxR:L�k|'�pR	KU2S
OntR�< D = 0, s�aRkt��

ηc = Beikx (5.85)

• R*s�Rk|Wp��QI��	��Lx�Rfz� D \o	 A = 0.

• Rap�xy� L Rx����k| x = −L ���pR	��jj�fz
∂ηc
∂x

= 0 (x = −L) (5.86)��R���
ηc = E cos k(x+ L) (5.87)
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B =

1

2
Ee−ikL, D =

1

2
EeikL (5.88)Q=Ra	F��

ηc = E[cos kL+ kx sin kL] +O[(kx)2] (5.89)HyS�?�.r2��&6/R9/��	�V�yk|'�pRR.f>�PI
ωQ

2g
=

2ka

1 + ka+ i2ka
π ln 2γka

πe

A (5.90)

B =
−2

1 + ka+ i2ka
π ln 2γka

πe

A (5.91)

C 4��Z�t�Ou�XYi�	� (5.90)\���R/p='���RhR&y�� (5.91) \��spRR�0	
§5.6.2 ~�dOuONxyR<��R"`�<O��h�R|�ÆJ\��7&�|\YT:&/	�!"`#�K Miles � Munk(1961) �z�� Ünlüata � Mei(1973) F|z{��p�L-	��� (5.83-5.84) �� (5.88), P��V=

ηc =
2 cos k(x+ L)

cos kL+ 2ka
π (sin kL) ln 2γka

πe − ika sinkL
A (5.92)(S����℄R�


ωQ

2g
=

−i2ka sinkL

cos kL+ 2ka
π (sin kL) ln 2γka

πe − ika sinkL
A (5.93)�|x�/��� (5.92) R ηc /R�kx��℄Rktsq�B�Z��℄R=xk5U
y 2a >k^URx	So1Q�UUR�0 2A R 57_ σ:

σ =

[
cos kL+

2ka

π
(sin kL) ln

2γka

πe
− ika sinkL

]−1

(5.94)*	O
ηc = 2Aσ cos k(x+ L) (5.95)

|σ| ∼ kL RyO�pV=7O��; ka p�!Xb/	KU ka≪ 1, V=7Oy cos kL R�d�U
kL ≈ knL =

(
n+

1

2

)
π (n = 0, 1, 2, · · ·) (5.96)?�O),	7�� (5.94) ;O^W O(ka), rLOh�)LyR�6ZjJR,m,lO~x	k�V>\ISP��R�=����

k = kn + ∆
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cos kL = −L∆sinknL+O(∆2), sin kL = sin knL+O(∆2) (5.97)7&�yb n Xh�)?�O



σ ∼=

[
− sinknL

(
L∆ − 2kna

π
ln

2γkna

πe
+ ikna

)]−1

∼= {(−1)n+1[(k − k̃n)L + ikna]}−1

(5.98)�;
k̃n ≡ kn

(
1 +

2

π

a

L
ln

2γkna

πe

)
(5.99)NZTq�_R�� (5.45) Q��FGh�)y k = k̃n ��NR~%�

k̃n − kn =
2

π

kna

L
ln

2γkna

πe
< 0 (5.100)yh�)?�� 57_R���

|σ|2 = [|(kn − k̃n)L|2 + (kna)
2]−1 (5.101)	),�

max |σ| =
1

kna
=

1

(n+ 1/2)πa/L
(5.102)F\T�E� n R�5�QeRh�),u^	�UT� n, σ ∼ kL 7Oy55uU),H k = k̃n ��	y

(k − k̃n)L = ±kna�� |σ| R,u'	7	 kna 
�)QRy
���h�7O'
yRy
	y��;RRr55!:U
cos(n+ 1/2)π(x/L+ 1)ymZT� n = 0, ��xym�RxR 1/4, W℄���Ub!XR�d	:�!>OQmxy L >Xm
y 2a R�X�����RN�O�^R~% (k̃n− kn)L �p	�QRh�)��3�:�ym�RWpRq>�N�n��Rqn5	y ka→ ∞ RNN>�/pif�ZI��h�)G�'05�KU��yV=7Oy;�h�)R
y�F(4U��L(�M��N�h��WpR?{��kI),L�=R�+�khlO~x�V=355u^	h�V=F\N�G�	�5�!\�PXd�Z�d'�Q2��7Miles�Munk(1961)�� ” N��S ”. �!�SZ�a��;R D’Alembert �SOQ�(��7�N�G��W^`=GPnmnB��#Ov`=�=Y(M)�`S��X`=(#����S3X:�"`�	K� (5.93) Sx�WN℄R?<�xyR�
 Q(N�8j�/pRR�0) y2Ih�),��2IN5,	�X Q RN5,S�&ZR�℄��PI�7	O

max |Q| =
2Ag

ωn
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kL

|σ
|

0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

8

9

a/L=0.097

z 5.10: !68` |σ|(�AG^6sO�): • • • Lee(1971) S�� (h=0.844ft)�; ωn = kn
√
gh. �U�QRT��h��
��^	z0�� (5.94) ZyQBxR5;R��p�:����!"QB!5 (bJy 5.10).y 1/4 RxT�R),?�/yp4�MQy��.f>���;RW^I��B�R	|[

(5.1) QFa"�3��/3�H�{��+�-Q���j��k	8\���Q����>	 (9�7 Mei & Foda, 1979)

(5.2) �F��v#���y=KQ 2a, QMJ H�3{���6;�8\���Q����>b��n�+I	
§5.7 ��W#K:��xf�U�5�ÆyQBRN����j�L-R+z\v��4O!�lR�CT���;NaaKJ!���C�3	�y}�;�!�OAL*3RH\�Sk�t<R&/j(�.#�	bJy 5.11, $AM)!XMJJ� S R5^�Nk�!fx� L, 
�

a(L ≫ a) R:LZ'N5R��Q�	uy A �RaKJ�0� η, :L;�aRAy�
U . 8
$ �2

∂η

∂t
S = −Uah (5.103)B5^ S a�~h����℄ B �R η Q�m:�^� A � B (qR	�^y�=`�

−∆p

∆x
=
pA − pB

L
=
ρgη

L
(5.104):L;5Rq
���

∂U

∂t
=
gη

L
(5.105)
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L

A

S B

z 5.11: l�;M[	�R�SNKK� S S6_�P8
$ ���q
$ ���℄> U , P
S
∂2η

∂t2
+ gh

a

L
η = 0 (5.106)NZ8
�:6p�Q\�O!XsOT���sO�+�

ω =

√
gha

SLy'
Kr�>�Q=R\�R/� k
√
S =

√
a/L, �,�^	���qT�y}�;��

Helmholtz T��yN�b��I;���sT� (pumping mode). �FG� Helmholtz T�R/yZON5^RN�JJG(Qu	S.�j�;R<���q�=U'8
R�:R�q�L(X/y Helmholtz T�	B S �5��N�p aR58Rj>�q	Hy$AÆ0O<�W℄R5rN���X�_m|K Miles � Munk(1961) Æ0��
Garret(1970)p�w!	>JR}-( Ünlüala� Mei(1973)Rbp�G�	uN�R�Cx&O� B � L, (KZ*��Q�R+	*R�RXr�),<,
k^URx�U ka≪ 1(bJy 5.12).�t<�x�kuRq�ZWp�U�N��R��SK� (5.74) \�

η0 = 2A cos kx− iω

g
Q0

[
i

2
H

(1)
0 (kr)

]
, r2 = x2 + y2 (5.107)�;rK
d�yWN℄R;m	��F�x�Bi�X��Ra	F�V>�




η0 = 2A+ I

ω

g

(
− i

2
+

1

π
ln
γk

2

)

+ i
ω

gπ
Q0 ln r +O(kr ln kr)

(5.108)a���!<,R���OV>R�Wa	F� [bJ (5.63), (5.65)]

ηE = C ∓M ln
a

2
+M

(
ln r

− ln r1

)
x > 0

x < 0(x1 > 0)
(5.109)
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L

S
y

1

’y
1

x
1

y

x

O
1

O

z 5.12: +	�$S6sO

(r1, x1Ro1x>).��L-N�a℄R.f�m�F
dyN��jR�!rK6O1x1y1(bJy 5.12), {

x = −x1, y = y′1 − y1

r21 = x2
1 + (y1 − y′1)

2
(5.110)N�W℄R;my y1 = y′1 �	

§5.7.1 <~}.;YCX7587N�aFrK6 O1x1y1 L-�>��tF�>J�.>K ( )1.y#
�=>�N�aR���K x = 0, y = y′ dR6qh (h& QH �&) q~Rt	u G(x, y; y′) �>-"`R�




∇2G+ k2G = 0
∂G

∂y
= 0, 0 < x < L, y = 0, B

∂G

∂x
=

{
0 x = L

δ(y − y′) x = 0
0 < y < B

(5.111)7� G 9My x = 0, y = y′ dO<��
Rdh�R��rO
ηH =

iω

g
QHG(x, y; y′) (5.112)��L2RN�aR��	 G �!� Green �/���y?&;G���|:F��

G(x, y; y′) =

∞∑

n=0

Xn(x)Yn(y)Yn(y′) (5.113)�; 



Xn(x) =
εn cosKn(x− L)

KnB sinKnL

Yn(y) = cos(nπy/B)

Kn = [k2 − (nπ/B)2]1/2

εn =

{
1 n = 0

2, n = 1, 2, 3, · · ·

(5.114)
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{n�h�v2a	F�:�%��O�dR�/R Fourier 	FRV/R!�vd�X�� G RV/
(5.113) �����B n �5��

Kn ∼ i
(nπ
B

)

εn cosKn(xL)

KnB sinKnL
=

2 coshnπ(x − L)/B

nπ sinhnπL/B
+O

(
1

n3

)
= − 2

nπ
e−nπx/B +O

(
1

n3

)b n W!:U 1/n, V/!�P�8	kwFRjA!�R℄'�2V/
G̃ =

∞∑

n=1

(
− 2

nπ

)
e−nπx/BYn(y)Yn(y′) (5.115)R���Ni�(>Rr���>RV/�

X0Y0(y)Y0(y
′) +

∞∑

n=1

[
Xn +

2

nπ
e−nπx/B

]
Yn(y)Yn(y′) (5.116)�;RW�U5 n m:!:U 1/n3, 7	!�Pb��	S#Q� (5.115) R2�S(�t���� (bx?&)

G̃ =
1

2π
ln |1 − e−Zs |2|1 − e−Z

′

s |2 (5.117)�| {
Zs =

π

B
[x+ j(y − y′)]

Z ′
s =

π

B
[x+ j(y + y′)]

(5.118)S.� |Zs| !:Utd (x, y) Ihd (0, y′) R=x� |Z ′
s| !:Utd (x, y) IhdR,Y

(0,−y′) R=x	�
r = [x2 + (y − y′)2]1/2y���W℄�� r/B ≪ 1, 7& |Zs| ≪ 1. 7�





Z ′
s = Zs + 2jπy′/B

1 − e−Zs = Zs[1 +O(Zs)]

1 − e−Z
′

s = (1 − e−2jπy′/B)[1 +O(Zs)]

(5.119)7&�$AO 



|1 − e−Zs |2 =
(πr
B

)2 [
1 +O

( r
B

)]

|1 − e−Z
′

s |2 = 4 sin2 πy
′

B

[
1 +O

( r
B

)] (5.120)�� (5.120) 9W� (5.117), P̃
G =

1

π
ln

(
2πr

B
sin

πy′

B

)
+O

( r
B

)
(5.121)B r → 0 ��NO�/�v	K� (5.121) S&�� x > 0 fMhdR'0^'fDR�
� 1. 7&� G̃ 9M Green �/R X�v℄&��>RV/ (5.116) yhd r = 0 !o�!�R	7&� G Ra	F�R#W�

G(x, y; y′) ≃ 1

π
ln

(
2πr

B
sin

πy′

B

)
+ F (5.122)



§5.7 �s�H&n"��h 119�; F ��WV/ (5.116) yhdR,
F =

cos kL

kB sinkL
+

∞∑

n=1

(
εn cosKnL

KnB sinKnL
+

2

nπ

)
Yn(y′)Yn(y′) (5.123)m#PIN�a℄R��Ra	F�

ηH ≃ i
ω

g
QH

[
1

π
ln

(
2π

B
sin

πy′

B

)
+ F

]
+ i

ω

g

QH
π

ln r (5.124)HyS(�t|z�	y��!f� x > 0(x1 < 0), � (5.108) � (5.109) ;Rw/W?{|z�m�PI�X��
C −M ln

a

2
= 2A+ i

ω

g
Q0

(
− i

2
+

1

π
ln
γk

2

)
(5.125)

M = i
ω

g

Q0

π
(5.126)m�`�yN�!f� x < 0(x1 > 0), �� (5.124) � (5.109) Q|z�P

C +M ln
a

2
= i

ω

g
QH

[
1

π
ln

(
2π

B
sin

πy′

B

)
+ F

]
(5.127)

−M = i
ω

g

QH
π

(5.128)*<X9/�� (5.125)-(5.128)�T+���&/ C,Q0, QH �M . �USPR��� Q0 =

QH , *��vR�yJ��X���ya�(;R	m�B�R���
i
ω

g
Q0 = −iω

g
QH = −2A

[
− i

2
+ F − I

]−1

(5.129)�;
I =

1

π
ln

[
4B

πγka2 sinπy′/B

]
(5.130)m#PIN�aRkt�

ηH =
−A

− i
2 + F − I

∑

n

Xn(x)Yn(y)Yn(y′) (5.131)F&��SyX%LORd�N�V=�t/,`C�xWN℄!XRxnRR^5^a��	
§5.7.2 |a�	_ Helmholtz u<8�:��`�`z�>J�\�R/,��R+z�1�O?�ov`Mo� (5.129) �
(5.131).BWpR/ k ��U(>N�R!XsOT�RR/

knm =
[(nπ

B

)
+
(mπ
L

)]1/2
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{n�h�v��S��~h�	� k y knm ?�	F
k = knm + ∆ (5.132)Hu
∆/knm ≪ 1 (5.133)K� (5.114) P





KnL = L

[
(knm + ∆)2 −

(nπ
B

)2
]1/2

≃
{
mπ + (knmL

2∆)/mπ, n = 0, 1, 2, · · · , m = 1, 2, 3, · · ·
L
√

2kn0∆, n = 1, 2, 3, · · · , m = 0

(5.134)S.���d,� sinKnL ��U��y G � F RV/;�b n Wk5U�WZW	�,�L�W� F RV/�=`<�




F ≃ εn cosKnL

KnB sinKnL
cos2

nπy′

B
≃ c

∆

c =
εnεm

2knmBL
cos2

nπy′

B

(5.135)�|ku n Z m Xm����	 G ��=`<�
Xn(x)Yn(y)Yn(y′) ≃ c

∆

cosmπ(x − L)/L

cosmπ
Yn(y)Yn(y′) (5.136)U�N�V= (5.131) G�

ηH ≃ −2A

− i
2 + c

∆ − I(knm)

c

∆

cosmπ(x− L)/L

cosmπ
Yn(y)Yn(y

′) (5.137)�;
I(knm) = [I(k)]k=knm

(5.138)B knma G^�� I(knm) �/`�5	,P/�R��B ∆ = 0 ��-U k = knm ���
(5.137) RR|4�U

−2A
cosmπ(x − L)/L

cosmπ
Yn(y)Yn(y′) (5.139)NPXT5	7&�h�T�ZQ=R(>N�RsOT�XB���3�:�N�h�PX���y k = knm ��~	�V>��o1T� (n,m) R 57_ σ:





ηH
2A

= σ
cosmπ(x− L)/L

cosmπ
Yn(y)Yn(y′)

σ =
c/I

∆ − c/I + i∆/2I

(5.140)� (5.141) ZTq�_ (5.45) OQmRr��L( i∆/2I W&F\/pif�NHy#n��+R~% ∆. M)T� 57_R��
|σ|2 =

(c/I)2

(∆ − c/I)2 + (∆/2I)2
(5.141)
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∆ = ∆peak =

c/I

1 + 1/4I2
≃ c

I
(5.142)�� (5.141) R&Z2IN^,�7&�h�R/ k̃nm l5UsO, knm,

k̃nm ≃ knm +
c

I
(5.143)BWN℄
yu^��w!, c/I F(u^	 |σ|2 R),�

max |σ|2 ≃ 4I2 (5.144)T+�#�B
∆ ≃ c

I
± c

2I2
(5.145)����V=�ZI),('�7	y |σ|2 ∼ k 7Oyj� c/2I2 �8j�h�)R'
y	℄9 I Ro1�WN℄
yRu^:� I R�j�*	:� max |σ| R�j�h�)'
yRu^	7&��WN℄G��>u^�WpR[D`khIh�RH>�G	!=PI[Dkh�),V=3_Q�	�X��ZN�u`�R*x~0Q;���NA!"IWN℄G�m2I�(R[R��3�N��SR\�	S.�yh�)GpR��;�V=7O(>RJJ�=R�

max |σ|2 · c

2I2
≃ 2c (5.146)NZWN℄R
y'u�)�U�QRT� (�5R n C m) O�^R, (Garret, 1970).k�Mo/pif (N�=U� (5.140);R i∆/I W), �S��N��SR/�~G	h��/pif!:U c/2I2, F\ a Ru^	�A`4U��*	�

,�N�Ri_�5��0 53F(j��	�P� (5.135) � (5.129), PIh�)?���N℄R<�xyR�


iωQ0

g
=

2A

I − c/I + i/2
(5.147)S.�BWN℄
y a 4U��� k = knm, Q0 = 0, 7		�k�WN℄�
�>�	8
CX�
	h���h��
� i4A, WN℄��=R�A�

|UE| =

∣∣∣∣
Q0

2a

∣∣∣∣ =
2gA

ωnma
=
gATnm
πa

(5.148)�; ωnm �h��+�ωnm =
√
ghknm, Tnm��=RD�	p�!X/,�_�< a = 200m,

A = 0.2m, Tnm = 10min, �O
UE = 6m/secm`�RXRB`!y� 10m, m5RB` Reynolds /� 6× 107; 7��q��qqR�7� Reynolds /y�q��;* 0 GI O(108). 7&�!oO�#k3�}�q~RSxR

I�	� (5.148)4MQ� |UE | �:UWN℄
y a, �.�\�WN℄
yn^����a`=n�B�	4&�$A[0� n � m Xm���R# Helmholtz T�	
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§5.7.3 Helmholtz u<�JR&/X�� n = m = 0 R.f	7� X0 � Y0 �w/�L( X5^RaKJ!��3���=U Helmholtz T�U�sT�	℄9� (5.114), P

∆ = k, Kn = k = ∆ (5.149)&�9
�� (5.134), F � G RV/LW� n = 0 RW�N�V=�
ηH =

2A

I − 1/k2BL+ i/2

1

k2BL
(5.150)h�R/ k̃00 KV>R{n���=`Do�

1

k2BL
= I(k), Uk2BL =

1

I(k)
→ k = k̃00 (5.151)B a u^�� I �5�7&� k = k̃00 u^	 57_R���

|σ|2 =
(1/k2BL)2

(1/k2BL− I)2 + 1/4
(5.152)B� (5.151) 7h��PI |σ|2 R�=), 4I2. B

1/K2BL− I = 1/4, Uk − k̃00 = ±1

4

1√
BLI3

(5.153)�� |σ|2 2I),R!'�*	PI'
y	B a u^��max |σ|2 �5�'
yu^	X�� |σ|2 − k 7O(>RJJ!:U
4I2 · 1

4

1√
BLI3

=

√
I

BL
(5.154)NF\ a Ru^	58�5�7	 Helmholtz T�N��SR
BvzU# Helmholtz T�R.r��MQ��RWN℄W^I�RB�v`5�?{Y(M)	

§5.7.4 Dl6�	9.6�
Ünlüata � Mei(1973)�!�5��RR/�*� (5.131)CP��rN�RV=��d��Z Miles(1971) FOR�=&/��LPR��!5	MAÆ0���W℄
y� a u^R`=Z�C&/R!5	
Miles(1971)� Lee(1971)Æ0�frN��P���=R�/��	 Lee4p�������ZOvz0#wQ2	�!OFMp4(��HymZh�)?��℄
W^�Jm�B�R	=B/�� Lee R���y�xR5;oR (kh≫ 1), ZxRz0p:�R℄9�B h �w/�f���*�Ovz0RQ=v	X��y���;�"5|R#OvXT+BI�S(���"5��ZOv.xRz0(q>O�5p4	

§5.7.5 !J?	�M�:
Carrier, Shaw � Miyata(1971) y&/<!N�RN���H�WN5LRONxyCWN��RXRON!yLq~R`=ovjVmU+�℄�R
yRJ^	M)���R
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y� 2a m
VR.r��������tR Laplace ��R�SK Schwarz-

ChristoffelG7PI����K Davey(1944)(�fJ&Rr�\��PK GuineyVO (1972)FUÆ0x5Rk�<,R�Q	 Ünlüata � Mei(1973)y[0N��q��Tuck(1974) yMoRk�^[R�Q�/��LO�+�,PIR��vSFU!�,�2�:�O`
y ae m9
�d
y a 3t�	 ae Z a Ru6V>�
ae/a = 2pv1/2, d/a = −p

2
(K ′v′2 − 2K;−2E′) (5.155)�; 




p = (2E − v′2K)−1, v′ =
√

1 − v2

E = E(v) b!v��fJ&
K = K(v) bÆv��fJ&
E′ = E(v′)

K ′ = K(v′)

(5.156)G�� (5.155)R\IQB�u�SbJ Ünlüata � Mei(1973). �|2_!>� ae/a F d/a<k>���5R d/a, � (5.155) S(FV>RF��=9

ae
a

≃ 8

π
exp

[
−
(
πd

2a
+ 1

)]
(5.157)B d/a > 0.5 ���X��#w&D	�J$Ak�!dt<RTq&/�N��q�\O�N�h�H\	��N�b�OB5R�d.1��V�yu`�RX��V� ka = O(1), ZZX�yF℄�.f3�Xm�V�!FyRqRQ)��NaRq3>�5	��?�R5'm`r:u�8w�Oh�H\�>OCiR/y�WN#xOh��Na3> ” '+�q ”. 7	�yN℄u`��?{���+q℄��
ON�`r��RXq~R`=VVpT"R&/Æ0	�PI�do
R℄��<Nt<RTq�XlR�

x��PU/,&/	
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Be\ n^JY&�.#Nx^8�9
�/
h/
§6.1 9+/��V��7o�7*��RX�5>$�R�MkHV���k+�NAR���v
<CU�RqRV=	B�J�*��+ayB��7���℄m.�RpF>,���	>��B�JORq��7�hl5R+a>�Rq~Mp (ap), WpRR℄&q
7+a0!�+a%Iq�pF	V�m.Xlss�+a>�~�q�:�Z��QRR	B+asqOjAy��D�R�a>y+ajq~�pF�	���+a�m.�D�R�asqyq��j�x�R	 ��D�[D��I4H���<� �O�YD�WO�O}�1O�YD}�1�WO�O!��D�[DG���I	HyR�^�MIY;�'wy"��FBq�k+��NAsoy�^�
B�M�TB�Jjk(�RR$�+	�d�k+?��!�.!o��k+R���v
*�%IRq	�R�V	!"`��j�k+Ru`>rSI5��k+��!�`X7�RQ)pF�.fT:u	7&��|2[05�+aRQ)pF	?{�o-+aÆy5^"`	[0RZ+aQ)pF"`��4m/y`XxyÆy�+aR\�Æy a,Rx 2π/k,R0 A. 7&�$AS(O�XxyÆy:�ka � A/a.;

ka ≥ O(1) "�Yf9
�[D7%5(K��)"
Q+f�������-�k&�[DfÆS. /��5>�M�V+U�v+a	B ka≪ 1 ��+a�^ÆyR��Vk(kz�Nq~RRMpXTB�	y5+aR�7℄��4℄Ay^y�5��v`=�5	B A/a hl5���q�~&x�q~>k�#�:�qi	�U A/a≪ 1 � ka = O(1) R.f�S(F'�Ov.Mpz0�t&/	��z0Hy''PI�&�	�P�|���L#�		 A/a ≥ O(1), � ka ≪ 1 �=R.f''��&m��Æ0RX`�>$z0RL-C�_	 A/a ≥ O(1) � ka = O(1) �=R.f�rSItRRMp�&x��m_R�Æ0PmmR�^	5Æy7aC�5>|QRu`��2'PRdZ
q (gqRR0m� 15m). >��KU#Ov"`2�i_�z0j�50RRMp&(zm		^�0RZ+aRQ)pFÆ0��	�5�''�d`=FU�T���b�	�UOuR0-SbJWehausen �
Laitong(1960)R'gbp	Wehausen(1971)'' z�7GR�FHRMpRG8��	8
aFMAR℄&0-�P-S�jm_�R��!dX`	

§6.2 BQCo_:
#�UL℄�+aZ�D�5Rsq�Co�+aMJ75![℄&R5^	y![MJ Sb j��7hsq��q��fz	
§6.2.1 TI%`-�![MJ Sb R7��6F z = f(x, y, t) M���℄9�ZAy���$AO

Φxfx + Φyfy + ft = Φz, z = f(x, y, t) (6.1)
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128 s.� �fv*��jdwpf	>n[GO��O�U^�0sq.f�+aRsq\�S(FRRfy ǫ = kA �
	7&�$A� f	F� ǫ RHV/V>�
z = f (0)(x, y) + ǫf (1)(x, y, t) + ǫ2f (2)(x, y, t) + · · · (6.2)�; f (0)(x, y) �=U Sb R*0�6�U S

(0)
b . v=`�Ay��S(	F�

Φ = ǫΦ(1) + ǫ2Φ(2) + · · · (6.3)KUku�+ap^�0sq�$AS(�y Sb j2,R�/y S
(0)
b ?�	F	<I O(ǫ)
�� (6.1) \�

Φ(1)
x f (0)

x + Φ(1)
y f (0)

y + f
(1)
t = Φ(1)

z , z = f (0)(x, y, t) (6.4)Hy?{�� f (1). �&�$A�JaRWq;m� Q, �rK�
X(t) = X(0) + ǫX(1)(t) + ǫ2X(2)(t) + · · · (6.5)

X = (X,Y, Z)�;� X(0) � Q R*0�6�Z t 'u	!"`�$AX�2 Q Z+aR8mB�	$A:Wsoy+ajRrK6 x, )B+a�y*0�� x = x. V�+aR��%� ǫθ(1)(t),Ny�tU x, y � z HR&
&O� ǫα, ǫβ � ǫγ, �+ajQ�!dR Lagrange rK x(t)Z x Ru6� ([DI!
)

x = x + ǫ[X(1) + θ(1) × (x − X(0))] +O(ǫ2) (6.6)yQmR&y>�j�S(i�
x = x − ǫ[X(1) + θ(1) × (x − X(0))] +O(ǫ2) (6.7)i�&
r�
x = x− ǫ[X(1) + β(z − Z(0)) − γ(y − Y (0))]

y = y − ǫ[Y (1) + γ(x−X(0)) − α(z − Z(0))]

z = z − ǫ[Z(1) + α(y − Y (0)) − β(x−X(0))]KU*0� x = x, 7&
z = f (0)(x, y) (6.8)��� (6.7) 9WI�� (6.8), PyMJ S

(0)
b ?�	F�Z�� (6.2) �t:��$API

f (1) = Z(1) + α(y − Y (0)) − β(x −X(0))

−f (0)
x [X(1) + β(z − Z(0)) − γ(y − Y (0))]

−f (0)
y [Y (1) + γ(x−X(0)) − α(z − Z(0))] (6.9)m#���� (6.4) ��� (6.9) ���m�$APIsq�fz�

−Φ(1)
x f (0)

x − Φ(1)
y f (0)

y + Φ(1)
z = −f (0)

x [X
(1)
t + βt(z − Z(0)) − γt(y − Y (0))]
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−f (0)
y [Y

(1)
t + γt(x−X(0)) − αt(z − Z(0))]

+[Z
(1)
t + αt(y − Y (0)) − βt(x −X(0))] (6.10)M)I S

(0)
b jQ!d/Z+aa℄R�Z�
 n S(M��

n = (−f (0)
x , f (0)

y , 1)[1 + (f (0)
x )2 + (f (0)

y )2]−1/2 (6.11)�� (6.10) S(Ci�
∂Φ(1)

∂n
= X

(1)
t · n + [θ

(1)
t × (x − X(0))] · n

= X
(1)
t · n + θ

(1)
t · [(x − X(0)) × n] (6.12)<���1�%�
 {Xα} ��1�Z�
 {nα} V>�

{Xα}T = {X(1), Y (1), Z(1), α, β, γ} = {X(1), θ(1)}, {na} = {n, (x − X(0)) × n} (6.13)�;
n4 = −[n2(z − Z(0)) − n3(y − Y (0))]

n5 = −[n3(x−X(0)) − n1(z − Y (0))]

n6 = −[n1(y − Y (0)) − n2(x −X(0))]

{ } M���
� { }T M�NRW6�
�>K α * 1 GI 6, U���� (6.12) G�
∂Φ(1)

∂n
=

6∑

α=1

(Xα)tna = {X}Tt {n} (6.14)

|[
(6.1) 0j�)�> ǫ2 #��I~�&F��y/*

Φ(2)
x f (0)

x + Φ(2)
y f (0)

y + f
(0)
t = Φ(2)

z − (Φ(1)
x f (1)

x + Φ(1)
y f (1)

y )

+f (1)(Φ(1)
zz − Φ(1)

xx f
(0)
x − Φ(1)

yy f
(0)
y ):*��?> f (2) �|y/Y& (6.6), =6 DI�o"%N	P��hDI��>��� Euler ��gr	 (Goldstein 1950, E7&	)

§6.2.2 �I^A�$A�8
� M R7aR8m�6F xc M��7aR!℄&S(Q�5J�Oq
$ �2
Mxctt =

∫

Sb

PndS −Mge3 + F (6.15)



130 s.� �fv*��jdwpf	>n[GO��O�; Sb �7aR7�![MJ�F �ma�℄$�+ (Vp��%�$mV) Rm.� ()j*�℄&�q�℄&),

F(t) = F(0) + ǫF(1) + · · · (6.16)[DI!
���� (6.7) =FI xc,

xc = xc + ǫ[X(1) + θ(1) × (xc − X(0))] +O(ǫ2)�� (6.15) Rn|G�
Mxctt = ǫM [X

(1)
tt + θ

(1)
tt (xc − X(0))] +O(ǫ2) (6.17)�Ov. Bernoulli ��

P = −ρgf − ǫρΦ
(1)
t +O(ǫ2) (6.18)=FI�� (6.15) R|Rb!XJ&;�J&RbÆW\�

−ǫ
∫

S
(0)

b

ρΦ
(1)
t ndS +O(ǫ2) (6.19)�; Sb ''�=`<� S

(0)
b . Hy$AM)7�W −ρgf . ku+aR5��JFxyu^

(�U:uX�rYR7a�LOm#�0SGO`	). yY!�W�+aMJ Sb j
ndS = (−fx,−fy, 1)dxdy X Sb jRJ&S(G�K Sb ��R5JR!℄& SA jRJ&�VyL�	7�R#*&
�

−ρg
∫

Sb

fn3dS = −ρg
∫

SA

(f (0) + ǫf (1))dxdyM)I SA ZNR���6 S
(0)
A (p� O(ǫ), y��R5Jj f (0) = 0, 7&�F S

(0)
A 
7

SA 7mR-p� O(ǫ2). KU
∫

S
(0)

A

f (0)
x dxdy =

∮

Γ

[f (0)]
x+

x−
dy�; Γ � S

(0)
A RDO (
5O), x+,x− �V y OZ Γ R�d	y Γ j� f (0) = 0, j�R|RJ&���℄9�� (6.9), $AO

−ρg
∫

Sb

fn3dS = −ρg
∫

S
(0)

A

f (0)dxdy

−ǫρg
∫

S
(0)

A

[Z(1) + α(y − Y (0)) − β(x −X(0))]dxdy +O(ǫ2) (6.20)j�R|b!XJ&!�+a!y5>℄&RaJ V (0),T��*u5
	���� (6.17),(6.19),(6.20)� (6.20), S(P�Z
R��	�

���
Mg = ρgV (0) + F

(0)
3 (6.21)�!��GEOo*	
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n

S
A

S
B

P

V

Γ

∆

Q

z 6.1: 8b
z �Z!
Ov.q
���

M [Z
(1)
tt + αtt(y

c − Y (0)) − βtt(x
c −X(0))]

= −ρ
∫

S
(0)

b

Φ
(1)
t n3dS + F

(1)
3 − ρg(IA2 α− IA1 β + Z(1)A(0)) (6.22)�; A(0) � S

(0)
A RJJ� IA1 � IA2 � S

(0)
A R}v5�

IA1 =

∫

S
(0)

A

(x −X(0))dxdy, IA2 =

∫

S
(0)

A

(y − Y (0))dxdy (6.23)B7a��![y5;�� S
(0)
A = 0, 7aRq���X%7��V	M)I

ρg

∫

Sb

fn1dS = −ρg
∫

Sb

ffxdxdy = −ρg
∮

Γ

(
1

2
f2

)x+

x−

dy = O(ǫ2)

