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Abstract. The object of the present paper is to study general-
ized weakly symmetric and generalized weakly Ricci symmetric
Kenmotsu manifolds whose metric tensor is n-Ricci soliton. The
paper also aims to bring out curvature conditions for which 7-
Ricci solitons in Kenmotsu manifolds are sometimes shrinking or
expanding and some other time remain steady. The existence of
each generalized weakly symmetric and generalized weakly Ricci
symmetric Kenmotsu manifold is ensured by an example.
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1 Introduction

The notion of weakly symmetric Riemannian manifold has been introduced
by Taméssy and Binh [32]. Thereafter, it has become of interest for many
geometers. For details, we refer to [17], [21], [23], [27], [28], [29], [30], [31]
and the references therein.

Keeping the spirit of Dubey [20], recently the present author has intro-
duced a new type of space called generalized weakly symmetric manifold [9]
which is abbreviated hereafter as (GWS),-manifold. An n-dimensional Rie-

mannian manifold is said to be generalized weakly symmetric if it satisfies
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the equation

(VxR)(Y,U,V, W) AUX)R(Y, U, V,W)+ B,(Y)R(X,U,V,W)
Bi(U)R(Y,X,V,W)+ D, (V)R(Y,U, X, W)

+ Dl(W)R(Y, UV, X)+ AX)GY,UV,W) (1.1)

+ Bo(Y)G(X, U, V,W) + By(U) G(Y, X, V, V)

+ Dy(V) )

#(
GY,U X, W)+ Dy(W) G(Y,U,V, X)

where

GY,UV,W) = [g(U,V)g(Y, W) —g(Y, V)g(U, W)] (1.2)

and A;, B; and D; are non-zero 1-forms defined by 4;(X) = g(X, 0;), Bi(X) =
9(X, 0i), and D;(X) = g(X,m), for i = 1,2. The beauty of such (GW.S),-
manifold is that it has the flavour of
(i) locally symmetric space [14] (for A; = B; = D; = 0),
(ii) recurrent space [34] (for A; # 0, Ay = B; = D; = 0),
(ili) generalized recurrent space [20] (for A; # 0, B; = D; =0),
(iv) pseudo symmetric space [15] (for 4t = By = Dy = Hy # 0, Ay =
By = Dy =0),

(v) generalized pseudo symmetric space [7] (for 4t = B; = D; = H; # 0),

(vi) semi-pseudo symmetric space [33] (for A; = By = Dy = 0,B; = D,
7é 0)7
(vii) generalized semi-pseudo symmetric space [10] (for A; = 0, B; = D; #
0),

(viii) almost pseudo symmetric space [15] (for Ay = Hy + K1, By = Dy =
Hy #0and Ay = By = Dy = 0),

(ix) almost generalized pseudo symmetric space ([8], [6]) (for A; = H; +
K, Bi=D; = H; #0),

(x) weakly symmetric space [32] (for Ay, By, D; # 0, Ay = By = Dy = 0).

Analogously, we have defined generalized weakly Ricci symmetric Ken-
motsu manifold as follows.

An n-dimensional Riemannian manifold is said to be generalized weakly
Ricci symmetric if it satisfies the equation

(Vx9)(Y, Z) = AL(X)S(Y, Z) + Bi(Y)S(X, Z) + Di(Z)S(Y, X) (13)

+A3(X)g(Y, Z) + B3 (Y)g(X, Z) + D3(Z)g(Y, X) ‘
where A, Bf and D} are non-zero 1-forms which are defined as Af(X) =
9(X,0,), BX(X) = g(X,¢:),D;(X) = g(X,m;) for i = 1,2. The beauty of
generalized weakly Ricci symmetric manifold is that it has the flavour of
Ricci symmetric, Ricci recurrent, generalized Ricci recurrent, pseudo Ricci
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symmetric, generalized pseudo Ricci symmetric, semi-pseudo Ricci symmet-
ric, generalized semi-pseudo Ricci symmetric, almost pseudo Ricci symmetric
[16], almost generalized pseudo Ricci symmetric and weakly Ricci symmetric
space as special cases.

