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1 Introduction

Exceptional geometry is a way of unifying the local symmetries of supergravity theories
by combining geometric diffeomorphisms with matter gauge transformations into a single
so-called generalised Lie derivative [1-14]. This generalised Lie derivative generates gen-
eralised diffeomorphisms acting on the fields of the theory and requires the introduction
of an extended space beyond the usual space-time geometry of gravity. The generalised
Lie derivative forms a closed gauge algebra only when the so-called section condition is
imposed on the fields, restricting their dependence on the extended space. Upon solving
the section constraint explicitly one recovers the standard supergravity theories. However,
exceptional geometry also offers the possibility of describing more complicated (local or
global) situations that have been named non-geometric backgrounds.

The symmetry groups of maximal supergravities in D = 11 — n dimensions belong
to the (split real) exceptional series E,, [15-19]. For each exceptional symmetry group
E,, one can construct an extended space that is described locally by a set of coordinates
YM where M labels a representation of FE, [7]. Adjoining to these coordinates the ‘ex-
ternal’ D-dimensional space with coordinates z*# and an appropriate notion of external
diffeomorphisms one obtains a total space with coordinates (z#,Y™). Taking the fields
from D-dimensional maximal supergravity, as prescribed by the tensor hierarchy [20, 21],
one may try to construct an action invariant under generalised and external diffeomor-
phisms. As it turns out, closure of the gauge algebra of p-forms and invariance of the
action require the introduction of additional p-forms of rank p > D — 2 beyond those of
D-dimensional supergravity. These extra p-forms are covariantly constrained in the sense

that they obey algebraic constraints analogous to those satisfied by the internal partial

o)
YT

constitute additional degrees of freedom, but are related by first order equations to the

derivatives dy; = by virtue of the section constraint. Moreover, these fields do not
propagating fields of the theory. Combining all these ingredients leads to a unique theory
called E,, exceptional field theory and that has been explicitly constructed for FE, with
n < 8 [22-24]. Imposing a solution to the section condition relates exceptional field theory
to maximal supergravity in eleven space-time dimensions, to type IIB supergravity or to
their dimensional reductions depending on the choice of solution to the section condition.

The invariant ‘actions’ of exceptional field theories combine various terms. They carry
an Einstein-Hilbert-type term, kinetic terms for the various matter fields including a non-
linear sigma model for the scalars, a topological term for the p-forms, and a ‘potential’ term
for the scalar fields. The scalar fields belong to the coset space E, /K (E,), where K(E,)
denotes the maximal compact subgroup of E,,, and may be parameterised by a symmetric
matrix M sy which determines the internal generalised metric on the extended space. The
‘potential’ V(M) is bilinear in the internal derivatives dp; with respect to the extended
coordinates but does not carry derivatives 9, with respect to the ‘external’ coordinates.
Under generalised Scherk-Schwarz reduction [25-29] in the extended space, it is V(M)
that generates the scalar potential term of gauged supergravity. From the point of view of
exceptional geometry, V(M) is invariant under generalised diffeomorphisms up to a total
derivative and plays to some extent the role of the curvature scalar on the extended space.



Its structure has been worked out up to and including Eg and it is tied to the remaining
terms in the exceptional field theory Lagrangian by external diffeomorphisms.

The first infinite-dimensional group in the E,, series is the affine symmetry group FEy
that is known to be a rigid symmetry of D = 2 ungauged maximal supergravity [30].
The associated exceptional field theory has not yet been constructed and the aim of the
present paper is to begin filling this gap. The Ey generalised Lie derivative was recently
introduced in [13] and it acts on fields that depend on infinitely many coordinates YyM,
The latter transform under Fg in the basic lowest weight representation. Closure of the
algebra requires a section constraint of the generic form

YMNPQ6M®8N:0 (1.1)

with the internal derivatives acting on any pair of fields. Here, Y MV

pQ is a specific Ey
invariant tensor that can be expressed most easily in terms of quadratic combinations of
the F9 generators as we shall review in section 3.2.1.

The purpose of the present article is to construct the potential V' for Ey exceptional
field theory. In D = 2, the scalar fields appearing in maximal supergravity parameterise
the coset space

Eg X (Rj_ X RLil)
K(Ey) ’

(1.2)

where Eg denotes the centrally extended loop group over Eg. Its quotient by the maximal
‘compact’ subgroup! K (FEy) = K (F3) contains the infinite tower of dual scalar fields from
D = 2 maximal supergravity together with the conformal factor of the external metric.
The factor Rj x Ry_, is parameterised by two more scalar fields {p, p} which, in D = 2
ungauged supergravity, are related by a free duality equation. The generator d associated
with the dilaton p enhances FEx to

Eg = Eg X R: s (13)

while the (Virasoro) generator L_; associated with the axion p acts as a translation gen-
erator on the loop parameter of the loop group Eg. The generator L_1 also appears in the
Eg generalised Lie derivative [13].

A novel feature of Eg exceptional field theory, compared to E, for n < 8, is that
the scalar sector (1.2) of maximal supergravity is not sufficient to define the theory. This
can be seen by extrapolating the generic field content of exceptional field theories down
to two external dimensions and noting that the covariantly constrained additional p-forms
mentioned above already start from p = 0 forms for D = 2 external dimensions. Therefore
one has to enhance the scalar sector (1.2) by additional constrained fields x s transforming
under Fy and generalised diffeomorphisms. Specifically, these additional scalar fields obey
the constraints

'More precisely, K (E9) is the maximal Ey subgroup acting unitarily on the representation of the extended
space coordinates. We shall henceforth refer to it as the maximal unitary subgroup.



with the tensor Y™ pg from (1.1), and similar relations with other constrained objects.
For the M-theory solution of the section constraint which makes all fields independent
of all but nine of the extended directions Y™, the field x; thus has at most nine truly
independent components.

As is already the case for Eg [24], the closure of the algebra of generalised diffeomor-
phisms requires to not only consider the generalised Lie derivative along a gauge parameter
AM in the basic representation, but to also include an additional set of gauge transforma-
tions with a covariantly constrained parameter ¥y [13]. The Lie derivative along the
generalised vector AM only involves Ey, while the constrained parameter also induces a
gauging of the Ry_, symmetry when My, £ 0.

Our construction of the Fg potential is guided by the following requirements. Firstly,
the different terms must transform as scalar densities under rigid Eg and rigid Ry, _, trans-
formations. Secondly, the combination of these terms must be such that the potential is
invariant under generalised diffeomorphisms, up to a total derivative. Finally, the poten-
tial must reproduce parts of the known Lagrangian of Fg exceptional field theory upon
truncation to a suitable subset of coordinates. These requirements allow us to uniquely
pinpoint the Ey potential.

The Ry, , gauge transformations mentioned above can be gauge-fixed by setting p =0
without breaking the rest of the generalised diffeomorphisms (i.e. those satisfying XM 5, =
0). This choice also breaks the rigid Ry_, invariance. For simplicity, we now present the
resulting potential for p = 0 such that M,y is valued in Fy,

S MR () e ()M (1)
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The scalar current Jys is defined as
MPSaMMsQ = (JIm) PQ = JIM,a (TQ)PQ, (1.6)

in terms of the generators T of eg written in the representation R(Ag)o that we define
below. The (inverse) invariant bilinear form on eg is denoted 7*?, and the shifted current
J) is defined as

I =S (Im) + xur K, (1.7)

where the operator S_; defined in (2.18) shifts the mode number of the Fy loop generators
and the Virasoro generators. The additional scalar field x s appears as the component along
the eg central element K, and is necessary to ensure covariance of the shifted current under
rigid Eg transformations. The first two terms in (1.5) are the Egy version of the generic
terms that appear in the potential of all exceptional field theories [14]. The third term
contains the new constrained scalar field xjs via (1.7) and generalises a structure which
has so far only occurred in the potential of the Eg exceptional field theory [24]. Each term
in (1.5) is separately invariant under rigid Fg and scales with the same weight under rigid
Rj, which is analogous to the homogeneous scaling of higher-dimensional exceptional field



theory Lagrangians under the trombone symmetry. The relative coefficients of the various
terms in (1.5) are fixed by generalised diffeomorphism invariance.

In the bulk of the paper we shall also derive the potential away from p = 0 and
in this way restore the full invariance under generalised diffeomorphisms and rigid Ry, ,
transformations. All the terms in (1.5) then become functions of p and its derivatives, such
that they are invariant under rigid Fg x (IR;lr x Ry, ) transformations up to homogeneous
scaling under IRI. Moreover, the same relative combination as in (1.5) becomes invariant
under all generalised diffeomorphisms as we shall demonstrate in detail.

The construction of Fg exceptional field theory is interesting for several reasons. To
begin with, it yields the first example of an exceptional field theory based on an infinite-
dimensional duality group with fields and coordinates transforming in infinite-dimensional
representations. As an immediate application, the Fg potential can provide a prediction for
the yet elusive scalar potential of gauged maximal D = 2 supergravity [31] by performing a
generalised Scherk-Schwarz reduction. The D = 2 potential seems at present inaccessible by
standard supersymmetry considerations because of the intricacies of K (FEy) representation
theory. As two-dimensional gauged supergravities generically involve a gauging of the Ry,
symmetry [31], it is crucial to construct the Fg potential at p # 0, which is invariant under
all generalised diffeomorphisms. Another possible application is the study of non-geometric
backgrounds [1, 2, 6, 8]. Moreover, D = 2 supergravity is the arena for exotic branes of
co-dimension two (or lower) [32, 33] for which Fy exceptional field theory may provide the
appropriate framework [34-36].

Our construction does not depend on the details of the group Fg and in fact the expres-
sions we give will be valid for any simple group G and its affine extension G. This provides
the potential for extended field theories with coordinates in the basic representation of G
that are invariant under rigid G' x (IR:lr x Ry ,) and G generalised diffeomorphisms.

The rest of this paper is organised as follows. In section 2 we review some basic facts
and properties of the exceptional algebra eg and its representations. Section 3 introduces
the building blocks for Eg exceptional field theory by reviewing the field content of D = 2
maximal supergravity and the Egy generalised Lie derivative from [13]. We furthermore
introduce the covariantly constrained scalar fields xjs. Section 4 presents the main result
of this paper, the construction of the Fy potential V' (M, y) invariant under generalised
diffeomorphisms. Finally, in section 5 we consider the branching under Eg and show that
the Ey potential reproduces all the terms of the Fg exceptional field theory that do not
depend on the two-dimensional external derivatives. This shows that after solving the sec-
tion condition, the Fy potential V' (M, x) reproduces D = 11 and type IIB supergravity
for field configurations constant along the two-dimensional external spacetime. We fin-
ish with conclusions in section 6 and two appendices that contain some technical details
and identities.

2 Ey basic representation and Virasoro algebra

In this section, we introduce some notions we require from Fg along with our notation to
be used throughout the paper.



2.1 Ey preliminaries

At the Lie algebra level, Fyg is an infinite-dimensional Kac-Moody algebra that we call eg.
The core part of eg is the centrally extended loop algebra ég over the Lie algebra eg and we
only work with the split real forms. The Lie algebra eg has dimension 248 and we denote
its generators by T/ with A =1,...,248 and eg structure constants

es (74, 78] = fAB.1C. (2.1)

The eg-invariant and non-degenerate metric is n22 with inverse n45. The loop generators
of ¢g are denoted by T4 with mode number m € Z and commutation relations

(T4, TP) = fAPTS ., + mn?Bo, K, (2.2)

where K denotes the central extension of the loop algebra with [K,T Tﬂ] = (. In order to
define the affine algebra ¢g one also has to adjoin the derivation operator d that satisfies

[d,T4] = -mTh, [d,K]=0. (2.3)

As a vector space, ¢g = ¢g @ (d). There is an isomorphic copy of eg embedded in eg
by considering the generators T64 at mode number zero. In terms of a loop parameter
w, the loop generators can be realised in the adjoint representation as T;,? ~ wmTA,
d ~ —wd, [37].

The above defines the adjoint representation of e¢g and we will also require other rep-
resentations. Irreducible highest or lowest weight representations can be constructed in a
Fock space manner as reviewed for example in [13, 37]. Here, we focus on the so-called
basic representation that starts from an eg invariant ground state and we shall employ a

Fock space notation. The ground state |0) satisfies

T3'0) =0, K|0) =10), d|0) = h|0) (24)
and T20)=0 forn>0.

While the eigenvalue of K is fixed to one by unitarity, the eigenvalue of d is a priori not
determined. There is a one-parameter family of basic representations labelled by h that
appears in d|0) = h|0), and we shall denote these representations by R(Ag).2 In general,
the eigenvalue of the central element K on an irreducible module is an integer called the
affine level.

Note that eg is not simple as K is central and d never appears on the right-hand side
of any commutator. Thus ey admits a one-dimensional representation p” on which &g acts
trivially and d acts with eigenvalue —h/2. The module R(Ag); can therefore be defined as
the product representation R(Ag), = p~ 2" R(Ag)o.

General elements in the basic representation will be denoted by ket-vectors |V') and
can be expanded as

V) = <V0+ZVA1...AHTA11"'TA1H> 0) - (2.5)

n=1

#We have changed conventions with respect to [13], where such representations were denoted R(Ag)—s.



This representation of eg is made irreducible by removing all singular vectors (submodules)
that arise when acting on |[0). As a consequence, each coefficient Vy, . 4, is constrained

to live in the subset of irreducible eg representations contained in ®"248 according to the
graded decomposition of R(Ag);, under eg

R(Ao)p =1, © 248,11 ® (1 © 248 3875), , D ... (2.6)

The subscript on the eg representations denotes their d eigenvalue. This representation
of the Lie algebra eg is integrable and can be lifted to a representation of the affine Kac-
Moody group Eyg = Eg % IROT. Subtleties in defining this infinite-dimensional group will be
discussed in section 4.3.

At some places we shall also utilise an index notation for elements of the basic repre-
sentation rather than a Fock space notation. Choosing an infinite countable basis of the
Fock space module |eys) with M € {0; 4;...} a collection of eg indices reproducing the
decomposition (2.6), equation (2.5) becomes

V) =V¥enr), (2.7)

so that components of vectors are VM and we will refer to M as a ‘fundamental index’.
We will use the bases |eps) and indices M, N, ... to label the components of R(Ag)y for all
h, understanding that they characterise the Fg basic representation, whereas h labels the
representation under IRI. This convention is defined such that all the Eg group elements
g are understood to be defined in the R(Ag)o representation, and the additional factor of
p(g) ™" will be written explicitly. Note that for finite dimensional groups E, with n < 9,
the symmetry of exceptional field theories is E, x R*, and one writes various E,, tensors
of different weight with respect to R™. For Ey the structure is very similar except that Eq
is only a semi-product Fg = Eg X IR;’.

We shall also require the representation R(Ag); conjugate to R(Ag)p. Elements of the
conjugate representation will be denoted by bra-vectors. As we shall review below, coordi-
nates of the Fy exceptional geometry belong to the R(Ag) representation and derivatives

to its conjugate. To describe objects in R(Ag); in index notation, we introduce a basis
(eM| dual to |eps) so that

(W| =W (eM]. (2.8)
Again, we use the same notation for any value of h, which will be specified separately.

2.2 Virasoro algebra

For the Fock space representation of the basic module (at affine level 1) we define, following
Sugawara [38], Virasoro generators in the enveloping algebra by

1 AmB
L,=——— E THT : 2.9
m 2(1 T gv) o NAB n tm—n > ( )



where the colon denotes normal ordering such that the positive modes appear on the right.
For ¢g the dual Coxeter number g¥ = 30. The Virasoro generators (2.9) acting on the
lowest weight basic representation satisfy the Virasoro algebra

c
(Lo, Ly] = (m — 1)Ly + ﬁm(m2 — 1)opm,—nK (2.10)
with ¢ = ‘iijrng? = 8 and K = 1 is the identity operator. The central charge ¢ = 8 comes from

the fact that the module R(Ag)o can be realised as the Hilbert space of the two-dimensional
conformal field theory of eight free chiral bosons parameterising the Eg torus on which eg
acts as the current algebra.® The Virasoro algebra is valid on R(Ag);, for any h.

