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ABSTRACT

Purpose: Two—stage X chart is a useful tool for process control when a surrogate variable may be used
together with a performance variable. This paper extends the two-stage X chart to a three stage version
by decomposing the first stage into the preliminary stage and the main stage.

Methods: The expected cost function is derived using Markov—chain approach. The optimal designs are found

for numerical examples using a genetic algorithm combined with a pattern search algorithm and compared
to those of the two-stage X chart. Sensitivity analysis is performed to see the parameter effects.
Results: The proposed design outperforms the optimal design of the two-stage X chart in terms of the ex-
pected cost per unit time unless the correlation between the performance and surrogate variables is modest
and the shift in process mean is smallish.

Conclusion: Three-stage X chart may be a useful alternative to the two-stage X chart especially when
the correlation between the performance and surrogate variables is relatively high and the shift in process

mean is on the small side.
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Table 1. One-step transition between Markov chain states

ith sample (i+1)th sample
Control chart Proge;s Region Markov chain Procg;s Markov chain
Condition states Condition states
Yo in control central 1 in control 1
?( D in control warning 1 in control 2
Yo in control action 1 in control 3
Tfm in control central 1 out of control 4
T/m in control warning 1 out of control 5
Yo in control action 1 out of control 6
Y in control central 2 in control 1
Y in control warning 2 in control 2
Y in control action 2 in control 3
Y in control central 2 out of control 4
Tfm in control warning 2 out of control 5
Tfm in control action 2 out of control 6
X in control action 3 in control 1
X in control central 3 in control 2
X in control warning 3 in control 3
X in control action 3 out of control 4
X in control central 3 out of control 5
X in control warning 3 out of control 6
Yo out of control central 4 out of control 4
Tfm out of control warning 4 out of control 5
Yo out of control action 4 out of control 6
Y out of control central 5 out of control 4
Y out of control warning 5 out of control 5
Y out of control action 5 out of control 6
X out of control central 6 out of control 5
X out of control warning 6 out of control 6
X out of control action 6 out of control 7
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Table 2. Cost and time parameter values of 8 examples in Panagos et. al.(1985)

Exilr(r)l?le A c i iy a; Ay as Ay by b by
2 0.01 1 150 50 350 500 5.0 1.0 3.05 4.05 0.05
4 0.01 2 150 50 135 500 0.5 0.1 4.00 41.00 0.05
6 0.05 1 50 -50 350 50 0.5 1.0 4.00 41.00 0.05
8 0.05 2 50 =50 135 50 5.0 0.1 3.05 4.05 0.05
18 0.01 1 50 =50 45 500 5.0 1.0 20.05 | 40.05 0.05
20 0.01 2 50 -50 260 500 0.5 0.1 21.00 5.00 0.05
22 0.05 1 150 50 45 50 0.5 1.0 21.00 5.00 0.05
24 0.05 2 150 50 260 50 5.0 0.1 20.05 | 40.05 0.05

B =olAeE 99 £ dE Fdl v AhE 71d &%) B(4) & Hdiglele slE eky] HsiA 3 iA
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Table 3. Comparison of optimal economic designs of two—stage and three-stage charts

two-stage X chart three-stage X chart
Example 3 (B)
No. 1 EA EA | —(A)
ny n1¢ h.l/ h1¢ L.U LI VKC ( A) n,l/ 1 nUz nI h.'u\ h:!/z hI L,l/ 1 %1 L,tfz Wb Lat VV; (B )