ρg

∫

Sb

fn2dS = −ρg
∫

Sb

ffydxdy = −ρg
∮

Γ

(
1

2
f2

)y+

y−

dx = O(ǫ2)7�y5��ZR`=S(&.	℄9�� (6.15), y!
�=>�$AO x � y �ZROv.q
��
M [X

(1)
tt + βtt(z

c − Z(0)) − γtt(y
c − Y (0))] = −ρ

∫

S
(0)

b

Φ
(1)
t n1dS + F

(1)
1 (2.22b)

M [Y
(1)
tt + γtt(x

c −X(0)) − αtt(z
c − Z(0))] = −ρ

∫

S
(0)

b

Φ
(1)
t n2dS + F

(1)
2 (2.22c)�
R5�q
��d�7hR	
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§6.2.3 0I^A�u Vb � X7aRaJ�<k�so
d O R!XH�+a�1�XHR�q
 L RG.+�

dL

dt
=

d

dt

∫

Vb

x × xtdm =

∫

Vb

x × xttdm

(7� xt × xt = 0). +aR�q
$ �2
∫

Vb

x × xtt =

∫

Sb

x × PndS + xc × (−Mge3) + T (6.24)�; T M���Rm.�5	M)I
∫

Vb

xdm = Mxc (6.25)Ov.q
�� (6.15) S
7�
∫

Vb

xttdm =

∫

Sb

PndS −Mge3 + F (6.26)�� (6.24) u> X Z�� (6.26) Rm�J�S.I X×F = −F×X, $APIQ�UWq;m Q R�q
$ ��
dLQ

dt
=

∫

Vb

(x − X) × xttdm =

=

∫

Sb

(x − X) × PndS + (xc − X) × (−Mge3) + (T + F × X) (6.27)�M)�
����� (6.27) Rn|℄��R|Rm.�5�
T + F × X = (T(0) + F(0) × X(0)) + ǫ(T(1) + F(1) × X(0) + F(0) × X(1)) +O(ǫ2)��F�x�$Ab

T = T + F× X, T (0) = T(0) + F(0) × X(0)

T + F× X = T (0) + ǫT (1) + ǫT(0) × X(1) (6.28)��� (6.28) 9W (6.27), Sx�

7h
−ρg

∫

S
(0)

b

(x − X(0)) × nf (0)dS + (xc − X(0)) × (−Mge3) + T (0) = 0 (6.29)y*0MJ S
(0)
b j�j�J&;R x S(F x 
9	�FG��� (6.20) �R0#�$AS(�j�b!XJ&;R x &
i�

−ρg
[∫

S
(0)

A

(y − Y (0))f (0)dxdy +

∫

S
(0)

A

f (0)(f (0) − Z(0))f (0)
y dxdy

]k�� y R&℄J&�j�bÆXJ&��	M)I f (0) = −
∫ 0

f(0) dz, j�b!XJ&S(i�
ρg

∫

V (0)

(y − Y (0))dxdydz ≡ ρgIV2 = ρgV (0)(yV − Y (0)) (6.30)



§6.2 X�Y�fny���v}b 133�; V (0) �![y5;R℄℄&+aaJ� IV2 �uU�J y = Y (0) R!(5� yV �7mR y rK	7&�*�� (6.29), $AO
ρgIV2 −Mg(yc − Y (0)) + T (0)

1 = 0 (6.31)v=`�$Ao1 IV1 � xV V>�
ρgIV1 ≡ ρgV (0)(xV −X(0)) ≡ ρg

∫ (0)

V

(x−X(0))dxdydz (6.32)PI y &
R��
−ρgIV1 +Mg(xc −X(0)) + T (0)

2 = 0 (6.33)V�=O�℄m.� T (0) = 0, �$AO Mg = ρV (0), *�� (6.31) � (6.33) S(P�
xc = xV , yc = yV , �:Q8m�7m?oy!f�#Oj	S(�#��� (6.29) ;J&R
z &
 VU���=R*��fz�

T (0)
3 = 0 (6.34)HyM) O(ǫ) 
	�� (6.27) Rn|F x − X(0) 
9 x − X, ℄9�� (6.6),

xtt = ǫ[X
(1)
tt + θ

(1)
tt × (x − X(0))]�� (6.27) G�

∂LQ

dt
= ǫ

{[∫

Vb

(x − X(0))dm

]
× X

(1)
tt + θ

(1)
tt

∫

Vb

(x − X(0))2dm−
∫

Vb

[θ1tt(x − X(0))](x − X(0))dm

}

(6.35)$Ao1!(�Æ(}v5V>�




Ib1 =

∫

Vb

(x−X(0))dm ≡M(xc −X(0))

Ib11 =

∫

Vb

(x−X(0))2dm

Ib12 =

∫

Vb

(x−X(0))(y − Y (0))dm

Ib13 =

∫

Vb

(x−X(0))(z − Z(0))dm

(6.36)

v=`�$AS(o1�WR}v5 I2, I21, I22, I23, (S I3, I31, I32, I33, 7&�$AO��
(6.27) n|R&
r��





dLQ1
dt

= ǫ{Ib2Z
(1)
tt − Ib3Y

(1)
tt + (Ib22 + Ib33)αtt − Ib21βtt − Ib31γtt}

dLQ2
dt

= ǫ{Ib3X
(1)
tt − Ib1Z

(1)
tt + (Ib33 + Ib11)βtt − Ib32γtt − Ib12αtt}

dLQ3
dt

= ǫ{Ib1Y
(1)
tt − Ib2X

(1)
tt + (Ib11 + Ib22)γtt − Ib13αtt − Ib23βtt}

(6.37)�;=O�
W	



134 s.� �fv*��jdwpf	>n[GO��O�� (6.27) RR|�
−ǫ
∫

S
(0)

b

ρΦ
(1)
t (x − X(0)) × ndS − ρg

{∫

Sb

f(x − X) × ndS −
∫

S
(0)

b

f (0)(x − X(0)) × ndS

}

+ǫ[θ(1) × (x − X(0))] × (−Mge3) + ǫ(T (1) + F(0) × X(1)) (6.38)�dW&O9MZ�+z�5�b!Wma�aq��bÆWma7��b`Wma}v��b<Wmam.�	(>$A&O[0�d�5	YDIOO0	�F�1�Z�
 (6.13), �aq��5R&
S(i�
−ǫ
∫

S
(0)

b

ρΦ
(1)
t nαdS, α = 4, 5, 6 (6.39)aOO0	i�&
r�

−ρg
∫

Sb

f(x− X) × ndS = −ρg
∫

Sb

f{[(y − Y )n3 − (z − Z)n2]e1 + [(z − Z)n1 − (x−X)n3]e2

+[(x−X)n2 − (y − Y )n1]e3}dS =

= −ρg
∫

SA

f{[(y−Y )+(f−Z)fy]e1+[−(f−Z)fx−(x−X)]e2+[−(x−X)fy+(y−Y )fx]e3}dxdy�� fx, fy RW�t&℄J&�M)Iy SA RDOj f = ǫf (1), �dW� O(ǫ2), 7&$AO
−ρg

∫

Sb

f(x − X) × ndS = −ρg
∫

SA

[f(y − Y )e1 − f(x−X)e2]dxdy (6.40)FG��� (6.38) R { } ;RbÆXJ&Z (6.40) Q=	℄9�� (6.9), �� (6.38) ;R
x &
�
−ρg

[∫

SA

f(y − Y )dxdy +

∫

S
(0)

A

f (0)(y − Y (0))dxdy

]
= −ǫρg

∫

S
(0)

A

[f (1)(y−Y (0))−f (0)Y (1)]dxdy

−ǫρg
∫

S
(0)

A

[Z(1) + α(y − Y (0)) − β(x−X(0))](y − Y (0))dxdy

+ǫρg

∫

S
(0)

A

f (0)
x [X(1) + β(z − Z(0)) − γ(y − Y (0))](y − Y (0))dxdy

+ǫρg

∫

S
(0)

A

f (0)
y [Y (1) + γ(x−X(0)) − α(z − Z(0))](y − Y (0))dxdy

+

∫

S
(0)

A

f (0)Y (1)dxdy&℄J&#�j�RbÆXJ&���b`XJ&&℄J&#xZb<XJ&�PG�
−ǫρg

∫

S
(0)

A

f (0)[γ(x−X(0)) − α(z − Z(0))]dxdy
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= +ǫρg

∫

V (0)

[γ(x−X(0)) − α(z − Z(0))]dxdydz�;�F� f (0) = −
∫ 0

f(0) dz. :W!(�Æ(5V>�




IA1 =

∫

S
(0)

A

(x−X(0))dxdy, IA2 =

∫

S
(0)

A

(y − Y (0))dxdy

IA22 =

∫

S
(0)

A

(y − Y (0))2dxdy, IA12 =

∫

S
(0)

A

(x−X(0))(y − Y (0))

IV1 =

∫

V (0)

(x−X(0))dxdydz, IV2 =

∫

V (0)

(y − Y (0))dxdydz

(6.41)$API7��5R x &

−ǫρg[Z(1)IA2 + αIA22 − βIA12 − γIV1 + αIV3 ] (6.42)v=`�S(PINR y &

−ǫρg[Z(1)IA1 + αIA21 − βIA11 − βIV3 + γIV2 ] (6.43)NR z &
��	vxO0	2��� (6.38) R`B�
J�PI
(−Mg)[γ(xc −X(0)) − α(zc − Z(0))]e1

+(Mg)[β(zc − Z(0)) − γ(yc − Y (0))]e2 (6.44)�1O0	NRr��
(T 1

1 + F
(0)
2 Z(1) − F

(0)
3 Y (1))e1

+(T 1
2 + F3X

(1) − F
(0)
1 Z(1))e2

+(T 1
3 + F1Y

(1) − F
(0)
2 X(1))e3 (6.45)U��℄9�� (6.37)-(6.39), (6.42)-(6.45), �q
$ ��S(i� x &






Ib2Z
(1)
tt − Ib3Y

(1)
tt + (Ib22 + Ib33)αtt − Ib21βtt − Ib13γtt

= −ρ
∫

S
(0)

b

Φ
(1)
t n4dS − ρg{Z(1)IA2 + α(IA22 + IV3 ) − βIA12 − γIV1 }

+Mg[α(zc − Z(0)) − g(xc −X(0))]

+T (1)
1 + F

(0)
2 Z(1) − F

(0)
3 Y (1)

(6.46)

y &





Ib3X
(1)
tt − Ib1Z

(1)
tt + (Ib33 + Ib11)βtt − Ib32γtt − Ib12αtt

= −ρ
∫

S
(0)

b

Φ
(1)
t n5dS − ρg{Z(1)IA1 + αIA21 + β(−IV11 − IV3 ) + γIV2 }

+Mg[β(zc − Z(0)) − g(yc − Y (0))]

+T (1)
2 + F

(0)
3 X(1) − F

(0)
1 Z(1)

(6.46b)
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z &
 




Ib1Y
(1)
tt − Ib2X

(1)
tt + (Ib22 + Ib11)γtt − Ib13αtt − Ib23βtt

= −ρ
∫

S
(0)

b

Φ
(1)
t n6dS

+T (1)
3 + F

(0)
1 Y (1) − F

(0)
2 X(1)

(6.46c)�� (6.22) � (6.46) S(p��a"`Rq��C�fz	
§6.2.4 >d�<8m℄IX%[�aF�1rK (6.13), ��j (6.22) � (6.46) S(i�5�r�

[M]{Ẍ} + [C]{X} = ρ

∫

S
(0)

b

dSΦ
(1)
t {n} + {F} (6.47)�; {F} ��1Rqm.�

{F(1), T (1) + F(0) × X(1)}T (6.48)F�� (6.26), 8
5�S(i�
[M] =




M 0 0 0 N3 −N2

0 M 0 −N3 0 N1

0 0 M N2 −N1 0

0 −N3 N2 Ib22 + Ib33 −Ib21 −Ib13
N3 0 −N1 −Ib12 Ib11 + Ib33 −Ib32
−N2 N1 0 −Ib13 −Ib23 Ib22 + Ib11




(6.49)

�; N1 = M(xc −X(0)), N2 = M(yc − Y (0)), N3 = M(zc − Z(0)). 7�<:�5�� [C]




0 0 0 0 0 0

0 0 0 0 0 0

0 0 ρgA ρgIA2 −ρgIA1 0

0 F
(0)
3 ρgIA2 − F

(0)
2

(−ρg(IA22 + IV3 )

−N3g

)
−ρgIA1

(−ρgIV1
+N1g

)

−F (0)
3 0 −ρgIA1 + F

(0)
1 ρgIA21

(
ρg(IA11 + IV3 )

−N3g

) (−ρgIV2
+N2g

)

F
(0)
2 −F (0)

1 0 0 0 0




(6.50)Sx5�M���R�V�8m�Wq;mB��� N1 = N2 = N3,5�M� CR|�b� VU�	&��V�=Om.��F(0) = 0, K�� (6.31) � (6.33) S&� IV1 = IV2 = 0,��� C ���	y�vm..f>�m.���5S(J�� X(1) � θ(1) ROv�/	SR�h�>M)R�!XxR5�NaRMp"`	y y �Z<<�xy��aRsqy x− z �JaL-	NaO`XaKy�Nr|y x � z �ZR�q�M y HRWq	OuR�1rK� 1,3,5. <R"rK6�9���Z�!R (y /Z3R2J).
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���




MX
(1)
tt +N3βtt = −ρ

∫

S
(0)

b

Φ
(1)
t n1dS + F

(1)
1

MZ
(1)
tt −N1βtt = −ρ

∫

S
(0)

b

Φ
(1)
t n3dS + F

(1)
3 + ρgIA1 β − ρgZ(1)A

(6.51)uU y HWqR�q
���
Ib3X

(1)
tt − Ib1Z

(1)
tt + (Ib33 + Ib11)βtt = −ρ

∫

S
(0)

b

Φ
(1)
t n5dS

+ρg[Z(1)IA1 − β(IA11 + IV3 ) +N3gβ]

+T (1)
2 + F

(0)
3 X(1) − F

(0)
1 Z(1) (6.52)�;





IA1 =

∫

S
(0)

A

(x−X(0))dx, Ib1 =

∫

Vb

(x−X(0))dm

IA11 =

∫

S
(0)

A

(x −X(0))2dx, Ib11 =

∫

Vb

(x −X(0))2dm

IV3 =

∫

V (0)

(z − Z(0))dxdz

(6.53)�Hy�� (6.51) ;R A �
5ORxy�UNay x H�RO~� V (0) �Nay5>℄&R�JJ� Vb �NaR X�JJ	�=R5����
[M]

d2

dt2



X(1)

Z(1)

β


+ [C]



X(1)

Z(1)

β




= −ρ
∫

S
(0)

b

dSΦ
(1)
t



n1

n3

n5


+




F
(1)
1

F
(1)
3

T (1)
2 + F

(0)
3 X

(1)
1 − F

(0)
1 X

(1)
3


 (6.54)�;

[M] =



M 0 N3

0 M −N1

N3 −N1 Ib11 + Ib33


 (6.55)

[C] =




0 0 0

0 ρgA −ρgIA1
−F (0)

3 −ρgIA1 + F
(0)
1

(
ρg(IA11 + IV3 )

−N3g

)


 (6.56)�;R}vW�<�Nxy`C	jJLFR�r�~G�[R����0"jQ�!
W	�U:�t<RÆ�.f��SBl*x`M)YdW	M)Wq β Lq~R�5	b�y 6.2, �UC�b dS m:�!R (9���ZR)β }��#�ZR7�/,�j

−ρg(θ(1) × (x − X(0))) · ndS = −β[(z − Z(0))n1 − (x−X(0))n3]ρgdS (6.57)
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O

β

dS

x

z

z 6.2: ��8bL(dR<:�5�
−ρgβ

∫

S0
B

[(z − Z(0))n1 − (x−X(0))n3](x−X(0))dS (6.58)KU n1dS = dz, n3dS = −dx, L(j�G�
−ρgβ

[∫

S0
B

(z − Z(0))(x−X(0))dz +

∫

S
(0)

b

(x−X(0))2dx

]
(6.59)KU (x−X(0)) =

∫ x
x(0) dx, S�� (6.59) Rb!�bÆXJ&&OCi�





∫

V (0)

(z − Z(0))dxdz = IV3
∫

S
(0)

B

(x−X(0))2dx = IA11

(6.60)� (6.59) Z (6.52) R β W!5�) IV3 , I
A
11 SK�VRM)G�	�t��x�(#}.>jK (0), (1).

§6.3 ,�UL
§6.3.1 b7g�.	g.q[L��Æ0�UthM}R�+V=	(>�� (Haskind,1944)R����5q���+a��&F	$A:W:�0

{Φ, Ẋa}T = Re[{φ, Vα}T e−iωt] (6.61)



§6.3 ���v 139�| φ �Ay�R�0� Φ = Reφe−iωt, Vα M�+a�1AyR�0	� φ &��
φ = φD +

∑

α

Vαφα, α = 1, 2, 3, ·, 6 (6.62)

φD K(>���C�fzP�
∇2φD = 0, (y�a;) (6.63)

∂φD

∂t
− ω2

g
φD = 0, (yaKMJ Sf j (z = 0) ) (6.64)

∂φD

∂z
= 0, (y�^ B0 j z = −h) (6.65)

∂φD

∂n
= 0, (y+aMJ Sb j) (6.66)

φD − φI = 0, (y'0k��RZ��Q) (6.67)�| φI �WpRR�� φD �WpR;+asoXq�RMp�	aF�� (6.13) o1R�1�
�$A�o φα 7h�� (6.63)-(6.65), (S
∂φα
∂n

= nα, (y Sb j) (6.68)

φα, (y'0k�Z��Q) (6.69)FG�dRAy� φ 7h
∂φ

∂n
=
∑

α

Vαnα, (y Sb j) (6.70)7&� Φ = Reφe−iωt 7h�� (6.4). ?!X φα �=U+aAy� 1 �&�sqR�1T���/p�	&�(#R"` φD � φα 2rS5q��"`�S(�<w2��G#�2PR�=FU�� (6.47) C� (6.54), mDo+aRsq	�dj�2� φD � φα kw� X"`;mi_R	�U�5R+a�KRqq~RGr�,PB�R"`	\"`MJRsqS&���/,RthT�����1�Z�
 nα �t��(#�SGS(�t&�	!"`�$Ad�kukx+aR`���^�5�R�xy� h. V�y θ = θ1 R�ZO!WpR���=R��
φI = −−gA

ω

cosh k(z + h)

cosh kh
eikr cos(θ−θ1) (6.71)
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§6.3.2 !UX	�pX� 6�xw℄8q(p^	g.|z$AHy:W��UQ.rY+aRYd!"Ro1	pFy+ajR�1�Rb αX&


Fα =

∫

Sb

PnαdS = Re(Fαe
−iωt) (6.72)�|

Fα = iρω

∫

Sb

φnαdS (6.73)9W�� (6.62), $AO
Fα = iρω

∫

Sb

φDnαdS =
∑

β

iρωVβ

∫

Sb

φβnαdS

= FDα +
∑

β

Vβfβα (6.74)��

FDα = iρω

∫

Sb

φDnαdS (6.75)�Mp:�RpFyUo+ajRM}�	5�
[fβα] : fβα = iρω

∫

Sb

φβnαdS (6.76)��<:�5�	&
 fβα �thT� β :�Ry α �ZR5���pF	2M) β T�R�V��<:��




Re(Vβfβαe
−iωt) = Re[(Refβα + iImfβα)Vbte

−iωt]

= Re

[(
iρω

∫

Sb

ReφβnαdS − ρω

∫

Sb

ImφβnαdS

)
· Vβe−iωt

]

= −
(
ρ

∫

Sb

ReφβnαdS

)
Re

d

dt
(Vβe

−iωt) −
(
ρω

∫

Sb

ImφβnαdS

)
Re(Vβe

−iωt)

= −
(
ρ

∫

Sb

ReφβnαdS

)
Ẍβ −

(
ρω

∫

Sb

Imφbtnα

)
Ẋβ

(6.77)

j�;Rb!XJ&!:U+aRjAy��5��}v��7&�$A�5�
[µ] : µβα = ρ

∫

Sb

ReφβnαdS =
1

ω
Imfβα (6.78)�?j8
5�	�� (6.77) ;RbÆXJ&!:U+aRAy�$A�

[λ] : λβα = ρω

∫

Sb

ImφβnαdS = −Refβα (6.79)�/pif5�	#C$A}�&j(:Q	LO�XT�q~R�pF�S(F�d5�M��
F
R

α = −
∑

β

µβαẌβ −
∑

β

λβαẊβ , Fα = F
D

α + F
R

α (6.80)$AM)+a!XD�a��aLpRdR�EA+
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Ė = −
∑

α

F
R

α Ẋβ =
∑

α,β

µβαẌβẊα +
∑

α,β

λβαẊβẊα (6.81)7� µβα = µαβ((##Q), j�b!WSi�
1

2

∑

α,β

µβα(ẌβẊα + ẌβẊα) =
1

2

∑

α,β

µβα
d

dt
(ẊβẊα) = 0 (6.82)y!XD�a�!WRgI��	7&̇

E =
∑

αβ

λβαẊβẊα (6.83):Q�q+a
�(?R

Z [λ] Ou�r�(�/pif	℄9�do1�+aR5��� (6.47) S(i�
[−ω2([M] + [µ]) + [C] − iω[λ]]{ξ} = {FD} + {F} (6.84)�; {ξ} � {X} R�0

{X} = Re[{ξ}e−iωt] (6.85)�| [M] � [C] S(*7a���RX�v82�� [µ], [λ] � {FD} K5q��C,"`R�\�	7&�V�&Lm.��K�� (6.84) 3S(2� {ξ}. �V��UaK7a�
{F} ≡ 0; �Up�C��viP� {F} Z$mRx�S(F��jmL-���x��NZ {ξ} !�2�	

§6.4 �3O�M�:SO>
§6.4.1 PQw℄)ku�^2�yONR=xa�X�R	7&yY!ON5^RfN(�$AS(kuOwxy� h = Const. ���F8��/R	F�S(�/M2Ay�R!"�	$A�M)Æ�.f	F&xG
� φ = ψ(x)f(z), T+#Q ψ(x) = e±ikx, 	)

f ′′ − k2f = 0, −h < z < 0 (6.86)

f ′ − σf = 0, z = 0, σ = ω2/g (6.87)

f ′ = 0, z = −h (6.88)�� Sturm-Liouville q8�,"`���!:U cosh k(z + h), k R8�,fz3�kwR
au6
σ = k tanh kh, σ = ω2/g (6.89)�� (6.89) S(k�y�mMo	Vy 6.3(a) L���� (6.89) O!��℄	��X℄ ±k�=Um!X8��/�7&2xMo!X!R�℄	$A:W�!.R8��/
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tan khh/kh−σ

­k
1
h

k
1
h

(b)

kh

kh
kh

­kh

tanh kh

h/khσ

1

­1

(a)

z 6.3: dbv7S�
 (a) �0�� (b) z0�
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f0(z) =

√
2 cosh k(z + h)

(h+ σ−1 sinh2 kh)1/2
,

∫ 0

−h
f2
0 (z)dz = 1 (6.90)���$A4Oy/8�, k = iκ, �=U

σ = −κ tanκh (6.91)R�/�	NA�y 6.3(b) jR tanκh Z −σh/κh R�d	7� tanκh O'0�$�L(O'0�XxaR℄ κ = ±kn. m�`�2xMo!℄ kn. 7�
π

2
< k1h < π,

3π

2
< k2h < 2π, · · · ,

(
n− 1

2

)
π < knh < nπ (6.92)F\ n R�j� knh ��U nπ. Q=R�!.8��/�

fn(z) =

√
2 cos kn(z + h)

(h− σ−1 sin2 kh)1/2
,

∫ 0

−h
f2
n(z)dz = 1 (6.93)�F8�,fz (6.89) C� (6.91), k�*�J&3S(#Q� �H�	,|2j�/��

∫ 0

−h
fm(z)fn(z)dz = δmn, m, n = 0, 1, 2, · · · (6.94)R� {fn}, n = 0, 1, 2, · · · ��6R (Kriesel, 1949). 7&5q [−h, 0] jRQ�!X�/

G(z) S(FuU {fn} R Fourier V/M�	U��$AS(F
φ(x, z) = a0f0(z)e

±ikx +

∞∑

m=1

bnfn(z)e
∓knx, x ∈ (x+,∞), or x ∈ (−∞, x−) (6.95)M�/pRC�apRR�	b!W�=U�QT��	V/W��#�QT��2y4℄�B�R	Hy$AMoNrK>R`�.f	NrK>R Laplace ���

1

r

∂

∂r

(
r
∂φ

∂r

)
+

1

r2
∂2φ

∂θ2
+
∂2φ

∂z2
= 0 (6.96)�=R�R�yR8�,R��





(
H(1)
m (kr)

H(2)
m (kr)

)(
cosmθ

sinmθ

)
f0(z), m = 0, 1, 2, · · ·

(
Im(knr)

Km(knr)

)(
cosmθ

sinmθ

)
fn(z), n = 0, 1, 2, · · ·

(6.97)�| H(1)
m ,H(2)

m &O�b!v�bÆv Hankel �/� Im,Km &O�b!v�bÆvw!R
Bessel �/�>K m M�
/	��/y'0k�7h/pfzRm!"RM2��

φ =
∑

m

H(1)
m (kr)(α0m cosmθ + β0m sinmθ)f0(z)+

+
∑

m

∑

n

Km(knr)(αnm cosmθ + βnm sinmθ)fn(z) (6.98)



144 s.� �fv*��jdwpf	>n[GO��O7� Km(knr) F r //2u�7&�Z Km(knr) OuRW�#�QT�	!"`�℄9�� (6.95) ��� (6.98), /pfzS(M��(>`QDR/�r�	SR�>	�U φ = φ′ ≡ φD − φI C� φα,

φ→ − igA±
ω

cosh k(z + h)

cosh kh
e±ikx, B kx→ ±∞ � (6.99)C��Vl`

∂φ

∂x
∓ ikφ→ 0, B kx→ ±∞ � (6.100)�R�>	=F H(1)

m R{�f�� φ Si�
φ ∼ −−g

ω

∑

m

H(1)
m (kr)(α′

0m cosmθ + β′
0m sinmθ) · cosh k(z + h)

cosh kh

∼
{
∑

m

(α′
0m cosmθ + β′

0m sinmθ)e
−imπ

2 −iπ
4

}

·
[
− ig
ω

√
2

πkr
eikr−i

π
4

cosh k(z + h)

cosh kh

]
(6.101)\� A(θ) =

{∑
m(α′

0m cosmθ + β′
0m sinmθ)e

−imπ
2 −iπ

4

}
, �$AO

φ ∼ −igA(θ)

ω

√
2

πkr
eikr−i

π
4

cosh k(z + h)

cosh kh
, kr → ∞ (6.102)�| A(θ) M�-Z�QRRF�yRG.	/pfzR�!�M����

√
kr

(
∂φ

∂r
− ikφ

)
→ 0, kr → ∞ (6.103)N��Z"5RR.fQm	 |[

(6.2)  !�K{�;�� y A�3sHZ8�sP$[D�P$�� x �vw	�vh�T� x �Ym��	+}0WC�BV��+W��}J���9K)����4&�k+-�k&}[-�k&�v&�6j�3P-�k&2m��k
§6.4.2 eyb℄�E=F Green oz� Green �/�$AS(\� X�a5^Rr��	�UÆ
SÆ�/ f � g, Q=R Green oz�

∫

Ω

(f∇2g − g∇2f)dΩ =

∫

∂Ω

(
f
∂g

∂n
− g

∂f

∂n

)
dS (6.104)



§6.4 `PwB'tn_wU 145�| Ω �(>R5^� ∂Ω ��C�� n � ∂Ω R<��Z�
�/Z Ω R�℄	
Green �/ G(x|x0) o1�<�&yRhyd x0 R�qLq~RyQ.!d x R�	Co G RfzV>�SR�>	< x = (x, z), x0 = (x0, z0), �

(
∂2

∂x2
+

∂2

∂z2

)
G = δ(x− x0)(z − z0), y5^; (6.105)

∂G

∂z
− σG = 0, σ = ω2/g, B z = 0 (6.106)

∂G

∂z
= 0, B z = −h (6.107)

∂G

∂x
∓ ikG = 0, B k|x− x0| → ∞ (6.108)�R�>	< x = (x, y, z), x0 = (x0, y0, z0), ���� (6.105) � (6.108) 
7�

(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
G = δ(x− x0)(y − y0)(z − z0), y5^; (6.109)

√
kr

(
∂G

∂r
∓ ikG

)
→ 0, kr → ∞ (6.110)>��� (6.106)-(6.107)r�XG	$A�� Greenoz/p�C�ap�� Green �/�U f = φ, 	 φ = φR C� φS , g = G. Mo`�.f	� Ω �\7aJ� ∂Ω KaKMJ Sf ,+aMJ Sb, �^ B0 �)�+aR'-�5R�#fNfJ S∞. �t<�x�ku�^I��5�R�℄9�� (6.104),

∫

Ω

(φ∇2G−G∇2φ)dΩ

=

{∫

Sf

+

∫

Sb

+

∫

B0

+

∫

S∞

}(
φ
∂G

∂n
−G

∂φ

∂n

)
dS=F φ � G 7hR��� δ �/Rv8�j�Rn|t.� φ(x0). =F φ � G RC�fz�Sxy Sf , B0, � S∞ jRJ&���7&�$AO

φ(x0) =

∫

Sb

(
φ
∂G

∂n
−G

∂φ

∂n

)
dS, x0 ∈ Ω, 6∈ Sb (6.111)=F Green �/R��v�

G(x|x0) = G(x0|x) (6.112)��� (6.111) ;R x0 Z x �t�7�$API
φ(x) =

∫

Sb

(
φ(x0)

∂G

∂n0
−G

∂φ(x0)

∂n0

)
dS, x ∈ Ω, 6∈ Sb (6.113)



146 s.� �fv*��jdwpf	>n[GO��O7&�2� φ� ∂φ/∂ny+aMJjR,'&�3S(&LQ�`�R φ(x). �dj�φ(x0)��X&L�+aMJj2\��ZAy ∂φ/∂n. 7&��� (6.113) 2�\�� φ R!�r�	��\�B kr ≫ 1 � φ >R{�M2��x� G RF�M2�	y`�.f>�℄98
R?&� G R!�r�V>�
G(x|x0) = − i

2

σ2 − k2

h(k2 − σ2) + σ
cosh k(z0 + h)

· cosh k(z + h)H
(1)
0 (kR) +

1

π

∞∑

n=1

k2
n + σ2

h(k2
n + σ2) − σ

· cos kn(z0 + h) cos kn(z + h)K0(knR) (6.114)�|
R = [(x− x0)

2 + (y − y0)
2]1/2B kR≫ 1 ��2�,��QT�3l�� G 
7�

G(x|x0) ∼= C0 cosh k(z + h) coshk(z0 + h)

√
2

πkR
eikR−iπ/4 (6.115)�; C0 �!Xw6/

C0 =
(−i/2)(σ2 − k2)

h(k2 − σ2) + σ
(6.116)=FNrK

(x, y) = r(cos θ, sin θ), (x0, y0) = r0(cos θ0, sin θ0)B r ≫ r0 ��� R �=�
R = [r2 + r20 − 2rr0 cos(θ − θ0)]

1/2 ∼= r − r0 cos(θ − θ0)$AO
G(x|x0) ∼= C0 cosh k(z + h) coshk(z0 + h)

·
√

2

πkr
eikre−ikr0 cos(θ−θ0)e−i

π
4 (6.117)�j�9W�� (6.113), $API

φ(x) ∼= C0 cosh2 kh
cosh k(z + h)

cosh kh

√
2

πkr
eikr−iπ/4·

·
∫

Sb

[(
φ
∂

∂n0
− ∂φ

∂n0

)
cosh k(z0 + h)

cosh kh
e−ikr0 cos(θ−θ0)

]
dS (6.118)j�S(Ci�

φ ∼= −igA(θ)

ω

√
2

πkr
eikr−iπ/4

cosh k(z + h)

cosh kh
(6.119)�;

A(θ) =
iω

g
C0 cosh2 kh

∫

Sb

[ ( φ
∂

∂n0
− ∂φ

∂n0
)
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cosh k(z0 + h)

cosh kh
e−ikr0 cos(θ−θ0)]dS (6.120)B+Jj φ � ∂φ/∂n '&��k�J&3S(PI [A](θ).yÆ�.f>� Green �/S(M��

G(x|x0) = − i

k

(
h+

1

σ
sinh2 kh

)−1

eik|x−x0| cosh k(z0 + h)

· cosh k(z + h) +

∞∑

n=1

1

kn

(
h+

−1

σ
sin2 knh

)−1

·e−kn|x−x0| cos kn(z0 + h) cos kn(z + h) (6.121)~Gx?&	B |kx| ≫ 1 ��,��QT�US��� (6.113) Si�
φ(x) ∼= − i

k

cosh2 khe±ikx

h+ sinh2 kh/σ

cosh k(z + h)

cosh kh

∫

Sb

[(
φ
∂

∂n0
− ∂φ

∂n0

)
e∓kx0

cosh k(z0 + h)

cosh kh

]
dS (6.122)B x→ ∞ ��R0�

A± =
ω

gk

cosh2 kh

h+ sinh2 kh/σ

∫

Sb

[ ( φ
∂

∂n0
− ∂φ

∂n0
)

e∓ikx0
cosh k(z0 + h)

cosh kh
]dS (6.123)

§6.5 �+Lw�5:)0!"`�$A<* x = −∞mRWpR	�U�#fNRap.f�=F!�v8 (6.94),S(#Q#�QT�v��	7&�$AS(��i�
φ = −−ig

ω
η(x, y)

cosh k(z + h)

cosh kh
(6.124)�| η M�aKJ�%�7hÆ� Helmholtz ��	WpRRaKJ�

ηI = Aeikx = Aeikr cos θ = A
∞∑

m=0

ǫm(i)mJm(kr) cosmθ (6.125)�U�#fNRRap.f�dRaKJ�%�
η = A

∞∑

m=0

ǫm(i)m
{

Jm(kr) − Hm(kr)
J′m(ka)

H′
m(ka)

}
cosmθ (6.126)�; Hm ≡ H(1)

m , H′
m(s) = d

dsHm.q	�
P (r, θ, z) = iωρφ = ρgη

coshk(z + h)

cosh kh
(6.127)



148 s.� �fv*��jdwpf	>n[GO��O℄9�� (6.126), fNjQ.!dR	��
P (a, θ, z) = ρgA

cosh k(z + h)

cosh kh

∞∑

m=0

ǫm(i)m

{
Jm(ka) − Hm(ka)

J′m(ka)

H′
m(ka)

}
cosmθ (6.128)M)I V�

Jm(z)H′
m(z) − J′m(z)Hm(z) =

2i

πz	�`C� (6.128) G�
P (a, θ, z) = ρgA

cosh k(z + h)

cosh kh

∞∑

m=0

2(i)mǫm cosmθ

πkaH′
m(ka)

(6.129)BV/�M�fNJj�!.RaKJ�%	B ka �^��fNJj	�:�Eq�B ka�5��	�G.:�:u�Vy 6.4 L�	yfNR<�QyR5�+kj��RR�Q�ZR��
dFx
dz

= −a
∫ 2π

0

P (a, θ, z) cos θdθ9W�� (6.128), =FWD�/R!�v8�S&�� (6.129) RV/;2�> m = 1 RW�7&$AO
dFx
dz

=
4A

ka

ρga

H′
1(ka)

cosh k(z + h)

cosh kh
(6.130)pFyfNjR5����

Fx =

∫ 0

−h

dFx
dz

dz =
4ρgAah

kaH′
1(ka)

tanh kh

kh
(6.131)�m5,y ka = 1 ?�	

§6.6 ,���0�i0:2��;=Z�/Rq"`Qm�5R"`R+z
(q�/y!d V�	�d V�S(��$A�"`Rz���SFU_��/z0C�/,��R!Dv	�d V�R=F�O�4S(um��d"`R`C
	Bxy�w/���d V�|37OAR
 (Wehausen,

1971). NAS(k�y Green f�
∫

Ω

(f∇2g − g∇2f)dΩ =

∫

∂Ω

(
f
∂g

∂n
− g

∂f

∂n

)
dS;�� f, g <� φD, φα RXmj�	P�	$Aku f, g �Q.�XAy� φ, ψ, r Greenf�;RaJ& VU�	B ∂Ω �KaKMJ Sf , +J Sb, �^ B0 �'-�5R�#fNfJ S∞ Rj���KU�^ B0 �JJ&=OgI�)℄9aKJfz�aKJ�JJ&�'gI	7&�$AO

∫

Sb+S∞

(
φ
∂ψ

∂n
− ψ

∂φ

∂n

)
dS = 0 (6.132)
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­2 ­1 0 1 2

­2

­1

0

1

2

(d)

O

x

y ka=5

­2 ­1 0 1 2

­2

­1

0

1

2

(c)

O

x

y ka=3

­2 ­1 0 1 2

­2

­1

0

1

2

(a)

O

x

y ka=0.5

­2 ­1 0 1 2

­2

­1

0

1

2

(b)

O

x

y ka=1

z 6.4: gOk
�SO'[
 (a)ka = 0.5; (b)ka = 1; (c) ka = 3; (d)ka = 5.



