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Let A(C") denote the Fréchet space of all entire functions on C”. It is a classical
theorem of Ehrenpreis [5] and Malgrange [9] that each non-zero convolution
operator T on A(C") is surjective. As one of the main results of the present
article, we prove that each of these operators T admits a continuous linear
right inverse, which is equivalent to ker T being complemented in A (C"). This
extends a theorem of Treves [16] for partial differential operators with constant
coefficients to convolution operators. We obtain this as a special case of a
result on the complementation of certain closed ideals in weighted algebras
A,(TC).

To introduce these algebras, let p be a nonnegative plurisubharmonic func-
tion on €" which satisfies some mild technical conditions. Then 4 ,(C") consists
of all feA(C" which satisfy an estimate | f|< AP for suitable constants A
and B depending on f. For 1<k=<n and F=(F,, ..., F)e(4,(C")* we denote
by I(F) the ideal in A4,(C") which is algebraically generated by Fi, ..., F. If
F=(F, ..., F) is slowly decreasing in the sense of Berenstein and Taylor [2],
then I(F) is closed in A4 ,(C"), where A ,(C") is endowed with its natural inductive
limit topology. We prove that for each slowly decreasing ideal I(F) the strong
dual (4, (C*)/1(F)), of A, (C"/I(F)is a nuclear Fréchet space with the property
(Q). This property is a linear topological invariant, introduced by Vogt and
Wagner [19], to characterize the quotient spaces of s, the space of rapidly
decreasing sequences. Our proof of (4,(C")/I(F)), having the property (Q) is
based on the work of Berenstein and Taylor [2], some elementary functional
analysis and an appropriate description of A,(C")/I(F) in terms of Cech coho-
mology with bounds.

Knowing that (A,(C")/I(F)), has (Q) for all slowly decreasing ideals I(F),
we can use the splitting theorem of Vogt and Wagner [19] together with the
main result of our article [13] to prove the following: For each k with 1<k <n,
each slowly decreasing ideal I(F,, ..., F) in A,(C") is complemented if and only
if A,(C"), has the property (DN). The property (DN) was introduced by Vogt
[ 17], to characterize the linear topological subspaces of s. Various characteriza-
tions for A,(C"), having (DN) were given in [13]. In particular, it was shown
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that for radial weight functions p on €" the property (DN) of A4,(C"), can be
characterized in terms of the behaviour of p~ 1.

For radial weights p on €" with p(2z)=0(p(z)) Berenstein and Taylor [2]
have shown that each non-zero principal ideal in A4,(C") is slowly decreasing.
If we assume that for such a weight A4,(C"), has (DN), then it follows that
each principal ideal I(F) in A4,(C") is complemented. Since A,(€C")/I(F) can be
identified with a space A4,(V) of holomorphic functions on the multiplicity variety
V of the ideal I(F), we get in this situation the existence of a continuous linear
extension operator E: A,(V)— A,(C" for each principal variety V. Moreover,
(A,(C"/I(F)), can be identified with ker M%, where M%, where M denotes the
adjoint of the operator of multiplication by F. In many cases M% can be identified
with a convolution operator on a certain Fréchet space. Hence our results imply
in particular the existence of a continuous linear right inverse for each non-zero
convolution operator T on A(C") or on the spaces E?, s> 1, which were investi-
gated by Martineau [10], where

E2:={fe A(C"|sup|f(z)| exp(—e|z|)< oo for all £>0}.
zeCn

Throughout this article, we shall use the standard notation from complex analy-
sis and functional analysis. Besides this, we introduce the following notion which
will be used later on.

1. Definition. A function p: € [0, co[ is called a weight function if it has
the following properties:

(1) pis continuous and plurisubharmonic.

