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SUMMARY. — An effort is made to improve Benioff's method for in-

vestigation of strain release in aftershock sequences. The improvement 

may be summarized as follows: 

1. Earthquake volume increases with magnitude, instead of being 

constant. A relation is given, relating volume to magnitude. 

2. A revised energy-magnitude formula is used. 

3. The seismic gain ratio, i. e. the ratio between seismic energy and 

elastic strain energy, probab ly increases with magnitude, instead of being 

constant. Likewise, the ratio of fault plane area of the main shock to the 

vertical section through the aftershock volume increases with magnitude. 

4. The seismic energy density, the elastic strain energy density as 

well as strain are independent of magnitude. 

5. The deformation, i. e. the total strain in the aftershock zone, in-

creases with magnitude at the same rate as seismic energy and volume do. 

As a consequence of these improvements some earlier published strain 

release characteristics are reconstructed, this time as deformation characte-

ristics instead. 

RIASSUNTO. — Gli Autori si sono sforzati di modificare il metodo di 

Benioff, sullo studio delle tensioni liberate in una serie di repliche di terremoti. 

Le modifiche possono essere riassunte come segue: 

1. 11 « volume » del terremoto aumenta con la magnitudo, invece di 

rimanere costante. £ data la relazione d ie lega il « volume » alia magnitudo. 

2. Viene usata dagli A A . una formula corretta energia-magnitudo. 

3. 11 rapporto sismico ottenuto, cioc il rapporto fra l'energia sismica e 

l'energia delle tensioni elastiche, aumenta, probabilmente, con la magnitudo, 

invece di essere costante; come pure avviene per il rapporto fra l'area del 

piano di faglia della scossa principale e la sezione verticale tracciata lungo il 

« volume » della replica. 



354 M AKKU S B ATH - S E W E KYN J. D U D A 

4. La densita dell'energia sismica, e quella dell'energia delle tensioni 

elastiche come sforza, sono indipendenti dalla magnitudo. 

5. La deformazione, cioe la tensione totale nella zona della replica del 

terremoto aumenta con la magnitudo nella stessa misuxa con cui aumentano 

l'energia sismica e il « volume ». 

Come conseguenza di queste modifiche, alcune recentemente pubblicate* 

sono state ricostruite le curve caratteristiche delle tensioni liberate, invece 

delle curve caratteristiclie delle deformazioni, fin qui usate. 

INTRODUCTION. 

Benioff initiated strain release studies around 1950. Since that 

time the same method as originally given by Benioff (1951), has been 

used by all who have worked in this field, including ourselves. In the 

original method, strain is proportional to the square root of the released 

seismic energy. The volume of every aftershock was considered constant 

and equal to the total volume of the aftershock zone. The fraction 

of elastic energy converted into seismic energy was also assumed constant. 

Moreover, an older energy-magnitude formula has been used for consis-

tency reasons, although newer and better formulas have been developed 

in the meantime. In the present paper an effort is described to improve 

Benioff's method, especially in the directions mentioned. 

NOTATION. 

W e shall be using the following notation throughout the present 

paper: 

A,A' = constants, cm; 

a = dip angle of the fault plane, degrees; 

D = deformation, cm3; 

E = seismic wave energy, ergs; 

= seismic wave energy of the largest aftershock in a sequence, 

ergs; 

s = average strain in the focal region of an earthquake; 

F = fault plane area, cm2; 

II = vertical extent of aftershock zone, cm; 

K = vertical extent of fault plane, cm; 

\ = width of fault plane, cm; 

J = elastic strain energy, ergs; 

H = rigidity, dynes/cm2; 
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L = length of aftershock zone, cm; 

I = length of fault plane, cm; 

log = logarithm to the base 10; 

M = earthquake magnitude, equivalent to Ms in Gutenberg & 

Richter's (1956) notation; 

Mi = magnitude of largest aftershock in a sequence; 

q = seismic gain ratio = El J (same as " loss ratio " of Lomnitz 

1963); 

S = aftershock area, cm2; 

t = time interval after the main shock, days; 

V = earthquake volume, identified with total aftershock volume, cm3; 

Ve = volume of major part of elastic strain energy content, cm3; yxwvtsrqponmlkjihgfedcbaXVUTSQPONMKJIHGEDCA
<57 — V— Ve; 

v = volume of tectonic stress field (Lomnitz 1963), cm3; 

V = v/ V-, 

W = width of aftershock area, cm. 