150 s.� �fv*��jdwpf	>n[GO��O� ψ∗ 7h ψ 7hR��Rhv���< f = φ, g = ψ∗, $API
∫

Sb+S∞

(
φ
∂ψ∗

∂n
− ψ∗ ∂φ

∂n

)
dS = 0 (6.133)kuy'0k�� φ � ψ ��tR���� (6.132) ;yfNJ S∞ RJ&℄�	℄9/pfz (6.103), $AO ∫

S∞

(
φ
∂ψ

∂n
− ψ

∂φ

∂n

)
dS = 0 (6.134)7&� ∫

Sb

(
φ
∂ψ

∂n
− ψ

∂φ

∂n

)
dS = 0 (6.135)

§6.6.1 x^g.	.;!pHy�$A<thT�R/p� φ = φα, ψ = φβ ,NA7h�� (6.103). ℄9�� (6.135)�+JRC�fzS(PI
∫

Sb

φβnαdS =

∫

Sb

φαnβdS (6.136)℄9�� (6.75),(6.78) � (6.79) \�Ro1�=F�� (6.136) $API
λαβ = λβα, µαβ = µβα, fαβ = fβα (6.137)Uif5��?j8
5��<:�5�?{���R	S(#Qif5��'!oR����Ob�#>	=F

φR =
∑

Vαφα+a�5pdR�EA+S(i�
Ė = −1

2
Re

[
(iωρ)

∫

Sb

φR
(
∂φR

∂n

)∗
dS

]

=
1

2
ωρIm

∫

Sb

φR
(
∂φR

∂n

)∗
dS

=
1

2
ωρ

1

2i

∫

Sb

[
φR
(
∂φR

∂n

)∗
− (φR)∗

(
∂φR

∂n

)]
dS℄9�� (6.133), Sb RJ&VU S∞ RJ&R>,�7&

Ė =
iωρ

4

∫

S∞

[
φR
(
∂φR

∂n

)∗
− (φR)∗

(
∂φR

∂n

)]
dS (6.138)℄9 φR R{�M2� (6.102), <�hv�G#9W(jJ&�$AO

Ė =
iωρ

4

∫ 2π

0

∫ 0

−h

(
− ig
ω

√
2

πkr

)2

2ik|AR(θ)|2

·cosh2 k(z + h)

cosh2 kh
rdθdz ≥ 0 (6.139)
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2
*+a�Z5	V��=U\o�+����q+aX/pQ�

	 Ė R#>�.�\ [λ] �'!oR	� φ = φα, ψ∗ = φ∗β , K�� (6.133), $API
∫

Sb

(φαnβ − φ∗βnα)dS = −
∫

S∞

(
φα
∂φ∗β
∂n

− φ∗β
∂φα
∂n

)
dS=F��u6� (6.136), j�n|t.�

2iIm

∫

Sb

φαnβdS =
2iλαβ
ρω7&�=F/pfzP

λαβ = −ρω
2i

∫

S∞

{
φα
∂φ∗β
∂n

− φ∗β
∂φα
∂n

}
dS

= ρωk

∫

S∞

φαφ
∗
βdS (6.140)B α = β ��$API

λαα = −ρωIm

∫

S∞

φα
∂φ∗α
∂n

dS = ρωk

∫

S∞

|φα|2dS > 0 (6.141):Qif5�S(Fkt�0M�	SR�>℄9�� (6.99), φα R{�v8�
φα ∼ igA±

α

ω
e±ikx

cosh k(z + h)

cosh kh
, x→ ±∞ (6.142)�| A±

α <O�qR
K	�� (6.140)RR|�K x→ ±∞ � S±
∞ jR�XJ&j�R��j�*�9W#SP

λαβ = ρgCg(A−
αA−∗

β + A+
αA+∗

β ) (6.143)�R�>℄9�� (6.102), $API φα R{�v8V>�
φα ∼ igAα(θ)

ω

cosh k(z + h)

cosh kh

√
2

πkr
eikr−iπ/4, r → ∞ (6.144)℄9�� (6.140), $AO

λαβ =
2

πk
ρgCg

∫ 2π

0

Aα(θ)A∗
α(θ)dθ (6.145)
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§6.6.2 ℄y�.q[i*8�}ku φ = φ(1), ψ = φ(2), NA&O9M�XWp�XmRMp"`RAy�	V�+J=O�ZAy���� (6.132) ; Sb jRJ&℄��$AO

∫

S∞

(
φ(1) ∂φ

(2)

∂n
− φ(2) ∂φ

(1)

∂n

)
dS = 0 (6.146)v=`� ∫

S∞

(
φ(1) ∂φ

(2)∗

∂n
− φ(2)∗ ∂φ

(1)

∂n

)
dS = 0 (6.147)y�� (6.147) ;�< φ(1) = φ(2) = φ, $AO

Im

∫

S∞

φ
∂φ∗

∂n
dS = 0 (6.148)j�n|!:U	�y S∞ jLpRd	7&�� (6.148) :Q

$ 	BAy�<�ktv8��.fV>�SR�>� φ(1) �*nZRRWpRq~RAy��	 φ(2) �*RZnRWpRq~RAy��NAR{�v8�

φ(1) ∼
(

(eikx + R1e
−ikx)

T1e
ikx

)
·
(
− igA

ω

)
cosh k(z + h)

cosh kh
,

x→ −∞
x→ +∞

(6.149)

φ(2) ∼
(

T2e
−ikx

(e−ikx +R2e
ikx)

)
·
(
− igA

ω

)
cosh k(z + h)

cosh kh
,

x→ −∞
x→ +∞

(6.150)u S±
∞ � x→ ±∞ �R�f�#O��y S±

∞ j�$AO
∂

∂n
= ± ∂

∂x��� (6.149),(6.150)9W�� (6.146), '�t.#PI
T1 = T2 (6.151):Qsp6/ZWpRR�Z'u	℄9�� (6.147), '�v=RsC�$API

R1T
∗
2 +R∗

2T1 = 0 (6.152)�U<XMp"`�℄9�� (6.148), $AO
|R|2 + |T |2 = 1 (6.153)=F�� (6.151) � (6.152), $API
|R1| = |R2| (6.154)
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Tj = |Tj|eiδ
T
j , Rj = |Rj |eiδ

R
j , j = 1, 2 (6.155)=F�� (6.151) � (6.152), $API

δT1 = δT2 (6.156)

δR1 + δR2 = δT1 + δT2 ± π (6.157)V�+a���R� δR1 = δR2 , δT1 = δT2 , 7&
δR1 = δT1 ± π/2 (6.158)�R�>ktAy��

φ(l) ∼= − igA
ω

cosh k(z + h)

cosh kh

[
eikr cos(θ−θl) +

√
2

πkr
As
l (θ)e

ikr−iπ/4
]
, l = 1, 2 (6.159)�; As

l M��!.RapR�0�N�K θl �ZRWpRq~R	℄9�� (6.159), ��
(6.148) Rn|�

2iIm

∫ 2π

0

dθ

∫ 0

−h
dz

cosh2 k(z + h)

cosh2 kh

(
gA

ω

)2

r

[
eikr cos(θ−θl) +

√
2

πkr
As
l e
ikr−iπ/4

]

[
−ik cos(θ − θl)e

−ikr cos(θ−θl) − ik

√
2

πkr
As∗
l e

−ikr+iπ/4
]�.yJ&��CRw/7_�$API

−Imi

∫ 2π

0

dθ{ 2

π
|As

l (θ)|2 + kr cos(θ − θl)

+

(
2

π
kr

)1/2

As
l cos(θ − θl)e

ikr[1−cos(θ−θl)]−iπ/4

+

(
2

π
kr

)1/2

As∗
l e

−ikr[1−cos(θ−θl)]+iπ/4} = 0 (6.160)!:U kr RW7D�v	℄�	=F Imif = Imif∗, b<WS(Zb`W�P�P�
e−iπ/4

(
2

π
kr

)1/2 ∫ 2π

0

dθAs
l e
ikr[1−cos(θ−θl)][1 + cos(θ − θl)] (6.161)B kr ≫ 1 ��$AS(FUQ�2��=,	y5q [0, 2π] a�UQd���

∂

∂θ
[1 − cos(θ − θl)] = sin(θ − θl) = 0,
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θ = θl, θ = θl + π (6.162)yb!XUQd�^a��� (6.161) ;R7J�/�=�
eikr(θ−θl)

2/2 · 2As
l (θl) (6.163)�� (6.161) RJ&N�=`<� (−∞,∞), PIJ&�

As
l (θl)

∫ ∞

−∞
eikrθ

2/2dθ =

√
2π

kr
eiπ/4As

l (θl), kr ≫ 1 (6.164)	ybÆXUQd?���� (6.161) ;R7J�/℄��m#�� (6.160) t.�
1

π

∫ 2π

0

|As
l (θ)|2dθ = −2ReAs

l (θl) (6.165)�X���Maruo(1960)#�G�R�y
_����M+z�;7�pw~HH. |As
l (θ)|2dθS(Fm�
 (θ, θ + dθ) aapR

�r�� (6.165) aH�dR

ap	NMQ�apRd

S(*���ZapRR�0PI��y��;OQFR.1	v=`�$A&/�� (6.146). M)I

∫ 2π

0

As
1(θ)e

−iπ/4(1 − cos(θ − θ2))e
ikr(1+cos(θ−θ2))dθ

= 2

√
2π

kr
As

1(θ2 + π), kr ≫ 1 (6.166)$API
As

1(θ2 + π) = As
2(θ1 + π) (6.167)B�MQ� �ESj���Ym�E�j����+`�A��E�j���Ym�ESj����+`	ZÆ�.f>sp6/Ru6 (6.151) !5�B θ1 = 0, θ2 = −π ��

As
1(0) = As

2(π).℄9�� (6.147), S(G�
−π[As

1(θ2) + As∗
2 (θ1)] =

∫ 2π

0

dθAs
1(θ)As∗

2 (θ) (6.168)�� (6.165) ���j�R\&.f	 |[
(6.3)�jSRhD/2 x = −∞ C���� A �T�� +I�+0j�

|R+
A−
A
|2 + |T +

A+

A
|2 = 1y; R, T *hD�'sH"��W�}J�_2� A+, A− \�*J�� x =

+∞, x = −∞ {��`	
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(6.4)8\�j{C��K2�j!2Æ>X�j!2��
h(x) →

h+, x→ +∞
h−, x→ −∞+k+�j�T2M���"� zLOQ�� φ �� �4&	+�HW�_2 R }J�_2 T , k+ R, T }oR�t_	

§6.6.3 0y�.	0y!.q[�o1 (6.75), KURRMpq~RpFyso+ajR�1�Rb α X&
�
FDα = iρω

∫

Sb

φDnαdS = iρω

∫

Sb

(φI + φs)nαdS

= iρω

∫

Sb

(φI + φs)
∂φα
∂n

dS (6.169)�;$A=F�u6 (6.68). M)I φs � φα y'0k�
��Q�=Fu6 (6.135), $API
FDα = iρω

∫

Sb

(
φI
∂φα
∂n

+ φα
∂φs

∂n

)
dS (6.170)=Fu6 φD = φI + φs, ��� (6.66), SP

FDα = iρω

∫

Sb

(
φI
∂φα
∂n

− φα
∂φI

∂n

)
dS

= −iρω
∫

S∞

(
φI
∂φα
∂n

− φα
∂φI

∂n

)
dS (6.171)y�� (6.171)R~G;$A=F�u6 (6.132). �� (6.171)�� Haskind-Hanaokaoz�#�K Haskind(1957)� Hanaoka(1959)Zaw�G��P7 Newman(1960)~�	NMQ��1M}�Rb α X&
Z+aRb α XthT�R/p�(qRu6	=F{�v8�$AS(G�(>u6� Æ�.f�FDα = −2ρgAA−

αCg (6.172)`�.f�FDα = −4

k
ρgAAα(θl + π)Cg (6.173):Q+a%IRM}�ZWpR��ZRR0Ou	|[

(6.5)��Y& (6.145) } (6.173), +0j�R�>bJp_2}�KO2��t_*�
λαα =

k

8πρgCg|A|2
∫ 2π

0

|FDα (θ)|2dθ (6.174)



156 s.� �fv*��jdwpf	>n[GO��ORRapZ/p(qRu6X�QF	kuy+J Sb jR�ZAyRQ���Qm�k�k �qrK�$AS(�Py Sb j
∂φR

∂n
= Vn =�/�C� ∂

∂n
(φR − φR∗) = 0 (6.175)

φD = φI + φs 7h Sb jm�Rfz�=F�� (6.132), $AO
∫

S∞

[ (φR − φR∗)
∂

∂n
(φI + φs) − (φI + φs)

∂

∂n
(φR − φR∗)]dS = 0 (6.176)�U φR � φs, =F�� (6.134), j�S(t.�

∫

S∞

[
(φR − φR∗)

∂φI

∂n
− φI

∂

∂n
(φR − φR∗)

]
dS =

∫

S∞

(
φR∗ ∂φ

s

∂n
− φs

∂φR∗

∂n

)
dS (6.177)N\�� φR � φs yktRu6	SR�>=F�� (6.176), (6.142), T+PI Bessho-Newman u6�

A− −RA∗
− − TA∗

+ = 0 (6.178)B+auU�#�J����+asq
O�3 (��T�), �O��C�! (���T�).�U��T��
A+ = A− = |As|eiδs (6.179)�U���T�
A+ = −A− = |Aa|eiδa (6.180)���� (6.179),(6.180)� (6.178), PI

R+ T = e2iδs , R − T = e2iδa (6.181)�U��C�!�NAR/pRQ�?{7h
δ1 = δ5 ± π (6.182)�Um!+a�m�R�^.f���X/p"`(#�$ASPIap6/ R � T .7�/y Haskind-Hanaokau6��PI/p�ap"`R��$A2�<w�/p"`3S(�	�R�>=F φs � φR R{�u6 (6.144), �� (6.177) R|�

C2i
2

π

∫ 2π

0

dθAs(θ)AR∗(θ) (6.183)�| C �!Xw/	�� (6.177) Rn|RW
∫

Sb

(
φR

∂φI

∂n
− φI

∂φR

∂n

)
dS = Ci

√
kr

2

π

∫ 2π

0

AR[1 − cos(θ − θI)]
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·eikr[1+cos(θ−θI)] = C4iAR(θI + π) (6.184)m�`�=F�� (6.166) PI
∫

Sb

(
φR∗ ∂φ

I

∂n
− φI

∂φR∗

∂n

)
dS = C4iAR∗(θI) (6.185)m#�℄9u6 (6.177), $API`� Bessho-Newman u6

−AR∗(θI) + AR(θI + π) =
1

π

∫ 2π

0

AR∗Asdθ (6.186)HyMo+auU z H�W��R.f	!"`�$A� θI = 0, Hy+asq/y`�T������3��!�M��
{
Aα = Constant · cos θ, α = 1, 5

A3 = Constant
(6.187)< AR = A1(0) cos θ, ℄9�� (6.186) G�

−A∗
1(0) −A1(0) =

1

π
A∗

1(0)

∫ 2π

0

As cos θdθ (6.188)C�
−1 −A1(0)/A∗

1(0) =
1

π

∫ 2π

0

As cos θdθ (6.189)F A5(0) 
7 A1(0), SPv=Rf�	7&$AO
A1(0)/A∗

1(0) = A5(0)/A∗
5(0) (6.190)\ Aα(0) = |Aα(0)|eiδα , *u6 (6.190) $AP�

δ1 = δ5 (6.191)U����!RQ��Qm	�!d#�K Garrett(1970) ��fN.fj(#Q�G#7
Newman(1976) F(j��~�	℄9u6 (6.173), �!M}���!M}�5RQ��?{Qm	�U�3T�� AR = A3, =Fu6 (6.186) PI

e2iδ3 − 1 =
1

π

∫ 2π

0

As(θ)dθ (6.192)?{:Q�LO�d!"R V�''~�I N X+aR.f (Srokosz, 1980). NA�Z��(qRu6�7�LO�dMp�/p"`RvqQm�r/y�d V�	
§6.7 �
H℄Z:�dJTMp"`R`CO��/,���ONb���J&��	8�t<[0ONb��RG&
z	L�;U��y+a?�FONb�=�y�WZ�F�/�	
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S

F

C

S
B B

0

Ω

z 6.5: aD6_TD�bMy 6.5, uLO+a�X���^4NUON5^R�#Na C a�y C ����xy�w/	 C �R+z
j!}-O�M�Z C aR+z
(qRpO	u φ 7h
Laplace ���7haKJ Sf ��^ Bo jRC�fz��'0k�R/pfz	7�4=O�ofz�L(y C j φ 4��&R�r�jS(FZ���M�	!����=F
Green �/�F&℄y C jR&y;oRhRlj	PI φ; �!����Vmu6 (6.95)C� (6.98), =F7�&6/R8��/R	F�	�|aF#�	Hy$A#Q(>R��

J(φ, φ) =
1

2

∫

Ω

(∇φ)2dΩ − ω2

2g

∫

Sf

φ2dS

−
∫

Sb

V φdS +

∫

C

(
1

2
φ− φ

)
∂φ

∂n
dS (6.193)RN,"`VmU
mRC,"`	���R!
G&���SP

δJ = 0 =

∫

Ω

∇φ · ∇(δφ)dΩ − ω2

g

∫

Sf

φδφdS

−
∫

Sb

V δφdS +

∫

C

(φ− φ)
δφ

∂n
dS

−
∫

C

δφ
∂φ

∂n
dS +

1

2

∫

C

(
δφ
∂φ

∂n
− φ

∂δφ

∂n

)
dS (6.194)y5^ Ω j�� φ � δφ =Fu6 (6.135), M)I δφ Z φ 7hRfzQm�S(P�

∫

C

(
φ
∂δφ

∂n
− δφ

∂φ

∂n

)
dS = 0
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∫

Ω

∇φ · ∇(δφ)dΩ =

∫

Sf +Sb+Bo+C

δφ
∂φ

∂n
dS −

∫

Ω

δφ∇2φdΩ$AO
δJ = 0 = −

∫

Ω

δφ∇2φdΩ +

∫

Sf

δφ

(
∂φ

∂n
− ω2

g
φ

)
dS

+

∫

Bo

δφ
∂φ

∂n
dS +

∫

Sb

δφ

(
∂φ

∂n
− V

)
dS

+

∫

C

(φ− φ)
∂δφ

∂n
dS +

∫

C

δφ

(
∂φ

∂n
− ∂φ

∂n

)
dS (6.195)�UQ.R δφ � δφ, � δJ = 0 R��fz�� φ 7h Laplace ���7hy Sf , Bo, Sb �

C jRC�fz	��� J RN,"`3VlU/p�RC,"`	"` (6.194) �S(M-��2 φ ∈ H1(Ω)(Sobolev Yq) � φ ∈ C∞(Ω), �P�U?!X ψ = δφ ∈ H1(Ω), O
−
∫

Ω

∇φ · ∇ψdΩ +
ω2

g

∫

Sf

φψdS

+

∫

Sb

V ψdS +

∫

C

∂φ

∂n
ψdS = 0 (6.196)P�P�U?!X ψ ≡ δφ ∈ C∞(Ω), ��

∫

C

(φ− φ)
∂ψ

∂n
dS = 0 (6.197)�� (6.196) � (6.197) k��"`R℄M��	7&��� ψ = φ∗, �� (6.196) \�

−
∫

Ω

|∇φ|2dΩ +
ω2

g

∫

Sf

|φ|2dS

+

∫

Sb

V φ∗dS +

∫

C

∂φ

∂n
φ∗dS = 0 (6.198)7���XJ&��/�$API

Im

∫

Sb

V φ∗dS = −Im

∫

C

∂φ

∂n
φ∗dS (6.199)V��� ψ = ∂φ

∗
/∂n, ��� (6.197) \�

∫

C

φ
∂φ

∗

∂n
dS =

∫

C

φ
∂φ

∗

∂n
dS (6.200)�j�<:hv�9Wu6 (6.199) G�

Im

∫

Sb

V φ∗dS = −Im

∫

C

φ
∗ ∂φ

∂n
dS (6.201)j�R+z.1yUMQ�+apdRA+VU

k�Na C RA+	:Q��ONb��,��

$ 	`�+aRM}��S(FQmR��`C (Yue, 1976).
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(6.6)'��6jÆ\�H (6.193) }��WC�X|

J(φ, φ) =
1

2

∫

Ω

(∇φ)2dΩ − ω2

2g

∫

Sf

φ2dS

+

∫

C

[(
1

2
φ
s − φs

)
∂φ

s

∂n
− φ

s ∂φI

∂n

]
dSo/�8EP���4WC	�-jYD��	O Ω, =+�BWC�t_&

(6.126).

§6.8 J�y_:o_{�yx5;�!D�JR�R!XRxaR
��
1

2
ρgA2Cg = ρg2A2T/8π=F�Xu6�S(�D�� 10 MRRqRSFd+�MV>R0 A(m) Rqd+ KW/m

0.5 10

1 40

5 1000V� A = 1m, �� 25f|R���Rq
Rdd+m� 109W, QBUgqRÆkhzRd+	M)IR
R�Zv�^�v�`dG.�(j�Xm`=B4�_	��

R0!HzO=F!��NSFU9E��\UP��5?.R^�T
h�txdS(PW5h		�Rqh�R'_`2wo�2+�VRÆ04X�*�>M)I℄,jR!���	k)�Yd�i''F��tR�YK (Lunde & Falkemo, 1979).y�/u`;�7
� (#/HC�hH) *�Z�k+�y!�	dRX�rY�VR - +aRQ)pF���dRX�rY��du`S(&�`�vq	�U�JWpR�O�q0
���Z0
� (d�0
�) �hq0
�	�q (hq) 0
��xH�t (#*) UWpR)R:xX6	d�0
�S(�!X7KC!Xh�5S�ZL�RRxQ:�NAR*-v�^	�E^o{M)!X��U�#JRÆ�Na�y��J|Nr|�3C��!	Naso�R�p�sp6/&O� R � T . NaR�3C�!squU z H���C���R�Q=R�!./pRy'0k�R�0� (As,Aa), x → +∞; (As,−Aa), x → −∞. V�
�
R+ As −Aa = 0, T + As + Aa = 0, �LOWpRR

3v70!�	



§6.8 [[8+n�frW 161�U�JrY�+fRw[ru/� Salter #Q�!X�!T�3
q~hlQR`+	℄&
7yU��Uhl}RRC�'-hl5RNa� T ≈ 0, |R| .= 1. �!Ru/r℄*��℄f�NZWpR!f/pRR�:sp!f/pRR5d	��0!5℄&RWpR
�S(\7 A− RQ��/,�� R+A− ,��^	��X6<OllYRpr�f��)p�!sq�''<R��_	V��!X7qR�_R!|Z�����y����X!X7
���B`\7�_R5^�sq��S(W%WpR
	9
so���XX�_S(���!j�2yu��9o��*Q��X�_M��RQ�Wq;�S(0!

	�� Hagen(1975) �
Cockerell RÆ��_jRuU (Wooley & Platts, 1975). Evans VO (1979) RÆ0MQ�F7�vR!�9�R9��3R7qRfN�k�\7fNRsq�S(�LORWpR
70!	ORu`4)j0!

R+qX6	�V�<��ib����R�q5|�O!u9oy�^R��7o��d��7oa℄��5
�k�aKJ>CyRWpR℄!fR,9Z�5Qk	V��5
RÆ0���a℄R5J>�~h��q~Q	RY��(9qGzaR#/H	F&^o{9oy�^R�#R^qNY7K3�!Xd�0
���NRÆ0F	Rm� (Budal

& Falnes, 1975; Falnes & Budal, 1978). 7Ksq��9�CHpd	\7����NS(*R)
y5U�*-RRq;0!

	(Vq=u�y!f*OjR7K�Bq=^U!XRx���`+>%I�V	kV?X7Kv�H��R�)�sqT�2O!X��7KS(0!Q��X7K(qWpR

R!'	\O�XsqT���R.f>7KS(�℄0!WpR

	qE^o{hq0
�RHO#*UR)R�Z	 Hagen� Cockerellu`R�XX�_F�	��mR7�6p�S(*M�	RQ�Wq;0!R
	 Masuda(1979)CXR!f���R ojOF℄k����xHO!j�
�?X
|O!X#/H�K�qR5N9q	
M.J. French(1979)_�y:xR7qemj�XjUYR�:	R'�(#�	J�:�Y�y�O#/HRzLj�2	�du`RpOaHyR
W7��j	BW7�� 6y�jRL��k+R!℄&��

�/��

(?I'`�.�59l�X"`	��Z}l� Mehlem � Stamnes(1979) _�5>s,RuU��!js,�\�tUWpR)R*O 6	?Xs,
q~^R�pR�	�spRS(q~XmRQ�:#��spRR)Gf�ZXO7
�R�d�Q	s,R�ZÆyZ�NR�qu`�5^pX�	�X�t<.f�$AS(�t&/	
§6.8.1 Si�Pzx
� Salter bk$AM)!XR�'0xu/R�ZWp"`�uu/<OJvH���E�6F (X,Z)M���qF ξ1, ξ3 M��MHRWqF ξ5 M�	�X"`S(F�� (6.81) L-�>7
��NO�pF��ku�X�S(M��

(ω2µ′
αβ − C′

αβ + iωλ′αβ)ξβ , α, β = 1, 3, 5 (6.202)
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µ′
αβ , C

′
αβ , λ

′
αβ &OM�}v��v�ifR!℄&	7��R5��7
�R\�	B ξβq~R α �ZR�/y��5�R��O(�Rb��X��	!"`�u/RsqT�Z7
�RsqT��x�R�u/Rsq���

[−ω2(Mαβ + µαβ + µ′
αβ) + (Cαβ + C′

αβ) − iω(λαβ + λ′αβ)]ξβ = FDα + Fα (6.203)�; FDα �KMpq~RM}�� Fα �HRm.�	Hso�� ξ1 = ξ3 = 0, 2O!XWqaKy ξ5. �u/ZH(qRV^ I λ′αβ ;>�� F5 = 0, ���� (6.203) t.�
[−ω2M55 + C55 − iω(λ55 + λ′55)]ξ5 = FD5 (6.204)�; M55 = M55 + µ55 + µ′
55, C55 = C55 + C′

55. � ξ5 9W�>Rq
��
[−ω2(Mα5 + µα5 + µ′

α5) + (Cα5 + C′
α5) − iω(λα5 + λ′α5)]ξ5 = FDα + Fα (6.205)3SCom.� Fα, N�H\u/RpF�	�� (6.205) r�jZL-th�qR��Qm�FG�0!R

�

Ė =
1

2
λ′55ω

2|ξ5|2 =
1

2

λ′55ω
2|FD5 |2

(C55 −M55ω2)2 + (λ55 + λ′55)
2ω2

(6.206)��*Rq;W%�mRdd+�)jOFd+�V^I��W7I�V'Fd+	�UsoRWpR�+�u/rY�µ55 , λ55, F
D
5 �soR	kuu/R}v M55 �2u+ λ′55 Sk��,#(�d+m5��2

∂Ė

∂λ′55
= 0,

∂Ė

∂(C55 −M55ω2)
= 0 (6.207)K&~�Rmh[��

C55 −M55ω
2 = 0 (6.208)

λ′55 = λ55 (6.209)℄9b!X[��u/?{k Ih�YU�y*Bj���zR	bÆX[��2O`�<RA+VUO`/p2uRA+��XT+a�	��� (6.208),(6.209) 9W (6.206), $APImhd+
Ėopt = |FD5 |2/8λ55 (6.210)=Fu6 (6.143) �u6 (6.172), �mhd+S(F<��qq~Rkt�0 A± M�

Ėopt =
1
2ρgA

2Cg

(1 + |A+|2/|A−|2) (6.211)j�R&_�<�xyWpRRd+k
�7&�mh`+�
E

opt
ff = (1 + |A+|2/|A−|2)−1 (6.212)B�\��u/*Rq;_<

Rm5S
`+	KU#n A±, N�u/X�rYR�/	�UO�#��HR+a�

|A+| = |A−|,



§6.8 [[8+n�frW 163m5`+^U 1/2. B |A+|/|A−| um��mh`+�jI 1. �S(K���u/2I�7Of��+fr℄R Salter u/'&2��!�2	F/,��2�ap�/p"`�S(2�if6/�?j8
6/	B5x�u/�℄'-R<5��� Salter Tqu/�JRÆ0� Mynett, Serman � Mei(1978) PI��=UZ��<A+R`+7O	Æ0MQ�V�u/�^��U\oRu`�+��h��~y ∧ω = ω
√
a/g < 0.5, �`+7OR),Z)7
��	7ORpZ�yZ/pifR�A2uOu	<O!XaKyR Salter u/R`+N�	soyHjRu/RL�Bd�?{�%�5RRq�	h���<�xyRu/%IR5���#�R
V� 5ρgaA. u a = 10m, A = 1m, ρg = 104kg/m3, �X�R),m�

500 � / E	�UOv=RHR�q0
���<5R��y..(;R�:Qy�k+$��J�.�59l	HyRuU�F�q$��)=F?!XsqT�mq~

	��2u`!XQB:uRaq\76p��NS(℄9�qR�RG.mCG0
�RiK�_Q0
�R`+	
§6.8.2 %izx
�|\� Newman(1976,1979)� Budal(1977)uU`�0
�mh`+R!d��	M)I0
�_<Rd+?{�Uq	�0
�pdRA+�=Fu6 (6.133) � (6.138), $AO