) log(1+1z/*)=0(p(2)).
(3) There exists C=1 such that for all we@C” we have

sup p(z)=C(1+ 1inf p(2).

lz-wl=1 lz—wl=1

A weight function p is called radial if p(z)=p(z]) for all ze@", where |z|

n 1/2
(5"
=1

2. Examples. The following functions p are typical examples of weight functions
on C*:

(1) p2)=lzl’, p>0.
(2) p@):=(og(l+Iz]>))’, s> 1.
(3) p2)=log(l+]|z|*)+|Imz|.

@) p(2)=|zP+|Imz}’,0<a<fand f=1.

For further examples we refer to Berenstein and Taylor [2, 3] and Meise [11].

For an open set Q in € we denote by A(£2) the algebra of all holomorphic
functions on ©. For each weight functions p on €* we define a subalgebra
A (C") of A(C") in the following way:
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3. Definition. For a weight function p on €" we put

A, (C"):={ fe A(C")| there exists keN: sup |f(z)] exp(—kp(z))< o0},
zeCn
and endow A,(C") with its natural inductive limit topology. Then A,(C") is
a locally convex algebra and a (DFN)-space, ie. A4,(C") is the strong dual of
a nuclear Fréchet space (sce e.g. Meise [11], 2.4).
The algebras of type A,(C") arise at various places in complex analysis
and functional analysis. We are particularly interested in certain closed ideals
in A,(C"). Therefore we recall some notation from Kelleher and Taylor [7].

4. Definition. a) For an ideal I in A,(C") we define its localization by
Lo ={feA,(C)|[f1.€1, for all acC"},

where I, denotes the ideal in the local ring ¢, which is generated by the germs
[¢], of all gel. If I=1,, then [ is called a localized ideal.

b) Let F=(F,, ..., F,)e(4,(C")" be given. Then we denote by

(«) I(F) the ideal in A,(C") which is algebraically generated by the functions
F,...,E,.
(B) I,.(F) the localization of I(F).
Note that I, is a closed ideal in A4,(C") which contains I (seec Kelleher and
Taylor [7]).

From Berenstein and Taylor [2], Def. 5.1, we recall:

5. Definition. Let F=(F,, ..., F,)e(A,(C"))", L<m=n, be given and let ¥ denote
a family of m-dimensional affine subspaces of C" with

V(F)={ze@"|F(z)=0, 1 £ jsm}c |J L.

Le¥

(a) F is called slowly decreasing for & if there exist constants ¢, C, K>0
such that
() for each Le.#, all components of the set

S(F, L, &, C)i={zeL||F(2)| <¢ exp(— Cp(2)), 1S j<m)

are bounded and
(ii) for each Le ¥ and each component S of S(F, L, ¢, C) we have

sup p(z) S K(1+inf p(2)).
ze§ zeS

b) Let F be slowly decreasing for %, let ¢ and C be as in (a) and denote
by 4., Le ¥, all the componnts of S(F, L, ¢, C). Then for #, D>0 and Ge¥%,,
Le ¥, sets of the form

Q(F,L,&,C,n, D, G)= | {ze@C"||z—w|<n exp(—Dp(w))}

weG

are called good open sets. For fixed ¢, n, C and D
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(g(Fy ga &, C: ", D):(Q(F’ Ln £, Ca n, D’ G))GegL, Le¥
is called a good family.

Remark. Assume that F=(F,, ..., F,) is slowly decreasing for # and let ¢ and
C be as in 5(a). Then we have for each Le ¥

S(F, L, ¢, C)=S(F, L, ¢, C)

whenever 0 <& <¢ and C'> C. This implies that for each Le.¥ and each G'e %},
there exists a unique Ge%; with G'<G. Hence there exists a map p,: 9, %,
satisfying G'<p;(G), Le ¥. Now let O0<n’' <y and D'>D>0 be given. Then
Definition 5(b) implies that for each G’'e¥; we have

Q(F, L, ¢, C,y, D, GY=Q(F, L, &, C, n, D, p.(G)).
Hence the maps (p;); . induces a natural refinement map
P €F, %,¢,C,n,D)>C(F, &%, ¢ C,n,D)
by p(Q(F, L, ¢, C, ¢, D, GY)=Q(F, L, ¢, C, n, D, p . (G)).