EARTHQU AKE VOLUME AND MAGNITUDE. 

The earthquake volume is not accessible for direct measurements 

and it is natural that slightly different definitions have appeared in the 

literature. Bullen (1953, 1955) identifies the earthquake volume with 

the strained region, in which the material is near breaking-point prior 

to an earthquake. Bullen (1963) uses the term focal region to denote 

the volume from which the major part of the energy is issued. Tsuboi 

(1956) also defines the earthquake volume as the one where the seismic 

energy was stored before the earthquake. Gzovsky (1962) calls " the 

space around the fracture in which a redistribution of elastic deformation 

energy is taking place " the earthquake- focus. Benioff (1955) defined the 

original strain zone as the total volume of the aftershocks. Benioff 

(1962) estimated on the basis of some results by Byerly and Del-foyer 

(1958) that the strain is confined to a very narrow zone around the fault. 

However, inferences from geodetic measurements may be of limited 

applicability because of their necessary limitation to the earth's surface. 

Unfortunately, there are no measurements available which permit a 

collocation of the ideas of the two Benioff papers mentioned. 

W e define earthquake volume as the volume of major energy content 

and assume this to be identical with Benioff's (1955) original strain 

zone. Table I summarizes all pertinent information on aftershock se-
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quences we could find in the literature, partly revised, and Pig. 1 shows 

the corresponding plot of logzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA V versus M. There is no doubt that the 

earthquake volume increases with magnitude and the straight line in 

Fig. 1, corresponding to the following least-square solution, represents 

the data well: 

log V = (9.58 ± 0.51) + (1-47 ± 0.14) M [1] 

for 5.3 < M < 8.7 . 

It is interesting to note that V increases with M at about the same rate 

as the seismic energy E does (Bath 1958). W e will assume eq. [1] to 

be of general validity, e. g. also for the individual shocks in an after-

shock sequence. 

The scatter in Fig. 1, reflected in the mean errors in eq. [1], has 

several reasons, which we summarize as follows: 

1. Casual errors of M are likely to be less than 1/4 of a magnitude 

unit, and only of small consequence for our relation. 

2. Errors of V may be of greater consequence, because of un-

certainties in length, width and depth of aftershock zones. However, 

as we are naturally only concerned with orders of magnitude of the vo-

lume, these uncertainties are also only of minor importance. In the 

sequences used, there are some variations in the magnitude range and 

time interval considered, but these have practically no influence on the 

result. Recent observations of free oscillations of the earth and of 

surface waves have permitted an estimate of the fault length (Benioff, 

Press and Smith 1961; Press, Ben-Menahem and Toksoz 1961; Ben-

Menahem and Toksoz 1962), indicating that the length of the aftershock 

area exceeds the original fault length only by some 10 percent, agreeing 

with independent data for Kern County 1952, a systematic error of 

no consequence here. Information from geological expeditions is also 

in good accord with our assumption. The percentage error of the ver-

tical dimension is somewhat greater than for the other two. 

3. Systematic variation of V may exist in comparing different 

earthquake regions. Unfortunately, very little information is available 

on this point, except for a few hints. Duda (1963) found indication 

for a more brittle theological behaviour in Chile than in the Aleutian 

Islands or Kamchatka. The comparatively low volume found for the 

Kern County earthquake may be explained by a reduced shear strength 

because of many fractures and minor faults in the area (Benioff 1955) 

or more specifically by the intervention of the Edison fault into the 

activity on the White Wolf fault (Duda and Bath 1963). 
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It must be understood that relation [11 is a simplification of real 

conditions, at least to the same extent that any relation betweenzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA E 

and M is a simplification. As indicated in point 3. above, there are 

certainly a number of other factors entering any such relation as well, 

but at present these are impossible to take into account. 