We will denote the span of all Virasoro generators by

vit= (L, |m € Z) . (2.11)

We note that this space is not closed under commutation (2.10) due to the central extension
that we identify with K and that is already contained in ¢g. The maximal algebra that we
shall consider in this paper is

f = s @ vir, (2.12)

which is the loop algebra extended by K and all Virasoro generators L,,. The Virasoro
generators (2.9) act on any lowest weight eg representation which therefore is automatically
a representation of eg @ vit where the sum is semi-direct according to

(L, T = —nTh

m~+n

[Li, K| =0. (2.13)

We shall use more generally the notation @ to denote an indecomposable Eg (or Ey)
representation X @Y such that X and the quotient X @Y /{X ~ 0} are submodules of Ey
but Y C X @Y is not, because T;:‘Y Y.

In terms of a loop parameter w, the loop generators can be realised in the adjoint
representation as L,, = —w™10,,.

From (2.13) we see that d acting on the module R(Ag);, can be identified with Lo + h.
Both d and L satisfy therefore the same commutation relations with the loop algebra, but
Lo|0) = 0 for any h. In the basic representation, eg is the span of the generators {T%}, K}
of ¢g and Lg such that

eo = (T2 K, d) = (T4, K, L) . (2.14)

As is well-known, the Virasoro algebra (2.10) has an sl(2) subalgebra given by
(L_y, Lo, L1). The group generated by ¢g @ (L_1, Lo, L1) through the exponential map is

Eg x SL(2). (2.15)

3For general extended loop groups G, ¢ is the rank of the group G, corresponding to the fact that the
basic representation of § can be realised as the Hilbert space of ¢ chiral bosons on the torus R°/Ay with A4
the even lattice generated by the simple roots of the simply-laced Lie algebra g.



This group was identified in [39] as a symmetry of ungauged maximal supergravity in two
dimensions. The symmetry group of the Ey exceptional field theory will turn out to be its
subgroup generated by eg @ (L_1),

Es x (Rfx Ry_,) . (2.16)

This group acts on f in an indecomposable representation.

We will denote collectively the generators of f in the basic representation R(Ag)n by
(T*) = (T2, K, L,). By construction they do not depend on h, and K = 1 on the module,
although we choose to write it explicitly for clarity.

We can define a collection of Fg invariant symmetric bilinear forms 7, by

MmasT® T = napT @ T, — Lin ® K= K& Ly, . (2.17)
nez

For the value m = 0 the range of the generators T is restricted to (T2, K, Lo) and this form
defined in the basic representation R(Ag)o (for which d = Lg) is the inverse of the standard
invariant Killing form 7 on eg. We shall also denote this form by just Naf = 10af-
Similarly for 7, the range of the generators T is restricted to (T2, K, L,,,) (for all n € Z
but only one m), which also defines an algebra for which 7,, is an invariant non-degenerate
bilinear form.
It will be very convenient to also introduce shift operators S, (for m € Z), acting on
f = eg @ vir according to
Sm(K) = 6moK, Sm(Ln) =Liin, Sw(Ts)=Th

m-+n *

(2.18)
Sp is the identity. Combining this definition with (2.17) we find a useful identity for m # 0
Nintm) apT* @ TP =1 0T @ S (TP) — Lpim @ K. (2.19)

It follows that the shift operators are not invariant under Fy. Their transformation prop-
erties are discussed in appendix A.
Finally, the Hermitian conjugate T°T in the representation R(Ag)y, is defined as

Ll =L,, K=K, d=dl, 74T =n.pT5,. (2.20)

It acts on the shift operators as S;,(T*)" = S_,,(T*"). We use the Hermitian conjugate
to also define the maximal unitary subgroup K(FEg) C F9 which consists of those elements
k € Eq satistying k'k = kk' = 1 when acting on R(Ag)p.*

The representation of § on R(Ag)p in terms of the generator 7% on the Hilbert space
of bra vectors can be realised equivalently in terms of the generators 7% on the Hilbert
space of ket vectors, using

(wx)" = xtw) (2.21)

4For finite-dimensional groups, the notion of maximal unitary subgroup coincides with that of maximal
compact subgroup.



where we will write (W|' = |IW) and it will be clear from the context that |W) € R(Ag)s.
One consequence of this is that (W|d = (W|(Lg + k). Note that the representation of f on
R(Ao)p, in terms of the generator —7T'“ on the Hilbert space of ket vectors only agrees with
the conjugate representation for anti-Hermitian elements. In particular, the two modules
are isomorphic modules of the maximal unitary subgroup K(Fy) C Ey.

3 Building blocks of Eg exceptional field theory

Many of the variables of Eg exceptional field theory can be extracted from the knowledge
of D = 2 maximal supergravity, which we review first in a reduction from D = 3. Then we
discuss the additional structures that enter the exceptional field theory, in particular the
generalised Lie derivative, the section constraint and the presence of constrained fields.

3.1 D = 2 maximal supergravity fields

An affine symmetry of D = 2 gravity coupled to matter arises on-shell when it is obtained
by dimensional reduction of a D = 3 system with scalars taking values in a symmetric
space [16, 40-42]. In principle, all propagating bosonic fields in D = 3 can be dualized
to scalars coupled minimally to a non-dynamical three-dimensional metric. Assuming an
additional space-like isometry with Killing vector 03 = 9, in the three-dimensional space-
time leads to a metric of the form

dsy = € (—dt* + da®) + p*(do + AP dat)? (3.1)

where coordinates have been chosen to make the two-dimensional metric conformally flat
with scale factor €2?. The variable p measures the size of the Killing direction. The index
@ = 0,1 labels the two coordinates ¢t and = on which all the fields depend.

The field Aﬁf) is the Kaluza-Klein vector arising in the reduction from 3 to 2 dimensions.
Vector fields in D = 2 are not propagating and can be eliminated locally by a gauge
transformation. In the usual formulation of ungauged D = 2 supergravity with rigid
Ey symmetry (and its associated linear systems), this vector field is set to zero [17, 41].
However, the investigation of gauged supergravity in various dimensions has shown the
importance of the hierarchy of tensor fields including the non-propagating ones [20, 21].
In particular, the gauging of D = 2 supergravity requires the introduction of an infinity of
vector fields (including A(’) transforming in the basic representation of Eg [31]. A similar
requirement is expected to hold in exceptional field theory, but our goal in the present
paper is to construct only the potential of Eg exceptional field theory, which does not
depend on vectors. Hence, we will postpone their analysis (and possibly that of higher
rank forms) to future work.

The propagating scalar fields descend from D = 3 and can be arranged in a repre-
sentative V| of the coset space Eg/(Spin(16)/Zs), where Spin(16)/Zs is chosen to act on
Vo from the left, or alternatively in a Hermitian Fg matrix My = VE)TVO. Written in the
adjoint representation of Fg, the matrix takes the form My ap with A, B € {1,...,248} of
eg. The (bosonic) dynamics of the maximal D = 2 supergravity theory is entirely described
in terms of Vj together with the scalars o and p arising from the metric (3.1).



However, this does not make the infinite-dimensional affine symmetry and the asso-
ciated integrability of the D = 2 theory manifest. In order to exhibit this symmetry one
has to use an infinite set of dual scalar fields (a.k.a. cascade of dual potentials) that are
related to the original scalar fields by non-linear duality relations that are consistent with
the equations of motion. These are manifested in a so-called linear system for a generating
function of a spectral parameter w that should be identified with the loop parameter of
the loop algebra ¢g discussed in section 2.1.°

The dualisation of the scalar fields Vy leads to scalar fields that parameterise the
coset space Eg/K(Ey) where K (FEy) denotes the maximal unitary subgroup of Ey [41, 43
which agrees with the maximal unitary subgroup of F in the basic representation R(Ag)o.
Expanding around w = oo we can parameterise a coset representative of the centrally
extended loop group FEy in the representation R(Ag)o as

V =e KVyexp (nABYf‘Tfl) exp (UABYQATFQ) s (3.2)

Vo here is the Eg/(Spin(16)/Zs) coset representative containing the original Eg scalars of
the D = 3 theory while the YnA are scalar fields corresponding to the es generators Tf‘n
for n > 0, and n4p is the Cartan-Killing form over e¢g. The local group K(FEy) acts on 1%
from the left while the rigid FEg acts from the right. In writing the coset representative of
the centrally extended loop group Eg we have fixed a Borel gauge, meaning that only the
negative mode loop generators T’ fln appear. This corresponds to fixing the action of K (Ey).

The fields YnA are on-shell dual to the propagating Fg scalar fields parameterising Vj.
The first duality relation is

a,uylAT/ABTB = pgpu‘/()_lpyvv(), (33)

where the integrability of this equation is guaranteed by the equations of motion for V.
In the above equation, PV = %(8”1/0‘/0*1 + (0"VoVy 1)T) denotes the coset component of
the Maurer-Cartan form, i.e., the projection of 9" VOVJ1 to the 128 non-compact genera-
tors of Eg.

Equation (3.3) and similar equations for the other Y; are summarised in the linear
system of the D = 2 maximal supergravity [17] whose precise form we do not require here.
These infinitely many fields are required to realise the on-shell Fg symmetry.

According to (2.14), the full Ey symmetry also requires the inclusion of the generator d.
The scalar field of D = 2 supergravity associated with this generator is the dilaton p [16, 39].
This scalar field satisfies the free Klein-Gordon equation and is dual to an axion p via

Oup = €w0”p. (3.4)

5We note that there are two spectral parameters that are relevant in gravity reduced to D = 2; one
that is called the ‘constant spectral parameter’ and that we denote by w and another one, often called
‘space-time dependent spectral parameter’ that also depends on the D = 2 coordinates and that we denote

by . The two are related by v+~ *

= 2(w + p)/p, so that ~ is a double cover of w. The ‘axion’ j in this
relation is defined in equation (3.4). One can define K(Fy) groups with respect to both choices of spectral
parameter and the one that is commonly used in the linear system is . The one that we are using when

writing the representative (3.2) is the constant spectral parameter w.
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Unlike for the Eg scalars Vj, this duality relation is linear and does not give rise to an
infinite sequence of dual scalar fields.
The dilaton p and the axion p parameterise the group Rj X Ryz_,. The full coset space
of relevance is therefore .
Esx (Rf xRy_,)
K(Ey)

(3.5)

In the R(Ag)o representation, where we can identify d with Lo, we write the Rj x Rr_,
group element as

v=p Loe PL-1 (3.6)
and the full coset representative becomes
V=0V. (3.7)

It transforms from the left under the denominator group K(Fy) and from the right under
the rigid symmetry group Fg (IRCT X ]RL,l), ie. as V — kVg.

Using the fact that v can be embedded into the SL(2) group generated by L_1, Lo and
L1, we can conveniently work with the Hermitian element

M=VV=VinV e Es x SL(2) (3.8)
with
m =vlv = e Plip=2Log=pL-1 (3.9)
so that M = MT. We shall also decompose M as follows
M=VImV =mgn = gj\/lm. (3.10)

Note that while m € SL(2) satisfies m' = m, the Eg element g does not. We stress that
M is defined as a group element in the R(Ag)op representation, in which d = Ly.
In the fundamental representation 2 of SL(2), m can be written as the 2 x 2 matrix

2 =2 =~
_1[p°=p° —p
= . 3.11
mz =p < F; 1 ) ( )

We note that the Hermitian conjugate (2.20) isolates a non-compact unitary SO(1,1) sub-
group of SL(2). This implies that the finite-dimensional mg cannot be a symmetric matrix
but rather satisfies ma = o3mias. Note that the whole SL(2) is an on-shell symmetry of
ungauged supergravity in two dimensions [39], but the exceptional field theory potential
will only exhibit the parabolic subgroup ]R;r X Ryz_, as symmetry.

The advantage of working with M instead of V is that it only transforms under the
rigid Fg (Rj X RL_I) symmetry of the coset space as

M= g Mg, g € Fy x (Ry xRp_,) - (3.12)
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Formally, for p = 0, the element v in (3.6) is simply a dilatation IR:{ and M becomes an
element of the affine Fg group only. As we shall see many formulee simplify for p = 0. Even
though most of our derivations use M for simplicity, a proper evaluation of the potential
and definition of the dual scalar fields requires descending to V), a step we shall explain at
the end in section 4.3.

In summary, all scalar fields appearing in the D = 2 maximal supergravity theory
can be packaged into the operator M. It contains the 128 propagating fields in the
FEg/(Spin(16)/Zs2) coset representative Vpy along with all their dual potentials Y, as well
as the dilaton p, the axion p and the scale factor o.

To give a more concrete idea of how the Eg scalar fields parameterising My and the dual
potentials Y;4 are embedded in M, we now display some components of the inverse matrix
MMN - One can give formal definitions of the index-notation coefficients M ;n and MMN
using (2.7) and (2.8) as

M= MuyneMie ], M= M"Ney) @ len). (3.13)

Taking |eg) = |0), |ea) = T_1 4|0), the first few matrix components of MM are computed
from (3.8) in the parameterisation (3.2) and (3.9) as follows

MP = (oM ~|0) =€, (3.14a)
MO = (M 0) = —eYy, (3.14b)
MAB = (T MITPT|0) = €2 (02 MP + YY) | (3.14c)

with M§'? the matrix components of the inverse Eg matrix M, ' = Vo_l(VoT)_l. We have
also used M (T2) My = MZ'BT,, 5 and the fact that |0) is SL(2) invariant. The other
dual potentials Y2, m > 1, as well as j start appearing at higher levels. Performing
a similar expansion for M,y would give infinite divergent series in Yw? at each level
in the graded decomposition. However, the way M enters in the potential V (M, y) is
such that the latter is well-defined for V in the Borel gauge (3.2) and only involves finite
combinations of terms, as we shall exhibit in section 4.3 and also in section 5 when we
discuss the reduction to Eg.

3.2 Generalised diffeomorphisms and scalar fields

As usual in the construction of exceptional field theory, the supergravity fields are the basic
building blocks and are promoted to fields depending on both the ‘external coordinates’
and the ‘internal coordinates’ of the exceptional geometry. The FEg exceptional geometry
is characterised by its generalised diffeomorphisms that we shall review first.

3.2.1 Generalised Lie derivative

As shown in [13], the correct representation for coordinates and canonical generalised
vectors in Fy exceptional geometry is the basic representation R(Ag)_; discussed above.
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Writing |V') for a vector field in this representation, the action of a generalised diffeomor-
phism reads

LnslV) = (OvIMV) = 0ag(Oa|TINTP V) — (Oa|A)| V) = -1 0p TH(TE) TP|V) .
(3.15)

This very compact expression uses the Fock space notation for eg representations and the
bilinear forms (2.17). As the coordinates are valued in the R(Ag)_1 representation just like
generalised vectors, derivatives are in the dual R(Ag)_1 representation with d eigenvalue of
the vacuum state (0|d = (—1)(0|. Derivatives are represented as bra-vectors (9| with the
subscript indicating which object they act on.

The generalised Lie derivative (3.15) depends on two gauge parameters, A and . The
first parameter A is the usual generalised diffeomorphism parameter and is also valued in
R(Ag)—1. It is thus written as a ket vector. The second parameter ¥ is an extra constrained
parameter that generalises a similar constrained parameter in the FEg exceptional field
theory [24]. For Ey, ¥ belongs to R(Ag)o ® R(Ag)—1 with a constrained ‘bra index’. This
constraint will be spelt out below. The trace Tr(T*Y) is guaranteed to be finite due to the
constrained nature of X.

Since the Fock space notation in (3.15) is different from that used for finite-dimensional
symmetry groups, we provide a short translation into index notation using (2.7) and (2.8).
Vectors carry an upper fundamental index M and co-vectors have a lower fundamental
index. In this component notation, the gauge parameters have index structure AM and
YN 1r. The generalised Lie derivative then takes the index form

LrasVM = ANONVM — s (TP o(TPYM  9pAC VN — O AN VM
— 105 (T*) (TP NECp VY. (3.16)
More examples of translating between the Fock space notation and the index notation were
given in [13].
The definition (3.15) generalises to any field ® admitting a well-defined action of eg @
(L_1), not necessarily in a highest/lowest weight representation

L5 ® = (Dp|A)D + 0o (OA|T|N)SP D + 11 0 Tr(TO%) 6P, (3.17)

where §“® is the variation of the field with respect to the global symmetry algebra eg @
(L_1). We stress that this includes the variation with respect to the derivation d and not
Ly, thus reproducing the third term in (3.15) with d|V) = (Lo — 1)|V).