Ė =

∫

Sb

p
∂φ

∂n
dS =

iρω

4

∫

Sb

(
φ
∂φ∗

∂n
− φ∗

∂φ

∂n

)
dS

= − iρω
4

∫

S∞

(
φ
∂φ∗

∂n
− φ∗

∂φ

∂n

)
dS (6.213)�dRAy�&��Wp��ap��/p��

φ = φI + φs + φR (6.214)xo1 A �dR�tRR�07_��
φs + φR = − igAA

ω

cosh k(z + h)

cosh kh

√
2

πkr
ei(kr−iπ/4) (6.215)=FUQ��$API

Ė =
ρgA2

k
Cg

{−1

π

∫ 2π

0

|A(θ)|2dθ − 2ReA(0)

}
(6.216)���1R~�oz	 ^,=KH�Q^,�n℄�9T�℄=Kn��n℄2
�

W = Ė

(
1

2
ρgA2Cg

)−1

(6.217)7&�'
KR:,
kW =

−2

π

∫ 2π

0

|A(θ)|2dθ − 4ReA(0) (6.218)
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	`+m5��?{�dR�tRy���Z θ = 0 2Im5,	
Newman ''#Q�2�F/p�3S(M� Ė � kW . ��ai���_CSGr+aRv
�Mku�!"`�+aMJR�ZAyS(M���thT� fα(x, y, z) y Sb jR,(��

∂φR

∂n
= A

∑

α

Vαfα(x, y, z), y Sb j (6.219)�; Vα �:w/�U�dRAy�S(&��
Φ = Ae−iωt

(
φD +

∑

α

Vαφα

)
(6.220)�;�y Sb j$AO

∂φD

∂n
= 0 (6.221)

∂φα
∂n

= fα (6.222)7�<Rd+�
Ė =

∫

Sb

p
∂Φ

∂n
dS = −1

2
Re

[
(iωρ)

∫

Sb

Φ

(
∂Φ

∂n

)∗]

=
1

2
ωρA2Re

∫

Sb

(
φD +

∑

α

Vαφα

)
·


∑

β

Vβfβ


 dS

=
1

2
ρωA2Re



i
∑

α

V ∗
α

∫

Sb

φDfαdS + i
∑

α

∑

β

VαV
∗
β

∫

Sb

φαfβdS



 (6.223)�Uj�Rb!XV/�=Fu6 (6.169) � (6.221), (S{� φD v8�$AO

∫

Sb

φDfαdS =
4ig

ωk
CgAα(π) (6.224)M)I<:�5R��v�

∫

Sb

φαfβdS =

∫

Sb

φβfαdS (6.225)�� (6.223) RÆBV/i�
Rei

∑

α

∑

β

VαV
∗
β

∫

Sb

φαfβdS = −Re
∑

α

∑

β

VαV
∗
β

(
Im

∫

Sb

φαfβdS

)=F�� (6.222) � (6.225), $AO
Im

∫

Sb

φαfβdS =
1

2i
Im

∫

Sb

(
φα

φ∗β
∂n

− φ∗β
φα
∂n

)
dS

=
1

2i
Im

∫

S∞

(
φα
φ∗β
∂r

− φ∗β
φα
∂r

)
dS
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=
2gCg
πωk

∫ 2π

0

dθAα(θ)A∗
β(θ)j�Zu6 (6.145) !5	7&

Rei
∑

α

∑

β

VαV
∗
β

∫

Sb

φαfβdS = −2
gCg
πωk

∫ 2π

0

dθ

∣∣∣∣∣
∑

α

VαAα(θ)

∣∣∣∣∣

2

(6.226)=F�� (6.225) � (6.226), �<Rd+i�
Ė = −1

2
ρgA2(Cg/k)





∫ 2π

0

dθ

∣∣∣∣∣
∑

α

VαAα(θ)

∣∣∣∣∣

2

+ Re4
∑

α

VαA∗
α(π)



 (6.227)N2FI�/p�	Q=R`+�

kW = −
∫ 2π

0

dθ

∣∣∣∣∣
∑

α

VαAα(θ)

∣∣∣∣∣

2

− Re4
∑

α

VαA∗
α(π) (6.228)V�2O!XaKy�S(<℄�� (6.159) ;R2��	��`+m5�bÆW?{�>R�

VαA∗
α = −|Vα||Aα(π)|`+Rm5,�

(kW )opt =
2π|Aα(π)|2

∫ 2π

0
dθ|VαAα(θ)|2

(6.229)�~y
Vα =

π|Aα(π)|2
∫ 2π

0
dθ|VαAα(θ)|2

(6.230)�x(MQ�  ����WYm$_���1�o"�p℄	�m^o{HyM)!X�Z0
��N�!XuU�#H��RJa�O�=U α = 1, 3, 5 R`XsqT�	��� (6.187) 9W (6.227), SP
Ė = −1

2
ρgA2(Cg/k){|V1A1(0) + V5A5(0)|2

+2|V3A3(0)|2 + 2Re[V1A1(0) + V5A5(0)]

−2Re[V3A3(0)]} (6.231)��� Ė m5�?{k sq�� V1A1(0) + V5A5(0) �!R�,�	 V3A3(0) �>�,�mhYU�
V1A1(0) + V5A5(0) = 1, V3A3(0) = −1

2Q=Rmh0!d+�`+�
Ėopt =

3

2k
ρgACg (6.232)
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kWopt = 3 (6.233):QB`XT�v�mhYU��0!
ym� λ/2, 	)Z+aR5^'u	V�H��R7K2O�3sq�*�� (6.229) T+J� kWopt = 1, N2�B`XT�vF�2IRm5,R 1/3. F�!����
#��X��	�Wp�JR	F�

Aeikx = A
∞∑

n=0

ǫn(i)
nJn(kr) cosnθykt�NRb n X&RT�S(i�

cosnθ
A

2

√
2

πkr

{
exp

[
i
(
kr − π

4
− nπ

2

)]
+ exp

[
−i
(
kr − π

4
− nπ

2

)]}NK�tR�atR�℄&j�	V�+a2O�3sq�NSGR�asq2
�H��R	k��Bk �/pRS(ZapRR (n = 0) T�j��(\℄WpR;�tR℄&R�T�	WpR;�T�R>8�0!�OFR	k�)�+aRfNJR
�A+FG� ρfA2Cg/(2k), �MQ0!
y� W = 1/k. >��V�+a2
�!C����/pR;2O!:U cos θ R℄&�S(Fm\℄ n = 1 R&RR�t℄&�U�*>8℄&PIR
�� (ρgA2Cg)/k, 	 W = 2/k.mh`+,X#n7KR5^�MQ^7KZ57K!�O`	>��7�^+ayxR;2O�3�!X^7K�2I��Rmh,�N8w�O�5R�0	�dj�*��
(6.173) S(J�� A3(0) S(FM}� FD3 M�

A3(0) = −k
4
FD3 (ρgCgA)−1 (6.234)�U^7K�MpS(&.�+aD�	�RYqG.�S(&.� FD3 S(i�

FD3
∼= ρgAπa2 (6.235)�; a �7Ky5�J�R'-	�j�9Wu6 (6.234) � (6.230), $AO

A3 = −πka2/4Cg (6.236)

AV3 =
2

π

A

a

Cg
ka

(6.237)7&ymh`+����um ka, �3Ay AV3 ?GGP�5	���*u6 (6.145), S(i�/pif6/R`Cf�V>�
λ33 = ρga4k/4Cg (6.238)NF kaRu^	u^�.�\2O�3sqR^7KRh�7O?G��pZR	7&�?{u��?!X�+v��p�3sqR^7Kk ImhYU��&�?{G.7KR8
��:R�v�	��XH�R	>��Fanels � Budal(1978), Budal VO (1979)''#�/yO`R
9���$oa��p+u℄��#z���u℄.k�:�!Xh$�\77K�N�
`7qCaK�7KR�3AyZM}�55mQ���N
pm55d	S(y7K�iPRQ�Pm��=n��(�HmhQ�\7	
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kd

q

0 2 4 6 8 10
0

0.5

1

1.5

2

2.5

3

3.5

N very large

2π

π

z 6.6: GL8` q

Budal(1979) 4T:Æ0� N X7K.f	ku N X7K;mVq=u�!t�WpRQ�U;mOR+�� α. M4kuLO7K2O�3sq�	)�0Qm�Q�Xm	B kd = O(1)(d �7Kq=) ��F℄FK�=�M�HdR4A
y�
kW = Nq (6.239)�;FK7_ q �

q =

[
1 +

2

N

N∑

n=1

(N − n) cos(nkd sinα)J(nkd)

]−1

(6.240)B d→ ∞��q → 1. dR4A
y� N X7KR4A
y(�	y 6.6,�� N = 2, 10,∞�y#*Wp (α = 0) .f>RFK7_	FG��B�u^7KS�4A
y�5	B
N → ∞ �� Budal PI

W = (Nd cosα)/2, kd < 2π/(1 + sinα)7&�!u7K0!Rd+�q�yxy L cosα = Nd cosα jRWpd+R!'	M�!\Æ0��tRXu7KR.f�P/��yq�xyjRLOWpd+v
70!	qE^o{� Hagen-Cockerell U��#��R:xR Hagen-Cockerell�Rmh`+�Newman(1979)�t�xWÆ0	ku x HZxy� l R:xReHB�	!"`��_R�#�% Z S(&��XXT�
fα(x) (��

Z(x, t) = A
∑

α

Zαfα(x)e−ωt (6.241)�; Zα, fα �'
KR� fα ���/	M)x5.f� kh→ ∞, Aα(θ) Z+aMJ�Ru6G�
Aα(θ) = −ωk

2g

∫

Sb

dS

(
φα

∂

∂n
− ∂φα

∂n

)
ekz · exp(−ik cos θ − iky sin θ) (6.242)
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5xyk^URx�y Sb j� ky, kz ≪ 1, ∂φα/∂n W�L�pF�L(
Aα(θ) ∼= −ωk

2g

∫

Sb

dS

(
−∂φα
∂n

)
e−ikx cos θ℄9u6 (6.14), y+aj

dS
∂φα
∂n

= −iωfαnzdx[(dy)2 + (dz)2] = −iωfαdxdy7&
Aα(θ) ∼= − i

2
k2

∫ 2/l

−l/2
dxb(x)fα(x)e−ikx cos θ (6.243)�t<�x�7�|dR�V�(�R�$Aku b(x) = Constant, < X = 2x/l,K = kl/2,j�G�

Aα(θ) = − i

2
K2(2b/l)

∫ 1

1

dXfα(X)e−iKX cos θ (6.244)�U�#��R+a��sqd
&�� x R�T��rT�	B α �r/��� fα �r�/�U�
Aα(θ) = −iK2(2b/l)

∫ 1

0

dXfα(X) cos(KX cos θ) (6.245)� cos θ Rr�/	)�y/	v=`�B α ��/��� fα � X R��/��
Aα(θ) = K2(2b/l)

∫ 1

0

dXfα(X) sin(KX cos θ) (6.246)� cos θ R��/	)��/	�UG.R b, S(r�j��J bfα BpO`T�	KU Aα(θ) O�r��v�$AS(�0!
y�&���r�℄&
kW = kW e + kW o (6.247)�;

kW e =
−2

π

∫ 2π

0

dθ

∣∣∣∣∣
∑

α

ZαAα(θ)

∣∣∣∣∣

2

− 4Re
∑

α

[ZαA∗
α(π)] (6.248)

kW o RM2�Z&v=	��*�_R�3C9�sq;�<

��_Zso�kyq���J�x��	)so�k��%�5RRq�	�um�kR}l�u`;nlaF>qRjU	U�3X
* α = 0, 1 �dJv+aRsqT�;0!

	7&
kW0 =

−2

π

∫ 2π

0

dθ |Z0A0(θ)|2 − 4Re
∑

α

[Z0A∗
0(π)] (6.249)v=`O kW1 = 0, 7&�

kW e =
−2

π

∫ 2π

0

dθ

∣∣∣∣∣

∞∑

α=2

ZαAα(θ)

∣∣∣∣∣

2

− 4Re

∞∑

α=2

[ZαA∗
α(π)]

− 4

π
Re

∫ 2π

0

Z∗
0A∗

0(θ)

∞∑

α=2

ZαAα(θ) (6.250)



§6.8 [[8+n�frW 169�S.�B α�r/��Aa �yR	�U α ≥ 2RQ
T�Rmh.f�Q�?{�P ZαA∗
αO>,	� α = 0 Bp Z0 = O(2b/l) R!X7qT��*�� (6.245) S&� A0 = O(2b/l),℄9�� (6.249) $AO Re(Z∗

0A∗
0) = O(2b/l)2, 7&y!
�= O(2b/l) >�$API

kW e ∼= −2

π

∫ 2π

0

dθ

∣∣∣∣∣

∞∑

α=2

{ZαAα(θ)

∣∣∣∣∣

2

− 4Re

∞∑

α=2

[ZαAα(π)]}∗ (6.251)�U kW o O��v=	V�2O!X�RC�rRT���� (6.251) ;R2��S�.	2Imh`+��2
ZeAe∗(π) = −|Ze||Ae(π)|,

kW e =
−2

π
|Ze|2

∫ 2π

0

dθ|Ae(θ)|2 + 4|Ze||Ae(π)| (6.252)��RT��Ov=Rf�	&OF Ae � Ao 9
�� (6.229) ;R Aα, �S(2I`C
(kW e)opt � (kW o)opt RM2�	HyM)!X`~���mR�_	�X�	�U

x = ±al/2, (U X = ±a),N2
O<Xw�R�ZsqT��7&����3�9��2O!XrRT��!X�RT�	S(#Q�>JRT��Z�3�9�!�R
fe =

{
1, |X | < a

1 − 2(|X | − a)/(1 − a)2, a < |X | < 1
(6.253)

fo =

{
a[2 + (a2 − 3)|X |]/[(2 + a)(1 − a)2], a < X < 1

−a[2 + (a2 − 3)|X |]/[(2 + a)(1 − a)2], − 1 < X < −a
(6.254)Q=Rm5�%�

femax = f(1)e =
a− 1

1 + a
(6.255)

fomax =

{
fo(a) = a, a <

√
2 − 1

fo(1) =
a(1 + a)

(2 + a)(1 − a)
, a >

√
2 − 1

(6.256)
�j�S(�?XT�u`0
Hk	`C�0RM2�V>�
Ae =

2iK2b

l
{ 1 + a

1 − a

sin(K cos θ)

K cos θ
+

2

(1 − a)2(K cos θ)2

·[cos(K cos θ) − cos(Ka cos θ)]} (6.257)

Ao =
K2b

l
{ −2a

(2 + a)(1 − a)2K cos θ
[2sin(Ka cos θ)

Ka cos θ

+(a2 − 3)
sin(k cos θ)

K cos θ
+ (1 − a2) cos(K cos θ)]} (6.258)



170 s.� �fv*��jdwpf	>n[GO��O��d��9Wu6 (6.252), S(2�mh0!
y	B K → 0 �� W/l → ∞, �MQ�UxR�KW 4U'05� Ze, Zo G�'��.�\sq���	7&� Newman �!\_�N7��#�%X
{�Y!NN,�U
β = |Zo,e|b

l
< 0.2 C 0.4 (6.259)9Wu6 (6.252), S(P�mh0!
y	
�jS(F\7iKR���H�dN7	dRmhd+��XT�Rd+(�	 Newman 4�H�y a R�d�� 0.2 < a < 0.6 a�mh0!
y W/l � a XPI	

fomax =

{
fo(a) = a, a <

√
2 − 1

fo(a) =
a(1 + a)

(2 + a)(1 − a)
, a >

√
2 − 1

(6.260)

§6.9 �4[!X�JtR��!X�#�J�Rq
�R�E,�
M = ρ

∫ ζ

−h
u2dz=FOv.z0T+#Q�[DIRRfyRÆ

�

M = ECg/C +O(kA)3 (6.261)�; E = ρgA2/2.HyM)!XÆ�R��+�WpRZN!�	V�LORR
7+a0!���Eq
�7+a0!	�3�:�+a%I!XXGR� ECg/C RpF	V�+a�pLOR

���pR7Oq
 ECg/C, �ZZWpRR�ZQ�	pFy+ajR o�?{VUdRq
CGRA+ 2ECg/C, v=U!X oRp�#*`�Fy%�j	 ��D�[D�3 $����[D��I$�_�. uyWpR℄!f
n�QRRR�0�
(R + A−)A, yspR℄!f
R�QRRR�0� (T + A+)A, �UpFy+ajR x �ZR��℄9 Longuet-Higgins(1977),��E,�

F x =
ECg
C

(1 + |R + A−|2 − |T + A+|2) (6.262)B R,R,A± KOv.z02�(#�Fx 3�T+`C	�X����%��yjUu`;�B�	M)I

$ �
|R+ A−|2 + |T + A+|2 + Eff = 1 (6.263)�; Eff �

0!`+��%��S(i�
F x =

ECg
C

(Eff + 2|R+ A−|2) (6.264)7&�B Eff > 0 �� F x > 0, :QN��\WpR�QR�Z	>�V��hlR

e\+a��P
Eff < −2|R+ A−|2 (6.265)



§6.9 ;�* 171� F x < 0, N��\WpR��ZR	
Maruo(1960)#�G��`�+aR�%�R!"f��#m Newman(1967) �t�~��P���#HR�%�5	 Newman R~G���(q
���#9R	T-V>�y( S �C�RsqaJ V a��U?!X<�aJR�
�/y>JRsq�(soz�

d

dt

∫

V

GdV =

∫

V

∂G

∂t
dV +

∫

S

GUndS (6.266)�; Un M� S R�ZAy�u G �<�aJaROq
 ρu, M�aJ V adROq
�$AO
dMi

dt
= ρ

∫

V

∂ui
∂t

dV + ρ

∫

S

uiUndS (6.267)=F Euler ��
∂ui
∂t

= − ∂

∂xi

(
p

ρ
+ gz

)
− ∂

∂xj
(uiuj)x=F Gauss oz��� (6.267) RR|Rb!XJ&.�JJ&

dMi

dt
= −

∫

S

(P + ρgzδi3)nidS −
∫

S

ρui(ujnj − Un)dS (6.268)5�&
�
d

dt

[
Mx

My

]
= −ρ

∫

S

[
P

ρ

[
nx

ny

]
+

[
u

v

]
(u · n− Un)

]
dS (6.269)

ρgz �!W2y�#&
;�H	Hy� S �![+J Sb �aKJ Sf �5��^ Bo �'0k�Rso�#NJ S∞ Rj�	y+J Sb, Sf � Bo j� u · n − Un = 0; yaKJ Sfj� p = 0; yNJ S∞ j� Un = 0; y5��^ Bo j� nx = ny = 0. 7&���so+aLx�R��� [
Fx

Fy

]
=

∫

Sb

[P
[
nx

ny

]
= −

∫

S∞

P

[
nx

ny

]
+

+ρ

[
u

v

]
(u · n)]− d

dt

[
Mx

My

]
(6.270)<�q�E�M)IOD�v�R|m#!W℄�	7&�%�&
i�

[
F x

F y

]
= −

∫

S∞

[
P

[
nx

ny

]
+ ρ

[
u

v

]
(u · n)

]
dS (6.271)M)I S∞ �'-hl5RfNJ�FNrKi�





F x = −
∫

S∞

[P cos θ + ρur(ur cos θ − uθ sin θ)]Rdθdz

F y = −
∫

S∞

[P sin θ + ρur(ur sin θ + uθ cos θ)]Rdθdz

(6.272)>C`CÆ
W	=F Bernoulli ���$API
−R

∫ 2π

0

dθ

(
cos θ

sin θ

)∫ ζ

−h
Pdz ∼= R

∫ 2π

0

(
cos θ

sin θ

)
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·{ρ∫ 0

−h
dz

[
Φt + gz +

1

2
(∇Φ)2

]

+ρ

∫ ζ

0

[
Φt + gz +

1

2
(∇Φ)2

]}
r=R

(6.273)R|Rb!XJ&R�q�ES(K*�J&PI	M)I�qD�v�Φt W℄��*5	
ρgz �U θ RJ&����>RW (∇Φ)2/2S(FOv.z0R Φm`C�-p� O[(kA)3].bÆXJ&;� (∇Φ)2/2 RgI� O[(kA)3], S(&.	[DI O[(KA)2], �>RWT+`C	M)I Φ = Re{φe−iωt}, =F�� 6.124, $API

ζ = −Φt|z=0/g7&
ρ

∫ ζ

0

(Φt + gz)dz = ρ[Φt|z=0ζ + gζ2/2] = − ρ

2g
Φ

2

t

= − ρ

2g
(Reiωφe−iωt)2z=0 = − ρ

2g
{ω2|φ|2 sin2[ωt+ δ(t)]}z=0

= −ρω
2

4g
|φ|2z=0 (6.274)�; δ(t) � φ RQ��	)�E, sin2[ωt+ δ(t)] = 1/2.7& ∫

S∞

P

(
cos θ

sin θ

)
Rdθdz ∼=

∫ 2π

0

Rdθ

(
cos θ

sin θ

)

·
{[

−
∫ 0

−h
dzρ(∇Φ)2/2

]
+
ρω2

4g
|φ|2z=0

}
(6.275)�j�9Wu6 (6.272), PI

F x = −
∫ 2π

0

ρRdθ{ ∫ 0

−h
dz{− 1

2

[(
∂Φ

∂r

)2

+
1

R2

(
∂Φ

∂θ

)2

+

(
∂Φ

∂z

)2
]

cos θ

+

(
∂Φ

∂r

)2

cos θ − 1

R

∂Φ

∂r

∂Φ

∂θ
sin θ}+

ω2

4g
|φ|2z=0 cos θ}

r=R
(6.276)

F y = −
∫ 2π

0

ρRdθ{ ∫ 0

−h
dz{− 1

2

[(
∂Φ

∂r

)2

+
1

R2

(
∂Φ

∂θ

)2

+

(
∂Φ

∂z

)2
]

sin θ

+

(
∂Φ

∂r

)2

sin θ − 1

R

∂Φ

∂r

∂Φ

∂θ
cos θ}+

ω2

4g
|φ|2z=0 sin θ}

r=R
(6.277)℄9Ay�Rkt�=�$AO





Φ = Re[(φI + φ̃)e−iωt]

φI = − igA
ω

cosh k(z + h)

cosh kh
eikr cos θ

φ̃ = − igA
ω

cosh k(z + h)

cosh kh
A(θ)

√
2

πkr
eikr−iπ/4

(6.278)



§6.9 ;�* 173�; φ̃ 9MapR�/pR(�	�� (6.276) � (6.277) RÆ(W;�2)� φI R�JRW=OgI�U2OWpR�=OQ��%�	B R → ∞ ���O 1
R2 RW4U�	B2�H φI � φ̃ R�m�J��

1

R

∂Φ

∂r

∂Φ

∂θ
∼ R−3/2�J&=OgI	7&��� (6.276) � (6.277) S(t.�

F x = −
∫ 2π

0

{ ∫ 0

−h
dz
ρ

2
cos θ

[(
∂Φ

∂r

)2

−
(
∂Φ

∂z

)2
]

+
ω2

4g
|φ|2z=0 cos θ}

r=R
Rdθ (6.279)

F y = −
∫ 2π

0

{ ∫ 0

−h
dz
ρ

2
sin θ

[(
∂Φ

∂r

)2

−
(
∂Φ

∂z

)2
]

+
ω2

4g
|φ|2z=0 sin θ}

r=R
Rdθ (6.280)=F$A*3RUQ��PI

F x = −ρgA
2

k

Cg
C

{
1

π

∫ 2π

0

cos θ|A(θ)|2dθ + 2ReA(0)

}
(6.281)

F y = −ρgA
2

k

Cg
C

1

π

∫ 2π

0

sin θ|A(θ)|2dθ (6.282)=F�1~�oz (6.216) ℄> 2ReA(0), � (6.281) SCi�
F x =

ρgA2Cg
kC

[
1
2kĖ

1
2ρgA

2Cg
+

1

π

∫ 2π

0

(1 − cos θ)|A(θ)|2dθ
]

(6.283)�; Ė �!U0!

RA+��j�aRb!W�y
y� λ/π RR�Ja0!d+R�+�bÆW �!�7&�B Ė ≥ 0 �� F x  �!	Rq;�+ajuU z HR�5o1�
Tz =

∫

Sb

P (r × n) · ezdS (6.284)p�5`�x�S(a\#Q� (1) uU z HR�q
CG�
−
∫

S

[P (r × n) · ez + ρ(r × n) · ez(u · n− Un)]dS

(2) �E�%�5�
T z = −ρ

∫

S∞

∂Φ

∂r

∂Φ

∂θ
Rdθdz

=
ρgA2Cg
k2C

Im

[(
dA∗

dθ

)

θ=0

+
1

π

∫ 2π

0

A(θ)
dA∗(θ)

dθ
dθ

]
(6.285)d(��%�S(*!
z0Rktf�~G�m	X��RRqS(�~Æ
R5G�%��NRq~7���\/y�XXmR�+ ω ± ∆ω/2, �Æ
�)j e±2iωt � e±i∆ωt ��RW�#�O: 2π/ω xP�R�qÆy�Q=RxD�R�S(Zsoy7ajR9�RsOT��~h��	q~��RrG	
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(6.7)P�SR�>��& (6.271) 0j

F x =

[
ρ

2

∫ 0

−h
(v2 − u2)dz − ρω2

4g
|φ|2z=0

]x=+∞

x=−∞Æ�>u=+Y& (6.262)

(6.8)P� Hagen-CockerellqE^o{��yUF�`"�!��+` As(θ) 9
^
	��_�� Ae } Ao �(8q� (�7 (6.257) } (6.258)) , �:��Ym�t�O	
�Gn�
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§7.1 <R℄�ku k, h,A &O�R/�5x�RR0��"5Ov�=�FRfz��xy:, kh� A/h �^�U

µ ≡ kh≪ 1, ǫ ≡ A/h≪ 1 (7.1)!"`��U�/��"`�bÆXN7

X
7h�7&x�Æ0"5RR#Ovz0	~Æj�H��XmR"5Rz0� Airy z0� Boussinesq-Korteweg-de Vries z0	�Uwxy.f>RR
H"`���z0\�R�0�GQ�	�X;�7 Ursell(1953)�C�)6 Lin � Clark(1959) �!\�-	 Ursell \O/��(>:,
Ur =

A

h

1

(kh)2
=

kA

(kh)3
=
kλ2

h3
(2π)2 (7.2)yCo��\��=��\LGpF�XmR�=�=UXmR+zy\	�X:,��

Ursell b/�N=F�����ONxyR℄#OvRR Stokes z0;RsOb/	��L-�=���$AaF��wxy.fR Benney(1962) � Peregrine(1967) RM2���	�Gxy.fR~���p5`	v=UOv.z0�#�$A�G
�t'
K.�aFRÆyV>�
(x′, y′) = k(x, y), z′ = z/h, t′ = k

√
ght

ζ′ = ζ/A, Φ′ =
Φ(

A
kh

√
gh
) (7.3)Ay&
RÆy�

(u, v) =

(
∂

∂x
,
∂

∂y

)
Φ =

A

h

√
gh ·

(
∂

∂x′
,
∂

∂y′

)
Φ′ =

=
A

h

√
gh(u′, v′) (7.4)

w =
∂Φ

∂z
=

1

kh

A

h

√
gh
∂Φ′

∂z′
=

1

kh

A

h

√
ghw′7&�'
K���

µ2(Φ′
x′x′ + Φ′

y′y′) + Φ′
z′z′ = 0, z′ ∈ (−1, ǫζ′) (7.5)

µ2(ζ′t′ + ǫΦ′
x′ζ′x′ + ǫΦ′

y′ζ
′
y′) = Φ′

z′ , Bz′ = ǫζ′ (7.6)

µ2(Φ′
t′ + ζ′) +

1

2
ǫ[µ2(Φ′2

x′ + Φ′2
y′) + Φ′2

z′ ] = 0, Bz′ = ǫζ′ (7.7)

Φ′
z′ = 0, Bz′ = −1 (7.8)���F�x�(>M2;���>j	#�$Aku µ = kh �^
� Φ ��/�/�S(	F� z rKRHV/

Φ(x, y, z, t) =

∞∑

n=0

(z + 1)nΦn (7.9)
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Φn = Φ(x, y, t) =

1

n!

∂nΦ

∂zn

∣∣∣∣
z=−1

, n = 0, 1, 2, · · ·�5�^y (∂/∂x, ∂/∂y) b� ∇, $AO
∇Φ =

∞∑

0

(z + 1)n∇Φn

∇2Φ =
∞∑

0

(z + 1)n∇2Φn

Φ � z R~G/�
∂Φ

∂z
=

∞∑

n=1

n(z + 1)n−1Φn =

∞∑

n=0

(z + 1)n(n+ 1)Φn+1

∂2Φ

∂z2
=

∞∑

n=1

(n+ 1)n(z + 1)n−1Φn+1

=

∞∑

n=0

(z + 1)n(n+ 1)(n+ 2)Φn+2 (7.10)��dG/u69W Laplace ���PI
µ2∇2Φ +

∂2

∂z2
Φ =

∞∑

n=0

(z + 1)n[µ2∇2Φn + (n+ 1)(n+ 2)Φn+2] = 0 (7.11)M)I z ∈ (−1, ǫζ), 7& (z + 1) R?!H(R6/?{���$API
~u6
Φn+2 =

−µ2∇2Φn
(n+ 1)(n+ 2)

, n = 0, 1, 2, · · · (7.12)y5^ z = −1 j�=Fu6 (7.8), PI Φ1 ≡ 0. ℄9�� (7.12), $API�ULO�/ n,

Φn ���U
Φ1 = Φ3 = Φ5 = · · · = 0 (7.13)�Ur/ n, $AO

Φ2 =
−µ2

2 · 1∇
2Φ0 =

−µ2

2!
∇2Φ0

Φ4 =
−µ2

4 · 3∇
2Φ2 =

−µ4

4!
∇2Φ0

Φ6 =
−µ2

6 · 5∇
2Φ4 =

−µ6

6!
∇2Φ0 (7.14)

· · · · · ·M)I Φ0 = O(Φ) = O(1), S(P� Φ2 = O(µ2), Φ4 = O(µ4) VV	7&�-p� O(µ6)��Ay��
Φ = Φ0 −

µ2

2
(z + 1)2∇2Φ0 +

µ4

24
(z + 1)4∇2∇2Φ0 +O(µ6) (7.15)



§7.1 !^}b 177<dRxy H = 1 + ǫζ, �� (7.6) � (7.7) M�RaKJfzi�
µ2

[
Ht

ǫ
+ ∇H ·

(
∇Φ0 −

µ2

2
H2∇2∇Φ0

)]

= −µ2H∇2Φ0 +
µ6

6
H3∇2∇2Φ0 +O(µ6) (7.16)

µ2

[
Φ0t −

µ2

2
H2∇2Φ0t + ζ

]
+

1

2
ǫµ2[(∇Φ0)

2 − µ2H2∇Φ0 · ∇2(∇Φ0)]

+
1

2
ǫµ4H2(∇2Φ0)

2 = O(µ6) (7.17)o1
u0 = ∇Φ0 (7.18)�^J�R5�Ay��� (7.16) Ci�

Ht

ǫ
+ ∇H ·

(
u0 −

µ2

2
H2u0

)
+H∇ · u0

−µ
4

6
H3∇2∇ · u0 = O(µ4) (7.19)��� (7.17) <^y�O

u0t + ǫu0 · u0 + ∇H/ǫ+ µ2∇
[
− ǫ

2
H2u0 · ∇2u0

+
ǫ

2
H2(∇ · u0)

2 − 1

2
H2∇ · u0t

]
= O(µ4) (7.20)!=�� ζ � u0, �dRAy&
3S(℄9(>�_`C

(u, v) = ∇Φ = u0 −
µ2

2
(z + 1)2∇(∇ · u0) +O(µ4) (7.21)

{
w =

∂Φ

∂z
= −µ2(z + 1)∇2Φ0

= −µ2(z + 1)(∇ · u0) +O(µ4)
(7.22)	�tS(* Bernoulli ��PI�NR'
Kr��

−P = z + ǫ

{
Φt +

ǫ

2

[
(∇Φ)2 +

1

µ2
Φ2
z

]}
(7.23)�; P R<�� ρgh. ��� (7.21) � (7.22) 9Wj��PI�=R	�t

−P = z + ǫ

{[
Φ0t −

µ2

2
(z + 1)2∇ · u0t

]
+
ǫ

2
[u2

0 − µ2(z + 1)2u0 · ∇2u0

+µ2(z + 1)2(∇ · u0)
2]

}
(7.24)=F�� (7.17) ℄> Φ0t, P

−P = (z − ǫζ) +
µ2

2
[H2 − (z + 1)2]{∇ · u0t
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+ǫ[u0 · ∇2u0 − (∇ · u0)

2]} +O(µ4) (7.25):Wxy�ER5�Ay u,

u =
1

H

∫ ǫζ

−1

dz∇Φ =
1

H

∫ ǫζ

−1

dz

(
u0 −

µ2

2
(z + 1)2∇2u0 + · · ·

)

= u0 −
µ2

6
H2∇2u0 +O(µ4) (7.26)U

u0 = u +
µ2

6
H2∇2u +O(µ4) (7.27)��� (7.27) 9W (7.20), $AO

Ht + ǫ∇ ·Hu = 0 (7.28)�����xy�EPIR��v���N[DI µ2 RLOR
�F u 
9 u0, $API
ut + ǫu · ∇u +