The study of the Ricci solitons in contact geometry has begun with the
work of Ramesh Sharma [22], Cornelia Livia Bejan and Mircea Crasmareanu
[11] and the references therein. Ricci solitons are defined as triples (g, V, \),
where (M, g) is a Riemannian manifold and V' is a vector field (the potential
vector field) so that the following equation is satisfied

1
§£Vg~|—5—|—)\g:0 (1.4)

where £ denotes the Lie derivative, S is the Ricci tensor and A is a constant.
A Ricci soliton is said to be shrinking, steady or expanding according to A
negative, zero and positive respectively. A Ricci soliton with V' equal to zero
reduces to Einstein equation.

During the last two decades, the geometry of Ricci solitons has been the
focus of attention of many mathematicians (|1], [2], [3]). 7 -Ricci solitons
(M, g, A\, 1) is the generalization of Ricci solitons (M, g, A) which is defined
as ([12], [13], [4])

Leg +2542Xg +2un®@n =0, (1.5)

where L¢ is the Lie derivative operator along the vector field £, S 1is the
Ricci curvature tensor field of the metric g , A and p are real constants.

Our paper is structured as follows. Section 2 is concerned with Kenmotsu
manifolds and some known results. Generalized weakly symmetric Kenmotsu
manifolds whose metric tensor is n-Ricci soliton have been studied in Section
3. It is observed that (i) Ricci soliton in each of locally symmetric, locally
recurrent, generalized recurrent, pseudo symmetric, semi-pseudo symmet-
ric, almost pseudo symmetric and weakly symmetric Kenmotsu manifold is
always expanding,(ii) Ricci soliton in each of generalized pseudo symmet-
ric, generalized semi-pseudo symmetric and almost generalized pseudo sym-

metric Kenmotsu manifold is expanding, steady or shrinking according as

1+ D3 ()
1+D1(§)

Kenmotsu manifolds whose metric tensor is n-Ricci soliton and obtain some
interesting results. Finally, the existence of generalized weakly symmet-
ric Kenmotsu manifolds and generalized weakly Ricci-symmetric Kenmotsu
manifolds are ensured by non-trivial examples.

] % 0. In Section 4, we study generalized weakly Ricci-symmetric
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2 Kenmotsu manifolds and some known results

Let M be a n-dimensional connected differentiable manifold of class C>°-
covered by a system of coordinate neighborhoods (U, z") in which there are
given a tensor field ¢ of type (1,1), a contravariant vector field ¢ and a
1—form 7 such that

¢’ X —X +n(X)E, (2.1)
n€) =1, ¢€=0, n(¢X)=0, (2.2)
for any vector field X on M. Then the structure (¢,&,n) is called contact
structure and the manifold M™ equipped with such structure is said to be an

almost contact manifold. If there is given a Riemannian compatible metric
g such that

9(0X,0Y) = g(X,Y) —n(X)n(Y), (2.4)

for all vector fields X and Y, then we say that M is an almost contact
metric manifold. An almost contact metric manifold M is called a Kenmotsu
manifold if it satisfies [20]

(Vx9)Y = —g(X,9Y)¢ — n(Y)o(X), (2.5)
for all vector fields X and Y, where V is a Levi-Civita connection of the
Riemannian metric. From the above it follows that

Vx§ = X —n(X)g, (2.6)
(Vxn)Y = g(X,Y) = n(X) n(Y). (2.7)

In a Kenmotsu manifold the following relations hold (|5], [6], [19], [18], [24],
[25])

RX,Y)§ = n(X)Y —n(Y)X, (2.8)
S(X.8) = —(n—1n(X), (2.9)
R(X, Y = g(X,Y)§—n(Y)X, (2.10)
R(EX)Y = n(Y)X — g(X,Y)¢ (2.11)

for any vector fields X,Y, Z, where R is the Riemannian curvature tensor of
the manifold.
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Let (M, ¢,&,1m,g) be a Kenmotsu manifold satisfying (1.4). Writing Leg
in terms of the Levi-Civita connection V | we obtain from (|1.4) that

25(X,Y) = —g(Vx&Y) = g(X, Vy§) = 2Xg(X,Y) — 2un(X)n(Y), (2.12)

forany X,Y € x(M). As a consequence of (2.5)) and ({2.6)), the above equation
becomes

S(X,Y)=—-(A+1g(X,Y) — (u+ Ln(X)n(Y). (2.13)

In the sequel, we shall use the following Lemma.