From the comparison of (3.16) with the common form of generalised Lie derivatives [7]
one can already anticipate the form of the section constraint to be

Nap (01T & <82’T’8 + (01| ® (02| — (02| ® (01] = 0. (3.18a)

YMN

This constraint defines the tensor pg in (1.1) in the introduction. The above con-

straint has for consequence the additional constraints

Nonap(O1|T @ (3T =0 foralln >0, (3.18b)
M g (01T @ (02| TP + (02T @ (04|T° ) = 0. (3.18¢)
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The constraint on the gauge parameter ¥ is more conveniently written using the notation
introduced in [13]
¥ =M yleMem| = |Z)(rs|. (3.19)

The section constraint (3.18) is then also imposed when one derivative is replaced by (my],
and when both derivatives are replaced with (ms,|, (7y,|, where ¥, Y9 can be the same
or two different gauge parameters. Notice that ¥ generally does not factorize into a tensor
product of a bra-vector (rs| with a ket-vector |X).5

As was shown in [13], the generalised Lie derivative (3.15) provides a closed gauge
algebra when the section constraints are imposed, satisfying

[(ZA1. 51 Lhs.5]® = Lhin 51, @, (3.20)
with
A= 3 (o= Zi )
212:$A122+%n_1aﬁTr(Tazl)Tﬂzg—%maﬁ@AQ|Ta|A[1>T5|A2]><aA2|—(1H2). (3.21)

The parameter Y15 depends nontrivially on A; and As (as well as on X7 and X9), compen-
sating for the fact that the A part of Fg generalised diffeomorphisms does not close onto
itself. An observation that will be crucial in the following is that closure of the generalised
Lie derivative is ensured already by restricting to traceless ¥ parameters, i.e. X125 is trace-
less if ¥; and X5 are. As is clear from (3.15) and (2.17), the trace component Tr(X) is the
only one generating L_; transformations. We can then gauge-fix the trace component of ¥
transformations acting on M by setting p = 0 and then consistently restrict to arbitrary A
and traceless X transformations. No compensating gauge transformations are then needed
to keep p = 0 and FEy covariance is preserved.

3.2.2 Unconstrained scalar fields and currents

The fields of the theory include the element M € Eg x SL(2) introduced in (3.8) and it
depends on the coordinates of the exceptional geometry that take values in the R(Ag)—1
representation. We reiterate that we always take M to be defined as a group element in
the representation R(Ag)g. As a side-remark we note that this discrepancy between the
weight h of the coordinate representation and the representation of M means that the
‘generalised metric’ of Fy exceptional geometry is p> M.

From M in R(Ag)o we can, as usual, construct the current

Iu = M~ oyM (3.22)

which is valued in the Lie algebra ¢g @ s[(2) and carries a constrained derivative index M

in the R(Ag)_1 representation. In index notation and using the bases (2.7) and (2.8) this

5To write the constraint (3.18a) for the operator X itself one must introduce an additional arbitrary
vector |V), such that for any [V): nagZT*|V){(I|T? +S|V)(0| —Z(0|V) = 0 and nagZiT*|Vi) @ 82T |Va) +
1 V1) ® Ea|Va) — E1|V2) ® X2|Vi) = 0.
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reads
MP5oyuMsq = (Tn) o = Tua (T g, (3.23)

where T € f but Jas,o is only non-vanishing along eg @ s((2). It will be more convenient
to use the Fock space notation, in which the current is defined such that

(O] © M = (Ta| ® MT*. (3.24)

To see the equivalence of this formula with the definition (3.23) above one may reintroduce
indices as

OuMpg = .,7M7OCMPS(TQ)SQ (3.25)
and multiply the equation with M~!. The current satisfies the following useful identity
(Tal @ MTITTM = (T, | @ T, (3.26)

which follows from the Hermiticity of M. It will also be convenient to introduce the matrix
H(M)%3 defined by

MATY M = HM)*5T? (3.27)

in terms of which the identity (3.26) reads
H(M)P o T5 = T - (3.28)
We write out the Lie algebra valued current in its components more explicitly as follows

(Jal @T* =D (THTH+ > (J| ® Ly + (Jk| @ K. (3.29)

nez g=-10,1

The above expression stresses once again that, while our conventions are such that 7% are
the generators of f = ¢g @ vir, the current has only components along ¢g @ sl(2) since it is
constructed from an element M in the group Eg x SL(2) (3.8). In other words, we have
(Jg| =0 for |¢| > 1.

We also note that the sl(2)-part of the current is identical to that constructed solely
out of the SL(2) element m defined in (3.9),

mflaMm = JM70L0 + JM71L1 —+ JM,—IL—I , (3.30)
where, due to the structure of m, one has in Fock space notation
(Joal+ p(Jol + (5° = p*) (| = 0. (3.31)

This relation can be derived easily from the matrix representation (3.11) and can be used
to solve for (J_1| in terms of the other components.
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3.2.3 Constrained scalar fields and shifted currents

A crucial ingredient in exceptional field theory is the existence of constrained fields. For
FEq1_p exceptional field theory with a D-dimensional external spacetime, the constrained
fields appear starting from the (D — 2)-form sector. For instance, in the Fg exceptional
field theory, corresponding to D = 3, there are constrained vector fields that are crucial
in the construction of the theory [24]. In the present case of D = 2, the constrained fields
appear already in the scalar sector and therefore are essential for the scalar potential.

As was argued in [13], the constrained scalar fields carry an index labelling the
dual basic representation R(Ag)—1 and we write them as xps or (x|. The fact that
they are constrained means that they satisfy a condition analogous to the section con-
straint (3.18), namely

Mg (XIT* © (O|T7 + (x| @ (9] = (9] ® (x| = 0, (3.32a)
Nnap{X|T* @ (DT =0 for alln >0, (3.32b)
Mas((XIT* @ (O|TF + (9| T* @ (x|T”) =0, (3.32¢)

and the same identities bilinear in (x|. Here, (9| can be any derivative, as for instance that
carried by the current (7,|, or also the constrained index of the generalised diffeomorphism
parameter .

As will become clearer when we discuss the transformation properties of the various
fields, it is useful to also define a shifted version of the current (J,| defined in (3.24), by
making use of the shift operators defined in (2.18)

(T |@T =" M{(Tul @ S_1-(T) + (x| @ K. (3.33)
k=0

The constrained scalar field x appears in the definition of the shifted current in order to
ensure covariance under the rigid symmetries, as we shall explain in detail below. Unlike
the unshifted current (3.29), the shifted current has also non-trivial components along the
Virasoro generators L, for all ¢ < 1 because these are generated by the shift operators.

4 The potential

In this section, we present the Fg exceptional field theory potential, depending on M and
the constrained scalar field x, written as a sum of four terms as

1 1 1 1
VI(M,x) = 151 - §£2 + 553 + §£4. (4.1)

The four terms are independently invariant under rigid Fg and Ry _, transformations, and
transform with the expected homogeneous scaling under IR:. The symmetry ]R(T is known
to be a symmetry of the equations of motion, whereas the potential itself is not invariant
but transforms homogeneously with weight one. The relative coefficients between the
four terms are fixed by requiring the potential to transform into a total derivative under
generalised diffeomorphisms.
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Let us briefly compare the general structure of the potential to that of other FE,
exceptional field theories with n < 8. While the terms L1, £ and L4 have direct analogues
in the other cases [14, 22-24], the term L3 is a vast generalisation of a term that only
appears in Fg exceptional field theory. The main new feature is that the Fg scalar fields
M and x form an indecomposable representation, meaning that they cannot be separated
into a direct sum of irreducible Ey representations. The term L3 contains crucially the
shifted current (3.33) that comprises all these scalar fields. Another consequence of this
indecomposability of the scalar fields is that the four individual terms of the potential
are not all manifestly invariant under the rigid Eg x Ry _, transformations and we shall
therefore demonstrate this invariance explicitly.

For the sake of clarity of the presentation we shall first consider a partially gauge-
fixed version of the potential in which the axion p = 0 and the rigid symmetry Ry_, is
broken. As mentioned in section 3.2.1, this gauge-fixing preserves the closed subalgebra
of generalised diffeomorphisms (3.15) with Tr(X) = 0. In this case, the four terms are
manifestly invariant under Es. The term L3 still retains the indecomposable structure but
now involves only the shift operator S_; (instead of all S,, with n < 0). This shift operator
and the associated shifted bilinear form 7_; are also expected on the basis of the structure
of maximal gauged supergravity [31] where the embedding tensor couples through 7_;.

In a second step, we reintroduce the p dependence and consequently the full gener-
alised diffeomorphism invariance. Besides generalised diffeomorphism invariance, the full
potential presented in this section is invariant under rigid Fgx Ry _, and these two require-
ments uniquely fix the combination of the four individual terms. In the following section 5,
we moreover demonstrate that our potential, upon choosing an appropriate solution to the
section condition, reproduces all the terms in the Eg exceptional field theory [24] that can
contribute to the Fg potential. This provides a final check on the Ey potential.

4.1 The potential at p =0

In this section we restrict ourselves to the case p = 0 in which M, defined in (3.8), is an
element of Egy in the R(Ag)p representation. The construction of the potential is greatly
simplified in this setting as one simply requires its invariance under rigid Fg transformations
and A generalised diffeomorphisms. The various terms of the potential then read

Ly =p ' (Ta| M Ts), (4.2a)
Ly =p HT|TP M T\ T5) (4.2b)
Ly =p (T |TPMITT 77, (4.2¢)
Ly=p Y| T M Ty) . (4.2d)

Their expression in an index notation was already given in the introduction (1.5). The
currents (7| and (J; | were defined in (3.24) and (3.33), and since here M € Ey, their
only non-vanishing components are along eg and ¢g @ L_1, respectively. Since here p = 0,
the current component along L is simply given by

(Jol = =2p" (Dlp. (4.3)
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We also point out that, while writing some of the currents as kets in (4.2) might seem
confusing at first, our notation should be clear from the discussion at the end of section 2.2.

All the terms in (4.2) are manifestly Hermitian and, as we shall see below, invariant
under rigid Fg transformations. Moreover, note that in this case the new constrained scalar
field (x| only appears in the third term. As previously mentioned, L3 generalises a term
that so far only appeared in the Eg potential, where it involved two Eg currents contracted
directly [24].

4.1.1 Rigid Eg9 symmetry

Under g € Fy, we have the following rigid transformations

M = g Mg, (4.4)

(01 = p(9)*(g,

V) = p(g) %971y,
where here and in the following, g will always be a group element in the R(Ag)g represen-
tation. It acts on the derivative bra in the R(Ag)_1 representation by multiplication with
g from the right and on the coordinate ket in the R(Ag)_1 by multiplication with g~! from
the left. The RT-valued function p(g) appearing in the transformation laws is the multi-
plicative character defined in (A.4). It occurs for instance in the above second variation to
account for the fact that the derivative transforms in the R(Ag)_; representation while g

is a group element in the R(Ag)o representation.” In particular, we have p(M) = p.
The variation of the eg-valued current (3.24) then reads

(Tal @ T* = p(9)*(Talg® g~ ' T, (4.7)

while its components (J,| transform as

(Tl = p(9)> R(9)%a(Tslg . (4.8)

where R(g)“s denotes the representation matrix of g acting by conjugation, which is de-
fined by
R(g)*sT" = g~ 'T"g. (4.9)

To further clarify our notation for the current written as a ket, we also provide explicitly
its transformation under Fg,

T |Ju) = 97 T% @ g'|Ta) p(9)?,
|Ta) = 9'1T8)R(9) p(9)?, (4.10)

which follows from (2.21). The variation of the scalar p = p(M) is by definition

p—p(9)p. (4.11)

"We note that M as a group element is in R(Ao)o which naturally multiplies ket vectors in R(Ao)—n

from the left and produces bra vectors in R(Ao)+n. It thus acts as an intertwiner of representations.
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From (4.3), one then simply finds that (Jo| — p(g)?(Jy|g. Using the above transformations
it is straightforward to verify the rigid Fg invariance of (4.2b) and (4.2d). The Eg invariance
of (4.2a) is ensured by the presence of the ey invariant bilinear form 7*?, which satisfies
R(9)*R(g)P 51 = nP.

The invariance of (4.2c) is a bit more subtle. Start by considering the variation of the
current which has been acted upon by the shift operator defined in (2.18),

(Tal @ S_1(T*) = p(9)*(Talg @ (p(g) 2 g7 'S_1(T*) g — wi(g~HK). (4.12)

This result follows directly from using the relation (A.13). It involves an R-valued function
wi'(g), which is a group 1-cocycle defined in (A.13). As explained in detail in appendix A,
this cocycle and the character p(g) define an extension of the adjoint representation of Fg
by the generator L_;. The new scalar field (x| must be chosen to transform as part of the
dual of this extended representation (A.11), i.e. as

(Xl = (xlg + p(9)* Wi (g~ ) Talg (4.13)

in order for the shifted current to transform covariantly under Fy. Indeed, using (4.12)
and (4.13) we find that the shifted current (3.33) and its components transform as

(Tal©T* = (Tylg@g T, (4.14)
(T | = R(9)°a(T5 |- (4.15)

It is then straightforward to verify that the third term in the potential is invariant under
Fg. Note that the appearance of fields transforming in indecomposable representations,
such as (x| in (4.13), is a new feature in Egy exceptional field theory. In higher-dimensions,
all the fields have to transform individually in irreducible representations of the duality
group since E, is then a finite-dimensional reductive group.
Let us finally remark that the potential scales uniformly under transformations gener-
ated by d,
V = p(g)*V. (4.16)

As mentioned previously, the generator d is associated to a symmetry of the equations
of motion and not of the Lagrangian itself, as is the so-called trombone symmetry in
higher dimensions [44]. According to its original definition, the trombone symmetry in two
dimensions shifts the conformal factor o of the metric and is the symmetry of the action
generated by the central charge K. It is instead the symmetry generated by d that rescales
the dilaton field p which is not a symmetry of the action.

4.1.2 Invariance under generalised diffeomorphisms

We denote an infinitesimal variation under generalised diffeomorphisms by 5 5. By defi-
nition it splits into

Ay =2y +Ary, (4.17)
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where the action of the generalised Lie derivative .Zj s» on an arbitrary field was defined
in (3.17), and where Aj x explicitly collects all the non-covariant pieces in the variation.
The latter are those terms involving second derivatives of the gauge parameter A or a single
derivative of the gauge parameter Y. In this section, we exclusively focus on variations
under A generalised diffeomorphisms, which are simply denoted by . The reason is that
in the expression of the generalised Lie derivative, the trace of ¥ appears as the gauge
parameter of an infinitesimal Ry, , transformation, which can only be considered at p # 0
when M € Eg x SL(2) D Ryz_,. While we could already consider traceless ¥ variations in
this section, we postpone this discussion to section 4.2 where we will prove the invariance
of the full potential under arbitrary ¥ variations.