0.5 | 50| 26| 2.87 | 1.30 | 1.67 | 2.36 | 1.06 | 131.22| 1 | 50 | 22| 3.38{0.50 | 1.10 | 4.00 | 0.01 | 2.04 | 0.82 | 215 | 1.03 | 131.87 | 0.65
33| 9| 267 |045] 204|263 |1.06|137.04| 22| 39| 5 | 246|039 (025|292 | 1.37 [ 278 | 1.17 | 1.89 | 0.83 | 137.65 | 0.61
12| 3| 1.8 [015(230 294|120 (13951 8 | 14| 1 |1.69|0.14|0.05]|3.68|1.58|3.43|1.36| 133|063 |139.82| 0.31
0.7 | 50| 20| 275 | 1.00 | 2.18 | 2.03 | 0.80 | 133.16 | 50 | 50 | 11 |3.35{0.50 | 0.55 | 3.20 | 1.62 | 2.69 | 0.71 | 045 | 045 | 134.91 | 1.75
2 260 71239 |035]256|227(076|137.95 13| 35| 1 [1.99]035[0.05|380| 149|368 168|001 |001]|139.02| 1.07
81 3|163|015(261 278|113 (13994 5| 8 | 1 |149]008|0.05|4.00|170|3.72 | 142|046 | 046 | 140.29 | 0.35
0.9 | 50| 12| 2.68 | 0.60 | 2.84 | 1.21| 039 | 13477 | 31| 49 | 1 | 280|049 |0.05| 349|153 |3.13| 107|001 |0.01 |137.37 | 2.60
28| 1] 254)005]356|001{001|13895( 9 | 20| 1 |175]020(0.05|394|155(372|156 00100113962 0.67
9| 1]169]005]391({001|001|14022| 4 | 6| 1 |142[006|0.05|400| 188|384 |164)|062|0.62]|14053| 0.31

0.5 | 50| 41| 0.81 [2.05|1.94 | 311|136 |13504| 1 | 50 | 43| 1.98|0.84 | 2.15]0.55]0.01 | 1.83 | 0.01 | 3.18 | 1.40 | 135.34 | 0.30
351 101 0.75 {050 | 2.59 | 3.09 | 1.18 |139.90| 1 | 20| 8 |0.84|0.84 | 040|221 |0.01|3.06|0.01|2.73|095|140.30 | 0.40
14| 3058 [015(279 336|117 |14166| 1 | 23| 2 |0.70|0.70 | 0.10 | 2.81 | 0.01 | 3.65 | 0.01 | 265 | 0.70 | 141.81 | 0.15
0.7 | 1] 50| 1.98 [ 250|001 | 344 | 141 |135.15| 50 | 50 | 20 | 0.87 { 0.50 | 1.00 | 3.57 | 2.28 | 2.64 | 0.76 | 1.84 | 0.94 | 137.31 | 2.16
4 39| 51076 025|384 |1.86(059|14066| 1 | 50| 1 |1.16]1.16|0.05|350 001 |4.000.01|0.01|001]|141.22| 0.56
10| 2049 {010 356|274 07914189 5 | 9 | 1 |050|0.09|0.05|4.00|174|382|130|212|0.75|142.07| 0.18
0.9 | 50| 10| 0.50 [ 0.50 | 3.78 | 1.37 | 0.50 | 138.05| 50 | 50 | 1 | 1.17{0.50 | 0.05 | 4.00 | 2.50 | 3.25 | 1.03 | 0.01 | 0.01 | 139.91 | 1.86
341 11117 [005]4.00(001|001 |141.25| 1| 33| 1 |087]0.87|0.05]3.590.01|4.00|001|001|001]|141.40| 0.15
91 21052|010(400]229]073|14206| 5| 6 | 1 [051|006|005]|4.00]|215 381150206091 |14220| 0.14

05 | 1] 20319 100|001 |216|098| 735 | 1 | 50| 14|248|116| 0.7 | 1.28]0.01 | 174|001 | 1.82|0.74 | 835 | 1.00
24| 71102 |035]1.92)|246(09 | 1713 | 20| 34| 4 | 110|034 |020|2.74| 136|259 | 1.03 | 1.78 | 0.71 | 18.12 | 0.99
71 31058|015(1.94]309|1.36(2246 | 5| 11| 1 [053|011|005|337| 142|308 |1.22|1.90|0.65]| 2303 | 0.57
0.7 | 50| 1| 120 |005)271|001|001| 1275 | 1 | 50| 1 |1.67{0.50]0.05]3.35]001|282]095]001]|001| 1483 | 2.08