Moreover, it must be emphasized that even in case the aftershock 

total volume V would be essentially larger than the volume Ve where 

the major part of the clastic strain energy is stored, i.e. 

V = Vc + dV [2] 

our relation is correct up to a constant factor, provided dV/ Ve is inde-

pendent of magnitude. 

FAU LT PLANE AREA, AFTERSHOCK AREA AND MAGNITUDE. 

Before proceeding we shall also consider some other relations 

between geometrical properties of an earthquake and its magnitude. 

Berckhemer (1962) gave a relation between fault plane area and 

magnitude: 

log F = 0.45 + 1.7 M [3] 

for 5.5 < M < 8.0 . 

Although his data would suggest introduction of an Jf2-term in this 

relation, especially for M < 6, where unfortunately the data are very 

scanty, only the linear relation [3] is given in Berckhemer's paper. 

The aftershock area <S' has been related to the magnitude of the 

main shock, especially by several Japanese seismologists. The latest 

published relation, known to us, was given by Utsu and Seki (1955), 

based on 39 aftershock sequences in and near Japan: 

log S = 5.99 + 1.02 M . [4] 

According to Utsu (1961) this relation is confirmed by aftershock se-

quences from other areas as well, except for the Kamchatka 1952 se-

quence, which had an exceptionally large area. Fig. 1 shows the straight 

line [4] together with some of our observations. The agreement is not 

very satisfactory, and a new relation was derived from our observations 

by the least-square method: 

log - (4.95 ± 0.43) + (1.21 ±0 . 1 8 ) M . [5] 

This relation is certainly based on only six observations, which, however, 

represent a number of quite different earthquake regions and line up 
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T a b l e T - D A T A FOR E ARTH Q U AKE S U SED IN THIS S TU D Y. 

No Date 
Origin time 

G MT 
Lat. L ong. Region 31 

E, eq. [7] 

1020 ergs 
1', 102° cm3 E/ Y, erg/cm3 S, 1012 cm2 J/, log (E/ E,) a, degrees 

L x n 

1012 cm2 

/•'. eq. [3] 

1012 cm2 
/•' l.U Reference 

1 22 Mar, 1957 19 44 21.0 37 .7 N 122 .5 W S. Francisco 5.3 0. 741 0.00175 423 0.25 4.4 1.30 77.6-89.7 0.63 0.00288 0 005 Tocher (1959) 

2 4 Dec, 1948 15 43 10.7 33 .9 N 110 .4 W Desert Hot Springs 0.5 39.8 0.0400 865 13 4.9 2.30 > (Hi 6.3 0.31 0 0 050 Richter, Allen, 
Nordquist (1958) 

3 21 July, 1952 11 52 14.3 35 0 N 119 0 AY Kern County 7. 7 2140 0.730 2930 21 6.4 1 .87 60-66 21 34.7 1 65 Benioff (1955) 

4 9 Mar, 1957 14 22 27.5 51 3 N 175 8 W Aleutian Islands 8 i/4 13200 154 86 1540 7.3 1 .37 86 1330 299 0 2° Duda (1962) 

5 4 N ov, 1952 10 58 20 52 8 N 159 5 E Kamchatka 8.5 30200 148 204 2470 7 Ya 1 .80 79-89 620 794 1 28 Uatli, Benioff 
(1958) 

18 55 57 
6 22 May, 1960 19 10 37 38 39.5 S 73.5 74.5 W Chile 8.7 58900 303 194 4030 7.5 1 .73 1 1 30 1740 I 54 Duda (1963) 22 May, 1960 

19 11 17 
Duda (1963) 

7 10 Apr, 1958 10 55 31 51 5 N 99 E Outer Mongolia 5.7 2.82 (0.04) 71 — — Pshennikov (1962) 

8 6 Feb , 1957 20 34 55 50 N 105 5 E Lake Baikal 6.4 28.8 (0.04) 720 — — — Pshennikov (1962) 

9 29 Aug, 1959 17 03 10 52 X 106 5 E Lake Baikal 6.7 77.6 0.79 98 — — Pshennikov (1962) 

10 4 Dec, 1957 03 37 45 45 5 N 99. "> E Outer Mongolia 7.8 2950 18 164 — 6.5 1 .87 — Pshennikov (1962) 

11 27 June, 1957 00 09 28 50 5 N 116 E N E Lake Baikal 7.9 4170 U 379 — — — — Pshennikov (1962) 
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remarkably well on a straight line, again with exception for Kern County 

1952, which is low. 