We start with M which transforms covariantly under generalised diffeomorphisms,
i.e. as

SAM = LM = (Op| AYM + 005 (06| T AY (M TP + TPTM) . (4.18)

The expression of the rotation term follows from the action (4.4) of F9 on M. In particular,
there is no density term as M transforms (from the right and the left) in the R(Ag)o
representation and therefore carries no weight. According to (4.11), the field p is an Eq
scalar density of weight one and thus transforms as a total derivative

onp=Lxp = (0,1)p+ (OalN)p = (0](1A)p) (4.19)
The variation of the current (3.24) follows from that of M and takes the form
ATl @ T = Lr(Tal @ T + 00 (0a|T|A)(Or] @ (TP + MTITPT M), (4.20)
where its Lie derivative is given by
Lr(Jal @ T = ((Og1ANTal + (TalA)OA]) @ T = nap(Oa|T*[ANT,| @ [T7,T7]. (4.21)
The variation of the current components then reads
00Tl = Za{Tal + 1as(0al (T7 + MTITPTM)[A)(Or] (4.22)
with
Ln(Tal = (07 1M Tal + (TalA)(On] = 15 (OAIT7|A) S o (T5l (4.23)

where fo‘ﬁ7 denotes the structure constants of f. To write the non-covariant terms we also
used the identity

Nonag MTITTMRTP = p72"1, 0 T @ MTITPT M (4.24)

which only holds here as M € Ey, and follows from the covariance of 1, g under Eg. From
the non-covariant variation in (4.22), one gets in particular

An(Jo| = —2(0a|A) (O] (4.25)
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Let us now discuss the variation of the shifted current. Acting with the shift operator
S_1 on (4.20) gives

A {Ta| @ S-1(T)
= ((07 M) (Tal + (TalA) (O] — (OrIA)(Tal) @ S—1(T)

— Mg (N T AN T, ® [T7, 81 (T)] = Y (n = D{(OAIT;L1 [A)(JF] ® K
nez

+ N (06| TIANOA] @ (p 2 MTESUTP)IM = P (MK + S_1(TF)) . (4.26)

The density term and the term involving the explicit sum over the loop algebra are gener-
ated by pulling the shift operator inside of the commutator in the second term of the second
line, while the appearance of the cocycle is a consequence of using the identity (A.13). The
variation of the constrained field (x| is chosen to be

Sa (x| =Lnh{x| — (Oal(L=1 + p L1 — g w™ (M) T?)|A) (04|
= La(x| = (On| (L1 + MTILY, M)AV (8], (4.27)

with the Lie derivative

La{x] = (OxIA) (x| + (AYOa] = (OalAY (x| + D (n = D(OAITL [A)(TR]. (4.28)
nez

The Lie derivative is determined according to (3.17) and the linearisation of the Fyg ac-
tion (4.13) on the field (x|,

Ox(X| = Xa 6% (x| = (IXaT + 7Y (n =X, "(J5 (X €egonly),  (4.29)
neZ

which follows from using the section constraint and the linearisation of the cocycle (A.14).
Note furthermore that the non-covariant variations in (4.27) are consistent with the prop-
erty that (x| transforms as part of the dual of the extended representation (A.11) which
includes L_;. Combining (4.26) and (4.27) yields for the shifted current

ONTa | @ T = Lp(T5 | @ T + (OA|TA)Onl @ (1-108T" +Magp M T TM),
ST | = LATL) + 110808 (TP + MTITPIM) [AY (4], (4.30)

where the non-covariant terms were recombined using (2.19) and (4.24) in the first and
second line, respectively. Due to the Egy covariance (4.14) of the shifted current, its Lie
derivative simply reads

LT | @ T = ({07 |AN(Ta | + (Ta M) OA] — (OnlANT, |) @ T°
— Nap(Oa T AT | @ [T7,T7], (4.31)

and matches that of the regular current up to a density term.
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Having established the necessary transformation rules of the various fields under gen-
eralised diffeomorphisms, we now move on to proving the invariance of the potential (4.1)
at p = 0. Its variation takes the form

AV = LV + ANV = <3|(|A>V) + AAV . (4.32)

As was shown in (4.16), the potential is an Egy scalar of weight one. As a result, we
immediately deduce that the generalised Lie derivative of the potential is a total deriva-
tive. In the following we then exclusively focus on the non-covariant variations ApV.
From (4.20), (4.22) and (4.25) one computes that

ANLy =4 p 7 HOAT*[AY(OAM T Ta) (4.33)
ApLy = —2p HOAA)Y (DA T M T)
— p O (Tl MTHON) + p~H {(Jo|AY(OA|MTH|O4) (4.34)

where we used (3.26) in the variation of £; and the section constraint (3.18a) in the
variation of £4. For the second term in the potential, we find

ANL2 =2 p  0ag (OA| T A OA| T MY (TPT + M TP M™Y)| )
=2p Tl A)(OATMH|0p) — 20~ {OA|A)(OA|TM | T0)
+ 20 ap (O | T A) OA| [T, TPIM T T,) - (4.35)

The section constraint (3.18a) was used on both terms to simplify the first line. Us-
ing (4.30), the variation of L3 reads

ANLs =2 p ' ap(OA| T AN (OA T TP MY T)
=297 g (Oa|T|A) (OA| [T, TP] M7 |T)
=2 " 11agg (O T |A)OA|[S1 (T7), SU (TP MY T,)
=29 0 (O T |A)OA|[T7, TPI M| T
— 27 OAIT AN OAIM T Ta) + 297 ONAYOAT MY Ta) . (4.36)

The section constraints (3.18b) and (3.18¢c) were used in the first and second line, respec-
tively, and in the last line we used that for a and j restricted to eg one has

[S_1(T*), S$(T7)] = [T, 77 — ™K — 55T7 — 657, (4.37)

with the Kronecker symbol defined such that §§(7,| = (Jo|, as well as the section con-
straint (3.18a).
Combining the above non-covariant variations, we find

1
ALV =7 (OalA) (0al T M| Ta) = M7 0))

1
= 07 (TalAYOAIT* MTH0A) + 5p (Tl A) (On| M 04) (4.38)
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which, upon using (3.24) and (4.3), reduces to a total derivative
ANV = (0] (p™ M) (BaIMTHOn) — p~ M Ba)(OAIA)) - (4.39)

This proves that the potential (4.1) is invariant, at p = 0, under generalised diffeomor-
phisms up to total derivatives.

4.2 The potential at p # 0

We shall now present the general expression of the potential (4.1) at p # 0. In this case,
M € Eg x SL(2) and the various terms read

Lo=p " 3D AIETIMTIEY =297 (o + 25 M)

neZ k=0
—2p HNIMTH2p? x = PP J1 + QY (M) Ta) (4.40a)
Lo =p HT|TPMTITT T5) (4.40D)
Ly =p (T |T°MT N 77y, (4.40¢)
Ly=p Yo +2p 1T M YT) . (4.40d)

The currents components (J,| defined in (3.24) are now non-vanishing along eg @ sl(2),
while (J; | defined in (3.33) has non-vanishing components along all Virasoro generators
L, withn < 1in f. The sl(2) components of the current are the same as for SL(2)/SO(1,1)

(Jol == 2p"H(Bplp+2p7" (9515, (4.41a)
(J_al =2p7" p(Oplp — (L+ p25%) (0517, (4.41D)
(Jil == p~(851p - (4.41c)

It is straightforward to check that these components satisfy the identity (3.31). The func-
tion Q%(M) defined in (A.28) is a combination of Eg group cocycles that reduces to the
cocycle w*(M) when p is set to zero. In the following, we will show that each term is
invariant under rigid Fyg x Ry, and scales with weight one under rigid ]Rd+. Then we will
show that the combination (4.1) is invariant under A and X generalised diffeomorphisms.
At this point, the most striking difference with the expression of the potential at p = 0 is
perhaps the complexity of the expression of £1, and the fact that its rigid Ey invariance is
not manifest. This is due to the absence of an invariant bilinear form over ¢g @ s((2).

4.2.1 Rigid Eg (Rj' x Rr_,) symmetry

For clarity, we will treat separately the transformations under Eg and R;,_,. Under g € Ey,
the derivatives, M and the field p still transform as in (4.5), (4.4) and (4.8), respectively.
From the parameterisation of the coset element (3.7), one finds that

p—p(9)°p- (4.42)
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The transformation of the current and its components still take the same form as in the
p =0 case

(Tal @ T = p(9)*(Talg® g~ ' T, (4.43)
(Tal = p(9)? R(9)Pa(Tslg . (4.44)

but now the current is eg @ s[(2)-valued. The adjoint representation matrix R(g)®g is still
defined from the generators of f by (4.9). Note also that, using (4.41), the combination
appearing in L4 reads

(Jo+2p il = =2p""(D,lp, (4.45)

and therefore simply transforms as (Jo +2pJ1| — p(9)*(Jo + 25 J1|g under Ey.

The computation of the variation of the shifted current relies on a similar reasoning
as for p = 0. We start with the infinite series of shift operators in the expression of the
shifted current (3.33), that transforms under Eg as

(Tal® S 1(T*) = p(9)*(Talg ®D 5" (p(9) 2 g7 S_1—u(T)g—p(9)*F wii i (97 HK)
k=0 k=0
(4.46)

where we used (A.13). Each cocycle wi(g), together with the character p(g), defines an
extension of the adjoint representation of Fg by the generator L_j. Once again we choose
the variation of the field (x| such that the shifted current transforms covariantly under Ey,

(I = (g + > 0" p(9)* 2 wfy (g7 ) Talg - (4.47)
k=0

Indeed, it follows from (4.46) and (4.47) that the shifted current transforms as
(Tal@T* > (Tylgo g T, (4.48)

and admits non-zero components along all Virasoro generators L, for n < 1. Using the
above results, it is straightforward to check that under FEg, the terms Lo, L3 and L4 only

scale by a factor p(g)2.

The term L1 is more complicated, and we will only prove its
invariance under infinitesimal Eg x Ry _, transformations. We postpone this task to first
prove the invariance of Lo, £3 and £4 under Ry_, and come back to £; afterwards.

Under eX-L-1 ¢ Ry _,, we have the following transformations

X_L X_L_
M —e Me L

(0] = (e

p—=p, (4.49)
p—p—X_
(x| = (x|eX-F1.
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This implies

(Jol @ T = (Jale™F1 @ e ¥ b Xt (4.50a)
(T @T = (Jy |eX- 1@ e X-L1pa XL (4.50b)

The covariance of the term involving the infinite series of shift operators in the expression
of the shifted current (J, | can be verified using

(Tl @) S p(T*) = (Tl ® /P18y (e PP TPt )e Pl (4.51)
k=0

which follows from (A.30). The Ry _, invariance of Lo, L3 and L4 is then a direct conse-
quence of (4.49), (4.50a) and (4.50b).

Let us finally consider the transformation of £; under E9 and Ry _,. As mentioned
previously, this is more easily tackled by considering the infinitesimal variations of the

current components. Under the infinitesimal variation with parameter X

X = XqK+Xod+ > XiT/+X L.y, (4.52)
nez
one has
SxM™ = =X TM™L - MIX, T, 5x(0] = (9|(XoT — Xo), (4.53)
with by definition
XoT® = XK+ XoLo+ > XiTH+X L. (4.54)
nez

One obtains for the current components

x(81= D0 XEIEPCa = n X5l + (n— 1) Xo(J§|
meZ
(D) XTNT g = (n = D) XT YA+ (0 + 1) X (T8 + (TR X T,

x (Tl = > mn PXMIR = Xo(| + (Tl XaT®
meZ

dx(Jo| = — Xo(Jo| + 2 X_(J1| + (Jo| X T,
5x<J_1| = — 2X0<J_1| + X_<J0| + <J_1|XaTa,
ox (J1| = (S| XaT™. (4.55)

The last term in X,T of each expression comes from the expansion of g € Eg and eX-L-1

acting on the derivative bra of (7| in the R(Ag), representation as in (4.44) and (4.50a).
These contributions trivially cancel the variation (4.53) of M~1. All the other terms follow
from the linearisation of the character p(g) and the adjoint representation matrix R(g)s
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defined in (A.22a) and (4.9), respectively. For the infinitesimal variation of the constrained
field (x| under Eg and Ry, ,, we obtain from (4.47) and (4.49),

= 303 1= Ry A BXEE S 4 (] XaT, (4.56)
neZ k=0

using the linearisation (A.14) of the cocyles w(g). With (4.55), we find that the infinites-
imal variation of the first two terms of £; gives

(51 5 SIS IM B — 27 o + 25 M)

neZ k=0
_ 2P 1 Z (Zp —n+ 1)X1/Z+1—n o (7’L + 1)X,Zn_1 +7’LﬁXEn> <J£‘M_1|J1>’I7AB
neZ =
= Xo (o7 Y2 DA ETIM T IEINAE — 207 o + 25 M) ) (4.57)
n€eZ k=0

where we used (3.31) to eliminate all the dependence on the components (Jy| and (J_1| in
the second line. Note in particular the invariance of the above combination under Ry, ;.
For the remaining term in £, we need to consider the variation of Q%(M)(J,|. We start
from the expression

QM) (Tal @K = (Ta|® (pQM—1 > S (T M+ T =S (T) —ﬁéﬁK) , (4.58)
k=0

which is obtain by using (A.28) and (3.26). With (4.51), one can show that the above
combination transforms as

QM) (Tu| = QM) (Tu|eX-L1, (4.59)

under Ry_,, while under g € Ey one finds

Q¥ (M) (Tal = p(9)* Q* M) (Talg = D 57p(9)* 0wy (97 ) (Talg

k=0

+ p(9)* w-1(g~ ) Talg — A p(9)* R(9)*k(Talg , (4.60)

using (A.13). By linearising (4.59) and (4.60) using (A.14), we find the following infinites-
imal variation

Sx (QD‘(M)< ) -y (Zp (n—1—k)XkH-n (n+1)X§"—1+nﬁX§”)nAB<jay
neZ k=0
—2 X Q% (M)(Ta| + Q% (M) (Ta| XsT" . (4.61)
With this result and (4.56), it is easy to verify that the last term of £; is Ry_, invariant,
while its Fg variation cancels out that of the first two terms in (4.57). We are then

left with
SxL1= —Xo L1, (4.62)
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which is the action of d on £1. The full potential is then Es x Ry _, invariant and, as
in the p = 0 case (4.16), uniformly scales by a factor p(¢g)? under finite transformations
generated by d.

4.2.2 Invariance under generalised diffeomorphisms

The fields M € Eg x SL(2) and p still transform covariantly under generalised diffeomor-
phisms, i.e. as in (4.18) and (4.19), respectively. According to (4.42), the field p is an Eg
scalar density of weight one and thus transforms as a total derivative,

Snp= Lap= (OI(A)P). (4.63)

The egDsl(2)-valued current (J,|@T“ still transforms as in (4.20) and (4.21). In particular,
its non-covariant variation still reads

ANTal @ T = 10ag (06| TIA)(On] @ (TP + MTITPIM) . (4.64)

However, the bilinear form 7,4 is not invariant under the extended group Fg x SL(2), so
that the non-covariant variation of the current components, according to (A.32), is then

~ ~2 ~9
AN (To| = (04l <WT5+ [[f’ Mas+ <1—2 ﬁ) Tap—P (1-&) nlaﬁ} M—lTﬂw) |A) (Ol
(4.65)
The Lie derivative of the current components is still given by (4.23), although the structure
constant indices now take values over eg @ sl(2).
Let us now turn to the variation of the shifted current. Using (2.19) and (4.65), one
obtains that the non-covariant variation of the shifted current (J; | defined in (3.33) for
a # K, transforms as

AN(Ty lazk =Y _ 7" (04l <Tl—1—ka5 T’ (4.66)
k=0

+ L)pg N—kaf+ <l—2 Zz> N-1—kaB—P <1—52> U—z—kaﬁ] MlTﬁTM) |A) (Ol

= (0] (Zﬁkn_l_kaﬂﬂ [ et (15 )1 106] M—IT“M> [A)(0n].
k=0

It is therefore natural to define the non-covariant variation of (x| such that this transfor-
mation rule also applies for o = K. We then choose

~2

Ar{x|= (04l (Zﬁ’%_l_kw—l [piLo+ (1—22) Ll] M) |A><aA|—p’Z<aA|A><aA|.

k=0
(4.67)
The presence of the last term does not follow from the previous argument, but
we observe that it could be removed by redefining (x| — (x| — (Ji], since
Ap(JL| = —p%<8A|A><6A|. Such a redefinition would not modify the rigid transformation
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rule of (x| under Eg x (Rj x Rr_,), but would lead to a slightly less compact expression
for the potential. The Lie derivative of (x| follows from its infinitesimal variation (4.56)
under Fgy and reads

(X = (O] A) (x| + (XA (Oa] = (OalA) (x| + i(n— L= k){Oa| Ty k[ AN(TRI. (4.68)

ne€Z k=0
Combining (4.66) and (4.67) and using (A.32), one finds for the shifted current

ANTL =D 7 11 kap(OAITP|A)(0a] - 6§§<8A\A><6A|
k=0

5 2
+ (p’;naﬁ + (1 — ;) n1a5> (OA|MTITPTM|A) (8,

AT 1T =3 5 111 oas(Oa| T A (Or] © T — p—’;<aA|A><aA| ®K
k=0

1 5 _
5 (M as — P1ap) (Oa|TP|A)(Or] @ MTITPIM, (4.69)

while its Lie derivative is still given by the expression (4.31).