∇H
ǫ

+
µ2

6
(H2∇2u)t + µ2∇

{
− ǫ

3
H2u · ∇2u

+
ǫ

2
H2(∇ · u)2 − H2

2
∇ · ut

}
= O(µ4) (7.29)I[��0�LOR���U^R µ2 O`	��� (7.28), (7.29) � (7.25) FO
KG
mM��$AO

Ht + ∇ · (Hu) = 0 (7.30)

ut + u · ∇u + g∇H +
1

6
(H2∇2u)t

+∇
{
− 2

3
H2u · ∇2u +

H2

2
(∇ · u)2

−H
2

2
∇ · ut

}
= 0 (7.31)

P = ρg(ζ − z) − 1

2
[H2 − (z + h)2]{∇ · ut

+[u · ∇2u− (∇ · u)2]} (7.32)(>M)X�NN.f	"�� Airy H`� µ→ 0, ǫ = O(1)

Airy z0�ON�0R�xRxRR#W�=�7&�FO
KG
M�R���
ζt + ∇ · [(ζ + h)u] = 0 (7.33)

ut + u · ∇u + g∇ζ = 0 (7.34)

P = ρg(ζ − z) (7.35)�d���G.R h(x, y) �O`R�yr�j	��*5	��� Airy z0R\�	



§7.1 !^}b 179B h = Constant ��$A� ρ̂ = (ζ + h),

p̂ =
1

2
g(ζ + h) =

1

2
gρ̂2,��� (7.33) � (7.34) S(Ci�

ρ̂+ ∇ · (ρ̂u) = 0

ρ̂[ut + u · ∇u] = −p̂��X����� γ = 2 �zU�aR��	7&�aq��R���&
�\O�\�O���R�Gt
HR&
�S(*�=FI5RRxRz0;>	�
o�aq��v:	�S.R���2�5�sqÆyk5U�#Æy�R!��=	"zy�aq��;j-���d`ai�MRRr��>� Airy z0�UD|Rr�G8X��	
Boussinesq H`� O(ǫ) = O(µ2) ≪ 1�U"5;;V�yRxR�℄R#Ov�$A�=`<�� (7.28),(7.29)� (7.27) ;2)� O(ǫ) � O(µ2) RW�PI

ζt + ∇ · [(ǫζ + 1)u] = 0 (7.36)

ut + ǫu · ∇u + ∇ζ − µ2

3
∇(∇ · ut) = 0 (7.37)

P = ǫζ − z − µ2

2
(−z2 + 2z)∇ · ut (7.38)�� (7.36) � (7.37) �� Boussinsq ��	$AS.I���	�tXx�*5	�	 Airy z0� Boussinesq z0r�jRpO�yU#�)�O7_ µ2 ROvW	��:Q�!WR+z.1�$AM)�� (7.36)� (7.37) R!�Ov.r��i�O
KRr��

ζt + hux = 0 (7.39)

ut + gζx −
h2

3
uxxt = 0 (7.40)M)!�!�!DR

ζ = Aeikx−ωt; u = Ue
i(kx−ωt)
t ; v = 0 (7.41)��du6=FI�� (7.39) � (7.40), $API

−iωA+ ikhU = 0

−iωU + ikgA− h2

3
(ik)2(−iω)U = 0�� A,U R�(����O#����6/t��?{���

∣∣∣∣
−iω ikh

igk −iω
(
1 + k2h2

2

)
∣∣∣∣ = 0
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ω2 =

ghk2

1 + k2h2/3
= ghk2

(
1 − k2h2

3
+ · · ·

)
(7.42)C� QAy C ∼=

√
gh(1 + k2h2/3)−1/2

∼=
√
gh(1 − k2h2/3)1/2 (7.43)�;R (kh2)/3 �K h2uxxt/3 �!Wq~R�FG�N9M��a	�u6 (7.42) ZQ.xy.f>R
au6

ω2 = gk tanh khRÆW	F�p:��S(�!\#��!d	
Boussinesq��M)�!
R#Ov ǫ�
a µ2 `=	B ǫ≫ µ2 ��.� Airy���B���LOR ǫ vO`�B ǫ≪ µ2 ��.�℄
aROv.�=�B ǫ→ 0, µ2 → 0 ��PI'gROv.Rq��	Æ�K�>\xyR5�ÆyX5UgqRRx��m�R�=\IS(j(~�	FO
KG
i�R^℄C�fz�

Φz = −hxΦx − hyΦy, z = −h(x, y) (7.44)C�i�'
Kr�
Φz = −µ2(hxΦx + hyΦy), z = −h(x, y) (7.45)�;G.RxyFgqxy h0 m'
K.	'
KG
���� (7.3) � (7.4) mo1	$Aku

Φ =

∞∑

n=0

[z + h(x, y)]nΦn(x, y) (7.46)(<9�� (7.9). 9W Laplace ���$AS(P� Φn (qR!j
~u6	\O`��U�/ n, Φn Xx��	��v=R~G��UÆ�.f� Peregrine (1967) \��
ζt + ∇ · [(ζ + h)u] = 0 (7.47)

ut + u · ∇u + g∇ζ =
h

2
∇[∇ · (hut)] −

h2

6
∇[∇ · ut] = 0 (7.48)~G;rSR9/sC�t<R	

§7.2 �O�:,��}
Ov.CiR�z�N7y�VjRRRaKT�	kV+/���(��CiRT�RQAyt��3S(*�q~t�RCiR	�vCiRRgqD��XX^�R
V�NZ+/RYq��Ou	D�^UX&>R�}RCiR��O�d.1RR�NA>SGN��q��>SG�|��	�d�r��VlR
7	
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� 181CiR
.K�?/yRWpRM}q~`�V���OO!XB℄�℄<S
O!XQ=UN�h�ROvh�H7	uUy*R��OjO!X5r^���x� L, 
�
B, �^℄�f+�w/ s R�V	V�WpRR�+ ω ��U7h8�,fz

ω2 = gks(2n+ 1), k = 2mπ/B, n,m � /	)^��Rxy L � O(2π/k), �^��a3aG`M��!XCiLR	7� L �ONR�LOCiRO/pif�)N
l*WpR℄|AP

	
Munk(1949) � Tucker(1950) *x|`b&;�H��*��D��X&>RMqt��PR�NA�K!x R}qk�#OvH7q~R	o
Rz0''K� King Z

Smith(1978) \��>�MAR�0��#nU℄9'�kuR�^V^��	�^V^�R/,X
SN`mC�m		)��dz0�REp�QB,.Rt.	�&� Foda �
Mei(1981) ''�!\p�bp	

Bowen � Inman(1969) y��2�Æ0;�H�UoCiRtRL\�D�R
VZWpRQB	 5�RCiR�hl}R�y����
HRWpRq~��k7	D�vRk7�
HRRQ�/p=�q~�V�G5D�vR�q<b��dT��mq~�Vl	y�dO=H\R~q>� Guza � Davis(1974), Guza � Bowen(1976) �#Ov(hRRh�H7p�6pMo	y(hRh�;��+� ω RUoCiRSZ�+� 2ω R#*WpR��pR/ph�	 Guza � Bowen �F Airy "5�=p�MARz0G�	��CiR��X!o(��4�HWpR��pRKU��#Ovk�/p"�

	MA`S��#Ov�/pif�*	Sai��Rh��x�m#R���0	MAa\pR����MAR�H_e�&O�R#9	
Minzoni � Whitham(1977) �!\~�� Guza VORz0	MA(:��hR��:uRuUONf+�VjR!�WpR��pRR Friedrichs(1948) z0���d	7�5℄&�Vf+�^R�L($A�` Guza � Bowen, F"5R��

ζt + [(sx+ ζ)Φx]x + [(sx+ ζ)Φy]y = 0 (7.49)

Φt +
1

2
(Φ2

x + Φ2
y) + gζ = 0 (7.50)G	�Vm Rockliff(1978) ℄���|aF Minzoni � Whitham R�6pRoq0#	*� (7.49) � (7.50) ;℄> ζ, S(PI<X Φ R#Ov��

LΦ = Φtt + sg[(xΦx)x + xΦyy] = 2(ΦxΦxt + ΦyΦyt)

+Φt(Φxx + Φyy) +
1

2
(Φ2

x + Φ2
y)(Φxx + Φyy)

+Φ2
xΦxx + Φ2

yΦyy + 2ΦxΦyΦxy (7.51)�� (7.51) ROv.�=O�X��b!X��+� 2ω R#*WpR��pR
Φo = − igA

2ω
J0(4ω

√
x/gs)e−2iωt + c.c. (7.52)y�� x = 0 ��j��ONR� ω �Q.R	bÆX���+� ω RCiRT�	�U!"RT���M�� Laguerre �W�	>�t<�x�$A2<mZ
T� (T� 0), M��

Φe = − igB
ω
e−kx cos kye−iωt + c.c. (7.53)
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ω, k 7h
au6 (8�,fz)

ω =
√
gks (7.54)V����W Φo,Φe v/y��yÆ
�=>��� (7.51) ;� (Φo, Fe) RÆ(W3q~!:U G(x) cos kye−iωt Rth&�W	�|� G(x) � x RY!�/	V� G(x) X�yY�.1>!�U�(� e−kx, CiR3>�~h���5�0	��� (7.51) n|ROvWbp Lφ, �R|R��W���Wi�Z�S
Rj��U�

LφoLφe = (Φe,Φe) + (Φo,Φo) + (Φe,Φo)

+(Φe,Φe,Φe) + (Φo,Φo,Φo)

+(Φe,Φe,Φo) + (Φe,Φo,Φo) (7.55)� (7.55) R|RhR�+&O�
(0,±2), (0,±4), (±1,±3), (±1,±3), (±2,±6)

+(±1,±3,±5), (0,±2,±4) (7.56)� A,B R
Vbp a, b, � (7.55) R|ZWR
V&O�
b2, a2, ab, b3, a2b, ab2 (7.57)�!(hRRWS
�&�h�W	7�yh��xR��
~ b ≪ a, �� (7.55) R|

O(ab) 
Rb`W� Φe Rh��mB�R	��X&�Wp�V=��CiRR�0 B Xx�Z�q t 'uRw/	* −∂2Φe/∂t
2 RWS(a�O!!:U ∂B/∂t RW�9M B Rw/�x	KU ∂B/∂t ?{Z O(ab) 
RL�&�WQB�L(h��xR�qÆy?o� O(a−1). 7&��X"`O�XsOR�qÆy� ω−1 � (ωka)−1.Bh��!\�	��CiRZURQ:��Xx�^R	$Akom#O!X��U���Od��WGP���W!�B�	* (7.56) � (7.57) S&� (Φe,Φo) S
7

(Φe,Φe,Φe)C (Φe,Φo,Φo)���>2O�!�.f�S
R��.�\��� O(ab) = O(b3)U b = O(a1/2). ��:Q��S
R.f�$A� Φe � O(a1/2) R
V�:��qR8G
 T = at, p�BÆy	F
Φ = [a1/2ψ1(x, y, T ) + a3/2ψ2(x, y, T ) + · · ·]e−iωt + c.c.

+[aφ1(x, T ) + a2φ2(x, T ) + · · ·]e−2iωt + c.c. (7.58)

T = at�� (7.51) n|G�
a1/2{ω2ψ1 + gs[(xψ1x)x + xψ1yy ]}e−iωt + c.c.

a{4ω2φ1 + gs(xφ1x)x}e−2ωt + c.c.

a3/2

{
ω2ψ2 + gs[(xψ2x)x + xψ2yy]
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+2iω
∂ψ1

∂T

}
e−iωt + c.c. (7.59)�� (7.51) RR|S(r�`Ci�

a(ψ1, ψ1)e
−2iωt + c.c.+ a3/2(ψ∗

1 , φ1)e
−iωt + c.c

+a3/2(ψ∗
1 , ψ1, ψ1)e

−iωt + c.c. (7.60)Hy$A&Oi�Z
Roq��	
O(a1/2) 
RG8���

ω2ψ1 + gs[(xψ1x)x + xψ1yy] = 0 (7.61)B��O�(�
ψ1 = − igB

ω
e−kx cos ky, ω2 = gks (7.62)�mZ
RCiRT�	��FU=F�$Ab F = e−kx, N7h

{
ω2F + gs[(xFx)x − xk2F ] = 0

xF ′ = 0, B x→ 0;F → 0, B x→ ∞
(7.63)

O(a) 
R���
4ω2φ1 + gs[(xφ1x)x = (ψ1, ψ1) (7.64)℄9�� (7.62), '�!d9/sC�$APIj�;R��&�W
(ψ1, ψ1) = 2i

(
gk

ω

)2

B2e−2kx�� (7.64) R�(����UR
φh1 =

−igA
2ω

J0(4
√
kx) (7.65)�; A ����R�0	\�=y x = 0 �ON�y'0k�Z��Q�\��

φp1 = i
2πgk

ωs
B2G(ξ) (7.66)�; ξ = kx, 	)

G(ξ) = −E2(ξ)J0(4
√
ξ) + E1(ξ)Y0(4

√
ξ)

+(E1(∞) − iE2(∞))J0(4
√
ξ) (7.67)

E1(ξ) =

∫ ξ

0

e−2ξJ0(4
√
ξ)dξ, E1(ξ) =

∫ ξ

0

e−2ξY0(4
√
ξ)dξ (7.68)T+�# φp1 7h/pfz��X\�R2����p5`	Hy$AMo O(a3/2) 
R"`	T+C�

(ψ∗
1 , ψ1, ψ1) = −3i(g/ω)3k4B2B∗e−3kx cos ky (7.69)
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(ψ∗

1 , φ)1 = e−kx cos ky

{
iAB∗ g

2

2ω
·
(

2k
dJ0

dx
+
d2J0

dx2

)

−i2πg
2k

ωs
B∗B2

(
2k
dG

dx
+
d2G

dx2

)}
(7.70)_�f7_ cos ky, O(a3/2) 
R���

ω2H + gs[(sHx)x − k2xH ] =

[
− 2iω

∂B

∂T

+iAB∗ g
2

2ω

(
2k
dJ0

dx
+
d2J0

dx2

)

−i2πg
2k

ωs
B∗B2

(
2k
dG

dx
+
d2G

dx2

)]
e−kx

−3i
( g
ω

)2

k4B2B∗e−3kx (7.71)�; H o1�
ψ2 ≡ H(x) cos ky (7.72)�("` (7.63) O#��� F = e−kx, r H ?{7hS�vfz	�Xfz��kw~G

Green f�R��PI�U�� (7.71) �( F , �� (7.63) �( H , ��Qu#* 0 I ∞ �tJ&	'�&℄J&#�$API
∫ ∞

0

dxe−kx[�� (7.71) RR|] = 0 (7.73)�X!�fz\� B RÆ&��	pG
97 ξ = kx, �� (7.73) G�
∂B

∂T
=
iAB∗gk2

2ω
α− i

2πgk3

ωs
B∗B2β

−i3
4

g2

ω3
k4B∗B2 (7.74)�; α � β �oJ&





α =

∫ ∞

0

dξe−2ξ

(
2
dJ0

dξ
+
d2J0

dξ2

)
= 8E1∞ = (2e2)−1 = 0.06767

β =

∫ ∞

0

dξe−2ξ

(
2
dG

dξ
+
d2G

dξ2

)
= − 1

π
+ EG

(7.75)�;
EG =

∫ ∞

0

dξe−2ξG(ξ) = −i(E1(∞))2 + 2

∫ ∞

0

dξe−2ξY0(4
√
ξ)

·
∫ ∞

0

dτe−2τJ0(4
√
τ ) = 0.02862− 0.0045782i�� (7.74) L-�CiR�0R#Ov�.�\o� A ���, B(0), 3S(�t/,J&	�� (7.52) �( B∗, xjj�!�JR:hv�3S(PI+z.1QFRM2�

∂|B|2
∂T

=
gk2

ω

[
−αAImB∗2 +

4πk

s
|B|4Imβ

]
(7.76)
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� 185��!X

���:QCiRRG.�KUNZURRQ)pF (R|b!W) �Æ(hRR/p (R|bÆW) 	:�R	 Imβ �>R�NM�if	y B k^U A R��
~��� (7.74) Rm#�W!:U B∗B2, S(.>��>
∂B

∂T
=

4igk2

ω
E1(∞)AB∗ (7.77)Æ& (7.77), PI

∂2B

∂T 2
= |A|2

[
4gk2

ω
E1(∞)

]2
B (7.78)j�R��

B(T ) = B(0) exp

[
±4gk2

ω
|A|E1(∞)T

]
(7.79)7&�0�x+!:U |A|. 7� gk3/ω = ω5/g2s2, L(�x+F\�+R�Q��V+f�Ru^	�j	�!��ZB s→ 0 � Minzoni � Whitham R����2�	HyM) ∂B/∂T = 0 R#Ov��YU�=F�� (7.74), (7.75) � (7.76), S(2PCiRR���0�

|B| =

[
4E1(∞)s|A|
k
∣∣16πEG − 5

4

∣∣

]1/2

(7.80)�=RsQ (o1���ORm5~%) �
XR = 4|B|/s = 8

√
E1(∞)

|16πEG − 5/4|

( |A|
ks

)1/2

= 3.815

( |A|
ks

)1/2

= 3.815

( |A|g
ω2

)1/2

(7.81)�VlUB s→ 0 � Minzoni � Whitham (1977, (76) �) RNN��
XR = 5.4(ga0/σ

2)1/2 (7.82)�; a0 = 2A, σ = ω/2,��Z Guza� Bowen(1976)R��!5	Bowen��V+� s = 6o�WpRD� 2π/2ω = 2.7 MR.fo�Tq �	 2A * 2cm G.I 4cm, iP� (7.82);R6/�E� 4.5, 	X� 5.4, >� �;RUR φ1 ��tR	&��MARz0La`R/pÆ(hR�� Guza � Bowen R��L#�	FG�/pQ�UN7h��0�xRif	 |[
(7.1) �-b0�>b��P�p+ (!G) �p�	~wu℄*

ω′ = ω + κA,y; ω = (gks)1/2, κ = O(1).+0�; κ 6= 0 "�*%""℄�o�:L<v�+`"5	
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§7.3 ;�*)��OvRqz0;� eik(x−Ct) qR��mG8R	yOvRqz0;�( x−Ct Rj�#n x � t R��.S(/y��d�9M(wA�QRXGrRR���ErR	*(�R[0S&�#Ov�R)Gt�	
a�*7��4Z��XmRxRRDaFm	7&�V�/yErR��?G�=U��`=�U����RYU	#��$Ai�'
KR Boussinesq �� (7.36), (7.37) R!�r��
ζt + ǫ(uζx + ζux) + ux = 0 (7.83)

ut + ǫuux + ζx =
µ2

3
uxxt (7.84)�; ǫ = A/h �#OvRy
� µ2 = (kh)2 �
aRy
	��t��x��>���	�� (7.83) � t 2G�$AO

ζtt + uxt + ǫ[utζ + ζtu]x = 0=F�� (7.83) � (7.84), P�j���I O(ǫ, µ2) 
�PI
ζtt −

[
ǫuux + ζx +

µ2

3
ζxxx

]
+ ǫ[−ζζx − uux]x = 0U

ζtt − ζxx = ǫ

[
1

2
ζ2 + u2

]

xx

+
µ2

3
ζxxxx (7.85)Hy$A��V>r�R�

ζ = ζ(ξ), u = u(ξ)�| ξ = x− Ct, )
C = 1 − ǫC1 (7.86)7�

∂

× =
∂

∂ξ
,

∂

∂t
= −C ∂

∂ξ�� (7.85) G�
(C2 − 1)ζ′′ = ǫ

(
1

2
ζ2 + u2

)′′
+

1

3
µ2ζ′′′′�; ( )′ = d/dξ, J&�(�P�2��O��SP

(C2 − 1)ζ +A1 = ǫ

(
1

2
ζ2 + u2

)
+

1

3
µ2ζ′′) A1 = O(ǫ, µ2). K�� (7.83),(7.84) R#
WSP

Cu = ζ +O(ǫ, µ2)y=F�� (7.86), PI
u = ζ +O(ǫ, µ2)



§7.3 
�LKa[ 1877&
(C2 − 1)ζ +A1 =

3

2
ǫζ2 +

1

3
µ2ζ′′�( ζ′, xJ&!(�$AO

− ǫ

2
ζ3 + (C2 − 1)

ζ2

2
+A1ζ +A2 =

µ2

3

ζ′2

2
(7.87)) A2 = O(ǫ, µ2). >C[0�=UXmR A1, A2 R��\&.f	

§7.3.1 ~W	��K John Scott Russell �HR!�<!R)RR	B ξ → ±∞ ��NR�04U�	M)Iy'0k�� ζ, ζ′, ζ′′ v=B���L(w/ A1, A2 ?{VU�	�� (7.87) i�
(ζ′)2 = 3ζ2

(
(C − 1)

ǫ
− ζ

)(
ǫ

µ2

)
(7.88)��j�R|�!�?{O

C > 1, ('
Kr�) C C >
√
gh (O
Kr�)��RA�� #V&�9. 4x�

ζ ≤ C2 − 1

ǫ

(C2 − 1)/ǫ �n�RRm5�0�℄9'
K.R���N��� 1, U
C2 = 1 + ǫ (7.89)j�RO
Kr��

C =
√
gh(1 +A/h)1/2 =

√
g(h+A) (7.90)�X��� Tayleigh #��HR�:QRAF�0	�j	=Fu6 (7.89), �� (7.88) S(i�

dζ

dξ
=

√
3ǫ

µ
ζ
√

1 − ζJ&P� √
ǫ

µ

√
3(ξ − ξ0) = −2 tanh−1

√
1 − ζU

ζ = sech2

√
3ǫ

2µ
(ξ − ξ0) (7.91)Q=RRr�n)y ξ0 Rn�g)	J&w/ ξ0 S(<��	FO
Kr�M��5JrY�

ζ = Asech2

√
3

2

(
A

h3

)1/2

(x− Ct) (7.92)7&�Rrn��),nQ	yx5e;�X%Q�!��FvT+q~n�R�Bz0R��#QSbJ Dailey � Stephan(1952).
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§7.3.2 
KD�	 (cnoidal waves)��J`[0Rn�R�D�vRErR��S
R	$A#�� (7.87) i�

1

3

µ2

ǫ
(ζ′)2 = −ζ3 +

C2 − 1

ǫ
ζ2 +B1ζ +B2

= (ζ3 − ζ)(ζ − ζ2)(ζ − ζ1) = P3 (7.93)�; ζ1 < ζ2 < ζ3 �`(�W� P3 R`X�d	7�j�n|�!R���O�/��R|�?{�!R	7& ζ ?{�y ζ2 � ζ3 (q� ζ3 � ζ2 &O�=UR)�RpRQy�NARp3�dR'
KRQ�
ζ3 − ζ2 = H (7.94)�� (7.93) R�S(F�fJ&M�	#�:�

ζ = ζ3 cos2 φ+ ζ2 sin2 φ (7.95)U�
ζ′ = (ζ3 − ζ2)(−2 sinφ cosφ) (7.96)� (7.95) � (7.96) 9W (7.93), $API

4(ζ3 − ζ2)
2 sin2 φ cos2 φφ′2 =

3ǫ

µ2
[ζ3(1 − cos2 φ) − ζ2 sin2 φ]

·[−ζ3 cos2 φ+ ζ2(1 − sin2 φ)] · [ζ1 − ζ3(1 − sin2 φ) − ζ2 sin2 φ]

=
3ǫ

µ2
(ζ3 − ζ2)

2 sin2 φ cos2 φ[(ζ2 − ζ1) − (ζ3 − ζ2) sin2 φ] (7.97)7&
φ′2 =

3

4

ǫ

µ2
(ζ3 − ζ2)[1 −m sin2 φ] (7.98))

m = (ζ3 − ζ2)/(ζ3 − ζ1) (7.99)�; m ∈ (0, 1), m#SP
∫ φ

0

dφ√
1 −m sin2 φ

≡ F (φ,m) = ±
√

3ǫ

2µ

√
ζ3 − ζ1(ξ − ξ0)��T� m Rb!vX���fJ&RK[r���S(R� φ � ξ R;�/	$A`-�`b

cosφ = cn

[√
3ǫ

2µ

√
ζ3 − ζ1(ξ − ξ0)

]

sinφ = sn

[√
3ǫ

2µ

√
ζ3 − ζ1(ξ − ξ0)

]�; cn � sn ���fWD�/��f!D�/	=F (7.95), $APIaKJQy
ζ == ζ2 + (ζ3 − ζ2)cn

2

[√
3ǫ

2µ

√
ζ3 − ζ1(ξ − ξ0)

]
(7.100)
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�LKa[ 189�; ζ2 �*���6i
�RRpR5�Qy�7	�>R�� (7.100) i�O
Kr�
ζ∗ == ζ∗2 + (ζ∗3 − ζ∗2 )cn2

[√
3

2

√
ζ∗3 − ζ∗1
h3/4

(x− Ct− x0)

]
(7.101)�� (7.100),(7.101)k�� N��d�(cnoidal wave).M)I cosφ RD�� 2π, ��o1 cn(z) �� z RD�v�/�u�D�� 4K, �

∫ 2π

0

dφ√
1 −m sin2 φ

≡ F (φ,m) = 4KC�
K = F (

π

2
,m) =

∫ π/2

0

dφ√
1 −m sin2 φ

(7.102)�b!v���fJ&	M)I cn2 RD�� 2K, 7&�fWDRR'
KRx λ 7hu6 √
3ǫ

2µ

√
ζ3 − ζ1λ = 2K(m)U

λ =
4K(m)µ√
3(ζ3 − ζ1)ǫ

(7.103)SxRxk� m #nU�0	=FD��Rx��� (7.100) G�
ζ == ζ2 + (ζ3 − ζ2)cn

2

[
2K

λ
(ξ − ξ0)

]
(7.104)℄9�W�R℄Z�W�6/(qRu6�K�� (7.93), S(J�

C2 − 1

ǫ
= ζ1 + ζ2 + ζ3:QRAS(M��

C2 = 1 + ǫ(ζ1 + ζ2 + ζ3) (7.105)�fWDR
�jK`Xb/ ζ1, ζ2 � ζ3 Do�C�Vl`K ζ2, ζ3 �Rx λ`Xb/Do	>��yb�j�x���db/7C�Rx λ, �Exy�RQ (KRp#*`
IR)). o1�Exy�y!XRxa�aL�9R/JJ���$AO
∫ λ

0

ζdξ = 09W�� (7.95), O ∫ π

0

(ζ3 cos2 φ+ ζ2 sin2 φ)
dξ

dφ
dφ = 0=Fu6 (7.98),(7.99), pjw/7_�P=F sin2 φ R π/2 ��v�j�n|Ci�

∫ π/2

0

dφ
ζ1 + (ζ3 − ζ1)(1 −m sin2 φ)√

1 −m sin2 φ
= 0
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E(m) =

∫ π/2

0

√
1 −m sin2 φdφ (7.106)x=F�fWD�/RD�o1 (7.102), $AO

ζ1K(m) + (ζ3 − ζ1)E(m) = 0 (7.107)U
ζ1 = −E

K
(ζ3 − ζ1) = −E

K

ζ3 − ζ2
m

= −HE

mK
(7.108)=F�� (7.107), PI

ζ3 = −ζ1
(
E

K
− 1

)
=
H

m

(
1 − E

K

)
(7.109)m#�$API

ζ2 = ζ3 −H =
H

m

(
1 −m− E

K

)
(7.110)U�`Xb/ ζ1, ζ2 � ζ3 vF H,m ��Exy h M��m�	9W (7.105), PI'
KRA

C2 = 1 + ǫ
H

m

[
−m+ 2 − 3E

K

]
(7.111)9W (7.103) PI'
KRx

λ =
4Kµ√

3ǫ

√
m

H
(7.112)m#PIRR'
KD�

T =
λ

C
=

4µ√
3ǫ

√
m
HK

[
1 + ǫHm

(
−m+ 2 − 3E

K

)]1/2 (7.113)�=IO
KG
�?{F>�G7
x→ kx, t→ k

√
ght, C → √

ghC

λ→ kλ, H → H/A=Fo1 µ = kh, ǫ = A/h, $APIO
KG
RM2�
C2 = gh

[
1 +

H

h

1

m

(
−m+ 2 − 3E

K

)]
(7.114)

λ = 4Kh

√
m

3H/h
(7.115)

T =

√
h

g

4K
√

m
3H/h

[
1 + H

h
1
m

(
−m+ 2 − 3E

K

)]1/2 (7.116)

ζ = ζ2 +Hcn2

[
2K

λ
(x− Ct)

]
(7.117)
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�j�b/ m S(* (7.114), (7.115) � (7.116) �RQ�!���;℄>�PI C =

C(T,H), λ = λ(T,H) Vr�u6�>( m �b/Rr�:�t<	>CJ��NN.f	
(1): m→ 1 ��>��� ζ2 → ζ1 → 0, E1(1) = 1, k(1) → ∞; *	 λ → ∞, cn2u → sech2u. ℄9 (7.112),

K/λ 4�U!XON,�$API
ζ = Hsech2

√
3

2
(H/h3)1/2(x− Ct)��Z�� (7.92) !5	7&� rN�.*�"QZh"�>b�N��d�	,�Rxso�RraGG�n�Rp)	RAG�

C2 = gh(1 +H/h)

(2): m→ 0 ��>��� ζ3 − ζ2 = H → 0, �=U'0^�0R.f	T+#Q�
C2 → gh, cn(u,m) → cn(u, 0) → cosu, K = E → π/27&

ζ = ζ2 +H cos2
π

λ
(x − Ct)Hy ζ2 = −a = −H/2, 7&

ζ =
1

2
H cos

2π

λ
(x− Ct)��Ov.R!DR�RA C =

√
gh.

§7.4 1�*)� -KdV ℄�℄9j!�R[0�$A&LErR
aR( !Rr��\! x H�Zsq�Ku6 (7.89), $A&L��R#nU>�G

ξ = x− Ct = x− t+O(ǫ)t!X(Ov.xRAy (y'
K.f>� 1) sqRxi��S(xoI!�F�qR58G.���58G.R�qÆy� O(1/ǫ). �:Q��U`!"R� x �Z�QR#Ov
axRR#ow�.�<(>G
���R

σ = x− t, τ = ǫt (7.118)7&�$AO 



∂

∂x
ζ(x, t) =

∂

∂σ
ζ(σ, τ)

∂

∂t
ζ(x, t) =

(
− ∂

∂σ
+ ǫ

∂

∂τ

)
ζ(σ, τ)
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Boussinesq �� (7.83), (7.84) Ci�




ǫ
∂ζ

∂τ
− ∂ζ

∂σ
+
∂u

∂τ
+ ǫ

∂uζ

∂σ
= 0

ǫ
∂u

∂τ
− ∂u

∂σ
+
∂ζ

∂τ
+ ǫu

∂u

∂σ
= −µ

2

3
uσσσ +O(ǫµ2)���Qj�P,� O(1) � O(µ2/ǫ) W�$API

∂(uζ)

∂τ
+ u

∂u

∂σ
+
∂uζ

∂σ
+
µ2

3ǫ
uσσσ = O(µ2) (7.119)=F Bernoulli ��R#
�=

φ0t + ζ ∼= 0m℄>�� (7.119) ;R u C ζ. 7�y#
�=>
φ0t

∼= φ0σ = φ0x = u0 = u7&
u = ζ +O(ǫ, µ2)=F�X�=��� (7.119) G�

∂u

∂τ
+

3

2
u
∂u

∂σ
+
µ2

6ǫ
uσσσ = 0 (7.120)C�

∂ζ

∂τ
+

3

2
ζ
∂ζ

∂σ
+
µ2

6ǫ
ζσσσ = 0 (7.121)y*0RrK6;�(O
KG
M��j�G�

∂ζ

∂t
+
√
gh

(
1 +

3

2

ζ

h

)
∂ζ

∂x
+
h2

6

√
gh
∂3ζ

∂x3
= 0 (7.122)ysorK6;�#OvW�
aW&O� ǫ, µ2 
R^
�7&S(F −ζt 9
 √

ghζx, X>�V&y	7&j�S(i���X�Vlr�
ζt +

√
ghζx +

3

2

√
gh
ζ

h

[
ζx

−ζt/
√
gh

]

+
h2

6

√
gh




ζxxx

−ζxxt/
√
gh

ζxtt/gh

−ζttt(gh)−3/2


 = 0 (7.123)T+�#�I O(ǫ, µ2) 
�=�jJQ�!�r�XCGO.
a	*�� (7.120), (7.121)���ku ζ = ζ(σ − Ct) C� u = u(σ − Ct) �S(~GP�ErR (n�R��fWDR), ~G�p5`	>C� KdV ��R�/�"`	
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§7.5 (;q&:-�
KdV ��Li|�+z&$;R#Ov
aR�L(���jm��Æ0RX`	

Zabusky� Kruskal(1965)� KdV ��D�vC�fz�t���R/,Æ0	MA/��!X��!�'�&�j��r��X6��?!X6�vOn�RRv8	�dn�R(XmRAysq�NAQ`#,�
rxF��!R`=�Q�RCG	7��d\vy�_+z; (h_�8_V) �wxR�7& Zabusky� Kruskal�n�R
orNF (Soliton).