6. Definition. Let F=(F}, ..., F,)e(4,(C")", 1 <m=n, be slowly decreasing for
Z.

(a) The family & is called almost parallel if for every good family
E(F, %, ¢ C,n,D) there exists a refinement €(F, &£, ¢, C, n, D') such that for
each Q,, Q,€4(F,Z,¢,C,n.D) with QynQ,+0 we have Q,uQ,c
p(Qo) M p(2,), where p is the refinement map defined above.

(b) F will be called slowly decreasing if there exists an almost parallel family
% of m-dimensional affine subspaces of €, such that F is slowly decreasing
for &.

Remark. For a comprehensive discussion of the slowly decreasing condition,
we refer to the Sects. 6, 7 and 8 of Berenstein and Taylor [2]. In [2], 6.4,
they show that slowly decreasing maps F: " — @™ are “generic” for m=n. In
[2], Sect. 8, they explain that it is difficult to find examples of slowly decreasing
m-tuples in A, (C”) for 2sm<n—1.

We are interested in the following linear topological invariant for Fréchet
spaces, which was introduced by Vogt and Wagner [19].

7. The Property (£2). Let E be a Fréchet space and let (|| || )xen be a fundamental
system of semi-norms for E. For keN put

U ={xeE||lx|,<1}.

E has the property (Q) if the following holds:
For each pelN there exists geIN such that for each kelN there exist d>0
and C>0 such that for all r>0

1
U, =Cr Gt~ U,



Convolution Operator on the Entire Functions 143

8. Remark. a) It is easy to check that () is a linear topological invariant which
is inherited by quotient spaces. By Vogt and Wagner [19], 1.8, a nuclear Fréchet
space E has () iff E is isomorphic to a quotient space of s, the space of all
rapidly decreasing sequences.

b) By Meise and Taylor [13], 1.15, 4,(C");, the strong dual of 4,(C"), has
() for each weight function p.

9. The Spaces k= (IE, «). Let I be an infinite index set, let E=(E;, || ||);c; be
a family of Banach spaces and let a =(a;);.; be a family of positive real numbers
which is unbounded. Then we define for jeIN

Kj={xe[] E;|lllxlll;==sup I|x;]; exp(—jo) < o0}

iel iel
and put
k®(IE, o) =ind K ;.
j—+

10. Proposition. Let IE and « be as in 9. Then the following holds:
(a) A subset B of k*(IE, o) is bounded iff there exists meIN with

sup |||x]|l,=sup sup [|x;/; exp (—ma;) < c0.
xeB xeB iel

(b) k°(IE, a),, the strong dual of k*(E, o), is a Fréchet space which has the
property (Q).

Proof. (a) It is easy to see that k®(IE, «) is an (LB)-space. Hence it suffices to
show that each bounded set B in k*(IE, «) satisfies the condition stated in (a).
To do this, let B be given. Since each (LB)-space is a (DF)-space, it follows
from Kothe [8], §29, 5 (4), that there exist meIN and M >0 such that B is
contained in the closure of the set

C(m, M)={xek*(E, o)|sup ||x;]; exp(—ma) < M},
ief

where the closure is taken with respect to the inductive limit topology. Since
the map @;: k*(IE, o) - R, @,(x):=]|x;|;, is continuous for each iel, it follows
easily that C(m, M) is in fact closed in k* (IE, «). Hence B is contained in C(m, M),
which implies the desired estimate.