From the geometry of Fig. 2, showing the fault plane of the main 

shock inside the total aftershock volume, in the shape of a parallelo-

piped, we have immediately the following relations: 

V = LWH; 8 = LW; F = H i \ = h/ sinayxwvtsrqponmlkjihgfedcbaXVUTSQPONMKJIHGEDCA [6] 

L 

For the cases with available information on a (Table I), it is obvious 

that sin a 0.87, and therefore we can put h1 approximately equal 

to h. For obvious reasons, F ILH < 1. This ratio is plotted against 

magnitude in Fig. 1 (see also Table I). There is evidently some indi-

cation of an increase of FjLH with M, approaching unity for the largest 

shocks, as shown by the dotted curve in Fig. 1. 

ELASTIC STRAIN ENERGY AND SEISMIC ENERGY. 

Combining eq. [1] with Bath's (1958) energy-magnitude formula: 

log E = (12.21 ± 1.35) + (1.44 ± 0.20) ilI [7] 

we find that 

log (E/ V) = (2.66 ± 1.86)— (0.03 ± 0.34) M [8] 

This means that the seismic energy density, i.e. the seismic energy 

per unit volume, is independent of the magnitude. Fig. 1 shows the 

straight line [8] together with our observations. Similar results have 

been expressed by Pshennikov (1962). 

From the values in Table I we find that for circum-Pacific earth-

quakes, cases 1-6, the average value of log {E/Ei) = 1.73 ± 0.29, cor-

responding to an average of M — = 1.2 + 0.2, an excellent con-
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firmation of the so-called Bath's law (Bichter 1958, p. 69). This agrees 

with No. 10 (Outer Mongolia). 

The source from which earthquakes derive their energy, i. e. the 

potential energy within the earth, is not accessible to direct measure-

ments. The potential energy consists mainly of the elastic strain energy, 

even if some other kinds of potential energy, due to the state of the 

material, cannot be excluded, especially at greater depth (Benioff 1963). 

So far we have had no information on the seismic gain ratiozyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA q = E/ J 

and its possible relation to magnitude. Benioff (1951) assumed q to 

be constant and put it equal to unity. 

Lomnitz (1963) expressed the hypothesis that q is related to F 

and v in the following way: 

q = A' F/ v = A F/ V [9] 

with A' and A'/ p assumed by us to be independent of the magnitude. 

Even if the expression [9] seems to be reasonable, we have to remember 

that it is nothing more than a hypothesis. Then, q would increase 

with magnitude at the same rate as F/ V (Table II) . Assuming that q 

has reached its maximum value, i. e. unity, for the largest shocks (here 

taken as M = 8.7), as inferred from our result concerning magnitude 

variation of F/ LH, we get the maximum value of A = 1 . 3 5 X 10' cm. 

With this value of A together with eqs [9], [3] and [1] we find that 

log q = (— 2.00 ± 0.51) + (0.23 ± 0.14) M . [10] 

W e see from Table I I that about seven times more of the elastic strain 

energy is converted into seismic energy for an earthquake of magnitude 

8.7 as for one of magnitude 5.0. 

From the definition of q and eq. [9] we get 

log J = log E — log A — log F + log V . [11] 

Inserting eqs. [1], [3], [7] and A = 1.35 X 10' cm, we find that 

log J = (14.24 ± 1.86) + (1.21 ± 0.34) M . [12] 

Under the same conditions we immediately derive the following expres-

sion for the elastic strain energy density: 

log (J/7) = (4.66 ± 1.35) — (0.26 ± 0.20) M . [13] 

There is no significant variation of J/7 with M, just as the case is with 

EjV, eq. [8], 
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STRAIN RELEASE AND DEFORMATION CHARACTERISTICS. 