Lemma 2.1. Let (M", g) be a Kenmotsu manifold. Then for any X, Y, Z,
the following relation holds:

Proof. By virtue of (2.6) and (2.9), we can easily get (2.14)). O

3 Generalized weakly symmetric Kenmotsu manifolds
whose metric is n-Ricci soliton

In this section, we consider a generalized weakly symmetric Kenmotsu man-
ifold (M™, g)(n > 2). Now, contracting Y over W in both sides of (1.3)), we
get

(VxS)(U, V) =A(X)S(U, V) + B(U)S(X,V)+ Bi(R(X,U)V)

+ Di(R(X,V)U) + Dy(V)S(U, X) (3.1)

+ (n = D[A(X)g(U, V) + By (U)g(X, V)
+ Dy (V)g(U, X)] + Bo(G(X, U)V) + Do(G(X, V)U).
As a consequence of , and the above equation yields
(VxS)(U,§) = —=(n — D A(X)n(U) — (n — 2)B1(U)n(X)
+ D1(§)S(U, X)—n(U) B (X)—n(U) D1 (X)
+9(X,U)Dy(§) + (n — 1)[Ax(X)n(U) (3.2)

2
+ Ba(U)n(X) + Da(§)g(U, X)] + n(U) By(X)
= n(X)Ba(U) +n(U) D2(X) — g(U, X) D5 (&)
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for V = ¢. Now, using in , we have
—(n = 1)g(X,U)=5(U, X) = =(n = DA(X)n(U) — (n = 2) B, (U)n(X)
+ D1(8)S(U, X)=n(U)B1(X) + g(X, U) D1 (§) —n(U) D1(X)
+ (n = D[A(X)n(U) + Bo(U)n(X) + D2(€)g(U, X))
+n(U)B2(X) = n(X)Ba(U) + n(U)Da2(X) — g(U, X)D2(&)
3.3)

which gives
[A1(€) + Bi(§) + D1(8)] = [A2(8) + Ba2(§) + Da(S)] (3.4)
for X = U = £. In particular, if A5(&) = By(§) = By(§) = Dy(€) =0,

turns into
A1 (§) + Bi(§) + Di(§) = 0. (3.5)
In a similar manner, we have
—(n—=1g(X,V) =SV, X) = —(n = DA(X)n(V) — (n — 2) D1(V)n(X)]
+ B1(§)S(X, V)+g(X, V) Bi(§) — n(V)Bi(X)—n(V) D1 (X)
+ (n = D[{A(X)In(V) + B2(§g(X, V)
+ Da(V)n(X)] + n(V)B2(X) — g(X, V) B ()
+n(V)Da(X) — n(X)Do(V).
(3.6)
Now, putting V = ¢ in and using , , we obtain
(n — DALX) + Bi(X)+D1(X) + (n — 2)[B1(§)+D1(§)In(X) =
= [(n = DAs(X) + (n = 2{B2(&) + D2(O)In(X)]  (3.7)
+ Bo(X) + Dy(X).
Putting X = ¢ in (3.6) and using (2.1), [2.2), (2.9), we obtain

(n = D[A1(&) + Bi(§)]n(V)+(n = 2)Di(V)+n(V) D1 (§) =
= (n — 1)[{A2(8) + Ba() }n(V) 4 Dao(V)] (3.8)
+n(V)D2(§) — Do(V).