(b) Since k*(E, o) is an (LB)-space, k*([E, a); is a Fréchet space. In order
to see that k™ (IE, «);, has () we first give a different representation of k® (IE, a).
For neN we put

I={iel|lye[n—1,n[}

and

Fy={e[] E| €] ,=supll&;l;<co}.

iel, iely

Then we define IF:=(F,, || [[).en and f:=(n),n. It is easy to check, that the
map
P k*(E, 0) > k*(IF, ),  P(x)ier) =((X;cr,Inen

is a linear topological isomorphism.
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Now we define

4, (I, ﬁ)=={yel_[(Fn)2| 1¥lle:= 3 Iyall; exp (k)< oo for each keN},

nelN n=1

which is a Fréchet space if we endow it with the l.c. topology induced by the
norms (|| [lken- By part (a) and standard arguments, it follows that the
map ¥: A, (IF, B)— k* (F, p), defined by

P [€]= Z \SRSNVIT A

is a linear topological isomorphism. Since the proof of Vogt and Wagner [19],
1.3, extends to A (IF, p), it follows that A_ (IF;, f) and hence k*(IE, ), has the

property (Q).

11. Corollary. Let IE and o be as in 9 and let X be a closed linear topological
subspace of k®(E, ) for which X} is a Fréchet space. Then X has property
Q).

Proof. Let J: X - k*(E, ) denote the inclusion map. Then J*: k* ([, «), — X,
is continuous and surjective by the Hahn-Banach theorem. Hence the open

mapping theorem implies that X} is a quotient space of k*(IE, a),. Thus the
result follows from Proposition 10 and the inheritance properties of ().

12. Theorem. For 1<m=n let F=(F, ..., F,)e(A,(C")" be slowly decreasing.
Then I,,.(F) coincides with I(F) and (A,(C")/I(F)); has the property (Q).

Proof. By Berenstein and Taylor [2], 5.4(ii), applied with »r=0, we know that
Lo (Fy=1(F). Since F is slowly decreasing for some family ¥, we can choose
g, C>0 as in 5(a) as well as #, D>0 such that =% (F, ¥,5,C,n,D) is a
good family. For Qe% we denote by R, the map

Ro:A®(@)~ [ o4,

aeQnV(F)

defined by

Ro(f):=([f1a+1aconv -

We remark that I, is closed in @, for the locally convex topology of simple
convergence on (), (sec Hérmander [6], 6.3.5). Hence there exists a locally convex

topology toon || 0./, for which Ry, is continuous. We put
acQAV(F)

(1) E,=im R, endowed with the quotient norm | ||, i.e.
IR (&)l :=inf {[| f | s | Ro(f)=Ra(g)}-

Then (E,, || ||o) is @ Banach space. Next we put

2) ag=sup {p(z)|zeQ}, Qe@

and we define E:=(E,,, || | g)oece and o:=(to)ocs-
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Now we define
(3 R: 4,(€) >k (E o), R(f)=Ro(f |ace-

It is easy to check that R is a continuous linear map.
Obviously we have

4) ker R=1I,,(F).
Hence R induces an injective continuous linear map
) R: A, (€11 (F) > k*(E, a).

Next put
Co:={(Qy, 2)eExC QN2 "V(F)+ 2}

and define for (Q,, €2,)€¥%, the map
(on,le koo(]E, OC)‘-) ].—[ (Oa/Ia

aeQon 21NV (F)

by

¢Qo, Q, ((X.Q).Qeg) ::((x.Qo)a - (xQI)a)ae.Qo ARV (F)*

If we use the same topology as above on I1 0,1, then @y o, is
aeRoN 21NV (F)
continuous, hence ker @, o, is closed in k* (I, ). Now we define

(6) X = {ker Do, 0,|(Q, R)e%,}.