Let us now consider the variation of each term in the potential. Just as in the p = 0
case, we will only focus on the non-covariant variations AV as the Lie derivative of the
potential reduces to a total derivative. This is ensured by the fact that, as proved in
section 4.2.1, the potential transforms as an Fg scalar of weight one. For Lo and L4, the
computation is the same as in the p = 0 case and one finds

ANLy =2 p~H(Tal AY(OAT* M HOr) — 20~ (OA|A) (OAIT M| Ta)
+2p7HOAT AN (OAI[TY, TPIM T T,) ag » (4.70)
ANLy = — 2 p HOA|AY (DA T MY TL)
—p HOAAN) (o + 25 M THON) + o7 (Jo + 25 1 |[A) (Ol M DA) . (4.71)

For L3, one obtains that the first infinite sum in (4.69) gives terms that all vanish according
to the section constraints, while the others give

AnLs =27 (O[T AN OANT T M T ) (11 s — 1)
2071 (OAAY @Al T M)
=20~ (O ANOA T, TP MMT) 1 ap — i)

—2p71 Y7 0 (OAIA) OAIS-H(T*) M| Ta) =297 5 {OAIA) (Oa1 M)
k=1

=2 p YO TYANOA| [T, TPIM YT Nap
—2p7" Y HONIS (T |A) (O M Ta)
k=0

+ 20" HOAAY QAT MY T —2p7 5 (DA|A) (DA | M LX), (4.72)
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where we used the following identity in the last step

Z (OAIT* [A)(OAl[S—1-k(T7), TP MTHT) (M1 ap — P 1las)

8II

= > 7 ((OIA) (OAS K (T2) MY Ta) = (OIS k(T ANOAIM | Ta) )
k=0

+ (AT A O, TP MY T ) s (4.73)

Let us finally consider the variation of £;. Using (4.65) one computes that

~2
AAZp (JA7" = nas w(Z it Ve 1T£JnM+(1—%)M—1T5TM)\A><6A1,

(4.74)
which allows computing the variation of the first term in pL; as

Ap (ZﬁkUﬁ_”!MlIJE)nAB)

k=0

ml(Zp’“s_ Ta)+ P M-S, (T"‘)TM+<1 Z)MlT“TM> [A) (OAIM ™| Ta)
k=0

~2
—QZ (O] (Zpks i ( -l- M 151( )TM+<1—22> M_1L2M> ’A><8A|M_1|Jq>

q=-1,0,1

YN (2—;) 1) (O M k)

= 2(0x| (22ﬁk8k (T“)—;QO‘ (M)> | A)(OA| M| Ta) —4(04]A) (04| M i)
k=0

~2

~23"(0n| <Zp Lo p+ M~ [”L . q+<1 ZQ)L_Q} M) AV (Op| MY, . (4.75)

q=-1,0,1

In the first step, the loop valued currents were completed to the full eg @ sl(2) currents
by adding and subtracting explicitly the missing components. In the second step, we
used (3.28) and substituted S1(7°%) by its expression following from (4.58). Using once
again (4.65), the variation of the second term in pL; gives

An(=2(o+25 1M i)

~2

~ )
:2<8A‘ (Lg—i-./\/l_l [png—l‘f' (1—2;) Lo—p (1—;) L1:| ./\/l) ’A><8A|M_1‘J0+25J1>
AN O M ). (4.76)
For the variation of the last term in L1, we need that

ANQY(M) = 0, (4.77)
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which follows from the fact Q2%(M) is a function of M and not of its derivative. Us-
ing (A.40), one can also show that (4.67) can be rewritten as

An{xl = = 7 (OaIL 14| A)(On]
k=0

1 - -
= 3Ol (L1 + mag HOM)® (M) + 55 T2+ pK) N @l (478)
Together with (4.65), this yields

An(=20IM 2Py P T+ (M) T2))

§<8A|A><J1|M 22 X+ 02%(M) Ta)

+2(0n| (szZﬁkL1k+2L1+na5Tﬁ(H(M)%m(M)—Q%M))) |A)(OA| M YY)
k=0

—4ﬁ<8A|M_1< L_ +<1 25)1;0 p<1—f)2>L1>M|A>(8A|M L) (4.79)

By combining the contributions (4.75), (4.76) and (4.79), and using the relation (3.31) to
eliminate (Jp| and (J_1|, we find

Ap (p£1) (4.80)

aA\Zp’fs (T)|[AY(OA| M To) +4 506 A) (DA M)

+2(4| <L1 +ﬁLo+pQZﬁkL,1,k+na5Tﬁ (H(M)*, Q" (M)—Q*(M))
k=0

M EL + 1_'[12 L b 1—£ Lo 1—’5—2 2L M| AY (Op|MTHT
g2 2 02 —17Fp 02 +p? Pz 1 |A) (Ol 1)

Writing M = m g, with g € Eg and m € SL(2) as in (3.9), one computes that

ﬁ 52 152 ~2
Mfl 72.[1_2 + (1 - 2> L_l + ﬁ <]. - 2) LO + p2 (1 - 2) Ll M
p p p p

[e.e]
= I <L1 +pLo+p" ) ﬁ’“L_l_k> m. (4.81)

k=0
Together with the identities (A.35) and (A.37), this implies that the variation of £; re-
duces to

AL =457 (03] Y FFS AT ANOM |7} + 42 <8A1A><8A|M . (482)
k=0

With (4.70)—(4.72) and (4.82), one can easily check that just as in the p = 0 case, the non-
covariant variations of (4.1) exactly recombine into the expression (4.38), such that the full
potential at p # 0 is invariant under generalised diffeomorphisms up to total derivatives.
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4.2.3 Invariance under ¥ transformations

We conclude our proof of the gauge invariance of the potential by considering its variation
under ¥ generalised diffeomorphisms. We denote such variations simply by dx. The fields
M, p and p transform covariantly

Sy M =L M= 1_145Te(TL)(MT? + TP M), (4.83a)
np=%5p=0, (4.83D)

These expressions follow from the general definition (3.17) of the Lie derivative and the
transformation properties (4.49) of the fields under rigid Rz_,. We then deduce that

05(Ja| @ T = L5(Ta| @ T + n1.0p Tr(TE) (05| @ (TP + MTITPTM) | (4.84)

with
L5(Jal @ T = =010 Te(T*E)(Ty| @ [T7,T7]. (4.85)

This implies the following variation for the current components

1 - 8 _
52 <\7a| :$E<u7a|+ <n—1aﬂ TT(TBE)—}_E (nlaﬁ_Qpnaﬁ+p2n—laﬁ)Tr(M 1TBTMZ)> <82‘ 5

(4.86)
where we used the first identity in (A.32). Note that this implies As;(Jo +2pJ1| = 0. The
Lie derivative simply reads

LTl = —1146 Te(TTE) £8 o (T5] - (4.87)

To derive the variation of the shifted current, we start by considering the Lie derivative
of the term involving the infinite series of shift operators

Lol Tal @D S 1 k(T%) = =010 TH(TOENTH @ > 57 (17,814 (T7)]
k=0 k=0

N -1 k)T, D) (TR @K, (4.88)
n€eZ k=0

The Lie derivative of the shifted current follows from its covariance (4.50b) under rigid
Ry _, transformations

LTy ®TY = —n_14 Te(T*S)N T, | ® (78,17, (4.89)

Together with (4.88), this implies that the Lie derivative of (x| must be given by

Lol =YY i (n—1- k) Te(Ty D) (TR, (4.90)
neZ k=0
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and which is indeed consistent with the infinitesimal action (4.56) of Ry_, on (x|. In order
to determine the non-covariant variation of (x| we proceed as in the preceding section, and
compute from (4.86) the non-covariant variation of the shifted current (7. | for a # K,

_ > 1 N _
As(Ty lazk = > 07 1-2—pap Te(T7)(Os| + 7 (ap — A11-1ap) TE(M TP ME) (05| .
p
(4.91)

We define the non-covariant variation of the field (x| as

1 Sy _ B 1
Axlxl =~ (0 2 A (L os k) + Tr (M (Lo = HLOME) ) (9] - 2 (0IT, (4.92)
k=0

such that the first two terms precisely reproduce the expression of the non-covariant vari-
ation (4.91), but for & = K. The last term turns out to be necessary for the closure of the
algebra of generalised diffeomorphisms on (x|. Note that this expression is consistent with
the section constraint since the parameter ¥ is covariantly constrained on its right. It is
important to mention, that by using (4.67) and (4.92), one can verify the closure of the
gauge algebra on (x|. This is proven explicitly in appendix B. With the above results, we
find that the non-covariant variation of the shifted current reads

- [e] = ~ [e] 1
As(T | ®T* = pF n_opap Te(TD)(0s| @ T — ﬁwzm ® K
k=0
L

P2 (ag — P11-108) Te(TOS) (0| @ MTPT M, (4.93)

+

where we used (A.33) for the last term.

With the various transformation properties derived above, we are now equipped to
discuss the X variation of each term in the potential. The rigid Fg % Ry _, invariance of
the potential, proven in section 4.2.1, directly implies that the variation generated by the
Lie derivative vanishes, such that

oV = LV +AsV = AsV. (4.94)

In the following we therefore exclusively focus on the non-covariant variations of the various
terms. For Lo and L4, we obtain

AsiLy = 27 010 TH(TS) (02|17, TP )M T,) (4.95)
ALy = 0, (4.96)

using the section constraint (3.18b). For the variation of L3, we first compute that

N TH(TOS) T, © [S_1_x(T7), T7)
= 010 T (TS)NTy| @ [S_k(T7), TP] — Tr(S_1_1(T*) D) (JTal ® K

TSN Tal @ 81T = Y M1 kag TH(TOD) (g @ TP, (4.97)
g=—1,0,1
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such that

NapTr(T*S) (T | @ [T7,T7) (4.98)
10 THTOE)N T, | @ [T, T + 5 1o T (TSN | @ (17, T

“THTOS) (T | @ K+ TN 9T = S0 S itk Te(TD) (| & 77 .
q=-—1,0,1 k=0

Using this formula one finds with (4.93),
AxLs =2p"" (lap — p-1as) Te(TE) 0|17, TP IM T
—2p  Te(S)(0s| T M YT
=29 10 TH(TE) O[T, TIIM | T,) — 297 Te(TE) (0| M~ |TL)
—2p Hos|E ML) +2p E Te () (Bs | M LY, (4.99)
where we used the section constraint on ¥ and in particular
Nap Te(TS)(D5| TP = (9|5 — Tr(E) (s (4.100)

Let us finally consider the variation of pLq. For its first term, we obtain

Az(;ﬁ’fuﬁw—lugm”)

k=0

=2 <iﬁkTr(51k(TO‘)Z) +p12Tr<M_1 [81(T“)T—/3T“T+ﬁ6ﬁ]/\/12>> (O2IM | Ta)

= <i PP (Lg1-4Y) +p12Tr (M-l Loy gq—pLgM™! z)) (Os|M7Jy)

q=-1,0,1 \k=0

2
= ATe(TOS) (0| M T —?@z!M*l\zp?xm“(M)J@

= <iﬁk Tr(Ly-1-4%) +p12Tr(M—1 [Lo1_g—pL_g] M z)) (| M7 T,

q=-1,0,1 \k=0

(4.101)

In the first step we used (4.86) and subsequently completed the loop valued currents to
their full eg @ s[(2)-valued expressions. In the second step, we used (4.58) to eliminate the
term containing S1(7%). Note that we wrote the result explicitly in terms of the shifted
current and that the (x| contributions in fact cancel.

For the variation of the second term in pLi, we get

Ag< — 2+ 2;3J1|M*1\JK>> (4.102)

1
_ 9 (Tr(L_lz) + ?Tr</\/l’1 [Ly — 25 Lo + 2Ly M 2)> (DM Jo +2501)
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using (4.86). For computing the variation of the last term in pL;, we note that
AsQ*(M) = 0, (4.103)
since Q%(M) does not depend on derivatives of M. Together with (4.92), this leads to
As( = 20IM 7202 — 0T+ Q5 (M) Ta))

2
= ?Tr(z)@w—l\z P2 (x — J1) + QY (M) Ta) + 4(0s|E M~ Jy)

o0

+ 4(/)2 S FTE(Lo D) + Tr(M Lo — 5 L] M 2)) (D] M71J7)
k=0
—20_145(Q%(M) + Q(M) H(M)™,) Te(TPE) (0| M R) . (4.104)

Recombining the results (4.101), (4.102), (4.104) and eliminating the components (Jp| and
(J_1| using (3.31), we reach

Ax(pLy) (4.105)
= ATr(TOS) 0| M™HTL) + 4 (0|2 MTHJL) — 4 Te(2) (x| MTHJ1)
— 210_1ap(Q%(M) + Q(M) H(M)*,) Tr(T7L) (0| M| J1)

x
+2Te([p? YA Lo+ 5L~ Lo
k=0

1 - - - ~ -
- ?M_I(L,Q —-3pL_; — (p2 - 3p2)L0 + p(p2 - p2)L1)M} Z) (Os| ML)

Using once again the decomposition M = m g, with m € SL(2) as in (3.9), one finds the
following intermediary result

1
;M—l(L,2 —3pL_y— (p* —3p%) Lo+ p(p* — p*) L) M

x
= i <L0 —pL_1—p? ZﬁkL_z_k> M,
k=0

which, together with (A.41) and (A.42), allow reducing the expression (4.105) to
An Ly = 4p7 (T D) BulM YT} + (@S M) = Te(E)(@slM 1) ) (4.106)

With the above result and the variations (4.95), (4.96) and (4.99), it is straightforward
to verify that the non-covariant variation of the potential (4.1) vanishes, thus proving its
invariance under ¥ generalised diffeomorphisms.

4.3 The potential in the unendlichbein formalism

In contrast to finite-dimensional Lie groups, care has to be taken when defining the Lie
group from the algebra in the affine case. As the Lie algebra has infinitely many generators,
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the formal exponential of Lie algebra elements does not manifestly form a group or it may
introduce formal infinite sum expressions whose well-definedness needs to be established.
For instance, the current Jy; = M™19) M suffers from this problem as M depends on
an infinity of dual potentials Y, and applying Baker-Campbell-Hausdorff-type identities
for evaluating the algebra-valued [J); leads naively to infinite sums within each component
along the loop algebra.

In this section, we explain how to make sense of this infinity and that our potential (4.1)
is well-defined. As a preliminary step, we recall different definitions of an affine Kac-Moody
group. The ‘minimal Kac-Moody group’ is defined as the closure of the group generated by
the one-parameter subgroups of the real roots [45] that can also be interpreted using the
Tits group functor [46]. This corresponds to the definition of the loop group Fg as the group
of rational functions in Eg of the spectral parameter w, that are meromorphic on P!(C).
This group can be completed with respect to a topology of an associated building [47]. This
‘completed Kac-Moody group’ is then defined as the group of meromorphic functions in Eg
of the spectral parameter w € C. It corresponds to choosing one standard Borel subalgebra
(in our case the negative Borel associated with negative powers of w) and allowing infinite
analytic power series of w in that direction while keeping only a finite number of powers
for the other direction (for us positive powers of w).

One can then write a representative V of the coset space Fy /K (Eg) for the completed
group Es in Borel gauge, using the Iwasawa decomposition. Putting explicit coordinates
on the affine Borel group is subtle and is best done using building theory [48]. Here, we
will choose coordinates formally through exponentiation as we did in (3.2) and we can also
extend the coset representative to include the IRI x Ry_, part for the axio-dilaton to have
a group element V = vV, which we consider in the R(Ag)o representation as usual. In this
way of writing V one can see that when acting on an element of a lowest weight module,
only finite expressions arise.

The Hermitian conjugation V! does not preserve the Kac-Moody group completed in
one direction as it interchanges the two standard Borel subgroups, so M = VIV is only well-
defined when V is in the minimal group. This is another way of seeing that the definition
of Juy requires qualification.