Replacing V' by X in the above equation and using (3.4)), we get
D1(X) = Di(§n(X) = Da(X) — Da(&)n(X). (3.9)

Moreover, in view of (3.4), (3.7) and (3.9), we get

By(X)=B1(§)n(X) = By(X)—Ba(&)n(X). (3.10)
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Subtracting , from , we get
AX)+BUE+Di(EN(X) = As(X) + [Bo(€) + Da(©)n(X)).  (3.11)
Again, adding , and , we get
A1 (X)) + B1(X) + D1(X) = Az(X) 4+ Ba(X) + Do(X). (3.12)
Next, for the choice of Ay = By = Cy = Dy = 0, the relation yields
A1 (X) + B1(X) + Dy(X) =0. (3.13)
Again from , putting X = &, we have

(n = DI={A(§) = A2(&)} = {D1(&) — Da()}n(U) =

={Bi(§) — B2(§)In(U) + (n — 2){B1(U) — B2(U)}.
(3.14)

Using , above equation becomes
{B1(§) — B2 In(U) = B1(U) — B2(U). (3.15)

Also, setting U = £, we have

—(n = D{A1(X) = Ao(X)}—{B1(X) = Bo(X)}—{D1(X) — D2(X)} =

{D
= —(n = 2){A1(&) — A2(9)}.
(3.16)

Using in , we obtain
{A1(§) — A2(§) In(X) = A1 (X) — Ax(X). (3.17)

As a consequence of the above equations, (3.3)) yields
[(n = D{1 4+ Dy(§)} + D1(§) — Da()]

A= [EG) T
(n —2)[{A:(§) — A(§}—{B1(E) — B2(§)}] '
* 101 €) )
for any X, U € x(M). Comparing ([2.13]) and - we obtain
A:[W—Uﬂ+DﬂH+DM)—%@H_1' 510

[1+D1 ()]
This leads to the following
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Theorem 3.1. The Ricci soliton in each of the locally symmetric, locally
recurrent, generalized recurrent, pseudo symmetric, semi-pseudo symmetric,
almost pseudo symmetric and weakly symmetric Kenmotsu manifold is always
expanding.

Theorem 3.2. The Ricci soliton for each of the generalized pseudo sym-
metric, generalized semi-pseudo symmetric, almost generalized pseudo sym-
metric Kenmotsu manifold is expanding, steady or shrinking according to

[”m@}io
D) | < 7

4 Generalized weakly Ricci-symmetric Kenmotsu man-
ifolds whose metric is 7-Ricci soliton

A Kenmotsu manifold (M", g)(n > 2) is said to be generalized weakly Ricci-
symmetric if there exist 1-forms A;, B; and D; which satisfy the condition

(VxS)(U, V) = A (X)S(U, V) + By (U)S(X,V) + D (V)S(U, X)

+ A(X)g(U.V) + BaU)g(X.V) + Da(V)gU.X). Y
Putting V' = ¢ in , we obtain
(VxS)U€) = (n - DIAX)0) + BUMX) + DUOSW.X)

+ A(X)n(U) + Bo(U)n(X) + Da(€)g(U, X).
In view of (2.14)), the relation (4.2)) becomes

~(n = )g(X,U) - S(U.X) = ) )
—(n = D{AUX) + B () (U) + By(U)1(X)] + Da(€)S(U, X)
)+

+A2(X) (U) + Bo(U)n(X) + Da(&)g(U, X).
(4.3)
Setting X = U = ¢ in and using (2.1)), and (2.9)), we get
(n = D[AL(§) +2B1(&) + D1()] = [A2(8) + 2B2(§) + Da(¢)]. (44)
Again, putting X = ¢ in (€.3), we get
(n = D[{A:(€) + Bi(§) + Di()}n(U) + B1(U)] = (4.5)

= [A5(§) + Bs(&) + D2(&)In(U) + Bo(U).
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Setting U = ¢ in and then using , and , we obtain
(n = DAY + Bi(X)} + {Bi(€) + Da(&) (X)) =
= Ay(X) + B2(§)n(X) + Da(§)n(X).
Replacing U by X in and then adding the resultant with , we have
(n = DA(X) + Bi(X)] ~ [A(X) + By(X)] = -
= —(n = D[A(§) + Bi(&) + D1(§In(X) + [A2(E) + Ba(§)
+ Do(&)n(X) — (n— D1 ()(X) + Da(E)n(X).