Then X is a closed linear subspace of k*(IE, ) and it is obvious that im R
is contained in X.
We claim that the following holds:

{(7) For each keN and each A>0 there exist B, B'>0 such that for each xe X
with |j|x||l, < A4 there exists fe A, (C") with sup|f(z)] e 7@ < B such that
R()=x e

From (7) we get that the range of R equals X. Moreover, (7) and Proposition
10(a) imply that R~*(B) is bounded for each bounded set B in k*(IE, «). Since
A (C")/1,.(F) is a (DFN)-space, this implies by the Baernstein-Lemma [1], that
R is a topological homomorphism. Hence A4,(C")/I,.(F) is isomorphic to X.
Since (A4,(C")/1,,.(F)); is a nuclear Fréchet space, it follows from Corollary 11
that (4,(C")/1,.(F)), has (Q). Since I, .(F)=I(F), as we remarked above, the
proof of the theorem is complete, if we show that (7) holds.

To prove (7), let xe X with |||x|||; <A be given. Then note that by Definition
5 and 1(3) there exists L= 1 suych that

supp(z)SL(1+infp(z)) for each Qe%.
ze

zef2

Hence the definition of the spaces (Eg, || o), 2<%, imply that for each Q%
there exists f,€ A% () with Ry (fp)=x, and

®) |fo(2)|<2A4 exp(kL+kLp(z)) for all zeQ.
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Moreover, for (g, 2,)€%, we have that fo | 0,n0, ~fo,|9,~0, IS in the ideal
generated by Fi, ..., F, in A(Q,NQ,), since x is in X. Now we arc in the situa-
tion, where we can apply the arguments out of the last part of the proof of
Berenstein and Taylor [2], Theorem 5.6. Using their notation, we put y:=(fg)ges-
Then ye.s/(%) and we have that «:=ye./¢ (%) has the same properties which
are explained on p. 224 of [2]. Since dw=0, there exists a good refinement
% of € and nes/;(¥’) with P(y)=p(w) and 6y=0 by Berenstein and Taylor
[2], Theorem 5.4. Then there exists a good refinement ¥’ of €’ and e (%")
with 60=p(#).
Now we define

7:=p(y)—P(0).
Then 6(5) = p(w)— 5P () =0. Hence 7 defines an analytic functionon | ] Q=W,

Re¥
Since there exist ¢, C'>0 such that WS S(F; &, C’) it follows from Berenstein
and Taylor [2], Theorem 2.2, that there exist fe 4,(C") with R(f)=x.

Now observe that the changes in the bounds for # and 6 which are caused
by the application of Berenstein and Taylor [2], Theorem 5.4, depend only
on the previous bounds and ¥’ resp. ¥” and not on the individual functions
and that the same applies to Berenstein and Taylor [2], Theorem 2.2. Hence
we have shown that (7) holds, which completes the proof.

The dependences of the bounds which we have quoted above, are not all
stated explicitly in Berenstein and Taylor [2]. Therefore we include a more
detailed proof of (7) in the case of a principal ideal, which is the most relevant
case for applications.

Proof of (7) in the Case F=F,. Let xeX with |||x||[,=A be given. Then we
proved already that we can find f,e A¥(Q), Qe¥, which satisfy (8). Now, for
each (Q,, 2,)e%, we can find hy,, o €A*(Q,n Q) satisfying

9) Jfoo @ —fo,@)=hg, o, (2) F(z) forall zeQ,nQ,.

Moreover, (9) implies that the family (hg,, 0,)0,, 0%, 1S @ cocycle. To get esti-
mates for this cocycle out of the estimates (8) we use Definition 5(b) and 1(3)
together with Berenstein and Taylor [2], 3.1, to find a good refinement %"
of & such that there exist positive constants 4, and B,, depending only on
A, k, L, F, % and €’ but not on (fg)oce such that the cocycle (Ho,, o, )y, 2y,

(10) Hg,, o ‘th(gb),p(n;ﬂgbmglp

0 1
satisfies the estimates
(11)  |[Hg o @) =Aexp(B,p(z)) forall zeQynQ, (2, @1)e%.