With reference to Bath and Benioff (1958) we have the following 

formula for calculation of the average strain e: 

The strain is in this formula composed of a distortional and a dilatational 

part, which cannot be separated from each other. Also, the volumes of 

distortional and dilatational strain energy storage have to be assumed 

equal. 

In the light of the results described earlier in this paper, we suggest 

the following improvements of Benioff's (1951) original method in the 

application of eq. [14]: 

1zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA) V will vary with M according to [1] instead of being assumed 

constant; 

2) q is assumed to vary with M according to [9], as an alternative 

to the still plausible assumption of constant q — 1 according to 

Benioff (1951); 

3) E varies with M according to [7], being the most reliable 

energy-magnitude formula so far produced, in excellent agreement with 

an independent result by Gutenberg and Bichter (195G). 

The rigidity /.i will still be assumed constant = 6 X 1C11 dynes/cm2, 

valid for the upper part of the earth where the earthquakes considered 

took place. However, there are some indications that fi depends on 

the stress state of the material (Duda 1962). 

Solving eq. [14] for e and considering only the positive root, which 

may be approximately correct as long as we consider only one earth-

quake area at a time, we have 

W e consider two cases, depending upon the expression for q chosen. 

1) q — A F/ V, i.e. eq. [9j. Eq. [15] then becomes 

Applying eqs [7] and [3] and putting A = 1 .35 X 107 cm, we obtain 

that 

E — Y>q/ is21 [14] 

[15] 

[16] 

log e = — (3.41 ± 0.68) — (0.13 ± 0.10) M . [1'7] 
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2) q = 1. In this case, [15] becomes 

The resulting eqs [17] and [19] agree in the sense that the strain lias no 

significant variation with magnitude. See Table II. 

This result may seem surprising at first sight. However, it is in 

better accord with general inferences from rock behaviour under stress 

than that strain should increase rapidly with magnitude. The essential 

difference between large and small shocks is not to be found in the strain 

release but in the volume within which a release takes place at the same 

time. The rock can store a certain amount of strain before it breaks. 

If strain were magnitude-dependent this would mean that each rock 

should be able to store strain corresponding to a certain minimum earth-

quake magnitude. It is then a justified question why in seismic areas 

not only shocks above a certain magnitude exist, but also a far greater 

number of smaller shocks. Our result of constant strain but magnitude-

dependent volume seems to meet these problems. 

In order to study creep phenomena in aftershock sequences, Benioff 

(1951) initiated the construction of strain release characteristics. Under 

the term strain, we understand deformation per unit volume, by virtue 

of the fact that deformation in the neighbourhood of any point can 

always be expressed as the resultant of simple extensions (called prin-

cipal extensions) in three mutually perpendicular directions (called the 

principal axes of strain). See Bullen (1963, p. 17). W e still consider 

a strain characteristic as valuable in describing the behaviour of the 

rock under stress, but we are now unable to construct any such curve 

because of the following facts: 

1) As strain is independent of magnitude, we should need to know 

all aftershocks, especially the large number of small ones, to be able to 

construct a reliable curve. However, such information is naturally 

not available. 

2) Considering strain, we are only concerned with one particular 

unit volume. It would be incorrect to add strains from quite different 

volumes, as would be the case if strains of many small aftershocks in 

different parts of a large aftershock region were added. 

For these reasons, we have to refrain from tracing any strain release 

•characteristics. On the other hand, deformation characteristics, re-

[18] 

Inserting eqs [1] and [7], we find that 

log e = — (1.41 ± 0.93)— (0.015 ± 0.17) M . [19] 
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ferring to the whole aftershock volume can be traced because of the 

theorem mentioned (Bullen 1963, p. 17) and because neither of the 

objections above is applicable in this case. In addition, as focal mecha-

nisms are very similar or closely related within one and the same earth-

quake area (Bath 1952), the principal axes of strain are approximately 

conserved within such an area and it will be justified to add deformations 

from different parts of the same area. The deformation characteristic 

gives a true picture of the real happenings in the aftershock zone and 

has an obvious interest from the tectonophysical point of view. Of 

course, under Benioff's (1951) assumptions the strain and deformation 

characteristics had the same shape, differing only by a constant factor. 