The advantage of working in the Borel gauge (3.2) is that the Maurer-Cartan derivative
Oy VV~! is well-defined as it requires only finitely many commutators to determine the
¢g D sl(2) element at each (negative) power of the spectral parameter. Similarly, the coset
component of the Maurer-Cartan form

1
Pu =5 (@0uWVV7H + (0nVV ), (4.107)
is well-defined. By construction, one can write the ¢g @ s[(2) current as
Tu =2V Py V), (4.108)

and this expression makes sense in the completed group. In the Fock space notation, this
definition of the current takes the form

(ol @T% =2 (Pal @VTITV, - (Jal = 2RO a(Ps] = 2 R(0) RVYalPsl, (4:109)

— 35 —



where we have define R(V)*sTP = V71TV in analogy with (A.7) in the appendix. In
particular one has

(Jo| = 2(Py| —4§<P1!, (il =2p7H(P]. (4.110)

For the shifted current, one computes that

(Tal @D Sk (T*) =2 (Pal ® Y p*S_1 (V0™ T0V)
k=0 k=0

=2 (Pal ® Y FFR(0)5 (V181 u(T)V = o, (VK)
k=0

=2 (P ® <V1eﬁL—18_1(,0LOT°‘pLO)eﬁL”V - ZﬁkR( ngk(V )K)
k=0

=2 (Pa| ® <p‘1v—131(Ta)v ( (p™0) + Zka )2 g (V™ )) K> , (4111
using (A.13) and (A.30). This motivates the change of variable
(xl=p(x| +2( pt +Zka gwﬁk(‘?*l))(Pay (4.112)

Note in particular that (x| is a constrained field, since both (x| and (P,| are. Using this
formula one obtains by construction that

p (TS| @ T =2(Pa| @ VIS_1(TY)V + (x| @ K. (4.113)

With the above results, it becomes straightforward to re-express Lo, £3 and L4 in terms
of the Maurer-Cartan form. We find

Ly = 4p~  (Pa|VITPTVH|Pg)
Ly = 4p~ H(Pa VI S((TO)SUT)WV | Pg) + 4(Pa |V SHT)WV ) + (RIV'VHIR),
Ly =4p Y Py VITV|P,) . (4.114)

Instead of working out explicitly the expression of £ step by step, we argue what the result
should be based on the computation of the rigid Fg x (R; x Ry_,) invariance of £1. To
this purpose, let us first observe that the changes of variable (4.109), (4.112) and (4.113)
essentially take the same form as the rigid transformations of the currents (7., (7, | and
the field (x| under Eg x (Rj x Ryz_,) that were presented in section 4.2.1, but now with
V playing the role of the group element associated to the transformation. An important
point is that this comparison only holds if one disregards the constrained R(Ag)_1 vector
index of the currents and (x|, whose associated transformation cancels that of M~! when
considering the variation of £q. The analogy drawn above and the rigid invariance of £
imply that the explicit dependence on V), apart from the M~! contracting the derivatives,
is eliminated by the substitution (4.109) and (4.112) that induces M — V=MV~ = 1.
In the end, this change of variables simply amounts to cancel p and Q%(M) through
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Q%(1) = 0, such that the new expression of £; in terms of (P,| and (x| only depends
implicitly on p, 5 and V through (Pa| and the operator p*%V_l

L1 =4p7" S (PIMT PRI —8 pm (B M T B —8 57 (PUM T [i—Py) . (4.115)
neZ

Combining the various terms one obtains the potential (4.1) in the following sim-
ple form

1
pV = 1" (Pal VTV HPg) + S (X = 2P VTV TR = 2P1) — 2(Pa [V T TV Pg)
+ 2Pa VIS ((TP)S1(TY) VM Pg) + 2(Pa |V IS1(T*) V)
+2(Py |V iTvHIR,). (4.116)

Any solution to the section constraint only has a finite number of non-trivial components
for the derivative (9. This means that (9|V~! only involves finite sums and is regular in
the Borel gauge. Moreover, all potentially infinite sums of the dual potentials YnA cancel in
the potential. This cancellation can be associated with the invariance under dy, generalised
diffeomorphisms as these can be used to gauge away almost all Y;A. We shall see these
facts more explicitly in the following section where we work out the potential in an FEg
decomposition. In summary, using the completed Kac-Moody group and a Borel gauge
representative, the Eg exceptional field theory potential (4.1) is completely well-defined.

5 Reduction to FEg and consistency with supergravity

An inherent property of F,, exceptional field theories for n < 8, is that they reduce to eleven-
dimensional supergravity or type IIB supergravity upon choosing the appropriate solution
to the section condition. In this section, we shall partially demonstrate this property for
the part of the Fg exceptional field theory dynamics encoded in the Ey scalar potential.
Our strategy will consist in proving that the Eg exceptional field theory with two external
isometries is embedded in the scalar potential of Fg exceptional field theory. In other words,
we will show explicitly that when the infinite number of Ey internal generalised coordinates
are truncated to those of Eg exceptional field theory, the potential (4.2) reproduces all the
terms of the Fg exceptional field theory Lagrangian for field configurations that do not
depend on the two external coordinates. As a corollary, this implies that our potential
encodes the dynamics of eleven-dimensional supergravity and type IIB supergravity with
two external isometries.

5.1 FEjg section and exceptional field theory

In the present section, we are interested in relating the Fg exceptional field theory to Fg
exceptional field theory [24] in 34 248 = 24 (1 4 248) dimensions where the 248 directions
are subject to an analogous Fg section constraint. As indicated in the decomposition, we
require 1 + 248 directions to emerge from the coordinates |Y) in R(Ag)—1 of Eg. Similar
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to (2.5) we have a decomposition of the coordinates according to
o0
V) = (go + sy T2+ ya,.a, T4 .Tf‘ln) 10). (5.1)
n=2

It was shown in [13] that for any hyperplane solution to the Ey section constraint (3.18)
there exists an Fg element that rotates this hyperplane to one lying completely along
the directions ¢ and y?, i.e., the lowest two pieces in the Eg graded decomposition of
R(Ap)—1 corresponding to 1 + 248 directions. Moreover, the remnant of the Fg section
constraint (3.18) implies that fields depend on the 248 directions y# in such a way that
they satisfy the Eg section constraint [24, eq. (1.1)]. In practice, this solution to the section
constraint is implemented by restricting (9| to be of the form

(0] = (019 + T{*0) , (5.2)

where 04 = 6?7‘ satisfies the Eg section constraint.

The direction ¢ has an interpretation as the third external coordinate and y* as the
internal coordinates in the Fg exceptional field theory. In this section, we will show that
the potential (4.1) introduced in this paper is indeed consistent with the action of Ejg
exceptional field theory in that it reproduces all its terms with no external derivatives with
respect to the two directions z# = (¢,x). The Lagrangian of Eg exceptional field theory is
of the schematic form

L1
Loy =V=gR+ 5 5V=99"" 1" Tmadup = V=gV (Mo, g) + Los (5.3)

where R denotes the (improved) Ricci scalar of the 3 external directions with metric gy,
where m = 0,1,2. My are the scalar fields parameterising Eg (see section 3.1) and Jy,4
are the components of the Eg covariant current J,, = M, 'D,, My where the covariant
derivative D, featuring in J,, and R is covariantised with respect to the two gauge fields
A4 and By, of the theory, where A = 1,...,248 labels the adjoint of Eg, and the gauge
fields also appear in the Chern-Simons term Lcg. The vector field B,, 4 is constrained in its
Eg index. The potential term V' (My, g) can be expressed through the Eg internal current
M;'04Mpy and is a combination of terms similar to (4.2). The exact form of the various
terms of (5.3) is given in [24].

As we shall show in detail in section 5.3, all terms except for the topological Chern-
Simons term give contributions when restricting to derivatives along ¢ and the 248 internal
coordinates y“ according to (5.2). First we parameterise the Eg fields in a way that
facilitates the comparison. For the metric g, on the three-dimensional external space we
shall consider the (static) ansatz

ds® = e (—dt* + da?) + p*de* . (5.4)

Compared to (3.1) there is no Kaluza-Klein vector A,(f’) since we disregard all external form
fields in this paper. In other words, the only components of the two vector fields that will
appear are those along ¢. For simplicity we shall write the remaining components of the
vector fields A4 = Aé and By = By, 4, without writing explicitly their ¢ index.
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5.2 Parameterising M and decomposition of the potential

We shall now decompose the potential (4.1) of Fy exceptional field theory in the Eg solu-
tion (5.2) to the section constraint. Moreover, we shall see explicitly that even though
R(Ap)o is an infinite-dimensional representation, the total potential only gives rise to
finitely many terms as we explained in section 4.3. In particular, we use the formula-
tion in terms of the coset representative V rather than M.

First, as explained earlier, we can work at p = 0 without loss of generality by gauge-
fixing partially the invariance of the potential under ¥ transformations and this simplifies
the analysis in this section as we only have to analyse (4.2). We now demonstrate this
gauge-fixing explicitly using (5.2) as a solution to the section condition. On (5.2), the
constrained parameter ¥ ~ |3)(ry| can be parameterised as

o0
5 — (ao PS5+ oaa, T .Tf‘f) 10Y(0| (5.5)
n=1 0o
+(Sa+SanTh + 3" Saa. a4 T4 ) o) (0l
n=2

where the coefficients have to be projected to the irreducible representations appearing
at level n in (2.6). Moreover, it is clear from the structure of the generalised Lie deriva-
tive (3.15) that many of the components of 3 have a trivial action on M.

The trace of X is a finite expression and given by
TrY =o0g. (5.6)

Considering for simplicity a ¥ gauge transformation with parameter ¥ = 0¢|0)(0|, one
obtains according to (4.83a), (4.83c) and (4.92) the variations

50’0[3 =00,
500./\/1 = —Uo(ML,1 + LlM) , (57)

1 -
g (x| = = (1 (OIM™ (Lo — pL)MI0) ) (01D, +T*00)00

The first transformation shows that we can shift the field p by a gauge parameter when
exponentiated. Therefore, we can use a finite gauge transformation to set p = 0. As
is evident from the other two equations, this will have a non-trivial effect on the dual
potentials and (x|. Moreover, setting g = 0 can be done while preserving a residual gauge
invariance under traceless Y transformations satisfying o9 = 0. By a similar reasoning
one can consider a more general class of ¥ parameters and find that all the higher level
potentials YnA for n > 2 are also pure gauge, as follows from 7_; in (4.83a), see also [13,
eq. (4.36)]. By contrast, YlA cannot be completely gauged away but transforms as it should
in D = 3 under gauge transformations [24].
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For the rest of this section, we shall then work with the potential (4.2) at p = 0. For
vanishing axion p, the matrix Msn belongs to Ey and can be parameterised by a suitable
Eq9/K(Eg) coset space representative in the Borel gauge. The latter follows from (3.2),
and reads

o0
Y = p~loe=y, H exp(YAnapT?2). (5.8)

n=1

The potential at p = 0 can be expressed in terms of the eg-valued Maurer-Cartan form
associated to the coset representative (5.8). This is most easily obtained by taking the
expression (4.116) and setting p = 0. This gives

PV (M, %) = 0" (Pa VIV |Pg) — 2(Pa| VTP T*V 1| Pg)
+ 2P VIS 1(TP)S1(T)VHPg) + 2(PaVISH(T*) VT HR)
1 iy, 1t~ _ _

+ S XVTVTIR) + 2Ry TV PG (5.9)
where (P,| and (x| are given by (4.107) and (4.112) for p = 0, respectively. The (negative)
Borel gauge representative (5.8) was chosen such that (P,|V~! gives rise to a finite expan-
sion. To see this explicitly, we first note that the solution (5.2) of the section constraint

implies for Py that one has the decomposition (Ps| = (0|(Py.o + PaTi'). Multiplying
then by V~! from the right and using (5.8) one obtains the finite expression

<Pa’V71 = (0[(Py,a + PAyaTlA) H exp(—YnBTiBn)pLoegvo_l

n=1
= (0|(Pp.a — 1*PY14PB . + PaTi ) p e Vy !
= e7(0[(Ppa — 1 PY14PB o + pPa VTV ). (5.10)

Similarly, the scalar field (x| from (4.112) satisfies the section constraint and can thus be
parameterised as

(%] = (01(Xep + XATH). (5.11)

As another preparatory step we need to introduce indices for the local K(FEg) =
Spin(16)/Zz subgroup appearing in the coset space Eg/K(Fg) represented by Vp. We
do this by writing A for the adjoint of Eg transforming under the local K(Fg) subgroup
and define

Ptp,a = Pcp,a - UAB}/IA,PB,() ) ﬁA,aTnA = ,PA,onOTf‘/O_l »

‘ ' ] i (5.12)
Yo = Xo — 1 BV14XB, XATA = XAV TAV; L.

More generally, we shall consider the notation that an underlined index is related to a
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normal one through X ATA =X AVOTAVO_1 and in particular

PaaPr OVl Ve (VOTEVE H)10) = n Mg PPaPp g
= PaaPrs(0|THTE)0) = n 48P, o Pp g . (5.13)

Since P T belongs to the coset component it satisfies the Hermiticity property
PrraT® = (ProT%)" and thus the components (5.12) can be decomposed as

R 1
n=1

1 o
n=1

Since (P, AT4)t = P, AT4 we did not explicitly symmetrise this es-valued component
of P.
Using this notation, one obtains for the £; part of (5.9)

naﬁ <PQ‘V_IV_1T|PB> = 620'17015 (759070475@75 + pzMéABPA,aPB,ﬂ) P (515)
for the Lo part

(PalVTITP TV H(By) = €27 (0] (P s TPy aT* + pPTEPp s T P THTE)) [0)
+20e? (0|TE P, 4T P o T|0) (5.16)

and similarly for L3

1
2PalVIS_1(T?)SU(T*)VH[Pg) + 2(Pal VI SU(T*)VHIR) + §<>Z!V*1V*”\>~<>

1 A R A o R
= 5620<0’(27D¢7BS—1(T6) + Xw)(pr,aS—l(T )T —+ Xw)m)

1 - . - o .
5670 OTE (Pp,sS-1(217) + 20)(2Pc.aS-1 (1) + %) (17)]0)
+27 plOIT (2P 5S-1(T7) + %) (2Pe.aS1 (T + X0)]0) (5.17)

We now start to collect the different pieces in the potential term iﬁl - %Eg + %53
in order to match them with the corresponding terms in the Eg exceptional field theory
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action. We begin with the terms bilinear in P, .. These are, after removing the overall
€27 factor,

A A iy N 1 > % D X
ﬁaﬁpso,apw,ﬂ—2(0|73w,6TB73<p,aTa|0>+5<O’(27)w755*1(T6)+X‘P)(2P‘p’a871(Ta)T+X¢)|O>
. 5 5 L IN~caBp g
= 5A7BP¢,AP¢£_2P¢,OP%K+§ ZdAfBP‘p’ZP‘P’%

_2PW7KP%K Zn‘SABP@ AP%B+ X<pX<p ZWSABP ,Zﬂpw,gﬂ
n 1
. . 1.
=648P, APy (P¢,0+P¢,K)P¢,K+5X¢X¢- (5.18)
Note that all the higher potential field strengths Pso "4 cancel.

Next we consider all terms bilinear in P¢ . The £; terms are simply 2n*° M§'PPc o Pp 5,
while the ones from Lo are

40| TEPp s TP Pe, o T*(TP))0)

(0\[ (Ppo + Pp )T +2Pp g fCBETE + Pp knCE +ZPDBT (T2 )T}

n=1

o0
[2(Peo+ Pes)(TD) +2PeafPAp(TE) + Pe A + Y Po i1 (0P [o)
n=1
4692 (Pp o + Ppk)(Pco + Pox) + 4Pp pPeadZE fE g P4,
+8(Pp,o + Ppk)Po,ad“E P45 + (n“EBnPA + nBlpAC Py pPo )

+ ) (noABsCL + GBESDE 0 pAfCC ) Py BP0 (5.19)
n=1

The terms quadratic in P¢ o coming from L3 are
(OITF(2PpsS—1(T7) + Xp) (2Pg,aS-1 (1) + Xc)(TQ)TI())
— (0| [XDT + Pp boBE fppCTE 1 2Pp g8 + Z Pp (T )T}

n
n=1

[XQ(Tlg )+ Po 4028 far (T + 2Pc anP2 + > Pe T4 (TP } 10)

n=1
= 6Pxexp + MEnPAPp pPoa + 2L 6PPpPo i + P PP p fC4 e Pp pPe i
o

+nBPnACPp 3Pc A + ) ((n — 1)64869L + 6BESPE fop A fCC p) Pp B Pe . (5.20)

n=1

In rewriting the final expression we have used

BE sDF C rAG BE sDF ArCG EF +DB CA
PR fap= [T = 050 fap [T + 00 e (5.21)
8The structure constants fap< are given by fas< = napneen“Ef2Er = —64p0ppd<ELf2E L and one
uses the Jacobi identity to derive this identity.