Gardner, Green, Kruskal � Miura(1967) Rbp�℄&`%
_��;ap��z0R���F"v`2P�ON5^aOKqR KdV���,"`R�/�	%��V�OAyZX+z�b�&$;F	���JRÆ0�<P�|���	T"R&
Sbp�Abowitz� Segur(1981), Miura(1974) � Whitham(1974). �|$A2p!dD-	℄9 Gardner VOR5}�� KdV ��i��
ut − 6uux + uxxx = 0 (7.124)j��* (7.121) ��'�V>G7PI�

ζ → −4u, σ → µ√
6ǫ
x, τ → µ√

6ǫ
t�� (7.124) R��

u = −f
2

2
sech2 f

2
(x− f2t) (7.125)�0� f2/2 Rn�R	#�$AM)=%'uR Schrödinger ��

ψxx + (λ − u)ψ = 0 (7.126)�; u = u(x, t), t �b/	ygqR
_��"`;�� u �\oR�x�2�8�,�8��/	$AM)��R.f�yON5^;B u → 0, |x| → ∞ � u hlb`4U�	��/y�v8�,"`	 �F*
	,4WC, �Hxa�� λ = λn = −k2
n, n = 1, 2, 3, · · ·;Q=R8��/y'0k����7	
o.AU�NAy'0k�R\v�

ψn ∼ cne
−knx, x→ +∞

∼ dne
knx, x→ −∞

(7.127)�; cn, dn ��!.w/�NAR����P�LOR n vO
∫ ∞

−∞
ψ2
ndx = 1 (7.128)!"`�LOR cn, dn, kn v#nU t. X�F*/	,4WC, λ = k2 > 0, r����	�=U?!X k R8��/�/y>JR{�YU�

ψ ∼ a(k, t)e−ikx, x→ −∞
∼ e−ikx + b(k, t)eikx, x→ +∞

(7.129)FG��U?!X k, ψ L-!X*�Rap"`	�; a �sp6/� b ��p6/�v#nU t.



194 s=� �[!n�y�a[yuU�� (7.126) Rap��"`;�OARp=y� u R��	 Gelfand � Levi-

tan(1955)RbpMQ�V�ap/9 cn(t), b(k, t) '&�� u(x, t) S(�!`Do	<a`:�$A?{k}J&��R�
B(x, t) =

1

2π

∫ ∞

−∞
b(k, t)eikxdk +

N∑

n=1

c2n(t)e
−knx (7.130)x℄9V>R Gelfand-Levitan J&���� K,

K(x, y, t) +B(x + y, t) +

∫ ∞

x

B(y + z, t)K(x, z, t)dz = 0 (7.131)U� u S(K>�\�
u(x, t) = −2

d

dx
K(x, x, t) (7.132)�� (7.130)-(7.132) RG�y/�+z;O:Q�Ip=RSbJ Lamb(1980).Hy$A��8�,Sap
Z�qRu6	#��xa8�,�w/�Z�q'u	#QV>�℄9 (7.126), O u = λ+ ψxx/ψ, 9W kdV �� (7.124)  z#PI

λtψ
2 + [ψRx − ψxR]x = 0 (7.133)�;

R ≡ ψt + ψxxx − 3(u+ λ)ψx� (7.133) �tJ&�M)IB |x| → ∞ ���=R8�, λn R8��/S�G/℄��$API
λnt

∫ ∞

−∞
ψ2
ndx = λnt = 17&� λn = Const. 	��R8�, λ = k2 �?y [0,∞) a���jXCG�7&� λ Z�q'u	℄9 λt = 0, �� (7.133) G�

ψRxx −Rψxx = 0C�
Rxx + (λ− u)R = 0Z�� (7.126) ��Qm�:Q R S(F�� (7.126) R8��/mM�

R ≡ ψt + ψxxx − 3(u+ λ)ψx = Cψ +Dφ (7.134)�; C,D #nU t, ψ � (7.126) R8��/�	
φ = ψ

∫ x

0

ψ−2dxB x → ∞ �� φ �//�xR�7&y�� (7.134) ;?{ D(t) = 0. ��� (7.134) �(
ψ, J&PI ∫ ∞

−infty

(
1

2
ψ2

)
dx+

∫ ∞

−∞
(ψψxx − 2ψ2

x − 3λψ2)xdx
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= C

∫ ∞

−∞
ψ2dxM)I ∫∞

−∞ ψ2dx = 1(S8��/R{�v8�j�n|J&℄��7&$API C(t) = 0,)�� (7.134) i�
ψt + ψxxx − 3(u+ λ)ψx = 0 (7.135)B x→ ∞ �� u→ 0, ψ R{�v8K�� (7.127) \��9W�� (7.135), $API

cnt − 4k2
ncn = 0U

cn = cn(0)e4k
2
nt (7.136)�U���.f�$AM) x→ −∞ �R{���� (7.129) 9W (7.134), $AO

at + 4ik3a = ca+
D

a

∫ x

−∞
e2ikxdx (7.137)7� a Z x 'u�7& D = 0, 9Wj��PI

at + (4ik3 − c)a = 0 (7.138)xM)I x→ ∞ �R{�v8�&x� e±ix R6/(#�$API
c = 4ik3, bt − 8ik3b = 0 (7.139)℄9(j���$AO

a(k, t) = a(k, 0), b(k, t) = b(k, 0)e8ik
3t (7.140)�jCR��9W�� (7.130), S(�� u(x, t).�U KdV ���,"`������ u = u0(x) 9W (7.126) �� kn, cn(0), b(k, 0). G#K�� (7.140), (7.136) o� cn(t), b(k, t), x℄9�� (7.130) 2���R� B(x+ y, t), =F�� (7.131) 2� K(x, y, t), m#=F�� (7.132) PI$AL�R�	V�����P�p�� (b(k, t) = 0), �J&� B a2�Hxa8�,���S(2P Gelfand-Levitan J&��RF�� (Gardner, 1967; Segur, 1973).Hy$AmMo x � t �5�R{�YU	M)I

B(x+ z, t) =
1

2π

∫ ∞

−∞
b(k, 0)e[ik(x+z)−8ik3t]dk

+

N∑

n=1

c2n(0)e[8k
3
nt−kn(x+z)] (7.141)kuxa8�,���9~5^KbR� k1 < k2 < · · · < kN−1 < kN , �U�5R t, )

x ∼ 4k2
N t R.f�b N WyV/RZW;�L�pF���_ (7.131);J&RL�gIma>N?��S z = x ∼ 4k2

N t ?��4S(FUQ�#Q�� (7.141) ;RJ&�� t−1/3F t �j	4U� (Segur, 1973). 7&�\�<L�W� B �=�
B(x + z, t) = c2N (0)e[−kN (x+z)+8k3

N t] (7.142)
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Gelfand-Levitan ��G�

K(x, x, t) + c2N (0)e[−2kNx+8k3
N t]

+c2N (0)e[−kNx+8k3
N t]

∫ ∞

x

e−kNzK(x, z, t)dz ∼= 0 (7.143)2O K ;RbÆXG
ZJ&��Ou�Sku
K(x, z, t) = L(x, t)e−kNz�t2��*	O

L+ c2N (0)e[−kNx+8k3
N t] + c2N (0)e8k

3
N tL

∫ ∞

x

e−2kNzdz = 07&
K(x, x, t) = − c2N (0)e[−2kNx+8k3

N t]

1 +
c2

N
(0)

kN
e[−2kNx+8k3

N
t]

(7.144)m#�K�� (7.132) PI
u(x, t) = −2k2

N sech2[kN (x− x0) − 4k3
N t]

2kN ≡ c2N (0)e−2kNx0
(7.145)���0� 2k2

N , Ay� 4k2
N Rn�R	V�$AS. t �5�) x ∼ 4k2

nt R.f�� B RL�W��� (7.141) V/WRb nW	FG�$A}JI�0� 2k2
n, Ay� 4k2

n Rn�R	d(�*%��L�\%Q N jrN��e�jrN�P��*%)Q�G�	,4. `^:`&/�� (7.141) RJ&W#S&�yn�R�(#�O!X�qR�R	>�:#F�q	�j�(5Um#n�RvyNAR�J	 *%��\%QrN�T�z&�!N\U	Xj#Q`�$A:- Schrödinger ��Rv8V>�
1. V��=!!���!��7h ∫

u(x, 0)dx < 0, �4mO!X.AU�7&O!Xn�_	
2. u u0, l &O���!�R\�Qy�\�xy��.AUR/[ N !:U u

1/2
0 l.$AS(7�!Xy
_��;*&R�_	�#�K Zabusky(1968) FU KdV ��R�,"`;	u��YUK>�M�

u(x, 0) = −p(p+ 1)sech2x, p > 0 (7.146)

Schrödinger ��S(.�{X����.AU8�,�
−λn = +(p− n)2 = (c− 1 +N − n)2

n = 0, 1, · · · , N − 1. λ0 < λ1 < · · · < λN−1

(7.147)�; c � p+ 1 � N (qR# /p	.AU/[�7h
N ≤ p+ 1 (7.148)
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GardnerVOR�d�y!o�yj<CU��Ow/8�,R��ROv8�"`	U�8�"`C� Gelfand-Levitan J&��X
*�2�F���k��BR{�&/�
ov`���q�5��RvY	Hy''O!dt<O`R/,���S(yZ�XmR�,�C,fz>�*�2� KdV ���APo
R℄� (�VbJ Zabusky, 1968).

Gardner VORbp�M��OARp=�k���~� (Lax, 1968; Zakharov & Shabat,

1972; Ablowitz VO� 1974), (�FU�N#Ov
aR��	!"`�Gxy�ON�0xRR�V�S(F/,��Æ0�Uy��R���C�fz>/,2�~Æ&�� (7.47),(7.48). �U#*Wp!�`rR.f� Madsen �
Mei(1969), Madsen, Mei � Savage(1970)�NAM��!XVlRg47q��j�PF\�O��2�	!Xn�R*!Xwxy�QI�!X�^Rwxy��&��XXXm5^Rn�Rjj!X�qR�R	�#�y/,`C;�H�#m���L#�	��&�FGZj�R��Ou	�/R#Q�~��#mK Tappert� Zabusky(1971), Johnson(1973b)� Ono(1974)\�	�/z0(G6/R KdV ���G��kuxyG.RÆy L � Lǫ−1, Uk5U��
(7.47),(7.48) ;sORRx�$A�!\2 Boussinesq ��R�=r��'�'
K.#�S.I hx = O(ǫ), hxx = O(ǫ2) VSP

ζt + [(ǫζ + h)u]x = 0 (7.149)

ut + ǫuux + ζx −
µ2

3
h2uxxt = 0 (7.150)$A:WlRG


X = ǫx, ξ = 1
ǫ

∫X
X0
h−1/2dX − t (7.151)�| h = h(X), )B X ≤ X0 �� h = 1; ξ �Ov.4℄RAsqRrK	℄9>JRG7

∂
∂t → − ∂

∂ξ ,
∂
∂x → ǫ ∂

∂X + h−1/2 ∂
∂ξ (7.152)�� (7.149) � (7.150) G�

−ζξ + ǫhXu+ ǫhuX + ǫζh−1/2u+ ǫζh−1/2uξ + h1/2uξ = 0

−h1/2uξ + ǫuuξ + ǫh1/2ζX + ζξ +
µ2

3
h3/2uξξξ = 0�jJ��Qj�y#
�=>��F u ∼= h−1/2ζ, SP

2h1/2ζX +
1

2

hX
h1/2

ζ +
3

h
ζζξ +

µ2

3ǫ
hζξξξ = 0 (7.153)�� Johnson(1973) � Katutani(1971) ~�RG6/ KdV ��	NS(BlM���X�r���V=F>JRG7 (Ono, 1972)

ζ = −4h2ψ, τ = µ2

6ǫ

∫X
X0
h1/2dX, ξ = µ2

6ǫ σ (7.154)

(� h ����RH(���>j5℄&6/) SP
ψτ − 6ψψσ + ψσσσ + ν(τ)π = 0 (7.155)
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ν(τ) =

9

4

hX
h3/2

(
6ǫ

µ2

)
(7.156)M�GxyR�V	FG�� KdV ��u`RQ�/,`C��m��FU�� (7.155).

Johnson � Ono �F�>JRZ WKB �=!5R*x������ (7.155) =FUn�R'�'m�R&�	kun�Ryn��{~R�",�NovRrY��XJ&o*\��{~X|�6�R5^�
y�G#�Np��"R'mR��/9	SFj�R�m2�m#Rn�R/[	�U σ, * −∞ I ∞ J&�� (7.155) PI
∂

∂τ

∫ ∞

−∞
ψ∂σ + (−3ψ2 + ψσσ)∞−∞ + ν(τ)

∫ ∞

−∞
ψdσ = 0ku u �NRG/y'0k����$AO

(
exp

∫ τ

0

νdτ

)∫ ∞

−∞
ψdσ = Const ≡ J (7.157)�� (7.155) �( ψ, � σ J&�PI

∂

∂τ

∫ ∞

−∞

ψ2

2
dσ +

[
−2ψ3 + ψψσσ − 1

2
ψ2
σ

]∞

−∞

+2ν

∫ ∞

−∞

1

2
ψ2dσ = 0j�� τ J&P (

exp2

∫ τ

0

νdτ

)∫ ∞

−∞
ψdσ = Const ≡ E (7.158)� (7.157) � (7.158) ��=�� (7.155) R�XXG
	K� (7.156) S&

exp

∫ τ

0

νdτ = h+9/4XG
 J � E S(i�
J = h9/4

∫∞
−∞ ψdσ, E = h9/2

∫∞
−∞ ψdσ (7.159)��dXG
=FUn�RRs��n�R*nfxy� 1R�;�'�!X~+R�{~�Ixy�" (h < 1) R5�'m	���6 X0 4my�{~�'XRx����6

X1 y�{~#Rk�	�=R τ ,� τ = 0, τ = τ1. 7� L/L = O(ǫ), 7&OzK��Wpn�RRr55,�XG�K
ψ = −σ

2

2
sech2β(σ − Cτ) (7.160)�B`L-	b/ α, β �4℄Qy�xyRy
�B τ = 0�� α0, β0; B τ = τ1 �� α1, β1.��d,9W� (7.159) ;�PI α1, β1 R9/��j���S(F α0, β0 M��

α2
1 = α2

0h
−9/4, β1 = β0



§7.5 fS4en�� 199ku��6��n�R�7& α0 = 2, β0 = 1, �y'mF�� α1 = 4h−9/4, β1 = 1, U
ψ = −2h−9/4sech2(σ −Q�) (7.161)�Xx�!Xn�R�	*� (7.154) S.I),�0��

ζ1/ζ0 ∼ h−1/4 (7.162)R�*G. (Ostrovsky � Pelinovskiy 1970), ��7mOv!DRR Green o*!�	y'mF��RRr� (7.161), �X'&RRrS(p��,"`R��,	=F�
(7.146)-(7.148), S(P��0� �y N *-2��

N(N + 1) > 2h−9/4 > (N − 1)N� [
1

2
N(N + 1)

]−4/9

> h >

[
1

2
(N − 1)N

]−4/9

(7.163)!�Æ�� N jrN�	�!t<R���K Tappert� Zabusky(1971), Johnson(1973a)� Ono(1974)�HR	Z Madsen � Mei(1969) PIR Boussinesq ��R/,�!5��Z
Johnson(1973)PIR (7.153) R/,�!5	=BS.��U:�xR�{~ L/L = O(ǫ2), Wpn�RI2'm��'Xx�!X<!R6��	y��.f>�� (7.155) R6/ ν uU τ �5GR (U ν(ǫτ)), 7&S(=F WKB oq��	 Ko � Kuehl(1978)�HyL�6�#JO!XZR'm�R	 (Kaup� Newell, 1978).�UZR�QRRRO`�=� (7.155),X
`C�{~R�p�>��pS��`�hR Boussinesq ���t&/ (Peregrine, 1967; Madsen & Mei, 1969). Peregrine \OS.I��pR�^R�S(FOv.RGxy Airy ��L-�F\�O��p�/�z�����=`VlUxy��{~�5R�R	V��{~Rf+� s, ℄<��RR�dQy�

1

2
s

(
1

3

A

h

)1/2

h,�; A �Wpn�RR�0	
Miles(1979) /�� �ÆR E �SEoR.�	7�y#
�=>� dσ ∼ h−1/2dx,

u ∼= ζh−1/2,

E ∼ h1/2

∫ ∞

−∞
ζ2dσ ∼

∫ ∞

−∞
ζ2dxm#!XJ&�d�
R�5�KUq
�
QV�&U�dRq
��
	XG
 J S(Ci�

J ∼ h3/4

∫ ∞

−∞
ζdxN=O*�R+z.1	 Miles �!\S.I�� (7.155) �8
X$ �U

M =

∫ ∞

−∞
ζdx 6= Const2O`S�p�bÆX'm��`
� J �M vXG��aGZ Peregrine(1967) R�� R�Q2	''OO��JR[0~�I5G
y�xyR.f�SbpMiles(1979,1980)R�
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§7.5.1 V�1M�/qu�	8,�OAy��;|3�H�y"5e;��q~Rx�xRthtR��&i_R (Goda,

1967). U�}RHR�q���!DR�y�5eXm`db&>mRRCQF`XmU!DR	J��yOv.z0LDoR!XD�a�O�^R(VR)��5^�Q�FXmRb&d	G.	�:Q�5eO#Ov`=��R�<OYqRXEqvC�qRX!ov	y��!=R5r�J'mR��.S;� Jolas(1960).L:��j�s����"� J��� i1s�	y#Ov~�;/y\v=RH\	V�Q&yR<
M~s�!a�<$a#��spR)��+ ω � 2ω,U#(hR�Æ(hR	y5℄&:OS[R.f>�yspf2�HÆ(hR�BH\��Æ(hR�~ (second harmonic generation

(SHG)).!"`�!��
R~'��<$a(#�>FH�XmR�
	LO�dH\Rz0��'y+z�i Amstrong, Bloembergen, Ducuing� Pershan(1962)R�
;\�	MA/��[ixp+j�O�Æ9zS4Hx�O�	MAR&/�#mK Mei� n̈lüata(1972)=FI"5R�PK Bryant p�~�	>J}�&p!t-	�/�R��x5Rh�Q)pFz0�K Phillips(1960), Benney(1962), Bretherton(1964)��MOpX�m�w�`�	�mR	
§7.5.1.1 V�1MGq;|aÆ�~<8':VYywxyR'0xREq5eR!|�q~!X!DxR�$AMoRZ>N�Q�R�.	� KdV ��=FU�!.f	��>JRr��U (7.123)

ζt + ζx −
3

2
ǫζζt −

µ2

6
ζttt = 0 (7.164)ku\��qÆy� 2π/ω, �; ω �G8hRR�+�\�5�xy� √

gh/ω, 7&
µ = ω

√
h

g

x = 0 �RaKJ�%�
ζ(0, t) =

a

2
(e−it+ eit) (7.165)u ǫ �^
� µ2 �Q.5^	#� puU ǫ RHV/	F

ζ = ζ0 + ǫζ1 + · · · (7.166)FG� ζ0 7hOv
a��
ζ0t + ζ0x −

µ2

6
ζ0ttt = 0 (7.167)V� K � Ω 7h
au6

K = Ω +
µ2

6
Ω3 (7.168)�FG e±i(Kx−Ωt) ��� (7.167) R�	� (7.168) RO
Kr��

K ′√gh = Ω′
(

1 +
1

6

Ω′2

g

)
(7.169)
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K ′ = Kω/

√
gh, Ω′ = ωΩ (7.170)\O`�V� Ω = n, (Ω′ = nω), ��=RR/�

Kn = n+
µ2

6
n3 (7.171)Z KdV ���Nr�G�R
au6Q:�� (7.168) `��U&DROv
au6

ω2 = gk tanh kh, CΩ2 =
K

µ
tanhKµ (7.172)z4��QR Ω � K v�V&	�7hfz (7.165), <

ζ0 =
1

2
a[ei(K1x−t) + e−i(K1−t)] =

1

2
a[eiφ1 + e−iφ1 ] (7.173)�;

φ1 = K1x− t (7.174)

K1 = 1 +
1

6
µ2 (7.175)>!
 ζ1 7h

ζ1t + ζ1x −
µ2

6
ζ1ttt =

3

2
ζ0ζ0t (7.176)#Ov&�W�

−3

8
a2[ie2i(K1−t) + c.c] = −3

8
a2[ie2iφ1 + c.c.]KU 2K1 ��U K2, 	 e±iφ2 �sOT��7&Q��h (phase mis-match)

∆ = K2 − 2K1 = 2 +
1

6
µ2 × 23 − 2

(
1 +

1

6
µ2

)
= µ2 (7.177)�^	7&�$A��Æ(hR eiφ2 �U%h�M�	��`-�RM-�$AS(���

(7.176), PI
ζ1 =

(
− 3

8a
2i(e2iK1x − eiK2x)

−2i+ 2iK1 − µ2

6 (−2i)3

)
e−2it + c.c. (7.178)�|j���(��(7hC�fz ζ1(0) = 0. ǫζ1 S(R��OD�v5G�0RÆ(hR

ǫζ1 =
3

8

ǫ

µ2
a2[(e−i∆x − 1)eiφ2 + c.c.]

=
3

8

ǫ

µ2
a2(e−iµ

2x/2eiφ2 + c.c.) · (−2i) sin
µ2

2
x (7.179)FG� ǫζ1 !"� O(ǫ/µ2) 
V�2OB ǫ≪ µ2 ��`�^
	B µ G���� ǫζ1 G�'�	� (7.179) �^b/ ǫx 	F�O

ǫζ1 = −3

8
a2ǫx(ieiφ2 + c.c.) (7.180)L(Æ(hRF ǫx Ov`h��x	



202 s=� �[!n�y�a[V�!(hR�Æ(hR5^QB�℄<NAR�J�S(h�q~`(hR eiφ3 . ��7� ω ∼ k R
a7Oy µ�^���U*O��P K3− (K1 +K2)��^
	��j�V� eiφ1 , eiφ2 � eiφ3 (qOQ�!�y!
��H��y!
�=>��>R!X3
h�M�	!(�r`(hR�q~h�Q)pF	G	�$AS.I
K3 − (K1 +K2) ∼= 3 +

µ2

6
33 −

(
1 +

µ2

6

+2 +
µ2

6
23

)
= 3µ2 (7.181)L(��h5U K2 − 2k1, `(hR
2IR�02OÆ(hR�0R 1/3. GUm�RzK�Q(hR
�j�S(Km�R#OvH7	%h�M�	\O`� n (hRS(K

(1, n− 1), (2, n− 2), (3, n− 3), · · · Q�!�h�q~	m^RQ��h�
Kn − (K1 +Kn−1) =

µ2

6
{n3 − [13 + (n− 1)3]} =

µ2

2
n(n− 1)�.�\ n (hRR�02O!(hR�0R ǫ

µ2
2

n(n−1) 5	KU�U5R n, � (7.171) Xx�[DR
au6 (7.172) RO`�=�7&��djjJR�Xm`,X&D	>��!;��XB�R�7�Xz���%�Vm5RQ(hR�^
	j-t<Roq��U ǫx = O(1) R.fFG�X��R	V�#Ov�\R�(52OrXXhR�B�R�℄<S(aF�BÆy� (Mei & Ünlüata 1972). Bryant(1973) aF�`&DR���� ζ ku�!X)���hRR Fourier V/�V>�L-	
§7.5.1.2 �Æ�	8��[�� (7.179) R��MQ�Z(hRR�0F x 	G�L($Aku��

ζ =
1

2

∞∑

1

[An(x)en(x−t) +A∗
n(x)e

−n(x−t)] (7.182)���F��|F�mt<R#
aQ�/
ψ = x− t (7.183)S.�$A�S(<

ζ =
1

2

∞∑

1

[Bn(x)e
iφn +B∗

n(x)e
−φn ] (7.184))

φn = Knx− nt (7.185)6/ An � Bn Ou6
An = Bne

ix(Kn−n) = Bne
i 16µ

2n3x, n = 1, 2, 3, · · · (7.186)�� (7.181) 9W KdV �� (7.164), $A*NROvWPI
ζt + ζx −

µ2

6
ζttt =

1

2

∞∑

1

[(
dAn
dx

− i
µ2

6
n3An

)
einψ + c.c

]
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=
1

2

∞∑

1

[(
d

dx
Bn

)
eiφn + c.c.

]
(7.187)C��� (7.164) R#OvW

3

4
ǫ(ζ2)t =

3

16
ǫ
∂

∂t

{[
(Ale

ilψ +A∗
l e

−ilψ)
]

·
[
(Ame

imψ +A∗
me

−imψ)
]}

=
3

16
ǫ
∂

∂t

·
{ ∞∑

l=1

A∗
lAl +

∞∑

n=1

[
einψ

( ′∑

l=1

αlAlAn−l + 2

∞∑

l=1

A∗
lAn+l

)]
+ c.c.

}

=
3

16
ǫ

∞∑

n=1

{
einψ

[
∼′

l=1 (−inαl)AlAn−l

+(−2in)
∞∑

l=1

A∗
lAn+l

]
+ c.c

}
(7.188)�;RV/∑′,�Ur/ n,y n/2?0��U�/ n,y (n−1)/2?0	\ l = 1, 2, 3, · · · , (n−

1)/2, �6/ αl = 2; \l = n/2, �αl = 1T:R~GSx8
?&	�� (7.187) � (7.188) 9W�� (7.164), * einψ R6/PI
(
dAn
dx

− i
µ2

6
n3An

)
= −iǫ3

8

{ ′∑

l=1

(nαl)AlAn−l

+

∞∑

l=1

2nA∗
lAn+1

}
n = 1, 2, 3, · · · (7.189)uU e−inψ R6/�S(PIhv��	�� (7.189) �Z(hRx�R'0�X��R#OvwÆ&��j	V�#OvX�T&��Q(hRRB�vF\ n R�5	4U�	7&�$AS(yONW/ (:V: N W) #��� Fourier V/	�U x = x0 �\oR�,�� N X�&�/ An R N X��	V� Fourier V/y n = 1 �����O

dA1

dx
− i

µ2

6
A1 = 0 (7.190)�2y#Ov��℄R.f>`OS
	ku A2 ≪ A1, S(PIÆ(hRRw!

dA2

dx
− iµ2 4

3
A2 = −iǫ3

4
A2

1 (7.191)�S(i�
e

i4µ2

3 x d

dx

(
e−i

4µ2

3 xA2

)
= −iǫ3

4
A2

1 (7.192)T+PI� (7.190) � (7.192) R�
A1 = a0e

iµ2

6 x (7.193)
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A2 =

3

4

ǫ

µ2
a2
0(e

iµ2 x
3 − ei

4
3µ

2x) (7.194)S(#Q���=U� (7.178) R ǫζ1.V�y�W(#�� FourierV/�Uy� (7.189)Rr�X��;�� A3 = A4 = · · · = 0

(Mei & Ünlüata, 1972; Bryabt, 1973), �$AO
dA1

dx
− i

µ2

6
A1 = −iǫ3

4
A∗

1A2 (7.195)

dA2

dx
− iµ2 4

3
A2 = −iǫ3

4
A2

1 (7.196)�F� (7.186), $AS(�� (7.195) � (7.196) Ci�
dB1

dx
= −iǫ3

4
B∗

1B2e
iµ2x (7.197)

dB2

dx
= −iǫ3

4
B2

1e
−iµ2x (7.198)�m#�X��Z#Ov~�;�Xx�hRR��!��Amstrong, Bloembergen, Decuing� Pershan (1962) F>JR��2���X��j	

§7.5.1.3 ℄y�	q[8=�7�
B1 = ρ1e

iβ1(x), B2 = ρ2e
iβ2(x) (7.199)L(� ρ1, ρ2 ��0� β1, β2 �Q�	9WI� (7.197) � (7.198) Rhv��;�SP

ρ′1e
−iβ2 − iβ′

1ρ1e
−iβ1 = isρ1ρ2e

i(β1−β2−∆x) (7.200)

ρ′2e
iβ2 + iβ′

2ρ2e
iβ2 = −isρ2

1e
i(2β1−∆x) (7.201)�; s = 3

4ǫ, ∆ = µ2, !�M�G/	$A:W
θ = 2β1 − β2 − ∆x (7.202)�� (7.200),(7.201)G�

ρ′1 − iβ′
1ρ1 = isρ1ρ2e

iθ (7.203)

ρ′2 + iβ′
2ρ2 = −isρ2

1e
iθ (7.204)*jJ�X��R�℄PI

ρ′1 = −sρ1ρ2 sin θ (7.205)

ρ′2 = sρ2
1 sin θ (7.206)� (7.205) �( ρ1, � (7.206) �( ρ2, G#��Qj�P

d

dx
(ρ2

1 + ρ2
2) = 0 (7.207)j�S(J&�

ρ2
1 + ρ2

2 = ρ2
0 = ρ2

1(0) + ρ2
2(0) (7.208)
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p Manley-Rowe u6	N���!XhRI�R

?GVU�!XhRPIR

	*� (7.203) � (7.204) Ry℄PI
β′

1 = −sρ2 cos θ, β′
2 = −s(ρ2

1/ρ2) cos θ (7.209)L(
θ′ = 2β′

1 − β′
2 − ∆ = −∆ − [2ρ2s− (ρ2

1/ρ2)s] cos θ (7.210)*� (7.206) ;℄> s #��F Manley-Rowe u6 (7.208), (7.210) S(Ci�
θ′ = −∆ + (−2ρ2ρ

′
2/ρ

2
1 + ρ′2/ρ2)cotθ

= −∆ + [2ρ′1/ρ1 + ρ′2/ρ2]cotθ (7.211):W'
KG

u = ρ′1/ρ0, v = ρ′2/ρ0], ζ = sρ0xcotθ (7.212)�� (7.205),(7.206),(7.208)� (7.211) G�

du

dζ
= −uv sin θ (7.213)

dv

dζ
= u2 sin θ (7.214)

u2 + v2 = 1 (7.215)

dθ

dζ
= −δ +

(
2
du/∂ζ

u
+
dv/dζ

v

)
cotθ (7.216)7&�O`XÆ&�� (7.213),(7.214)� (7.216) 7m`X�&/ u, v, θ.�XhR(qRQ��hR'
Kb/�

δ =
∆

sρ0
=
µ2

3
4ǫ

=
4

3

h

a0
(k1h)

2 (7.217)N�8j� Ursell /RD/	� (7.216) l'�z#G�
d

dζ
(u2v cos θ) = δu2v sin θZ� (7.214) R�!�r�

δ
d

dζ

(
1

2
v2

)
= δu2v sin θ (7.218)���PI

d

dζ
(u2v cos θ) = δ

d

dζ

(
1

2
v2

)�\��!XJ&
−δ 1

2
v2 + u2v cos θ = const = Γδ (7.219)$AF��/9M�w/ Γδ

Γδ = −1

2
δv2(0) + u2(0)v(0) cos[2β1(0) − β2] = Γ0 −

1

2
δv2(0) (7.220)
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Γ0 = u2(0)v(0) cos[2β1(0) − β2]Hy�� (7.219) S(Ci�
u2v cos θ = Γ0 +

1

2
δ[v2 − v2(0)] (7.221)`X�&�/ u, v, θ,''O�XJ&u6�2�>!XÆ&��x�J&	V��F (7.215)��* (7.214) �;℄> u, �

d

dζ

(
1

2
v2

)
= v(1 − v2) sin θ<� (7.218) R���=F� (7.215) � (7.221) PI

[
d

dζ

(
1

2
v2

)]
= u4v2 sin2 θ = u4v2(1 − cos2 θ)

= v2(1 − v2) −
{

Γ0 +
δ

2
[v2 − v2(0)]

}2

= Q(v2) (7.222)

Q(v2) �!X v2 R`(�W�	2OB�X�W�O`X��d v2
a < v2

b < v2
c ��`/yO��	u

Q = (v2
c − v2)(v2

b − v2)(v2
a − v2) (7.223)PI

ζ = ±
∫ v2(ζ)

v2(0)

dv2

2
√
Q(v2)