410921020(279| 1781051 | 1890 | 10| 37| 1 077|037 005|367 | 141|363 |1.78| 001|001 | 21.12 | 2.22
61 2]053|010(257]267]088(2328 | 3| 9| 1 [043/009|005]|4.00]|152|3.81|1.71|0.58|046| 24.10 | 0.82
09 | 50| 1| 135 [005/29 001|001 1616 | 32| 50| 1 |1.40{0.50|0.05]3.22|1.57|297|1.06|001|001 | 17.76 | 1.60
241 1]1.05]005]349]001{001| 2137 | 6 | 19| 1 1058]019[0.05|3.86|145|364|157|001|001| 2250 | 1.13
71 11057]005(385[001]001{2393| 2| 5| 1 [037/005/005|4.00]|154|3.78|1.56|0.87|067| 2467 | 0.74

05 | 1] 25 116 |125/001 /216|090 | 2210 | 1 | 50| 14|1.15{0.50|0.70 | 1.20 | 0.01 | 1.97 | 0.01 | 1.60 | 0.79 | 23.20 | 1.10
50 11057 |005]311]001{001|3L09| 1 |30 | 1 051]051[005|248|001|322|001|001|001]| 3242 | 1.33
21| 11054 |005]347]|001]001|335 | 1| 31| 1 |058]0.58|0.05]296|0.01]{390|001|001|001]| 3436 | 0.78
07 | 1] 25/ 116 |125)001 216|090 | 2210 | 1 | 50| 1 |0.74{0.50|0.05]2280.01|282|0.01|001|001|29.28 | 7.18
8 361 11058 )005]332]001{001]3256 | 1|30 | 1]055[055[005|276|001|371(001|0.01|001]| 3382 | 1.26
14| 1053 (005[369|001|001|3420| 10| 10| 1 |0.54|0.10|0.05]3.76 | 2.31 | 3.66 | 1.61 | 0.01 | 0.01 | 34.37 | 0.17
09 | 50| 1053 |005/303|001|001|3042 | 1| 50| 1 ]0.50]{0.50]0.05]242]001]3.10]0.01|001]|001 | 31.68 | 1.26
26| 11056 |005]346|001]001|3332| 1| 40| 1 |060|060|0.05]295|001{396|001|001|001]| 3423 | 091
10 1052 (005(385 (0010013450 | 1| 12| 1 |049|049]0.05]3.15]0.01|4.00]|0.01 001|001 | 3476 | 0.26
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Table 3. (Continued)