Using eq. 118], i. e. assumingzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA q = 1, we have 

D = s V = [ ~ j [20] 

which in combination with eqs [1] and [7] becomes 

log D = (5.17 ± 0.93) + (1.46 ± 0.17) M [21] 

E, V and D all increase with M at about the same rate. 

Using eq. [21] on two aftershock sequences for which the material 

lias been published earlier, i. e. Aleutian Islands 1957 (Duda 1962) and 

Chile 1960 (Duda 1963), we have constructed the deformation charac-

teristics shown in Big. 3. 

The accumulated deformation in the aftershock zones can be re-

presented analytically as follows: 

Aleutian Islands 1957: 

1st branch 0.031 < < < 1.36 B = (1.48 + 0.96 log <) X 1016 

2nd branch 1.36 < < < 6 . 4 D = (1.05 + 4.19 log <) X 1016 ' 

3rd branch 6.4 < < < 39 B = (1.95 + 3.07 log t) X 1016 

4th branch 39 < < < 1266 D - (3.67 + 1 .99 log <) X 1016 

[22] 

Chile 1960: 

1st branch 0.122 < < < 7.90 B = (0.41 + 0.42 log t) X 1016 

2nd branch 7.90 < < < 952 j. [33] 

B = [0.79 + 5.03 (1 — e o.i2(t-7.o,i/2)j x 10ie 

The 2nd-4th branches of the Aleutian Islands deformation charac-

teristic are only to be understood as straight-line approximations for an 

exponential curve, extending over the entire interval 1 .36 < t < 1266, 

i. e. corresponding to the second branch for the Chile 1960 characteristic. 

Our improved methods have had the consequence that the earlier pub-
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lished characteristics are somewhat changed, and it is very interesting 

to note that the behaviour is analogous in the two sequences studied 

here. This behaviour was also evident for quite a number of aftershock 

sequences studied by the old method. Thus, the sequences of Long 

Beach .1933, Imperial Valley 1910 and Hawke's Bay 1931 exhibited this 

behaviour (Benioff 1951), also some others reported in the same paper but 

interpreted differently by Benioff, i. e. Manix 1947, Nevada 1932 and 

less clear Signal Hill 1933. Other examples are Kern County 1952 

(Benioff 1955) and San Francisco 1957 sequences (Tocher 1959). It 

remains to be seen if the improved technique presented in this paper 

will bear out that this is a general behaviour for aftershock sequences. 

CONCLUSIONS. 

W e can summarize the results of the present investigation in the 

following points. 

1. Earthquake volume, identified with the total aftershock volume, 

increases with magnitude according to the following equation: 

logzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA V = (9.58 ± 0.51) + (1.47 ± 0.14) M. 

2. The ratio of fault plane area to the vertical section through the 

aftershock zone, i. e. F/ LH, increases with magnitude, approaching 

unity for the largest shocks. 

3. The aftershock area increases with magnitude according to the 

following equation: 

log 8 = (4.95 ± 0.43) + (1.21 ± 0.18) M . 

4. The seismic gain ratio is expressed as follows, adopting a sug-

gestion by Lomnitz (1963): 

F , F 
2 = J = A V ' 

Under this assumption, q increases with magnitude. 

5. The seismic energy density, F/ V, as well as the elastic strain 

energy density, J/ V, are independent of magnitude. 

6. Strain is independent of magnitude. Therefore, the main dif-

ference between large and small earthquakes is not to be found in the 

strain but in the total volumes involved. This is in agreement with 

Tsuboi's (1956) results. 
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7. The deformation, i.e. the total strain in the aftershock zone, 

increases with magnitude according to the following formula: 

logzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA D = (5.17 ± 0.93) + (1.46 ± 0.17) M 

i.e. at almost exactly the same rate as the seismic energy E or the 

volume V. 

8. By means of the improved method given in this paper, some 

earlier strain release characteristics (Aleutian Islands 1957 and Chile 

1960 sequences) are reconstructed, now as deformation characteristics. 

It appears likely that most aftershock sequences exhibit similar defor-

mation-time characteristics. 
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