Next we choose a good refinement ¥ of ¥ and numbers 6, >0 and E; >0
so that for each Qe%" and each zeQ we have

{weC"|lw—z| <0, exp(—E, p(2))} =p' (),

where p’': ¥ — €' denotes the refinement map. Then choose a good refinement
%" of €' and 0<d,<d; and E,>E; so that for each Q€% and each zeQ
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we have
(weC[|w—z|<3, exp(—E, p(2))} = p"(Q).

Then note that by Berenstein and Taylor [2], p. 217, there exist positive numbers
g, and C with
J{Q1Qe®"} >S(F, &, Cy).

By the proof of Berenstein and Taylor [2], 2.2, there exist 0 <g, <g, and C,>C,
as well as 0<d5 <0, and E; > E, such that for cach zeS(F, ¢,, C,) we have

{weC"|lw—z|<d5-exp(—E; p(2))} =S(F, &;, Cy).

Now we put Q,:=C"\S(F, ¢,, C,) and define the coverings €, €, € and €
of €" by adding Q,, to the familics €, ¥, ¢ and ¥"". Then the corresponding
refinement maps have obvious extensions, again denoted by p, p;, p".

Next we define f, e 4°(£2,) by f, =0. If we define the cocycle H as before,
but with %’ replaced by @', then H satisfies the estimates (11) with other constants
A, and B,.

Now observe that the choices above imply the existence of positive numbers
0<o<1 and E >0 such that we can find a globally finite cover of C* by open
cubes (Q;);on for which diam Q; is approximately J -exp(— Ep;) for p;=supp(z),

zeQj
and such that for each jeN we can choose Q(j)e%” such that Q;<p’(Q(j)).

Moreover, we can choose ¢;e Z(Q;) with Z ¢;=1onC"and
i=1

(12) [0p;(2)| S A, exp(B, p(z)) for all zeC" and all jelN,

where A, and B, are suitable positive constants, depending on §, E and n.
Next we define for each Qe%”

(o8]
ho:= Z @iH @), 0 gn | €2
j=1

Then it is easy to see that @Q is in C* (@) and that the cocycle property of
H implies for each (2, Q,)e%

(13) ho, 12, r\Qz_hQJ (o5 r\Qz=I'I,o'(91),p'(92)|~Q1 N,
and
(14) ('7h91|91r\§22=8—h92|[21 NEQa,.

From (14) we see that there exists ueCg, 1)(C") with u|Q=0h, for each
Qed”. Since the partition of unity (¢;);.n is globally finite, (11) and (12) (for
%) imply the existence of positive numbers A;, B;, depending only on A,
k,L, F,%,%' n, é and E such that

(15) |u(z)]| £ A5 exp(B; p(z)) for all ze".
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Since 0u|Q=00ho=0, we get from Hérmander [6], 4.4.2, the existence of
HeC®(C") with 0H=u and

(16) [IH(2)|* exp(—2(B3 p(z)+(n+1) log (1 +z|?)) d A < 4;.
Then by:=ho— H|pis in A(Q) for each Qe€" By (13) we have for all (2,, Q,)e%
a7 bo 1Q,nQy—bg,| 21N Qy=H, g, pyl 210 2,.

Next we define a,:=b,,|w and Jor=Soepepriwy fOI we?" By (17), (10) and
(9) we get for all (w,, w,)e6y’
fwl_fwz

Gy, | 1Ny — 8y, |0 N Wy ="—=""" 0 NO,,

F

and consequently

(fo,— 8, F)lonwy,=(f,,—a,,F)|w; nw,.
This implies the existence of ge A(C") satisfying
(18) glo=f,—a,F forall we%"

Next we observe that our choices imply by (16) and standard arguments, that
there exist positive constants 4, and B, depending on A4, B;, p, n and 4
such that

(19) la, ()| <A exp(B,p(z)) for all zew, all we?@"”

From (19) and (8) we finally get A5 and B, depending only on A4, k, L, F,
p, 1, 0, E, €, %" and € but not on x such that

(20) lg(z)| £ A5 exp(Bsp(z)) for all zeCC.