two-stage X chart three-stage X chart
Example 3 B)
No. ] ny| n |y | he | L L W 5:3 Ty | Ty, g | By | Py g | L N WL WL (E]S -(A)
05 | 50 29| 2.88 | 1.45|1.69 | 252 | 1.13 | 3150 | 1 | 50| 30| 420|270 | 1.50| 1.25 | 0.01 | .72 | 0.01 | 2.54 | 1.17 | 31.67 | 0.17
35 927410451210 274 1.03] 3678 | 1 | 40| 9 |274|2.74]045|1.49|0.01|2230.01|271|1.01| 3694 | 0.16
12| 3] 1840151232 |308[1.19]3897| 8 | 15| 1 |169|0.15]0.05|3.83|1.59|357|1.43|1.36]0.62| 39.24 | 0.27
07 | 50| 22| 274 1 1.10221]220]0.85| 3319 | 49| 50 | 10 [3.24]0.50 | 0.50 | 341 | 1.69 | 2.80 | 0.69 | 0.38 | 0.38 | 34.83 | 1.64
18 26| 8| 241 (040|257 247|086 | 3757 | 13| 32| 1 |1.99|032(0.05|3.95| 151|371 |1.54|001|0.01| 3853 | 0.96
8| 3] 1.631015]26412921112139.34| 5| 8| 1 [150]0.08|0.05]400]|1.70]372|1.40|1.00]0.70| 39.65 | 0.31
09 | 50| 11] 253 [055]2.96|1.36|0.37 | 3457 | 33| 50 | 1 | 287|050 |0.05|3.65|1.60|3.23(1.05(0.01|001]| 37.02 | 2.45
211 71221 1035]300(212(070 3809 | 9 | 21| 1 |179]021[0.05|4.00]|1.54|383|1.61|001]|0.01] 39.06 | 0.97
9| 1] 170 ]1005]400(001]001|3958 | 3| 6| 1 ]136]006]|0.05]400]|1.65]391|1.70|0.96|0.83| 39.85 | 0.27
05 1] 370 195 | 1.85 1001|292 |121|3385| 1 | 50| 32|246]091|1.60|0.01]001|1.65]0.01]|268|1.17| 3407 | 0.22
30| 81072(040(231|272| 1023697 | 27| 45| 3 [0.86]045]0.15]335|1.70 | 3.05 | 1.04 | 1.66 | 048 | 37.20 | 0.23
12) 3[057 [015(245]311(122]3820| 1| 16| 2 [059]|059|0.10|201|0.01 296 |0.01 272|078 3829 | 0.09
07 1] 380192 (190(0.01|293|123|338 | 1| 50| 23[1.20|069]|1.15|185|0.01 263|001 208|097 3494 | 1.09
20 441 11092 (005(3841001]001 (3774 | 1 | 49| 1 ]0.88|088]0.05]3.18|0.01]|3980.01]0.01]|0.01| 3804 | 0.30
10| 21053/010|328|245(0.75] 3838 | 4 | 10| 1 |046|0.10]0.05]|4.00| 1.54[392]1.72]1.41]0.61| 3852 | 0.14
09 | 50| 11]065[005]353]001]001]3662| 1|50 | 1 |105/050]005]365[0.01]|351]{110{0.01]|0.01]| 3701 | 0.39
300 11080 (005(397]001]001]3805] 8| 25| 1]059|025]005]4.00|1.40]|4.00|1.78]0.01]0.01| 3821 | 0.16
91 11059 005]400/001]001|3852| 4| 6| 11047]006/|0.05]400]|1.92]385|159|1.35]0.77| 38.62 | 0.10
05 | 50| 17| 2.84 [0.85]1.60 | 1.86 | 0.81 | 66.44 | 1 | 50 | 16 | 3.31 | 0.50 | 0.80 | 4.00 [ 0.01 | 1.94 | 0.82 | 1.62 | 0.86 | 66.78 | 0.34
260 71206 (035]1.88]232[094(6935 | 19| 32| 3 |1.9]032[0.15|296| 136|262 |1.01 131|057 69.68 | 0.33
8] 3(119|015(196 (289|134 7079 | 5| 9 | 1 [098]0.09|005](331|140|287|1.07|176]0.71| 70.95 | 0.16
0.7 | 50| 10| 249 | 050 |2.35]1.05]0.39 | 6747 | 47| 49| 1 [3.10|049|0.05|295|1.50 | 2.55|0.77 | 0.01 | 0.01 | 68.83 | 1.36
22 23] 51186 (025]254| 182|060 6985 | 10| 23| 1 [1.39]023]0.05]358]|142|320|128|0.01|001| 7047 | 0.62
6] 2(100]010|246 (254|087 | 7102 | 3| 6 | 1 [078]0.06|0.05(387|149338|1.24|087]063| 71.24 | 0.22
09 | 50| 2]272(010(276]001]0.01| 6898 | 29| 43| 1 |244|043|005|3.16|1.47|2.83|1.02|0.01|0.01| 6957 | 0.59
23] 11196 1005]329/001]001|7047 | 6 | 15| 1 | 1.08]0.15|0.05]3.78|1.43|3.37|1.3410.01]0.01| 70.82 | 0.35
71 1]110]005]366|001{001|7L18 | 2| 4| 1 [0.67]0.04]0.05]4.00]|153]|356|131|059|0.59| 7140 | 0.22
05 | 50| 38| 131 [1.90 | 1.79 1283 |1.30 | 6443 | 1 | 50| 43 | 209|118 |215|1.21 |0.01 | 1.76 | 0.01 | 291 | 1.42 | 64.50 | 0.07
501 9133 [045]282|246(1.04 (6658 | 1 | 49| 9 | 117|117 [045|233|0.01 {289 |0.01 249|107 66.69 | 0.11
23| 31124 1015|334 |2371106|67.37 | 17| 21| 1 | 1.30]0.21|0.05]4.00]|2.18 | 3.83 | 1.64 | 0.58 | 0.58 | 67.47 | 0.10
0.7 | 50| 26| 1.07 [1.30 [ 2.62 | 2.28 | 1.01 | 64.99 | 49| 50 | 21 | 1.44 1 0.50 | 1.05 | 3.30 | 1.88 | 2.63 | 0.72 | 1.63 | 0.97 | 65.43 | 0.44
24 501 1| 137 [0.05]4.00]001(0.01|6716 | 35| 40| 1 |1.49|040|0.05|4.00(230|376|1.52|001|001| 6727 | 0.11
170 11132 10.05]400]0011001|6753 | 11| 12| 1 |1.24]012]0.05|4.00|2.38|3.90|178]0.70|0.70 | 67.58 | 0.05
09 | 50| 1]0841005|369]001]001]66.09 | 49| 49| 1 |1.46]049]0.05|390|2.28|3.17|094(0.01 001 66.70 | 0.61
36| 1| 140{0.05]4.00]001]001|6735| 22| 30| 1 |1.40]0.30]0.05]4.00|2.17|4.00 187001001 | 6742 | 0.07
110 11129 |0.05]400]001(001|6758| 6 | 7 | 1 |119]007]0.05|4.00]|224|392|175|0.77|0.77 | 67.62 | 0.04
# ZF ko] 1, 2, 38 ¢ #hol 247} 05, 1, 281 AF-E HER.
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Table 5. Sensitivity analysis results