(4.6)

(4.7)
By virtue of , the above equation becomes
(n—1)[A1(X) + ?1()()] +_(" - 1)D1_(5>77(X) = (4.8)
= [A2(X) + Bao(X)] + D2(§)n(X). .
Next, putting X = U = ¢ in , we get
(n = DAL + BA&In(V) + (0 — VDI (V) = o)

= [A2(&) + Ba()In(V) + Da(V).
Replacing V' by X in (4.9) and adding with (4.8]), we obtain

(n = D[ALX) + Bi(X) + Di(X)] + (n = DAL + Bu(€) + Di()In(V) =
= [A2(X) + Bo(X) + Di(X)] + [A:(€) + Ba(€) + Da(§)In(V).
(4.10)

By virtue of (4.4]), the above equation becomes
(n — D[AL(X) + Bi(X) + Di(X)] = [A2(X) + Bo(X) + Dy (X)].  (4.11)
Again from (4.3), we have

SWU,X) = —m—77771D28) + (n = D]g(X, U)

From , we have
(n = D{A1(X) + Bi(X)} — Ay(X)] =

~ [~ — D{Bu(©) + Da(©)} + Bale) + Da@(x).
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Using (4.4)) in (4.5]), we have
(n —1)Bi(U) = By(U) = —(n — 1)B1(€) + Ba(€). (4.14)

In view of (4.12), (4.13) and (4.14)), we have

_ Dy(§) + (n—1)
S(U,X)——{ EWoNT: ]Q(X;U)
—2{(n —1)Bi(§) — B2()} — {(n — 1)Di(§) — D2(§)}
d 1+ Dr(e) [ om0
(4.15)

Now, comparing (2.13]) and (4.15) we have

_[Da+ (1) 1}
1+ D(§) '

This leads to the following

Theorem 4.1. The Ricci soliton in each of Ricci symmetric, Ricci recurrent
and generalized Ricci recurrent Kenmotsu manifold is always expanding.

Theorem 4.2. The Ricci soliton in each of pseudo Ricci symmetric, semi-
pseudo Ricci symmetric, almost pseudo Ricci symmetric and weakly Ricci
symmetric Kenmotsu manifold is expanding, steady or shrinking according

to [n — 1] % [1+D1(¢)] .

Theorem 4.3. The Ricci soliton in each of generalized pseudo Ricci sym-
metric, generalized semi-pseudo Ricci symmetric, almost generalized pseudo

Ricci symmetric Kenmotsu manifold is expanding, steady or shrinking ac-

>

cording to [D(£) + n] = [2+D1(¢)] .

5 Example of a (GWS); Kenmotsu manifold

(See [19], Ex. 3.1, pp. 21-22) Let M?3(¢,&,n,g) be a Kenmotsu manifold
(M3, g) with a ¢-basis

9, 0 0

—Z —Z
e1=e “—
ox

, =€ " —, e3=——.
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Then from Koszul’s formula for Riemannian metric g, we obtain the Levi-
Civita connection as follows

V61€3 = e, veleQ = 07 velel = —é€3,
v€2€3 = €9, v62€2 = —és, V62€1 = 07
Ve3€3 = 0, ve362 = 0, ve361 = 0.

Using the above relations, one can easily calculate the non-vanishing compo-
nents of the curvature tensor R (up to symmetry and skew-symmetry)

R(617637€17€3) - R(62)637627€3) - R(617627617€2) = 1.