Hence g is in A,(C"). By (18) we have R(g)=x, which completes the proof
of (7) in the particular case.

In order to show that Theorem 12 implies that in certain algebras A,(C")
all slowly decreasing ideals are complemented, we recall the definition of the
linear topological invariant (DN) which has been introduced by Vogt [17].

13. The Property (DN). Let E be a metrizable locally convex space with a funda-
mental system (|| |)ien Of semi-norms. E has the property (DN) if the following
holds:

(DN) There exists meN such that for each keNN there exists neIN and C>0
with | [=ZCl llm 1| lla-

It is easy to check that | |, is in fact a norm on E and that (DN) is a linear
topological invariant which is inherited by linear topological subspaces. The
significance of the property (DN) was first observed in Vogt [17], 1.3.

14. Theorem. Let p be a weight function on C" which satisfies log(1l+|z|?)
=0(p(z)). Then the following assertions are equivalent :

(1)  A,(C"); has (DN).
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(2) For each ke N with 1 £k <n and each slowly decreasing k-tuple
F=(F, ..., F)e(4,(C") the ideal I1(F) is complemented in A,(TC").
If, in addition, p is radial, i.e. p(z)=p(|z), then (1) and (2) are also equivalent
to
(3) For each C>1 there exist Ro>0 and 0<d <1 such that for each R=R,
we have p~ *(CR)p~ "(OR)=(p ' (R))*.

Proof. (1)=(2): Fix keIN with 1<k=<n and let F=(F,, ..., F)e(A4,(T")* be slow-
ly decreasing. Then we have noted in Theorem 12 that I(F) is closed in A4,(C").
Hence the continuous linear map

k
M: (A,(C)—> A,(C",  M(gy, ..., g)=Y. & F
j=1

has closed range I(F). Since A,(C") is a (DFN)-space, this implies that I(F)
is a quotient space of (Ap((E"))". Consequently, I(F), is isomorphic to a subspace
of (A,(C"y,~(A4,(T"),). Since A,(C");, has (DN} by (1), this implies that I(F);
has (DN).

Now we look at the exact sequence

4 0 1(F) - 4,(C)—— 4, (CVI(F) -0,

where R denotes the quotient map. Dualizing (4) we get the exact sequence
of nuclear Fréchet spaces

) 0= (A,(CYIF)), — A,(C7) > 1(F), ~ 0.

We proved already that I(F), has (DN). By Theorem 12, (4,(C"/I(F)), has
(€2). Hence we can apply the splitting theorem of Vogt and Wagner [19], 1.4
(see also Vogt [18], 2.2), to get the splitting of the sequence (5). Obviously,
this implies that the exact sequence (4) splits. Hence I(F) is complemented in
AT

(2)=-(1): This is an immediate consequence of [13], Theorem 2.17.

(1)<>(3): For radial weight functions p, this follows from [13], Theorem
2.17 and Proposition 3.1. A more direct proof is given in Meise, Momm and
Taylor [12], 2.11, 2.12. This proof uses a sequence space representation of
A (C"), to evaluate Vogt [17], 2.3.

Remark. We remark that in [13], Theorem 2.17, we have proved various proper-
ties related with a weight function p on C” to be equivalent to 4,(C"), having
(DN).

15. Corollary. Let p be a radial weight function on C" with p(2z)=0(p(z)) and
log(1+{z|*) = o(p(z)) which satisfies condition (3) of Theorem 14. Then every princi-
pal ideal I in A,(C") is complemented.

Proof. Theorem 7.1 of Berenstein and Taylor [2] implies that each non-zero
principal ideal I in A,(C") is slowly decreasing. Hence the corollary follows
from Theorem 14.
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Remark. Corollary 15 extends a result of Djakov and Mityagin [4] to principal
ideals which are not necessarily generated by a polynomial. Moreover, it extends
Meise [11], Theorem 4.7, and Taylor [15], Theorem 5.1, to several variables.