(7.224)Z�fWDRR.f!��j�SF�fJ&M�����
v2 = v2

c + (v2
b − v2

a)sn
2[
√
v2
c − v2

a(ζ − ζ0),m] (7.225)

m =

√
v2
b − v2

a

v2
c − v2

a

< 1 (7.226)�f!D�/ sn RD�� 4K

K =

∫ π/2

0

dθ

1 −m2 sin2 θ
(7.227)L( sn2 RD�� 2K, y'
KrK ζ ;�Rx�

λ =
2K√
v2
c − v2

a

(7.228)�U�XhRvO#���, u(0) 6= 0, v(0) 6= 0 R!".f�/,`C��S(y Arm-

strong VO (1962) R�
;�I	$AM) v(0) = 0, u(0) = 1 R\&.f	U� Γ0 = 0

Q(v2) = v2

{
v4 −

[
2 +

(
1

2
δ2
)]

v2 + 1

}
2K√
v2
c − v2

a
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= v2(v2 − v2
b )(v

2 − v2
c ) (7.229)�;

v2
b =

1

v2
c

=



√

1 +

(
δ

4

)2

+
δ

4




−2

(7.230)

v Rm5k7�0� vb. K� (7.226) S&
m2 =

v2
b

v2
c

=
1

v4
c

=



√

1 +

(
δ

4

)2

+
δ

4




−4

(7.231)B���0 a0 �jC!(hRRx�j��Ursellb/�j�7& δ um	K� (7.230) �
(7.231) �&�B m � K v�j�� v2

b �j�7&�Æ(hRm5�0�j	7��U^R δ,

m ∼= 1 − δ/2, K ∼= 1

2
ln

32

δ

(Abramowitz � Stegun, 1972, 591), 7�otxCxH=xRk7YqD� (y'
KrK
x ;) �

L ∼= 2K

2sρ0

∼= 2δ

3µ2
ln

32

δNF δ Ru^	u^	7&��U^R δ, y�}=xa!(hRZÆ(hR(q�~��R

�7	>��?{bR��Uhl^R δ, `(hRCQ(hR'Xx
&.�	
Mei � Ünlüata ℄9�XhRR&/�* Bozźar-Karakiewicz RuU δ = O(1) R/9;��z0�I���/9	/�j`&DR��K Bryant Fx���R/,J&PI�x����F=O'�"5�=R&DR��G�R�M)RhR�2 11 X	\OS.`(hR�NR}Rtx	7&�B!XD�vR^�0qDZ�V��Æ(hR#�q~�G#�`(hR�<(hR�*Ixy^I�H|�hR��R
H��	q~`^ÆyR6q	jJ_IR�0�Uxy� L R5>'mov`����R	u�+� ω R^�0hR*nJ�Q�m�4I'mj#�V�'mjR Ursell b/X�^
�℄<spR>OhRq~	B L �txCxH=xR!'��'mR�!f>�>5
RÆ(hR	>��B

L ��Utx��y�!f2
JI�mRÆ(hR	���� Jolas(1960) �5>eFRxo.S	�U)�O!XeFRGxy.f�Lau � Barcilon(1972)''\��!X�=z0	uU5Gxy.f�� (7.153) R/,��t<R	V�xyG.ZROm�RxyÆy��pXx�S&.R��?{aF Boussinesq ��R/,� (Peregrine, 1967; Madsen, Mei� Savage 1970).
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§8.1 9+�UQ.xy O(1) = kh < ∞ R.f�ON�0R`=x��OAS[	y|��I;��D�vtR�D�vURp�QB�RÆ0	J�� StokesuUQ
w/�0RRgI�\� jRÆ0io�Gk	�#R|�bp�2xy�w/C'N.fRm5RQ	�d'gRbp�'K Wehausen � Laitone(1960) p�T:d�	�w;�x�`xW`���q�R�	��M���jmOA�#OvRRp=	

Miles(1957) � Phillips(1957) &O_��uU+~RR��Q)W�Rz0�&#X1�
Phillips(1960) s-�℄#Ovh�Q)pFRH7��#Ovx5RRÆ0io�G�	M/��V�<XR�RQ�z�P�B�℄<NA(qk�h�58`�7

	�F"�Mo#OvR7U�	Rl��	HyOAR���h�H7��q�r�RmB�R7�	Ou���;�X�oR�^R?
v}-�|3x�bJ�I Phillips(1977).Ay�RxlOXmRXXR�Rh�Q)pF�#w�OIp=R� X��rS��U!DrYRRR58k7	 Stokes R�58k7RD�v (C7) Kqm:��X!oR	Benjamin � Feir(1967)�U�!��R0#�#�P~��j-H7��!\R~�K
Benney � Stokes(1969) p�	℄9 Whitham \�R!�#Ov$ ��� Lighthill(1967)Æ0�!XR)��!o
~(#R#Ov�.R|�
~	Chu � Mei(1971)�!\C���a�w!� Whitham����(<O!5RO`v�Æ0�R)y�x�qaR�.	OOaF�!�O`R�=G���� Schrödinger�� (Zakharov, 1968; Benney & Roskes,

1969). Davey (1972)#Q��� Schrödinger��VlU Chu & Mei R$ ��	 Zakharov

& Shabat (1972)�/`2P��� Schrödinger��R&D��*	�z0bp44`~��!\	 Yuen & Lake (SMARm� (x Yuen & Lake, 1980)*/,`C�J����Jp����RgI����x5 Stokes R|�lR+z�F	�!�J��PUlR`C℄,�&#OvRz0''5O�		 Schwartz(1974) �F Padé �=�2�PI�wx5;Q.tR (*4NNQy) RtR	/�j4wi_RRq
H"`� Longuet-Higgins �MRm�ABd
oRX`	k��NR�=�s}R4℄&/� a&/�!ovÆ0�*�R/,J&�MA!y�d`V65Rz0;R;5�� (U#Ov). �dF"vgI''y���I;p�
-��R�Rx�m:��d�I�m�R℄�mh	 (gqR�I� Longuet-Higgins, 1975, 1978a,b; Longuet-Higgins &

Cokelet, 1976, 1978; Longuet-Higgins & Fox, 1977, 1978).�OIp=Rb��w"`)�OxyG.R�^��k+���OV	G	��Æ0Oem:�NAZ#OvRRQ)pF�P"R"`	:V�Jj>�tBR�pFy!X5+ajRÆ
�"`�''���0R;m	Z'�Rx�lOpOR��#Ov"`R�zSG�UC�YU	NU}0�8
�-S\FOuR"`�fB}- StokesRR58�.	#�F�BÆy�G�!"R�.���G#p�\&.fPI Stokes EqR���\[0KD�vRC7Kqq~R��X!ov	k�/,`C��<ZR#Ov�.Rgq\�	m#�[0Ob��d.1R"`�! Stokes R�:xaRJp	
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§8.2 ��Eo:$a
#�:-�℄��!�R[R��G�!j�FUG8j�!DR�<Z�QR�5GMJRR!"��	$A}aF�BÆy��2I�X[R	>JR}-
�� Benney & Roskes (1969),

Chu & Mei (1970), Davey & Stewartson (1974) VOR��	
§8.2.1 ?	1M�L��t<�x���^p�5�R�<OONxy h,

∂φ

∂z
= 0, z = −h (8.1)Q�!X�/�/ [f(x, y, z, t)]x=s S(y z = 0 ?�	F� Taylor V/

f(x, y, ζ, t) = [f ]0 + ζ

[
∂f

∂z

]

0

+
ζ2

2

[
∂2f

∂z2

]

0

+ · · ·�;
[f ]0 = f(x, y, 0, t)ku� ∂f

∂z = O(kf), �; k �\�R/	$AJI��U^R ζ, 	F�;QeRW�G8j� kA RH(�j	J{u^	*I`
 O[(kA)3], i�C�fzR	F��
[
∂2φ

∂t2
+ g

∂φ

∂z

]

0

+ ζ

[
∂

∂z

(
∂2φ

∂t2
+ g

∂φ

∂z

)]

0

[
∂

∂t
u2

]

0

+
ζ2

2

[
∂2

∂z2

(
∂2φ

∂t2
+ g

∂φ

∂z

)]

0

+ζ

[
∂2φ

∂t∂z
u2

]

0

+
1

2
[u·∇u2]0 + · · · = 0 (8.2)

−gζ =

[
∂φ

∂t

]

0

+ ζ

[
∂2φ

∂t∂z

]

0

+

[
u2

2

]

0

+
ζ2

2

[
∂

∂t

∂2φ

∂z2

]

0

+ ζ

[
∂φ

∂z

u2

2

]

0

+ · · · (8.3)b x �
mRR�Q�Z�$A:W>JRG
�




x, x1 = ǫx, x2 = ǫ2x, · · ·
y, y1 = ǫy, y2 = ǫ2y, · · ·
t, t1 = ǫt, t2 = ǫ2t, · · ·

�; ee = kA ≤ 1 (8.4)ku�&
Roq	F�
φ =

∑

n=1

ǫnφn, ζ =
∑

n=1

ǫ2ζn (8.5)�; {
φn = φn(x, x1, x2, · · · ; y, y1, y2, · · · ; z; t, t1, t2, · · ·)
ζn = ζn(x, x1, x2, · · · ; y, y1, y2, · · · ; z; t, t1, t2, · · ·)

(8.6)
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mRG/�>���G7
∂

∂x
→ ∂

∂x
+ ǫ

∂

∂x1
+ ǫ2

∂

∂x2
+ · · ·

∂

∂y
→ ∂

∂y
+ ǫ

∂

∂y1
+ ǫ2

∂

∂y2
+ · · ·

∂

∂t
→ ∂

∂t
+ ǫ

∂

∂t1
+ ǫ2

∂

∂t2
+ · · ·

∂

∂z
→ ∂

∂z�(jU�9W Laplace ���KqRaKC�fz (8.2), (8.3) �^Jfz (8.1) ;�r`
R��SC�fz��V>	
Laplace ��� (

∂2

∂x2
+

∂2

∂z2

)
φn = Fn, n = 1, 2, 3 (8.7)�;
F1 = 0

F2 = −2φ1xx1

F3 = −
[(

∂2

∂x2
1

+
∂2

∂y2
1

)
φ1 + 2φ1xx2 + 2φ2xx1

]aKJC�fz (8.2):

Γφn = Gn, y z = 0 j (8.8)�;
Γ = g

∂

∂z
+
∂2

∂t2

G1 = 0

G2 = −{ζ1Γzφ1 + (φ2
1x + φ2

1z)t + 2φ1tt1}

G3 = −
[
ζ2Γ2φ1 + ζ1Γzφ2 +

1

2
ζ2
1Γzzφ1 + 2(φ1xφ2x + φ1zφ2z)t

+ζ1(φ
2
1x + φ2

1z)tz +
1

2

(
φ1x

∂

∂x
+ φ1z

∂

∂z

)
(φ2

1x + φ2
1z)

+2φ2tt1 + 2φ1zφ1zt1 + 2φ1x1φ1xt + 2φ1xφ1xt1

+2φ1xφ1tx1 + 2ζ1φ1ztt1 + 2φ1tt2 + 2φ1t1t2

]aKJjR Bernoulli ���
−gζn = Hn, y z = 0 j (8.9)�;

H1 = φ1t

H2 = φ2t +
1

2
(φ2

1x + φ2
1z) + φ1t1 + ζ1φ1zt
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H3 = φ3t + φ1xφ2x + φ1zφ2z + ζ1φ2zt + ζ2φ2zt

+
1

2
ζ2
1φ1zzt +

1

2
ζ1(φ

2
1x + φ2

1z)z

+φ2t1 + φ1xφ1x1 + φ1t2 + ζ1φ1zt1^Jfz�
∂φn
∂z

= 0, z = −h (8.10)!
��kwROvtR�aKJjRQ
#Ov&�WMQ�yQ
�;?G�HQ(hR	L($A	F
{φn, Fn, Gn} =

n∑

m=−n
e−mψ{φnm, Fnm, Gnm} (8.11)�;

ψ = kx− ωt�Q�	���PLPR φ ��/��2
φn,−m = (φnm)∗ (8.12)	)�0#nU5G
� z





φnm = φnm(x1, x2, · · · ; y1, y2, · · · ; z; t1, t2, · · ·)
Fnm = Fnm(x1, x2, · · · ; y1, y2, · · · ; z; t1, t2, · · ·)
Gnm = Gnm(x1, x2, · · · ; y1, y2, · · · ; z; t1, t2, · · ·)

(8.13)� (8.11) 9W (8.7),(8.8) � (8.10), PI( z �G
R!
 (n) ?!(hR (m) RC,"`
(
∂2

∂z2
−m2k2

)
φnm = Fnm, −h < z < 0 (8.14)

(
g
∂

∂z
−m2ω2

)
φnm = Gnm, y z = 0 j (8.15)

∂

∂z
φnm = 0, y z = −h j (8.16)$A}Qe2�jJRC,"`	���F�x�aF>JRJi2�
Q = k(z + h), q = kh

chq = cosh q, shq = sinh q, thq = tanhq (8.17)

n = 1 :&�W�
F1 = G1 = 0 (8.18)�(�� {

m = 0 : φ10 = φ10(x1, x2, y1, y2, t1, t2, · · ·), φ10 = φ∗10

m = 1 : φ11 = − gchQ

2ωchq
iA

(8.19)

(8.20)
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ω2 = gkthkh

A = A(x1, x2, y1, y2, t1, t2, · · ·)dR!
���
φ1 = φ10 −

gchQ

2ωchq
(iAeiψ + c.c) (8.21)

ζ1 =
1

2
(Aeiψ + c.c) (8.22)I[��0� φ10 � A �5G
RQ.�/	

n = 2 :B�("`O#����� n ≥ 2 R.f�?{\OS. m = 0(�(hR), m = 1(!(hR) .fRS�vfz	�U m = 0 R.f��(��G
 z m:�w/� φn0 RS�vfz�
1

g
Gn0 =

∫ 0

−h
Fn0dz (8.23)�U m = 1 R.f��(�!:U cosh k(z + h), K Green f�PI φn1 RS�vfz�

1

g
Gn1 =

∫ 0

−h
Fn1

chk(z + h)

chkh
(8.24)!�K�dfzGPL�.R��	�U m ≥ 2 RQ(hR�C,"`Xr|O�(�	kVO�(���?O� (8.20)Rr��>�F (mk,mω) 9
 (k, ω). >�℄9Q=R
au6���XS
R	7&�

|m| ≥ 2 R#�("`d�S�R	Æ
"`R&�W�
F20 = G20 = 0 (8.25)

F21 = −ωchQ

shq

∂A

∂x1
(8.26)

G21 =
ω2chq

kshq

∂A

∂t1
, G22 =

3ω3

4sh2q
iA2 (8.27)�(hR��

φ20 = φ20(x1, x2, y1, y2, t1, t2, · · ·) = φ∗20 (8.28)�U m = 1, $A�� (8.26), (8.27) 9W (8.24), P�S�vfz
∂A

∂t1
+ Cg

∂A

∂x1
= 0, Cg =

∂ω

∂k
(8.29)���

φ21 = − ω

2k2shq
(QshQ)

∂A

∂x1
(8.30)�WSS.I�B kh → ∞ �� φ21 G�'05	G	���Xh��R�7�I z → ∞,	X�2
mR�_ (O(x1), O(x2), · · ·) > O(h)) �XS
R	L(�$A}�HyR�j(N7� kh ≤ I(1), 	y(#<w�z'NxyR.f	
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φ22 = − 3

16

ωch2Q

sh4q
iA2 (8.31)dRÆ(��

φ2 = φ20 −
ω

2k2shq
(QshQ)

(
∂A

∂x1
eiψ + c.c.

)

− 3

16

ωch2Q

sh4q
(iA2eiψ + c.c.) (8.32)

ζ2 =

{
−1

g

∂φ10

∂t1
− k

2sh2q
|A|2

}
+

1

2ω

(
i
∂A

∂t1
eiψ + c.c.

)

− qshq

2kchq

(
i
∂A

∂x1
eiψ + c.c.

)

+
kchq(2ch2q + 1)

8sh3q
(A2e2iψ + c.c.) (8.33)

n = 3 :$A}2:F`
��RS�vfz�	X2�`
R�	� m = 0R.f�&�W�
F30 = −

(
∂2

∂x2
1

+
∂2

∂y2
1

)
φ10 (8.34)

G30 =
ω3ch2q

2ksh2q
(AA∗)x1 −

ω2

4sh2q
(AA∗)t1 −

∂2φ10

∂t21
(8.35)fz (8.23) ��2 G30 = ghF30, L(

∂2φ10

∂t21
− gh

(
∂2

∂x2
1

+
∂2

∂y2
1

)
φ10 =

ω3ch2q

2ksh2q
(AA∗)x1

− ω2

4sh2q
(AA∗)t1 (8.36)+zjJm�� (8.36) LL-RR��K}Rk7q~RxR	�U m = 1 R.f�&�W�

F31 =
ω

kshq

[
QshQ+

1

2
shQ

]
i
∂2A

∂x2
1

−ωchQ

shq

(
∂A

∂x2
− i

2k

∂2A

∂y2
1

)
(8.37)

G31 =
1

16sh5q
ω3kchq(ch4q + 8 − 2th2q)i|A|2A

−ωk
sh

2q

(
∂φ10

∂t1
− 2ωch2q

k

∂φ10

∂x1

)
iA

+
ωchq

2kshq
i
∂2A

∂t21
− ω2q

k2
i
∂2A

∂x1∂t1

+
ω2chq

kshq

∂A

∂t2
(8.38)
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∂A

∂t2
+ Cg

∂A

∂x2
− Cg

2k
i
∂2A

∂y2
1

− i
ωq

k2sh2q
ch2q

∂2A

∂x2
1

+
i

2ω

∂2A

∂t21
− k2

2ωch2q

(
∂φ10

∂t1
− 2ωch2q

k

∂φ10

∂x1

)
iA

− qshq

kchq
i
∂2A

∂x1∂t1
+
ωk2(ch4q + 8 − 2th2q)

16sh4q
i|A|2A = 0 (8.39)�F� (8.29) S(\�

∂2A

∂t21
= C2

g

∂2A

∂x2
1

,
∂2A

∂x1∂t
= Cg

∂2A

∂x2
1m#��� (8.39) �( ǫ, jj� (8.29), � φ10, A J�2� x1, y1, t1 R�/�U

∂

∂t1
+ ǫ

∂

∂t2
→ ∂

∂t1
,

∂

∂x1
+ ǫ

∂

∂x2
→ ∂

∂x1P� (
∂

∂t1
+ Cg

∂

∂x1

)
A+ iǫ

{
− 1

2

(
∂2ω

∂k2

)
∂2A

∂x2
1

−Cg
2k

∂2A

∂y2
1

+
ωk2(ch4q + 8 − 2th2q)

16sh4q
|A|2A

−
(

k2

2ωch2q

∂φ10

∂t1
− k

∂φ10

∂x1

)
A

}
= 0 (8.40)�;

−1

2

∂2ω

∂k2
=
C2
g

2ω
− ωqch2q

k2sh2q
+
qshq

kchq
Cg > 0 (8.41)�� (8.26) � (8.40) #�K Benney � Roskes PI���X��x�y!��7mR0 A ��E�q� φ10 R5G�.	�UÆ�"` (

∂
∂y1

= 0
) m:��F(EAysqRrK6�S(�!\t.

ξ = x1 − Cgt1, τ = ǫt1 (8.42)U�
∂

∂t1
= ǫ

∂

∂τ
− Cg

∂

∂ξ
,

∂

∂x1
=

∂

∂ξ

(8.36) �S(� ξ J&!(�PI
∂φ10

∂ξ
= S(τ) − ω2(2ωch2q + kCg)

4ksh2q(gh− C2
g )

|A|2 +O(ǫ)�; S(τ) � τ RQ.�/��&��9W (8.40) �SP
−i∂A

∂τ
+ α

∂2A

∂ξ
+ β|A|2A+ γA = 0 (8.43)�;

α = −1

2
ω′′(k)
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β =

ωk2

16sh4q
(ch4q + 8 − 2th2q)

+
ω

2sh22q

(2ωch2q + kCg)
2

gh− C2
g

γ(τ) =
S(τ)k

2ωch2q
(2ωch2q + kCg)�UR)R.f�B ξ → ∞ �� A � ∂φ10/∂ξ → 0, �/ S(τ) G��	.��:�

A = B exp

(
−i
∫
γdτ

)
(8.44)

γA WS(* (8.43) �;℄>�PI�� Schrödinger ��
−iBτ + αBξξ + β|B|2B = 0 (8.45)�#�K Hashimoto � Ono(1972) �ONxy.fG�� Zakharov(1968) �'Nxy.fG��v=R��	�� (8.43) C (8.45) S(F��/M�	y� (8.43) ;��

A = a exp

[
i

(∫
Wdξ −

∫
γdτ

)]
(8.46)�VUy� (I2.45) ;u

B = a exp

(
i

∫
Wdξ

)�; W = W (ξ, τ). &F�℄�y℄�PI
∂a2

∂τ
− 2α

∂

∂ξ
(Wa2) = 0 (8.47)

∂W

∂τ
− ∂

∂ξ

[
α

(
1

a

∂2a

∂ξ2
−W 2

)
+ βa2

]
= 0��X��<O$ o*

∂P

∂τ
+
∂Q

∂ξ
= 0Rr��#�K Chu � Mei (1971) �x5.fG�	� (8.45) � (8.47) (qR�6K

Davey(1972) /�	
§8.2.2 s	1M�LV�$At<`y� (8.36) � (8.40) ;< kh→ ∞ Rr�NN�SP

(
∂2

∂x2
1

+
∂2

∂y2
1

)
φ10 = 0 (8.48)

(
∂

∂t1
+ Cg

∂

∂x1

)
A+ iε

{
ω

4k2

(
1

2
Ax1x2 −Ay1y2

)

+
1

2
ωk2|A|2A+ k

(
∂

∂x1
φ10

)
A

}
= 0 (8.49)



§8.2 �Yt nI�y�[n��}b 219�=%�QB�zR��	℄9aKJjdR (Csq�) C�fz�O�
∂φ10

∂z
= 0, z = 0 (8.50)

φ10 RS
R��F�qG.R�q ∂φ10

∂x1
= f(t1), f KjNfzDo��� (8.49) 2
Co A. !V� (8.30) #JL/�R℄��� φ21 XxO.1��`
aKJfz�q~�;�	B h→ ∞ ��`
aKJfz�

∂2φ10

∂t21
=

ω

2k
(AA∗)x1 (8.51)�H� A�φ10 R{o"`	��W2�!d� Roskes(1969)~0�!F�ku kh≫ 1 ��3=Br|y�#�ZO58k7	7&�M:W

z1 = εz, z2 = ε2z, · · · (8.52)>���drK=B2�Hy5Æy
 φ10, φ20, · · · ;	}R�2yaKJ>!XRx(a
(7	y z1, z2, · · · ≪ 1 R5^a) XVU�	�toq&/#��H9
 (8.36) R�

(
∂2

∂x2
1

+
∂2

∂y2
1

+
∂2

∂z2
1

)
φ10 = 0 (8.53)9
� (8.39) R�

(At2 + CgAx2) + iε

{
ω

8k2
(Ax1x2 − 2Ay1y2)

+
1

2
ωk2|A|2A

}
+ k

(
∂φ10

∂z1
+ i

∂φ10

∂x1

)
A = 0 (8.54)V� h = O(ǫk)−1, ^JfzSlj~����

∂φ10

∂n1
= 0, z1 = 0,� −h1(x1, y1), ) h1 = O(1) (8.55)7&�5Æy�qR� φ10 7^JG.L~%�k�� (8.54),�*��V}R�0	� (8.51)7>�L9

g
∂φ20

∂z
= −∂

2φ10

∂t21
+
ω3

2k
(AA∗)x1 (8.56)�_e� φ20 RC�fz�*	>j� φ10 � A R{ov	y h =w/ Rmt<.f>���

∂φ10

∂x1
= const = U (8.57)UK'0kjNfzCoR o�q	S.IB�qR5^�

ε
∂φ10

∂x
= ε2

∂φ10

∂x1
= ε2U = O(ε2)K�� (8.54) jj��fz�C�fzS�� A. �FrKG7 (8.42), S�!\���

(8.54) t.�
∂A

∂τ
+ i

{
ω

4k2

(
1

2
Aξξ −Ay1y1

)
+ kUA
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+
ωk2

2
|A|2A

}
= 0 (8.58)�F A = B exp(−ikUτ), S(>j�qW�P

∂B

∂τ
+ i

{
ω

8k2
(Bξξ − 2By1y1) +

ωk2

2
|B|2B

}
= 0 (8.59)�#�K Zakharov(1968)G�	y ∂

∂y1
= 0 RNN.f>�� (8.59) .� (8.45), )�'055x.fO

α = ω/8k2, β = ωk2/2 (8.60)

§8.3 BS Stokes �$Am��!Xy x, ẏ �Z=O58k7R��UA, ∂φ10

∂x1
, ∂φ10

∂t1
X#nU x1 , x2, · · · ; y1, y2, · · ·R�	*�� (8.36) PI

φ10 = Ux1 − gbt1 (8.61)�; U � b �Q.w/	�F� (8.61), �� (8.29) t.�
∂A

∂t2
+ iω2|A|2A = 0 (8.62)�;

ω2 =
ωk2

16sh4q
(8 + ch4q − 2th2q) − 1

|A|2
(
kU +

gk2b

2ωch2q

)
(8.63)&��R��

A = a0 exp(−iω2a
2
0t2) (8.64)�; a0 ��/)&.�Q.RQ�w/	y#
�=>�Rr�

ζ1 =
1

2
(a0e

iψ̃ + c.c.) (8.65)�;
ψ̃ = kx− ω̃t�lRQ��)

ω̃ = ω + ε2ω2a
2
0 (8.66)�#Ov
au6	HyQAy4#nU�0

C̃ =
ω

k
+ ε2

ω2

k
a2
0 (8.67)b/ ǫ ''�I�NRpF�HyS(pj�	Æ
��

φ2 = φ20 −
3

16

ωch2Q

sh4q
(ia2

0e
i2ψ̃ + c.c.) (8.68)

ζ2 = b− k

2sh2q
a2
0 +

kchq(2ch2q + 1)

8sh3q
(a2

0e
i2ψ̃ + c.c.) (8.69)



§8.4 Stokes [nXk\lu� 221* φ40 RS�v�S(#Q ∂φ20/∂z = 0, .�\ φ20 = φ20(x1, x2, · · · ; y1, y2, · · ·), L( φ20 X�VÆ
Ayt	7�� ψ̃ = 0, π, 2π, · · · 	��y ζ2 ;RÆ(hRd�!R�*	QQ�R)�Rp	L(dRaKJyR)��p�yRp���	���y (8.69) RbÆWM��E��JR>�	B kh≪ 1 ��℄> ǫ, ζ2 Z ζ1 R:,R
V� ka0/(kh)
3, 7&y"5;� Stokes Rz02y

ka0/(kh)
3 ≪ 1 (8.70)�`�O`R	jJR:,3�j!
_IR Ursell /���aZ#Ov(:Ry
	KU U � b �Q.w/�L(�I;R Stokes ROZ�XmRM2�	�V�u A Z

ξ 'u� S �w/�$AS(��� (8.43) J&�m�PI (8.64) ���;
ω2 = βa2

0 + γ (8.71)V� 



U = S − ω(2ωch2q + kCg)

4ksh2q(gh− C2
g )
a2
0

b =
1

g
UCg

(8.72)�j-
au6Z (I3.3) �!5	j- Stokes RRM2�� Davey & Stewartson \�RM���V`R	
§8.4 Stokes �:�/ÆpH#p�`CRq�RG��Eq Stokes Ryb��I;''=F�|�j	��`S�℄#Ov��NRQ
w!p�5
Rbp	G	����;O!XhmR'��U�y!XxRRe;��EqRtR�i_R�.	�Xi_#�K Benjamin � Feir(1967) j(��	MA�H Stokes R�C7Kq (U�+ZwRRG�lOp4RRq~RKq) �X!oR	M)5x�'0)=O�qRmt<R.f��� A7h� (8.58). �^KqjI StokesRj	�� (8.61) � (8.46), �U Stokes R� a = a0,W = 0. a � W RKq&Ob� a′ �

W ′, �
a = a0 + a′, W = W ′ (8.73)� (8.47) ROv.r��
∂a′

∂τ
− αa0

∂W ′

∂ξ
= 0 (8.74)

∂W ′

∂τ
+

∂

∂ξ

[
α
a′ξξ
a0

+ 2βa0a
′
]

= 0 (8.75)7�y
a�8;^R�+CG>q~5ÆyRk7�L($AkuKq�58k7RR�
{
a′ = a′ei(Kξ−Qτ)

W ′ = W
′
ei(Kξ−Qτ)

(8.76)U� (8.74),(8.75) �\�
−iQa′ − αa0iKW

′
= 0 (8.77)
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a′
[
α

a0
(iK)3 + 2β(iK)

]
− iQW

′
= 0 (8.78)��O#��� a′ � W

′
, wO�?{VU�
∣∣∣∣

−iQ −iαa0K

iK
(
−αK2

a0
+ 2βa0

)
−iQ

∣∣∣∣ = 07	
Q = ±K

√
α2K2 − 2αβa2

0 (8.79)V� αβ < 0, ��℄d��R�C7Kq���!DR�7&�;v!oR	>�\ αβ > 0,B
K2 < 2βa2

0/α (8.80)�� Ω �y/�C7KqF�q t //�x�7	�X!oR	K (8.60) �S&�V�
|K/k| <

√
8ka0 (8.81)

Stokes R�X!oR	Rnt�X!oC7n
	�=U� (8.79) R
au6�
Ω = ±ω

[
K2

8k2

(
K2

8k2
− k2a2

0

)]1/2
(8.82)y K = 0 C K =

√
8k(ka0) ��X!o�x+���m5�x+y

|K/k| = 2ka0 (8.83)��H�m5R Ω �
maxΩ = ±i1

2
ω(k2a2

0) (8.84)&� a′ � W
′ RQ�p� π/2. !":m�X!o�x+U ImΩ FC7KqRRx	G	

Lighthill(1978, p.462) �C7X!op�*xR��	M)!XO58R)R Stokes R�	y)4)?�RR):y)4)�CRR)sqPbd�7	O��JRRG}�#JRRlxR4�	7�yx5;�xRRREAy�5�L(#J(W

RA+5U�J�

�gRA+�7	

y)4)�uJ�m�?G��)�!\�5	v=`�)4RpRQy}4Uu^�*	G5X!ov	
Feir R��''y Benjamin(1967) R�
;L-��	C7k7Kh_�~\7}RHSGq~	�5e&ZR!6�soRY�S(iP���xA+ d(lna)/dx, NZ(EAysqRY�iPR7��xA+ d(lna)/Cgdt !��!:U ImQ. Lake � Yuen(1977) �z0���p�:��#��z0��	
Benney � Roskes(1969) �!\Æ0�Z
mR Stokes Rf�RC7Kq	MAku

(a′W ′, φ′10) ∝ exp i(K1x1 +K2y1 − Ωt)��MQ�y K1,K2 �Jj�� kh = 0.38 ��dO� Stokes RX!oR5^	B5^R5^F kh 	G�5�x��q~X!oRS
v�5	yaG�;�Q��ZRk7v�i_R�7& Stokes R�X!od�PIR	



§8.4 Stokes [nXk\lu� 223'Nx5;tR (*I ka ∼ 0.4) RX!o"`RÆ0��	�b	�UZ
mRRmZC�ZRKq� Longuet-Higgins(1978a,b) *! tRR&DR/,����ljj:
mRR`} ({h) C`x ((h) RKq��NA�t�Æ0��;�(hKq� Benjamin-

Feir RR~�	MA�Hy K/2k(erK) � ka0(�rK) �Jj�X!o5^� ka0 HjJR!X℄Y5^	$AbP��U^R K/2k � ka0, � (8.81) L�=RX!o5^�*O K/2k =
√

2ka0 RCR X5^	#m Dysthe(1979) /�� Schrödinger ��;jj<
w!W3S(F�/����`aiX!oR℄Y5^RnC�	�!�J�McLeanVO
(1981) Æ0�fZKq

ζ′ = {exp i[p(x− ct)] + qy − ωt}
∞∑

−∞
ane

in(x−ct)ljI
mRR
ζ0 =

∞∑

0

An cos[2nπ(x− ct)/x]jR.f	F/,2�&DR��S(P� An, c � H/λ(H= *RpIR)RRQ) (qRu6	MA�H�lRX!o5^�~�� Benney � Roskes(1969)R℄#OvR��	
Melville(1982) .L�m�R����	

|[
(8.1) 8\�j r℄Q ε �{?��LBk&���w�

φ = − igD
2Ω

exp(−Kx1) exp i(Ky1 − Ωt1) + c.c.+i#ly; x1 = εx > 0, y1 = εy, t1 = εt, Ω2 = gK. L� Airy "�H`��� D =

D(y2, y3, · · · , t2, t3, · · ·), 0j�a�bTY&��
(
∂

∂t2
+ Cg

∂

∂y2

)
D = 0

i

(
∂

∂t3
+ Cg

∂

∂t3

)
D − 1

2

∂2Ω

∂K2

∂2D

∂y2
2

− ΩK4

4
|D|2D +

Ω

4
D = 0y; Cg = g/2Ω *�{�����
9K�� −∂2Ω/∂K2 = g2/4Ω2, 0j�aP�7�I*�VH��:9
�rN�%	
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(8.2) Dyshe(1979) 8\7#p��MxS�3NY SchrödingerY&	N��a��Y&��#�7#l�K~�b�

−i∂A
∂τ

+
1

8

∂2A

∂ξ2
− 1

4

∂2A

∂η2
+

1

2
|A|2A

= ε

{
i

16

(
6
∂3A

∂ξ∂η2
− ∂3A

∂ξ3

)
− 3

4
A2 ∂A

∂ξ

+i|A|2∂A
∂ξ

−
(
∂φ20

∂ξ
− i

∂φ20

∂z1

)
A

}
, z = z1 = 0v5YI) φ20 bI

(
∂2

∂ξ2
+

∂2

∂η2
+

∂2

∂z2
1

)
φ20 = 0, −h < z1 < 0
��&F�

∂φ20

∂z1
=

1

2

∂

∂ξ
|A|2,  z1 = 0 �

∂φ20

∂z1
= 0,  z1 = h1 �y; h1 *C��K�yR�Q O(1/kε) �m5q	P�o� O(ε) ��I��)qY&ix���-�r��7�Æz��VHx	

§8.5 3Js:;�|o
-�℄�:a
#8
Benney � Newell (1967) #�/���� (8.45) /yErR)4�	NA� x − Ut R�/ (�SbJ Chu � Mei, 1971; Hashimoto � Ono, 1972; Zakharov� Shabat, 1972; Scott,

Chu � McLaughlin, 1973). $AF Scott, Chu � Mclaughlin (1973) Rx5�p��_j(:Q	#��� (8.59) '
K.��
A′ = B/a0, ξ′ = k2a0ξ, τ ′ = ω(ka0)

2τ (8.85)>j���y ∂
∂y1

= 0 ���� Schrödinger ��G�
−i∂A

∂τ
+

1

8

∂2A

∂ξ2
+

1

2
|A|2A = 0 (8.86)$A�V>r�R��

A = aeir(ξ−V τ−δ) (8.87)�; a = a(ξ − Uτ), r, δ �w/�NM�)4� a RwR�Q� δ K���6Co	��
(8.87) 9W (8.86), F��M�G/�P

1

8
a′′ − r

(
1

8
r + V

)
a+

1

2
a3 + i

(
U +

r

4

)
a′ = 0 (8.88)�y℄VU��P

r = −4U (8.89)
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P(a
2
)

a

z 8.1: *5S�>S�)�X��j�9W (8.88) R�℄PI
1

8
a′′ + 4U

(
V − U

2

)
a+

1

2
a3 = 0 (8.90)� (8.90) �( a′, PJ&(�SP

a′2 + 32U

(
V − U

2

)
a2 + 2a4 = C (8.91)�; C �w/	� (8.91) �( a2, )o1

E = a2 (8.92)SP
E′2 + 64U(2V − U)E2 + 8E3 = 8CE&�SCi�

E′2 = 8(Emax − E)(E − Emin)E ≡ P (E) (8.93)S.I
8(Emax + Emin) = −64U(2V − U) (8.94)�� (8.92) Ro1� Emin > 0, 7&�?{O

U(2V − U) < 0`(�W� P (E) Z E Ry�Vy 8.1 L�	�=R P (a2) ��(�W���,yy;	�B P �!,��� (8.93) `/y�	B C = 0 �� Emin = 0, � (8.93) G�
(E′)2 = 8E2(Emax − E) (8.95)



226 sR� P[!n�y�[Vy 8.5.1 L���� P (E) O�X�d	J&(#P
E = Emaxsech

2[(2Emax)
1/2(ξ − Uτ)] (8.96)CU

a = amaxsech[21/2amax(ξ − Uτ)] (8.97)�M�!Xn�R)C)4n�R	S. amax =
√
Emax, U, V 7h Emin = 0 �R� (8.94).$A< U = 0, V U =ONw/Q, amax = 1, *	O

a = sech
√

2ξ, Asech
√

2ξei(4Qτ−δ)`!"R.f� C 6= 0, Emin > 0(Vy 8.5.1 L�). � (8.93) R�SF�fWD�/M� 



E = Emin + ∆EC2
n{(2∆E)1/2γ−1(ξ − Uτ)}

∆E = Emax − Emin =

�0
γ = (∆E/Emax)

1/2

(8.98))4RRx�
λ =

21/2

(∆E)1/2

∫ π/2

0

du

(1 − γ2 sin2 u)1/2
(8.99)

(bJ Chu � Mei, 1971), ∆E,U � V S(w�/o�>�7h� (8.94).�UONxy.f�� (I2.45) S(�
ξ = αξ, τ = ατCGÆy�PI>JRK[r��

−i∂B
∂τ

+
∂2B

∂ξ
2 + κ|B|2B = 0 (8.100)�; κ = αβ. �U κ > 0(U kh > 1.36) R.f�T+G�� (8.97) R~�r�

B = a exp

[
−iU

2
(ξ − V τ − ξ1)

]
(8.101)�;

a = amaxsech
√
κ/2amax(ξ − ξ0 − Uτ ) (8.102))

amax =
2

κ
U

(
1

8
U − V

)n�R(aKb/ amax, U �Q� ξ0, ξ1 ��\�	� αβ < 0 R.f� Zakharov� Shabat(1973) �H�R;y;m�) ξ → ∞ �4U!ONw/Rn�R�����
B =

√
2

|κ|
(λ− iν)2 + e2ν(ξ−ξ0−2λτ)

1 + e2ν(ξ−ξ0−2λτ)
(8.103)
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ν =

√
1 − λ2 (8.104)'�!d`CSP

|B| =

√
2

|κ| [1 − ν · sech2ν(ξ − ξ0 − 2λτ)]1/2 (8.105)7&n�R( ξ0 ��0 ν ��\�	 Hesegawa � Tappert(1973)G��`!"R���d�Hyk�� E n�R (Concave E-soliton) C
p)4sn�R (envelope-hole soliton). S.�y ν → 1 RNN.f>� λ u^�L(�xR ” s ” sqP`58	y ν → 1 RNN.f>�B λ→ 0 ��
|B| →

√
2

|κ| tanh(ξ − ξ0) (8.106)�
pQ�go�7��2�K −1(ξ → −∞) GI +1(ξ → +∞).