Since {ej,eq,e3} is a basis, any vector field X, Y, U, V € x(M) can be
written as

3 3 3 3
X = Zaiei, Y = Zbiei, U= Z Ci€;, V= Zdiei>
1 1 1 1

R(X, YV, (]7 V) = ((Ilbg - agbl)(cldg - Cle) - (a1b3 — agbl)(cldg
— CSdl) — (CLng — a3b2>(02d3 — 03d2)
= H, (say)

R(e,Y,U, V) = by (cidy — cady) + bs(cids — csdy) =Ty (say)
R(ey,Y,U, V) = bs(cads — c3dy) — by (c1dy — cady) = 'y (say)
R(es,Y,U, V) = —bi(cids — csdy_) — by (cads — c3dy) = '3 (say)
R(X,e1,U V) = —as(cids — c3dy) — ay (c1da — cody) = Ty (say)
R(X,eq, U, V) = —az(cads — c3da) + ay (c1da — cady) = T5 (say)
R(X,e3, U, V) = ay(cids — csdy ) + as (cods — c3ds) = ' (say)
R(X,Y,e;,V) = dy (a1by — aghy ) + ds(aibs — azby) = Ty (say)
R(X,Y,e5,V) = ds(aghs — asby) —dy (a1by — aghy) = I's (say)
R(X,Y,e3,V) = —di(a1bs — asby) — dy (azbs — asby) = 'y (say)
R(X,Y,U,e;) = —cs(aibs — asb)) — ca (a1by — ashy ) = T'yp (say)
R(X,Y,U,es) = —cz(ashs — asby )+ c1 (arhy — aghy) = 'y (say)
R(X,Y,U,e3) = ci(aibs —asby) + ¢z (aghs — azhy ) = iy (say)
G(X,Y,U, V) = (bicy + baco + bscs)(ardy + axdy + asds)

—(alcl + asCco + agcg)(bldl + bgdg + b3d3) = H2 (say)

C_?(el, YV, (]7 V) = (bQCQ + bgCg)dl - (bgdg + b3d3)01 = Ql (say)
G(@Q, Y, U, V) = (b161 + b3€3)d2 — (bldl + b3d3>62 = Qg (say)
G(eg, YV, U, V) = (5101 + szg)dg — (bldl + bgdg)Cg = Qg (say)
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G(X, e, U V) (aody + azds)cy — (ages + ases)dy = €y (say)
G(X,e, U V) = (aydy + azds)ca — (arcy + azez)dy = Q5 (say)
G(X,e3,U V) = (ardy + asdy)cs — (arcy + ascy)ds = Qg (say)
G(X,Y,e1,V) = (aody + asds)by — (byds + bsds)a; = Q0 (say)
G(X,Y,es, V) = (ardy + azdz)by — (bidy + bsds)as = Qg (say)
G(X,Y,e3,V) = (bidy + bady)az — (ardy + agdy)bs = Qg (say)
G(X,Y,U,e;) = (bacy + bscz)ar — (ages + ases)by, = Qg (say)
G(X,Y,U,es) = (bicy + bses)ag — (arer + a303)1)2 11 (say)
G(X,Y,Ue3) = (bicy + bacy)as — (arcy + ages)bs 12 (say)

and the components which can be obtained from these by the symmetry
properties. The covariant derivatives of the curvature tensor are as follows

(Vo, R)(X,Y,U, V) =al's —asly +bT — bsTy
+ el — sy +dily — dsl'yo = Hs (say),
(Ve, R)(X,Y,U, V) = aol's — azl'y + byI'g — b3l's
+ col'g — c3l's + dol'19 — dsI'y = Hy (say),
(Ve, R)(X,Y,U, V) = 0.
For the following choice of the 1-forms

Hj
Hy’

A (e ) . L CgQ7 -+ d3Q10 _ CL391 -+ ng4

2\%1 - HQ CSQB —+ dgﬁn a3Q2 -+ ngg, ’
A (6 ) _ L Cgrg + d3F11 . CL3F2 + bgF5

A H1 03P7 + d3F10 a3T1 + b3F4 ’
AQ(GQ) =
Ar(es) — 1 esTo+dsla N [ asl's + bsT

s H1 03F7 + dgrlo CL3F1 + 63F4 ’
Ag(es) — L3l +dsShip ) (asfds + b3l

2\ H2 6398 + d3Qll CL3QQ + b395 ’

1 1

B = B =
1(63) (a3:[\1 + b3F4) ) 2(63) <a392 + 6395) )