— 492 —



Combining the terms bilinear in P¢  in %E — %ﬁg + %ﬁg determined above then gives the
following somewhat lengthy expression

1P MSPPe.oPp s —2(0| T Pp s TP Pe o T (TP)|0)

1 - . - o .
+5 {01 (2P sS—1(T7)+ %) (2P.aS—1(T*) + ) (T1)1]0)

1 o
= M§P648Pe aPp p—2MG P PooPpk+509P ) 648 Pc 5Pp b
n=1

—26“L(Pp o+ Ppk)(Peo+Pok)—2Pp,sPe ad®E g fPAp

1
—4(Ppo+Pp.k)Pe.a0E P4 g — 5 (S EnPA4n B9 Pp p Po

1 oo
-3 > (n6AB5CL 4 6BESLE £ 4 fCC 5 Pp B Pe
n=1
T ) 1
+ 50 XX+ 2P P4 P p Poa+ 4 B0 PR Pe a+ 50 PP f <A pPp s Po i
1 1o
+ 5P PPCPp B P+ 5 ) (n=1)5AP6CP 4 5PESPE o p A fOC ) Py Py

n=1

= M§Pn*BPe aPp p—2MEF fOB g fPArPp s Poa+20°BnPAPp P a

1 A
- oCD(4PC,0PD,0+12PC,OPD,K+4PC,KPD,K—XCXD)

2

2
1 1
_5(nCBnDA+77BDnAC)PD,1BPC,,14+5 [‘_)EFfDBEfCAFPD,lBPC,}q
~ 1
—4AMB f9P 4 Po p(Ppo+Ppk)+ [P pMPC Pa o+ =n"PnCPp 3 Pc?% . (5.22)

Because the structure constant f455 and the Killing form n4? are Fg invariant, trading
local K(FEjg) indices A, B, ... for Eg indices A, B, ... by conjugation with Vj amounts in
practice to simply replacing §48 by M4'B according to (5.13). Once again all the higher
level scalar field strengths P4 % cancel out for n > 2 for the final expression involving all
bilinears in P¢ 4.

Finally, we collect all the terms in P, 3P¢ o. These have no contribution from £; and
the terms arising in —%Ez + %Eg are

. R 1 . A R ot
—2(0/TE Py 5T Pl |0)+ 5 O 2P 581 (1) 4 1) (2P0 S (1) +30)10)

1 oo
=8P,  Ppk+2f*PCP, AP & —(Ppo+ Pox )P Pa p+ 3 > 6PFABLP, B Ps
n=1

o1 Ly

n=1
. 1,
= =" Py 4 Pp k+ [P Py a P, (Po o+ Por )" Pa s+ Po aXB+ 5 Xl Pa -
(5.23)
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Finally we compute the expression of %£4 that gives

2Po|V TV HP,) = ¥ (QP@,OP%K + A BPyoP, Y+ pPonPPs L (5.24)
+2p°Mg*B Pao(Ppo + Ppk) + 2/02M643fCDBPA,OPC,D> :

Having collected and simplified all the terms appearing in the potential, we now need
to explain how the various components relate to the quantities of Eg exceptional field
theory. First, we identify the dual potential YlA with the three-dimensional vector field
along the ¢ direction Y/ = A4. This is natural as the vector fields in D = 3 are dual
to the scalar fields and after reduction to two dimensions the relevant part of this duality
equation becomes exactly (3.3). Similarly, the ¢ component of the Eg constrained vector
field reduces to a constrained scalar in two dimensions, that is we impose Y4 = p~'Bj.
Evaluating the components of P, one obtains

Poo = —p (0pp — A%0ap) = —p~ ' Dp,
P,k = —(0,0 — A%040) = — Do, (5.25)
Pyl = p 'nap(0,AP — A°0cAP) = p~'napDA",
where we have introduced the notation D for J, — A494. Note that D as introduced here is
not the full covariant derivative D, that defines J,4 and R in (5.3) [24], but only includes
the transport term.
The components of P4 become similarly
Pao=—p '0ap, Pik = 040,
_ C
2Pap =npoda”, Pak = p 'npedaA®,  (5.26)
_ 1
PA72B =p 2773(] (aAYQC + ifDECAD({“)AAE) .

Here, J Avc denotes the internal component of the eg current defined from M, as
My *PosMopp = Ja” fp© . (5.27)

With these identifications we can now rewrite the full potential (5.9) using also the
rearrangements (5.18), (5.20), (5.23) and (5.24) for the various bilinears. The result is the
following long expression

eV =—2p"Y (Do) 2+ DAY Oap t +2p"00)+(—Dp~+2p 1 Do) D AN

+p—1nABP@,AP¢,B—2p‘1fABCnADP¢,DacAB+%p—3(p>z¢+8A13A+éfABCAAacAB)2
2 (0AAP 0 AN AN AP b MG facPOpAC Fpit D A®
+%P(MOCD’OABJC,AJD,B_2M(§FfBECfAFDJD,BJC,A+2JA,BJB,A>
—2M*B 040 (pOpo+20pp) — MGP fap©JcP (9pp+2p0p0)

_ 1 _ _
+2p 177ABP%BBA+§p "M{BBsBg—p *M{'B facP0pA°Bg. (5.28)
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5.3 Comparison with FEg exceptional theory

The above form of the potential still does not look very similar to the standard action of
Eg exceptional field theory sketched in (5.3), and in particular it still contains the dual
potential Y3} and the constrained scalar X, that were not considered in [24]. In order to
recognise the standard terms we now expand them out.

The kinetic term for the scalar fields reduces to an expression in terms of the covariant

current along the ¢ direction
JA = PP, g — (MgP +0*P)(fec"OpA” — Bg), (5.29)

with 2P, AT4 = M (8, — A%04) Mo = My DM,. This is the only non-trivial surviving
part of the kinetic term and becomes explicitly

1
514 I8 =24 P Py sy Py =4 fapn P Py pdc AP+ 04 AP 05 A% +(04A%)? + Mg P BABp
+ABAnAP P, 5 —2M§'P facPOp A° B+ MB facPop AC fpp op AP, (5.30)

where we can already anticipate how several of the terms in (5.28) above simplify.
With the metric (5.4), one computes that

g 049 = 2071 (2p040 + Dap),
910499 '0Bg + 049" OBguw = 8p~ ' 9a0(pOp)y0 + 205)p) , (5.31)
and dropping the dependence in ¢ and x one obtains for the improved Ricci scalar that
€27 pR — d(egpee® A W) + 04 (A1e? AWP) = —2p7 L% (Do — 8AAA)2 . (5.32)

The two total derivatives were introduced to write the Einstein-Hilbert Lagrangian in terms
of the generalised anholonomies. Using integration by part one obtains from this

2 <2DAA(8Ap_1 207 '040) + 2(—Dpt + zp—lDa)aAAA)
— 2y le (4D0—8AAA + 9 ABIp AN — (8AAA)2>
+ 20 (p_leQU(DAA n AAaBAB)) 20, (p—le%aAAA) . (5.33)

Using (5.30) and (5.33) to rewrite (5.28) one obtains that

(
2 A 1o AB Lo pa 1o 0
—e V:pR—zp napJ " J +§8AB —1—58@8

1 1 1
—p (4MOCD77ABJC,AJD,B ~3 EF fppC farPJp Bict + 2JA,BJB,A)

1 _ 1 _ _ v
+ §M643fADCJC,D9 10pg + ZM643 (970499 'OBg + 049" OBguw)

1 R _ 1 2
- §p_1 <x¢ +p! <8AY2A +3 fABCAAaCAB>) . (5.34)

Here, B4 and B° are boundary terms introduced by the partial integrations. The three
first lines of (5.34) reproduce indeed the Lagrangian (5.3), when neglecting the dependence
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in the two-dimensional external coordinates ¢ and x, such that the topological term does
not contribute. In particular, the second and third line correspond to the potential of Fg
exceptional field theory written in terms of currents and is structurally the same as (4.2).
The last line exhibits that Y, is an auxiliary field that can be integrated out without
affecting the other fields, and after its elimination the Lagrangian does not depend on the
higher level potential Y;*. The fields (x| is eventually fixed to

1
(x| = p~(0] <6AY2A — 5 fap®A%0c AP + BaAt + BATf‘> + 2] (VT)(Pal. - (5.35)

This removes all dependence on the unwanted fields so that we obtain a perfect match
with all terms of Eg exceptional field theory that can be reproduced from the Eg potential
constructed in this paper.

It was shown in [49, 50], and more generally in [51], that the only two inequivalent
maximal hyperplane solutions to the section constraint of FE,, exceptional field theories
for n < 8, correspond to eleven-dimensional supergravity and type IIB supergravity. For
FEg exceptional field theory, a partial dictionary with eleven-dimensional supergravity was
provided explicitly in [24, 52]. The above results then imply that, after appropriately
solving the section constraint, our Fg exceptional field theory potential reduces to the
eleven-dimensional or type IIB supergravity Lagrangians for field configurations that do
not depend on the two external coordinates ¢ and x.

6 Conclusions

In this paper, we have constructed the potential of Eg exceptional field theory as an in-
variant under Fg generalised diffeomorphisms. This potential is constructed out of (at
most) two internal derivatives acting on the scalar fields and is the first example of such
an invariant potential for an infinite-dimensional duality group and an infinite-dimensional
coordinate representation. The potential consists of four terms, separately invariant un-
der rigid Fg % Ry , transformations and transforming homogeneously under Rj, where
Ey = Fg % Rj. Invariance under generalised diffeomorphisms (up to a total derivative)
is only achieved by conspiring cancellations among the variations of the different terms.
Another key new feature of Fy exceptional field theory is the appearance of a covariantly
constrained field x ;s already in the scalar sector. This constrained scalar field also enters
crucially in the potential by forming an indecomposable representation together with the
(non-central) components of the eg current.

Because of the complicated representation theory of Ey and of its extension by Ry,_,,
which admit indecomposable (but not irreducible) representations, it is not known whether
there are only a finite number of terms invariant under the rigid symmetries of the theory
that could in principle contribute to the potential. It is therefore difficult to state whether
our result could be uniquely determined by requiring invariance under generalised diffeo-
morphisms. This is however not necessary for our purpose, as we also require that the
dynamics of D = 11 and type IIB supergravity are reproduced upon solving the section
constraint, and have proved that this is the case by mapping our expression to the potential
of Fg exceptional field theory. This is sufficient to guarantee uniqueness of our result.
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The result of this paper is the first building block for the full Ey exceptional field the-
ory. Specifically, it represents the truncation of Ey exceptional field theory to scalar fields
and vanishing external derivatives. The full theory will combine the scalar fields intro-
duced in this paper with gauge fields {A,M, B, y}, transforming in the representations
of the gauge parameters of the generalised diffeomorphisms (3.15). These gauge fields
will covariantise external derivatives but also couple separately via a topological (Wess-
Zumino-like) term. As customary in all even dimensions, the full theory will presumably
admit its most compact formulation in terms of a pseudo-action supplemented by certain
first-order duality equations, in this case for the scalar fields. The latter would define the
extension of the linear system underlying two-dimensional maximal supergravity to the full
exceptional field theory — after solving the section constraints thus to full D = 11 and
type IIB supergravity. In particular, these equations should provide first order equations
for the constrained scalar field y s, confirming that this is not an additional propagating
degree of freedom, but rather is determined by the physical fields of the theory. The precise
match with two-dimensional supergravity will require the identification of the dictionary
among the components of our matrix MM and the infinite tower of dual scalar potentials
encoded in the various formulations of the linear system [17, 39, 53-55].

As already discussed in the introduction, an immediate application of Fg exceptional
field theory will be its reduction by means of a generalised Scherk-Schwarz ansatz [13],
which together with the dictionary to supergravity fields would exhibit the structure of the
yet elusive scalar potential of gauged maximal D = 2 supergravity [31] without the need
to resort to the fermionic sector and supersymmetry of the theory. A notable aspect of the
gauged maximal D = 2 supergravities studied in [31] is the ubiquity of the gauging of the
L_1 generator that also featured in our construction and the generalised Lie derivative.
The constrained scalar field x,s is also indispensable in the generalised Scherk-Schwarz
ansatz for such gaugings.

It would also be very desirable to reformulate our potential in terms of the manifestly
covariant components of a suitably defined internal Ricci tensor, analogous to the structures
identified for the lower-rank groups [6, 56, 57]. However, such a formulation would first
require the identification of (the unambiguous components of) an appropriate internal
K (Eg) spin connection, which at the moment seems a formidable task given the non-
reductiveness of K(Fy) and the fact that it does not admit highest weight representations.

Our work can also be considered as a step towards understanding the Fq; conjec-
ture [58-60] as well as the Ejg conjecture [61]. The advantage of the group Fy considered
here is that it admits an explicit realisation as a vertex operator algebra which allows to
define explicitly the full non-linear theory. One can nevertheless expect that there exists an
F/1 exceptional field theory that would include all the others by considering specific partial
solutions of its section constraint. The latter does not appear explicitly in the formulation
of [60] but played a crucial role in a different linearised system extending Ej; [62].

While we have focussed on the construction of the potential of Fg exceptional field
theory, our expressions and proof of invariance are equally valid for any affine Kac-Moody
group based on a finite-dimensional simple Lie group G, in which case the rigid symmetry
group of the potential is G x (]R;r x Ry_1), with G the centrally extended loop group
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over G. The expressions for the generalised Lie derivative are entirely analogous as proved
in [13]. Our result can then also be seen as the extension of the expressions for extended
field theory potentials in [14] to the case of affine Kac-Moody groups with scalar fields
in indecomposable representations. An especially interesting case is the affine group over
SO(8,n) governing two-dimensional half-maximal supergravity. Extended field theories for
the duality groups of half-maximal supergravities in four and three dimensions have been
recently formulated [63, 64] and capture ten-dimensional heterotic and six-dimensional
(2,0) supergravities as solutions of the section constraint. The potential constructed in
this paper corresponds to ten-dimensional (1,0) and six-dimensional (2,0) supergravities
coupled to abelian supermultiplets. The introduction of gauge interactions for these half-
maximal extended field theories requires a deformation of the generalised diffeomorphisms,
of the potential and of the full dynamics [63, 65] which would also be interesting to pursue.
Along these lines, a further interesting development would be the construction of an ‘X-
deformation’ of our potential (and later of the full Eg exceptional field theory) that would
also reproduce the dynamics of massive type IIA supergravity upon solving the section
constraint, in analogy with the higher-dimensional cases [66].

Acknowledgments

We would like to thank Martin Cederwall, Blagoje Oblak and Jakob Palmkvist for useful
discussions. This work was partially supported by a PHC PROCOPE, projet No 37667ZL,
and by DAAD PPP grant 57316852 (XSUGRA). The work of GB was partially supported
by the ANR grant Black-dS-String (ANR-16-CE31-0004). The work of GI was supported
by STFC consolidated grant ST /P000754/1.

A Properties of the cocycle

A.1 Eg group 1l-cocycles in the co-adjoint

The group Fyg acts on its Lie algebra eg by conjugation and we aim to extend this group
action on the extra vit generators L,,, m # 0. To this end let

X = X¢K + XoLo + Z XnTh = X, T (A.1)
nez

be an element of eg in the R(Ag)o representation, where d = Lg. As in this section we
are only concerned with the adjoint representation of eg9 and its extension by (L,,) for
fixed m # 0, we are allowed to ignore the distinction between d and Ly throughout our
discussion. Notice also that compared to (4.52), there is no L_; component here. The
non-trivial commutator between the Virasoro generators and eg is given by

[X, L] = —mXoLm + Y nX3TA,, = —mXoLn+ > (n—m)X3 "I (A2)
nez nez

We see that L,, transforms under eg by a rescaling proportional to the derivation com-
ponent of X, plus extra elements in the loop algebra ¢g. The same happens for a finite
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transformation g € Ey, where we define

9 Ling = p(g) > Ly, — w®,,(9) nasT? (A.3)

where p(g)? is the component of g along the one-dimensional subgroup generated by
the derivation:
—2L0 A

g=p(9) g, g§eEs. (A.4)

By construction and for fixed m, the algebra eg @ (L,,) with commutation relations (A.2)
defines a representation of Fg under the adjoint action. For X € ¢g and e, € R, no sum
over m, one gets

97X —enLn)g = (97X g+ ennas®n(9)T7) = plg) P emLuns  (AB)

such that there is a non-trivial effect of the L,, component on the ¢g component X, i.e., the
representation matrices are block triangular and the representation is indecomposable. One
can understand this representation to be built out of two Fg representations, the adjoint

2

representation eg and the one-dimensional representation p(g)~ =™ mentioned above (2.5),

linked together by the non-trivial map from Fg to ¢g defined by g — nagwﬁm(g)TB. The

«

w?,, are the components of a map from Eg to the co-adjoint representation eg that one

m
calls a group 1l-cocycle. The w?®, , determine in this sense the extension of the adjoint
Ey representation eg to the indecomposable Egy representation eg @ (L,,). For the above
formula (A.5) to define an action of Ey, i.e., acting twice being compatible with the group

multiplication, the map w®,, must satisfy the 1-cocyle condition?