Hashimoto � Ono(1972)''�P� αβ > 0, � αβ < 0 .f>RD�vEr)4	
§8.6 3Js2j�|o:MX-�7�'�//�xR��
~(#�Ov.X!oz0?G�`	L(�Ux�qR�.�?{�F`�hR#Ovz0	Feir(1967)|�R��/��R)R)4O&����! RXER)R)4R+Z	Chu� Mei(1971)F� (8.47)R/,��#����+Z	G	�dv v=O�tIhlxR�qm���℄R+zyY	 Zakharov � Shabat(1972)p��z0w
�~�� Gardner VO (1967) R���B��/9 B(ξ, 0) 2yON5^�#�� (UB |ξ| → ∞ �� B(ξ, 0) hlb`4ZU�), � κ > 0, � κ < 0 R.f�v&D`���� (8.100). MA�dRG�� Lax(1968) RB��H���#Ov�.��

∂B

∂τ
+NB (8.107)

(�; N �!X#OvC_), �uy\I���XOvC_ L � M(L � M 2)�� ξ RG/�P)4)� B(ξ, τ )), �P
Lτ = LM −ML (8.108))

−ψτ = Mψ (8.109)U�>JR"`
Lψ = σψ (8.110)R8�,�LO τ ,��w/	�S(K� (8.110) � τ Æix�F� (8.108), (8.109) �

(8.108) G�
στψ = Lτψ + (L− σ)ψτ = LMψ −MLψ + (L− σ)ψτ

= (L− σ)(ψτ +Mψ) = 0!7�O�XXGv�F��/9 B(ξ, 0) h(2��� (8.110) R8�, σ �8��/
ψ(x, 0). �U4℄.R��/9�$Aa� B(ξ, τ) ��4℄.R	C_ M S(��t.�



228 sR� P[!n�y�[�$A℄9 ψ(±∞, 0) R&
�*� (8.109) T+�� ψ(±∞, τ). Hy�Q��W τ 8�,
σ �ktR ψ(±∞, τ) v'&��� τ p�b/���apz0�S(Fm�LO ξ �R
B(ξ, τ). �m#!\/�j�:u�x��F:G�/0R��&
	�U�� Schrödinger �� (8.100), Zakharov � Shabat �H8��/ ψ ��X&
R�
 ψ = ψ(ψ1, ψ2), L � M � 2 × 2 R5�





L = i

[
1 + p 0

0 1 − p

]
∂

∂ξ
+

[
0 B

B∗ 0

]
, κ = 2/1 − p2

M = −p
[

1 0

0 1

]
∂2

∂ξ2
+

[ |B|2/(1 + p) iBξ
−iB∗

ξ
−|B|2/(1 − p)

] (8.111)!":m�Æ0�d5��CX�*	+7R�.� Ablowitz VO (1974) �H�!�6pR�z��	(#� Satsuma � Yuen(1975) � Zakharov � Shabat Rz0�h.��PPI Yuen� Lake(1975) */,�J����JR#�	�U K > 0 R.f��dbpL�R+z\�D-V>�
• !XQ.rYRR)R)4�m?>�.�ON/[Rn�RjjXB�R� t−1/2 2uR�qR�R	
• b j Xn�RK>�\�

Bj(ξ, τ ) = 2

√
2√
κ
bj{sech2bj(ξ − ξj − 4ajτ )}

·{exp[4i(a2
j − b2j)τ − 2iajξ + iψ]} (8.112)�; aj � bj �� (8.110)Rxa8�, σj R�℄�y℄	7&n�RO�0 2

√
2bj/

√
κ,QAy 4aj �Q� ξ � ψ, �dvZap"`R�p6/Ou (��8�,�). !":m��d:8�,OXmR�℄�7&�XmRn�RS(F\�q	&xFm	

• \��/9 B(ξ, 0) ��R�)X�uU ξ ���R��xa8�,�$y/	y��.f>�LOn�Rsoy!��r�L�R.An�R (Bounded soliton). �&lp~��V���/9<>JRr�
B(ξ, 0) = B(ξ)eiV ξ�; V ��w/� B(ξ) ���/�X�uU ξ ���R��LOn�ROm�RAy

−2V (Q�U*0rK6REAy). 7�?!Xn�R(D� 4b2j �q���R)4	�xHH\���+� 4(b2i − b2j). xH�+RX/VU n2
i � n2

j (qRXmRp,RX/	�V�V� N �n�RR/[�℄<�� N = 2 R.f�� N = 2 R.f2O!XxH�+��U N = 3 R.f�O�XxH�+ · · · · · · VV	
• !F�(XmAysqR�Xn�R})Qk��	X�7

�Q{R�!`=�&x#O!XQ�p	p�\�

B(ξ, 0) = B0sechξ/λ, B0 ��/ (8.113)
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(8.110) � (8.111) �S.� ψ1 R{X����S(PIxa8�,���8�,Rap6/ (Satsuma � Yajima, 1975), xa8�,�
σj = i

(√
κ

2
B0λ− j +

1

2

)
, j = 1, 2, 3, · · · (8.114)�r� N Xn�R���5^ B0λ ?{�

√
κ

2
B0λ−N +

1

2
> 0 (8.115)	)�B √

κ/2B0λ = N, N= ! / (8.116)���p6/���L(ap��"`S(2PF�� B(ξ, τ ), ��2)� N X.An�R	�jJRw9=FI� (8.86), ��/9�
A(ξ, 0) = A0sechξ/λ,?{p>JRG7

B0 → A0, λ→ λ/α, κ→ αβU�w9 (8.115) � (8.116) G��U N Xn�Rj�RR.f�√ β

2α
A0λ > N − 1

2
(8.117)�U2� N Xn�RR.f�√ β

2α
A0λ = N (8.118)�Ux5.f� α = 1

8 , β = 1
2 , � (8.117) � (8.118) Rn|G� √

2A0λ.

Satsuma � Yajima(1975)* (8.86) ����!d.f ()j.An�R�(XmAyt�Rn�R) �t�/,`C�5ajZMAR�/��2�	HyO�X��F�m:�t<R/,�� (Lake, Yuen, Rungaldier, Ferguson, 1977), NA
lT+`=FU��apz04X
2�R.f (�V�''05^�D�vC�fz��XYqÆy�#Eq�8RG6/��V.f). >J$A:-!Xt<R Crank-Nicolsen qR;�U�� Yuen (1980)�NFU>J�[0R`�.f;R��	bM� (8.86), u ∆ξ,∆τ � ξ � τ HjRxa^5q�b
Anj = A(j∆ξ, n∆τ)U�� (8.86) �=�

An+1
j = Anj − ∆τ

2

{
i

8(∆ξ)2
(An+1

j+1 − 2An+1
j +An+1

j−1 )

+
i

2
|Ãn+1
j |2An+1

j +
i

8(∆ξ)2
(Anj+1 − 2Anj +Anj−1)

+
i

2
|Ãnj |2Anj

}
+O(∆τ3,∆ξ2) (8.119)
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n+1 �Kb n X�q\xR���� Euler U�m`R

Ãn+1
j = Anj − ∆τ

{
i

8(∆ξ)2
(Anj+1 − 2Anj +Anj−1)

+
i

2
|Anj |2Anj

}
+O(∆τ2,∆ξ2) (8.120)p��_�[0K>JX���/9R��

1. <X6��
2. EqR�RD�vk7	y#!�.f>���/9X�4℄R�HyXS
2P�/�	

§8.6.1 0yp%8,����F�x�$A���/9M��
A(ξ, 0) = sech(

√
2ξ/λ) (8.121)V� λ = 1, A(ξ, 0) 3�Qy� 1 Rn�R	#�$A< λ = 2, �=Uxy�VQyn�RxyR�5R��6�	K� (8.118) �USP N = 2, L(=Bq~�Xn�R	�U��.f� Satsuma � Yajima(1975, p.300, pG7 u→ NA, x→

√
2ξ/N , t→ τ/2N2) ''\��F��

A(ξ, τ) =
2ch 3ξ√

2
+ 3e−iτ/2ch(ξ/

√
2)

ch2
√

2ξ + 4ch
√

2ξ + 3 cos τ2
e−iτ/16 (8.122)B�PI�/,`CR#�	/,`CPIRxHD��

τ0 = 12.6, (z0,� 2π/(1/2) = 12.566)./,`CP��QV!XxHD�R�X�WRQ�7O2p!Xw/	7&R/�XGR	)4O!XR���Q�G.M���.�\yRER�'℄��+&ZO!XpZRp	KU��v�yRER#'℄��+&ZO!Xp)	�dovRaiZ Feir R����!5	KU�qÆy�x�y���|xoxHH\�i_R��#yif�^R
5e;o��	�(�$A< λ = 3, ��� (8.118), �=R N � 3. ��xHD�X0!X�)4�d�SO�ARQ�G.	
§8.6.2 AR	`dr8,�y 2.4 ;''/��wGq~R!DR��J%Ov Schrödinger ��7m	)4����R�J#CRRqS(F Fresnel J&L-	`S#Ov`=�BlMo�X"`	�y��/9

A(ξ) =
1

2
[1 + θξ/λ](>R��� (8.86). R�J�k�=OKq�L(

A→ 0, ξ → ∞
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A ∼ eiτ/2, ξ → −∞�| ξ � τ K� (8.85) o1�2�.>���	�.�\�^R ε = ka0 �=U�xRO
K=x��q	�U λ ∼= 0 wGWGR.f�Ovz0�#Ovz0(qO;�	ON�0`=FM`CG�)4�J�q~�&R�RRq	4=O��R��SZ#Ov'�z0Q:�	 Yue(1980) ''Mo��NR λ ,�=O�ZovRl\�	

§8.6.3 AR	`8u�!Dn�':
oF4P5�8,�y��X!o
~(#�C7Kq�xP#w�A��P� (8.86);�℄#Ov`=vGB��	 Chu � Mei(1971) *� (8.47) ���`C�mX!o.f (K/k = 2ka0) R#Ov�.	y�Hb!X)4�d (a ≈ 0) #��d��FU/,`C3XT���	Yuen �
Ferguson(1978)�F� (8.86)(S!Xk7D�jRD�v�2����`�R`Cbp	MA�H�xH�L�\�	7&y!Xk7Rxa�)4D�`K!X)G�XX)�G#xG�!X)	Q=`�

*Z(hR�IQ(hR�G#T�=Z(hR	B K/k u^���ry;�>J{G:u�k�CG K/k, Yuen � Ferguson �H�!6�:uRG.r�	�U 2ka0 < K/k < 2

√
2ka0 R.f�y Stokes R�;�2O!(hR�Kq�X!oR���.�t<R	>��B K/k l^U 2ka0 ��!(hR�Æ(hRvX!o�

Stokes RR�.Q=`GP`:u	
Stiassnie � Kroszynski(1982)''\���=R�/z0	MA&.KqRQ(hR�<

B = C0 + C−1e
−i2πξ + C1e

i2πξ (8.123)

C0(τ ) W�=UwRW� C±(τ ) �=UC7Kq	Z"5;q~hRR.f!��S��
(8.123) 9W (8.100), PI C0, C1 R�Xx�R#OvwÆ&���jj��fz

C0(0) = 1, C±(0) = δeiθ, C−1 = C1��X��R�Si��fJ&M�RF�	B� (8.100) ;R6/ κ = αβ, �P!(hRX!o�� C±1 (Z C0 5^QBR�0�q	��PIRk7xHD�Zy� (8.123) ;<��hRR`C����2��>��=�0X
�O7.	
StokesRx�q�.R��MQ��UXTtRR�#Ov+ZUq~Fr	X��R'��.	�X���+R�R�.OB��V (Lake � Yuen, 1978; Mollo-Christensen �

Pamamonjiarisoa, 1978). �U�tRR� Lake VO (1977) �!\y���;xiIwR�+F\=x�5	4ZUu^�P)~i���R),F\t�	Z>%R
7℄&`�KU#Ov�	X�yU+8w	I[��4=Oy�� Schrödinger ��R�;�H��v
	
§8.7 p� Stokes �~}��-���:^�<:�0#OvRy'���;R�Q%I��RS.�>�uU#OvRZC�f�RQ)pFC&LPX�	U��!*�vI5^R�#�JLr�RC���?{�z�X5�



232 sR� P[!n�y�[rK	�|$A[0#OvRR�XMp"`	kuX/yx�qRk7�'0�WpR4�apRv�! R	uU"5;n�RfWpI!X*�J"`R5
��''K Perroud(1957), Chen(1961)� Wiegel(1964) ��	���H�Wp� θi > 45o ��WpR)��pR)Zf�Rg�QV�U,J�p	G	�BWp�u^� (20o < θi < 45o) �H�Z�J#*Q�Rb`XR) (�� Mach #), WpR��pR� Mach #Q�Ux�J!o=xRY!d	Wp�^U 200 ���pR)℄���2�>WpR)� Mach #	7�yX��J����aq��;MRR�pQ=�L( Wiegel �"5R;R��H\
o Mach #`=	yONxR5;�v=RD�RfWpR��''K Nielsen(1962), Berger�Kohlhase(1976)��	R)RsqZn�RR.fQm	��xiI��\��+RR0� Mach #RQy���j�G#J{G�	yQ��6��XR0FWp�R�j	�5	Mach #5R
yF\��J=xR�j	�5�F\Wp�Ru^	�5��F\5xRu^	�5	[��'OR��/9�&a�9&�2
p�!dovR�0	y"5;n�RR Mach #`=Rz0�''K Miles(1977) _��M~G�mR�0Z Melville(1980) R���t�:��yYd�J/y;�	 Yue � Mei(1980) ����xR5;R Stokes Ry+bj(ZWpR#OvÆ0������;xiIR Mach #R\v	�|D-MARL���	K 4.10 S&�B
Ly/Lx = ε≪ 1, kLx ≫ 1 (8.124)��S(Fx+O�=	� StokesR�RRfy kA0 yxyÆy O(k3A2

0)
−1 a�VQ� (SK� (8.64) ~P). 7&�V�+axyÆyR
V�

kLx = O(kA0)
−2 (8.125)3?{`S#Ov	x+O�=.�\�ZxyÆyR
V�

kLy = O(kA0) = O(ε) (8.126)K� (8.125) � (8.126) S&�2O
x2 = ε2x ≡ X, y1 = εy ≡ Y (8.127)���R8rK	xkuLM)RYU�! R���0�X#nU�q	7&$AS(y� (8.39) ;�

∂

∂t1
=

∂

∂t2
=

∂

∂x1
= 0 (8.128)*	P�� Schrödinger ��

2
∂A

∂X
− i

k

∂2A

∂Y 2
+ iK ′|A|2A = 0 (8.129)�;

K ′ = k2Θ ≡ k3 C

Cg

ch4q + 8 − 2th2q

8sh4q
(8.130)d�!R� φ10 S(<p�	
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L

2B

h

z y

x

z 8.2: ;y��,SirXqM)(uU x H��R�#�J��R+a (xy 8.2), +J��V>�
y = ±yB(x) (8.131)C�F�!.rK
Y = ±εyb(X) (8.132)+Jj�ZAy���2

Φy = Φx
dyB
dx

, y y = yB j (8.133)C�
εΦy =

[(
∂

∂x
+ ε2

∂

∂X

)
Φ

]
dyB
dx

, y Y = εyB j (8.134)y y = −yB j��v=Rfz	�!
Ay� (8.21)(< Φ10 ��) 9Wj�SP
∂A

∂Y
= ikA

1

ε

dyB
dx

, y Y = εyB j (8.135)$ASp	O!"vRku dyB/dx = O(ε), *	O
kyB = O(ε−1) (8.136)�Ubr� yB = εx, �� (8.135) G�

∂A

∂Y
= ikA y Y = X j (8.137)�WRC�fz� {

A→ A0e
−iK′A2

0X/2, Y → +∞
A = A0, X = 0

(8.138)2 A R"`.t��C,"`�S(T+`F/,��2��/,��F'
KG

A = A/A0, X = kX = ε2kx, Y = kY = εky (8.139)
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k
0
h

Θ

0 1 2 3 4
0

1

2

3

4

5

z 8.3: Θ � kh S$ov7M�	�� (8.129) G�
2i
∂A

∂X
+
∂2A

∂Y
2 −K|A|2A = 0 (8.140)�!Rb/�

K =

(
kA0

ε

)2

Θ(kh) (8.141)�; Θ y� (8.130) ;o1��y,yy 8.3 ;��UsoR kh, K �Q�Ub� ε R#OvRy
	y 8.4 M�)4RQ��JRG.	Ov�� (K = 0) y X �Z�q�)F X R�5J{u^I 4; F\#Ov�yR�j (K = 4), )4RQu^�4U!w/	yxb�k��A2 (!"MpR��Rq	&.�dRq�Yue� Mei _�!X�/RMRz0�\��Q`n� β �Q`5^R)4Qy E− = A2
− R,.m`����

E− =
1

2K
(2K + 1 +

√
8K + 1) (8.142)

β = (3 +
√

8K + 1)/4 (8.143)Z/,��Q2	Q=Rz0aiR Mach #R~%��
tgδ ∼= ε3

(
K

2
+

3 +
√

8K + 1

4

)
(8.144)

δ �^
��.�\ Mach #pX�Z�J#*	MR�="zZ/,�����>�X
��b�RMpH\	jJR�=sOx+O�=���#Ov�&/��S(~�UMpXQFCGWpR�ZR�N"`	�U�r+a�LO�ZRapm�B��x�F`:uR&/���z�''PIR��X�!5�Op=�SbJ�I� Charkrabarti, (1972); Yamaguchi �
Tsuchiya, (1974); Raman � Venkatanarasalah, (1976).
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kX
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0
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X
,
k
Y

=
k
X
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rg1 Neumann )YGS#�i� eiρ cos θ R&R	F�
eiρ cos θ =

∞∑

−∞
ein(θ+π/2)Jn(ρ) (1.1)T+K cosnθ R!�v~P

J0(ρ) =
1

2π

∫ π

−π
eiρ cos θdθ =

1

2π

∫ π

−π
eiρ cos(θ−α)dθ (1.2)�; α �Q.,	H�

ρ cosα = r′ sinϕ, ρ sinα = r − r′ cosϕ (1.3)7&�
ρ = [r2 + r′2 − 2rr′ cosϕ]1/2 (1.4)� (1.2) S(i�





J0(ρ) =
1

2π

∫ π

−π
exp{i(r − r′ cosϕ) sin θ + ir′ sinϕ cos θ}dθ

=
1

2π

∫ π

−π

{ ∞∑

−∞
Jm(r)eimθ

}
eir

′ sin(ϕ−θ)dθ

(1.5)�;�F�� (1.1)(��;R θ → θ − π/2). �72���J&��PI




J0(ρ) =
1

2π

∞∑

m=−∞
Jm(r)

∫ π

−π
ei[mθ+r

′ sin(ϕ−θ)]dθ

=
1

2π

∞∑

m=−∞
Jm(r)

∫ π

−π
eim(θ+ϕ)e−ir

′ sin θdθ

=
1

2π

∞∑

m=−∞
eimϕJm(r)

∫ π

−π
eimθ−ir

′ sin θdθ

=
1

2π

∞∑

m=−∞
eimϕJm(r)Jm(r′)

(1.6)

y�tm#!XJ&��x(F�� (1.1). �<OV,4�//R��RW���m��UPI Neumann j�ozR��
J0(ρ) =

∞∑

m=1

εmJm(r)Jm(r′) cosϕ (1.7)�;
εm =

{
1 m = 0

2 m 6= 0
(1.8)
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rgT �s
9

ZDM) ezt/2 � e−z/2t R Taylor V/	F�R�J
e2(t−t

−1)/2 =

[ ∞∑

n=1

1

n

(
zt

2

)n]
·
[ ∞∑

m=1

1

m

(
− z

2t

)m
]

(2.1)Q�PW�Do tn R6/�P
e2(t−t

−1)/2 =

∞∑

n=−∞
tn
[
(z/2)n

n
− (z/2)n+2

1(n+ 1)
+ · · · + (−1)r

(z/2)n+2r

r(n+ r)
+ · · ·

]
(2.2)�j�a!� n 
 Bessel �/ Jn(z), 7&

e2(t−t
−1)/2 =

∞∑

n=−∞
tnJn(z) (2.3)p
7

t = ieiθ, 1/t = −ie−iθP
eiz cos θ =

∞∑

−∞
ein(θ+π/2)Jn(z) (2.4)�� n V,4�R?�W��F

J−n(z) = (−1)nJn(z)

eiz cos θ =

∞∑

−∞
εn cosnθ(i)nJn(z) (2.5)�; εn � Jacobi 2�	�!�JR�� (2.5) ;R z = kr, P

eikx = eikr cos θ =

∞∑

−∞
εn cosnθ(i)nJn(kr) (2.6)
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rg& ?�w 9N�EHy$Am~G5rN�Rh�/ G(x, y; y′). N7hR Helmholtz ���C�fzV>�
(∇2 + k2)G = 0 (3.1)

∂G

∂y
= 0, y = 0, B; 0 < x < L (3.2)

∂G

∂x
= 0, x = L; 0 < y < B (3.3)

∂G

∂x
= δ(y − y′), x = 0; 0 < y < B (3.4)7&� G 9My x = 0 �j y = y′ �O<�dh�Rh�/	ko�<OV>r�
G =

∞∑

n=0

Xn(x) cosnπy/B (3.5)FGN7h'�
fz (3.2). � (3.5) 9W (3.1), P
(
d2

dx2
+K2

n

)
Xn(x) = 0 (3.6)�;

K2
n = k2 − (nπ/B)2 (3.7)�� (3.6) R7h (3.3) R��

Xn = An cosKn(x− L) (3.8)��Do�&6/ An, �� (3.8) 9W (3.5), �FC�fz (3.4), P
∞∑

n=0

AnKn sinKnL cosnπy/B = δ(y − y′) (3.9)G#y (3.9) R�|�( cos(nπy/B), uU y * 0 J&I B, �F!�vu6
∫ B

0

cos(nπy/B) cos(mπy/B)dy = Bδmn/εn (3.10)�; εn � Jacobi 2�
ε0 = 1, εn = 2 (n = 1, 2, 3, · · ·) (3.11)3PI
An =

εn
BKn sinKnL

cos(nπy′/B) (3.12)m#PIh�/
G(x, y; y′) =

∞∑

n=0

εn
BKn sinKnL

cosKn(x− L) · cosnπy/B cosnπy′/B (3.13)
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rgP G̃ #E9�
��t2�RV/�
G̃ =

∞∑

n=1

G̃n (4.1)�;
G̃n = X̃n(x)Yn(y)Yn(y0) (4.2)

X̃n = − 2

nπ
e−nπx/B (4.3)

Yn = cosnπy/B (4.4)�
ξ = πx/B, η = πy/B, η0 = piy0/B (4.5)�F`� V�

{
Yn(y)Yn(y0) = cosnη cosnη0

=
1

4
{[e−jn(η−η0) + e−jn(η+η0)] + c.c.}

(4.6)�; c.c. M��W(:hv	� (4.6) � (4.3) 9W (4.2), PI
G̃n = − 1

2π

{[
1

n
e−nZs +

1

n
e−nZ

′

s

]
+ c.c.

}
(4.7)�;

Zs = ξ + j(η − η0), Z ′
s = ξ + j(η + η0) (4.8)� (4.7) 9W (4.1), PI<X'0V/�?XV/SFV>f�2��PI(>r�

∞∑

n=1

e−ns

n
= − ln(1 − e−s) (4.9)*	PI�� 




G̃ =
∞∑

n=1

G̃n

=
1

2π
{[ln(1 − e−Zs) + ln(1 − e−Z

′

s)] + c.c.}
(4.10)CU

G̃ =
1

2π
ln{|1 − e−Zs |2|1 − e−Z

′

s |2} (4.11)
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rgv 1z 
9'U
Carrier(1970) \��V>��

J =

∫ ∞

−∞

dσe−σ
2/4K2

σ + iγ
= −(sgnγ)iπeγ

2/4K2

[1 − erf(|γ|/2K)] (5.1)�SKDOJ&2P (Risser, 1976). #�M) γ > 0 R.f�P:� Z = σ + iγ, *	O
J =

∫ ∞+iγ

−∞+iγ

dZ

Z
exp[−(Z2 − i2γZ − γ2)/4K2] (5.2)HyNdy Z �JR
d�	J&$-y� Z HRj�	℄9 Cauchy oz�J&$-S
7�*
dj�M�
dR� Z H�Vy 5.1 L�	Hy�J&&��℄&�L,J& Jρ ��'f Cε RJ& Jε,

Jρ = eγ
2/4K2

∫ ∞

−∞

dZ

Z
e−(Z2−i2γZ)/4K2

(5.3)

Jε = eγ
2/4K2

lim
ε→0

∫ 0

π

dεeiθ

εeiθ
= −iπeγ2/4K2

(5.4)F F M� (5.3) ;RL,J&
F =

∫ ∞

−∞

dZ

Z
e−(Z2−i2γZ)/4K2

(5.5)FG




∂F

∂γ
=

i

2K2

∫ ∞

−∞
dZe−(Z2−i2γZ)/4K2

=
i

2K2

∫ ∞

−∞
dZe(Z − iγ)2/4K2e−γ

2/4K2

=
i

2K2
2K

√
πe−γ

2/4K2

=
i
√
π

K
e−γ

2/4K2

(5.6)7� γ = 0 �� (5.3) ;R7J�/� Z R��/�r
F (γ = 0) = 0; (5.7)< (5.6) RJ&�P





F =
i
√
π

K

∫ γ

0

e−γ
2

4K2dγ

= iπ
2√
π

∫ γ/2K

0

e−σ
2

dσ = iπerf(γ/2K)

(5.8)� Jρ � Jε j�m�PI
J = Jρ + Jε = −iπeγ2/4K [1 − erf(γ/2K)] (5.9)V� γ < 0, b γ = −|γ|, �QBU� (5.1) ;R7J�/|R i 7� −i, 7	��VU� (5.9) R��CG2� (	 γ G� |γ|).
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−ε ε

Ce

γ

ReZ

ImZ

z 5.1: K'%.



rge Fourier #E9�\$ABlu�>JR�J
(
∑

)2 =

( ∞∑

l=−∞
Ale

ilθ

)( ∞∑

m=−∞
Ame

imθ

)

=

∞∑

−∞

∞∑

−∞
AlAme

(l+m)θ, A0 = 0 (6.1)� n = l +m, U�
(
∑

)2 =

∞∑

n=−∞
einθ

∞∑

l=−∞
AlAn−l (6.2)M)� l 2�RV/��F A0 = 0 �!��

∑

l

≡
∞∑

l=−∞
AlAn−l =

−1∑

l=−∞
AlAn−l

+
n−1∑

l=1

AlAn−l +
∞∑

l=n

AlAn−l (6.3)yb!XV/;�$A� l G� −l′, ym#!XV/;�� n− l G� −l′, �XV/Qj�P�
−1∑

l=−infty
AlAn−l +

∞∑

l=n

AlAn−l = 2

∞∑

l=1

A−lAn+l (6.4)

(6.3) ;RbÆXV/S# n R�rj(Ci	V� n = 2p =r/
2p−1∑

l=1

AlA2p−l = A1A2p−1 +A2A2p−2 + · · · +ApAp

+ · · · +A2p−2A2 +A2p−1A1�� ApAp (��jJRWS(��Qj (�Vb!W�m#!WVV), 7&
p∑

l=1

αlAlA2p−l =

n/2∑

l=1

αlAlAn−l (6.5)�; αl o1�
αl = 2, l = 1, 2, · · · , n

2
− 1

αl = 1, l =
n

2
(6.6)V� n = 2p+ 1 =�/, U�

∑

l=1

2pAlA2p−l = A1A2p+A2A2p−1 + · · · +ApAp+1 +Ap+1Ap
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+ · · · +A2pA1 =

p∑

l=1

2AlA2p+1−l =

(n−1)/2∑

l=1

αlAlAn−l (6.7)$AS����.fip!XV/�7&� (6.3) R|RbÆXV/G�
′∑

l=1

αlAlAn−l (6.8)�; ∑′ RjN� n/2

(n− 1)/2
, V� n � r� /	m#�� (6.4), (6.8) 9W (6.2), SP

(
∑

)2 =

{ ∞∑

l=1

A−lAl +
∞∑

n=1

einθ

[ ′∑

l=1

αlAlAn−l +
∞∑

l=1

2A−lAn+l

]}
+ c.c (6.9)