1 1

D = — D — _
1(63> (C3F7 + dgrlo) ’ 2<€3) (6398 + d3911),

A1 (61) =
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one can easily verify the relations

(Ve, R)(X,Y,U, V) = Ai(e)) R(X,Y,U, V)
+ Bi(X)R(e;, Y, U, V) + B1(Y)R(X, e;,U, V)
+ Dy(U)R(X,Y,e;, V) + Dy (V)R(X,Y,U,e;)
+ As(e) G(X, Y, U, V)
+ Bo(X)G(ey, Y, U, V) + Bo(Y)G(X, e, U, V)
+ Dy(U)G(X, Y, e;, V) + Do(V)G(X, Y, U, ;)

for i = 1,2, 3. From the above, we can state that

Theorem 5.1. There exists a Kenmotsu manifold (M3, g) which is general-
1zed weakly symmetric.

6 Example of a (GWRS); Kenmotsu manifold

(See [19], Ex. 3.2, p. 21) Let M3(¢,£,7,g) be a Kenmotsu manifold (M3, g)
with a ¢-basis

0 0
el=e F=—, eg=e Tt —

Ox oy’ oz
Then from Koszul’s formula forRiemannian metric g, we obtain the Levi-
Civita connection as follows

Ve ez = e, Ve,€3 = €2, Ve,e3 =0,

V€162 - 07 V6262 = —és, v6362 = 07
—Z

Ve e = —es, Ve,e1 = e “eq, Ve,e1 = 0.

Using the above relations, one can easily calculate the non-vanishing compo-
nents of the curvature tensor R (up to symmetry and skew-symmetry)

R<€lae37€1763) :R(€27€3762763) = 17 R(eheZ:elveQ) = 67227

and the components which can be obtained from these by the symmetry
properties. From the above, we can easily calculate the non-vanishing com-
ponents of the Ricci tensor S as follows

5(61,61) = 5(62762) = —<€_2Z -+ 1), 5(63,63) = —2.

Since {ey, €9, e3} is a basis, any vector field X, Y € x(M) can be written as

3 3
X = Zaiei, Y = Zbiei’
T 1
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S(X, Y) = —(6722 + 1)(@1()1 + a/2b2) — 2&3()3,
g(X, Y) = ((Ilb1 + Clzbg + a3bg),
1
<672z+1)S(X761) = :g(X’61)7
1
(6722 i 1)S(X7 62) = Qg = g(X’ 62)7
1
—§S(X, e3) = az=g(X,e3),
1
(6—22 + 1)5(617 Y) - bl - g(ela Y)J
1
(6—22 + 1)5(627Y> = b2 - 9(627 Y)J
1
—55(63,3/) = b3 =g(e3Y).

The covariant derivatives of the Ricci tensor are as follows

(Ve S)X,Y) = = (% —1)(arbs + asby),
(Ve2S)(X,Y) = = (e —1)(asbs + asby),
(ve3S) (X, Y) = 26_22((11171 + a2b2>.

For the following choice of the 1-forms

_ 6_22<a1b3 + a3b1)

Ai(er) = — (€727 4 1)(ayby + ashy) + 2asbs’
Asler) = (7% + 1§C(Lc1:21++a221172) + 2agbs’
M) = e
Bfer) = — gy it 0l

(672'2 + 1)(&1[)1 + a2b2> + 2(13[)37

_ by — 2 _ by + 2
Bile) = - (M) e Buten) = (M2 ) e

2(13()3 a3b3
- asby +1Y\ _,, = asby — 1Y\ _,,
Dules) = - ( 22;353 )e "o Dafe) = ( 22;3[?3 )6 g

one can easily verify the relations

(Ve,S)(X)Y) = Ai(e;)S(X,Y) + Bi(X)S(e;,Y) + D1(Y)S(X, e;)
+A5(e)g(X,Y) + Ba(X)g(e:i, Y) + Do(Y)g(X, €;)
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for i = 1,2, 3. From the above, we can state that

Theorem 6.1. There exists a Kenmotsu manifold (M?,g) which is general-
ized weakly Ricci symmetric.
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