—2m, «

W (9192) = R(gz ") 5w (91) + p(g1) ", (g2) (A.6)

for any g1, 92 € E9 and where
g 'T% = R(9)*sT" (A.7)

defines representation matrices R(g)“s of the adjoint Ey action: R(g1)*,R(g2)"s =
R(g192)%s. Note also that the invariance of %’ on ¢ implies 18~ R(g~Y)7sn’e = R(9)%s.
We will discuss the proof of (A.6) momentarily. If the 1-cocycle was trivial, i.e. if there
existed a co-adjoint vector v® such that

W (9) = Rp(g~ 0P — p~2" (g0, (A.8)

then the representation eg @ (L,,) would decompose into the direct sum of ¢g and the

one-dimensional representation p(g)~2™, but w®, is a non-trivial cocycle for all m and

m
¢9 @ (L) is indecomposable.

The dual of the extended representation can be constructed in the usual way. Denoting
the basis dual to nagTﬁ and L,, by A% and A™ one finds for the action of Eg that (no sum

over m)

97" (JaA® + XmA™) g = jaR(9)*sA° + (p(g)mxm — ja p(9)""R(9)" w’fm(g)> A"
(A.9)

°In the standard mathematical definition it is p*™(g)w?,,(g) that defines an Eg 1-cocycle in the co-
adjoint representation.
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from which one can read off the transformation of the coefficients j, and x,,. Using (A.6)
we find

W (9) = —plg) ™ R(g™H) 5w, (g7 (A.10)

so that (A.9) can be rewritten succinctly as follows

(Gas xom) = (36R(9) a s P9 Xn + %9 i) - (A11)

Setting m = —1, this is the transformation we have for the currents and the field y at
5 =0 (4.13).

An important observation is that w®,, (g) can be defined in terms of the shift oper-
ators (2.18). First, we notice that the bilinear forms (2.17) transform under Ey only by
a rescaling

Mmasd T @ g7 'T%g = p(g) ™ N asT® @ T" . (A.12)

Then, using (2.19) for n = 0 and conjugating by g, we obtain for m # 0,

W (9K = p(g) 2" g Sm(T*)g ™ = Sm(g T ), (A.13)

which is therefore equivalent to (A.3) and allows to straightforwardly prove the cocycle
condition (A.6). Crucially, (A.13) holds for any 7% € § (with g € E9) and for this reason
we will take it as our definition of w®,,(g). The cocycle condition (A.6) is still satisfied by
this more general definition, where (A.7) also generalises to any 7% € § and w?,,(g) is an
FEy group 1-cocyle in the conjugate representation f*.

For the computation of section 4, it is useful to present the expansion of the loop
components of the cocycle. Up to linear order in the components of X € ¢g of g = ¥, we
find using (A.13) that'?

Womn(9) = —(m + )P X5+ O(X?) . (A.14)
The expansion of the L, components of the cocycle w_,,,(g) = O(X?) only starts at
quadratic order in X while the component along K simply vanishes. Another particularly
important expression will be the cocycle associated with the Hermitian coset representative
M at p=0. A convenient expression equivalent to (A.13) is

W (MK = pMLS,, (TaT) M~ Sy, (M‘lTO‘TM> when 5 =0. (A.15)

Finally, it is instructive to write explicit expressions for w®, (g) for g = eX. Here we
restrict to m = £1 only. Going back to (A.2), it is useful to rewrite the second term as

=Y (n£ DXFET = ([Lo, X],T% )y 1asT? (A.16)
nez
%0ne computes that [X,Sm(T2)] + mXoSm(T) — Sw([X,T2])) = —(m + n)n*BX5™™, while

(X, Sm(Ln)] + mXoSm(Ln) — Sm([X, La]) = 0.
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where the sum on « runs over all Fg generators with indices raised and lowered with the
standard 1,8 = 10qs of (2.17) and the shifted form on the loop generators in eg is defined as

<T£a TnB>:|:1 = nAB(sm,—n:tl (A17)

and agrees with the restriction to the loop part of the bilinear form 741,3. To illus-
trate (A.16) further, we write out the right-hand side explicitly

- <[L07X] 7Ta>i1 UagT'B = <[L07X] ) K>i1L0+<[L07X] 7L0>i1K_ Z<[L07X] 7Ti4n>:|:1T711377AB
neZ

= Z mX¢! <T£>Tfn>ilenAB
mmneZ

=) (£ )X3E'T, (A.18)
neZ

where we have used that ni; does not pair K and Ly non-trivially with anything in eg.
Using (A.16), we can thus restate (A.2) as
ady L1 = FXoLt1 — ([Lo, X],T%) 1y 1asT” (A.19)

and we have also introduced the notation adx L1 = [X, L1;] for the commutator between
¢g and Li1. This is the action we aim to exponentiate.
By induction one can show for any k£ > 0 that

k—1

adk L1 = (¥X0)" La1 — <[L0,X1 S (FX0) (—ady )1 Ta> nasT?,  (A.20)
=0 Tl
which can be exponentiated to g = eX easily since X is central in the representation. This
leads to
dx _ ,+Xo
—1 +X, et —e o B
Liig= Lty —( [Lo, X]|,————T T A.21
5 g = 0L = (180X, ) T (A2
which compared to (A.3) gives
Xo
plg)=e 2, (A.22a)
% (g) <[L x), O e Ta> (A.22D)
w = ) sy T 1 v ) *
=\ 0 —adyx F Xo 41

This explicit expression of the cocycle is only valid for T € eq.

A.2 Generalisation to Eg x SL(2)

In the previous discussion g was an element of Fg. When the axion p # 0, M is no longer
an element of Fg and instead belongs to the group Fgx SL(2). We thus require an extension
of some of the formulas above to this case. We shall now give a generalisation of (A.15)
that can be expressed as an infinite power series in p and reduces to the previous formula
when p = 0.
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As in (3.10) we shall decompose the Hermitian M as
M =mgm = ghm (A.23)

with Hermitian m € SL(2) and non-Hermitian gy in F. The generalisation of the cocycle
that has the needed properties is

QUMK = 531811 (mflTaTm) G — Sii (M’W‘”M) . (A.24)

Compared with (A.15), we see that we have made a choice in the split between m and g
and that the character factor p does not appear explicitly anymore. This is natural since
this part is contained in the action of m € SL(2). We have also defined this only for S.
Notice that because of the presence of m inside the first shift operator, this expression
does not satisfy (A.6) and is therefore not a group cocycle. However, when p = 0 we have
m € RY and Q%(M) reduces to wf(M).

Since the T% that belong to ¢s can be represented by eg elements that depend on a
spectral parameter w via T4 = w™T“, leading to meromorphic functions of w, and SL(2)
acts on these generators by Mobius transformations of w, it is convenient to work out the
conjugation by m in this picture. More explicitly, the form of the SL(2) generators as
differential operators in w is

L—‘,—l - _w2a’u) ) LO - _waw ) L—1 = _8’11)7 (A25)

such that their exponentiated action on any function f(w) is given by Mébius transforma-
tions leading to'!

_ B p 2 (w —p)
mf(w)ym = f (1 + p 2w — ﬁ)) ) (A.26)

which when combined with the shift operator Sy that multiplies by w leads to

w

mia (o fopm)m = (5] 1) = X )+ 5 (0)

1—pw k>0

=p* ) 0" Suar(f(w))+7f (w).  (A27)

k>0

Inserting this into (A.24) leads to

QMK = M1 <p2 S ST ) + ﬁT“T>M S (M‘lTO‘TM> _ 5K, (A.28)
k>0

where the last term is due to the fact that QX(M) = 0 in (A.24) but the expansion using
the Mobius transformations above generates a spurious term.

1The exponentiation of the individual transformations is

w

e = () R = ) e = - ).
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A.3 Useful identities

Here we collect some useful identities for the generalisation of the cocycle Q%(M) discussed
above and the effect of SL(2) conjugations on expressions appearing in the derivation of
the potential.

Using the same argument as above based on Mobius transformations, one works out
the conjugation under L_; of the shift operator as

eﬁLfls_l(efﬁLflf(w)eﬁL—l)efﬁL—l = f(w) (A.29)

w—p
such that
_ ~ _ ~ oo
P18 (e P ePl-1)e=PL-1 = ZﬁkS_l_k(To‘) . (A.30)
k=0

It is sometimes convenient to rewrite the geometric series of shifted generators appearing
in J, in this way.

The Eg invariant bilinear form Mnap is not invariant under the action of SL(2). To
compute the effect of a conjugation with the Virasoro generator L, for ¢ = —1,0,1, it is
useful to first show that at the Lie algebra level

Tnap [ch Ta] ® 7" + nna,BTa b2 [Lq7 TB] = (C] - n)nn-l-anTa & T". (A.31)

Using this formula, one computes that for m € SL(2) one has

= ~2

_ 1 _
N-1asm” T Tme T’ = (pgmaﬁ—2pp2naﬁ+p277—1aﬁ> To®m =T m (A.32)

~2 ~2
Nagm™ ' T m@ T’ = (meaﬁJr (l 2p )Uaﬁ p (1—22) 771a,3> T*@m™'T%m

2 ~2 ~2
Nagm “lretmeTP= p2n1a5+2p 1—2) 77a,g—|—p2 <1_/)2> 77_1,15) T@m TP m

<P
~2 ~4
nga/gmlTo‘TmGE)Tﬁ—(p Mas+p° 3 2/’;2> Nos+p <3p2—352+22) N-1a8

(o]
+p! Z ﬁkn—2—kaﬂ> T*@m T m
k=0

Note in particular that

(naﬁ - ﬁn—laﬂ)milTaTm ® TB = (77046 - ﬁn—laﬂ)Ta ® milTﬁTm : (AS?’)
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These formulas can be used to obtain some properties of Q%(M). One computes using
the definition (A.24) that

NapQ® (M)KST? = nog (g;jsl (m—lTaTm) =8 (g;jm—lTangM)) ©T?  (A.34)

~ ~2 ~2
[P 14 ~ 14
= <p2U1a5+ <1_2p2) Nap—p (1_p2> 77—104,3)

X (g;\jsl (T%) g @m = T m—8 (Ta)®§jvllm_1T5ngM)

oo
—K® (/3 (Lo—gn Logm) +0° > 7 (L_l_k—ngL_l_kgM)> ,
k=0
where we used (A.32) in the first step and (2.19) in the second. One therefore obtains the
useful identity

[e.e]
NapQ(M)T? = p(Lo — gt Logm) + p° Y 5" (Loak — G Loa-km) - (A.35)
k=0
We want also to compute 1,5 H (M)*, QY (M)T? with H(M)%s defined in (3.27). Us-
ing instead formula (A.28), one computes that

NapH (M)* Q7 (M)K e TP

00 i
= Tag (M_lpz > Sk (M_lTaTM> M+ pT" = 8 (T“‘)) ®T?
k=0

~ ~9 ~9
K <;M1L_1M n <1 - 222> M LM — (1 - ZZ) M1L1M>

=K® (g L1gm — L) (A.36)
so one obtains the very simple result that
Mo H(M)*, Q1 (M)T = g L1 — L - (A.37)

Using this formula and reinserting the m matrix using (A.32) one obtains that

~2\ 2 ~2 ~2
Li+nasH (M)* 227 (M)T? = M~ <p2 (1_22> faezp <1_52> Loty L_1>M.

02
(A.38)
Using again (A.32) one computes that

~2 ~2 ~
NapH (M)® T? = M <ﬁ (1 - ;) Li— <1 - 22’2> Lo— p’;L_1> M,  (A.39)

such that
Ly + g H(M)™ (@ (M) + G00)T" = M7 (62 = )L+ Lo ) M. (A.40)
By a similar reasoning, one also obtains
[ee] oo
N1ag Q(M)TP = Ly +p*> "Ly — gy (ﬁ Loy+p*) ﬁ’“L_z_k)gM , (A41)
k=0 k=0

and
N—1ap V(M) HM)*, TP = §3{ Logam — Lo - (A.42)
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B Gauge algebra closure on (x|

The closure of the algebra of generalised diffeomorphisms on the Eg x (IR;lr x Ry,_,) scalars
M follows from its closure on a vector field |V) (3.15), which was derived in [13]. The
field (x| does not transform under generalised diffeomorphisms simply as a generalised Lie
derivative, and the mixing with the es@sl(2) current makes it non-obvious that the algebra
closes on this field. In this appendix we show that this is indeed the case.

Because the algebra closes on M and therefore on (7|, one can check the closure of
the algebra on any linear combination of (x| and (J,|. Since the transformation of (x|
is not manifestly covariant, it is indeed convenient to check the closure of the algebra on
the combination

"Dz

(€= X+ A TalSo1—n(T™) +

k=0

5 ((Tal T+ p~H(0p]) , (B.1)

R

that transforms as
1 p—
3(€] = (BelA) €]+ 15 (ONIT* V€T + 10 (OAITA) (Oa M TP 0
1
+ N 1ap Te(TS)(E|TF + ;nam(wz)@gw—ww

- ;2<az|z + ;Tr@)(wm + 1) (B.2)

To compute the closure it is convenient to use the BRST formalism, for which A and X
are understood as anticommuting ghost fields, with their own variation defined according
to (3.21) as

51) = 5 (100,12} A1) — 10 (9, [T A) TP Ar) — (00, [A2)| A1) (5.3)
5 = (Do]A)S — 1o (OAIT*|A)TPE — TIA) (04

1 1
+ s (Oaal T AT AL + (00 T A)T?1A) ) (Oa] = 51108 THTE)TPS,

for which the labels on |A1) and |A2) only indicate on which |A) the derivative acts, despite
the fact that they are the same anticommuting ghost |A). For example, in index notation
one has

SAM = L (AVONAM — os(T)Pn0p A (T9)VgA% — oxAY AM) . (B4)

In this notation, the closure on the algebra on a vector field |V') is equivalent to the property
that 62|V) = 0. Note that 62|A) # 0, but it gives a trivial generalised diffeomorphism,
whereas the definition of a truly nilpotent operator requires the introduction of an infinite
chain of ghosts for ghosts generating an L., algebra structure [7, 67, 68].

In the BRST formulation it is easier to check that §2(¢| indeed vanishes. Here, we shall
only give some of the steps for the terms quadratic in |A). The parts of the transformations
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corresponding to the Lie derivative of an ordinary vector field work as in [13], whereas the
other give the following contributions

52(&] = map (01T A1) (01 [A2) (DL M TP M
- inaﬂmw <<32|[TQ,TV} | A1) (02| T°| M) +(0a| [T, T7]|A2) (0 ’T6|A1>> (D140 MITPT M
+ 1m0 (0T 8) (Ga[TP A1) 401 1T A1) (@617 |0} ) (01
1001 T A1) (2] 2} (@1 + (01140} (5] ) M TP M

01075 (01| T A1) (02| T [A2) (D1 | M TP, T°TT M
M1 (01 02| [T, TV A1) (92| TV |Ag) (81 +Da| M TPT M

1
+5as (01T |A1) (1] A2) — (1T A1) (9] A2) ) (91 + 02| M~ TP M

1
+ §n1a,3<81 +02| T A1) (02— 01|A2) (01 + 02|

—0, (B.5)

where (01| = (0, ] and (02| = (Oa,| for short, and one uses that all the terms involving
commutators simplify according to

Maplhys (—@I[Ta, T A1) (a] — (0T, T A1) (O1] + 201 + 8u[[T7, T7]|A1><32|>T5!A2>

X (D) + o MTITPT M
— 4110876 (O1|[T7, T A1) (02| T |A2) (91 (M TPT M
= Mg (01| T A1) (32| T7|A2) (01 — s (B.6)
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