16. Examples. (a) It is easy to check that the following radial weight functions
on C" satisfy condition (3) of Theorem 14.

(1) p@)=|zl"(log(1+]z1?)), p>0,0= g <.
() p@=exp(zl’), 0<asl.
(3) p@)=exp((log(l +|zI)), 0<a<l.

(4) Any radial weight function p with p(2z)=0{(p(2)) for which there exists
Az1 with 2p(z)<p(Az)+ A for all ze".

(b) For the weight functions p(z)=(log(1 +|z|*)y, s>1 the space A4,(C");, does
not have (DN). In fact, each infinite codimensional slowly decreasing ideal
I(F,, ..., F)in 4,(C" is not complemented (see Meise [11], 2.13(2) and 4.9).

From Corollary 15 we can easily get results on the existence of a continuous
linear right inverse for all non-zero convolution operators on certain weighted
Fréchet spaces of entire functions. To state these results, we recall that for
an increasing convex function g: [0, co[ — [0, co[, its Young conjugate g*:
[0, co[ — [0, o] is defined by

g* (x)=sup {xy—q(y)| y=0}.

17. Theorem. Let p: [0, co[ — [0, ool be an increasing convex function for which
p: zi>p(z|) is a weight function on C" which satisfies the hypotheses of Corollary
15. Put g=p* and define

Ag((]:")zz{feA((E”)lsup If(2)] exp(—sq(%)>< oo for all 8>0}.
zeCn

Then every non-zero convolution operator T on AS(C") admits a continuous linear

right inverse.

Proof. By Taylor [14], the Fourier-Borel transform & gives a linear topological
isomorphism between A2(C");, and A,(C"). Moreover, it is well-known that for
each non-zero convolution operator T on A4; (C") the exact sequence

0 ker T— A2(€") —— A2(C") -0

splits if and only if the principal ideal % (T) A,(C") is complemented in A,(C").
Hence the result follows from Corollary 15.

As a particular case of Theorem 17 we note the following corollary which
covers all convolution operators on some classical spaces which have been inves-
tigated by Ehrenpreis [5], Malgrange [9] and Martineau [10].

18. Corollary. Every non-zero convolution operator T on A(C") or on E2(C"),
s> 1, admits a continuous linear right inverse, where

E2(@")={feA(C")|sup|f(2)| exp(—¢l|z|)< o for all ¢>0}.

zeCn
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Remark. a) Corollary 18 implies in particular that every non-zero linear partial
differential operator P(D) with constant coefficients on A4(C") admits a continu-
ous linear right inverse. This however, was shown already by Treves [16], Theo-
rem 9.7 and its corollary.

b) Corollary 18 extends Taylor [15], Theorem 5.1, and Meise [11], 5.7 to
the case n> 1.

In order to state a further corollary of Theorem 14, let p be a weight function
on €, let I be a closed ideal in A4,(C") and let V(I) denote the multiplicity
variety of I (see Berenstein and Taylor [2], Sect. 3). Then one wants to identify
A,(€C*/I with a certain space A,(V(I)) of holomorphic functions on V(I). If
V() is a strongly interpolating complex submanifold of €" (see [13], 2.16 and
Berenstein and Taylor [3], Theorem 1), then

A, (V) ={feAV )| sup |f(2)] exp(—Ap(z))< o for some A>0}.

zeV (I)

However, in the general case, the definition of A4,(V(I)) is more involved, as
Berenstein and Taylor [2], 3.5 and 3.6 show. Using this definition of A4,(V (1)),
we get immediately from Theorem 14.

19. Corollary. Let p be a weight function on €" for which A,(C"); has (DN)
and let F=(F,, ..., E)e(A,(C")" be slowly decreasing. Then there exists a continu-
ous linear extension operator

E: A,(V(I(F)) > A, (C".
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