Parameter | Value | n, | 7, | n, hy | h, | h, a " s v | L W, EA
A 100 1 25 5 272 | 272 | 025 | 234 | 001 2.74 | 0.01 2.10 | 0.58 90.89
125 12 23 1 2.21 0.23 0.05 3.82 1.47 3.41 1.19 | 0.01 0.01 | 115.24
150 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
175 12 24 2 1.69 | 0.24 0.10 | 3.81 1.47 3.44 1.22 | 0.01 0.01 | 162.64
200 12 28 1 155 | 028 | 0.05 | 380 | 146 | 3.54 140 | 0.01 | 0.01 186.6
Iy 0 1 26 5 1.53 1.53 | 025 | 219 | 0.01 2.82 | 0.01 204 | 058 | 136.84
25 12 25 2 1.69 | 025 | 010 | 3.78 146 | 345 1.27 | 001 | 0.01 | 138.39
50 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
75 12 29 1 226 | 029 | 005 | 3.84 145 | 357 1.46 | 0.01 | 0.01 | 139.53
100 12 25 2 284 1 025 | 0.10 | 3.89 146 | 348 1.28 | 0.01 | 0.01 | 140.08
a 200 12 29 1 191 | 029 | 005 | 380 | 145 | 3.56 1.45 | 0.01 | 0.01 | 14043
275 12 20 3 1.87 | 020 | 015 | 3.74 149 | 3.26 1.03 | 037 | 0.37 | 139.45
350 13 35 1 199 | 035 | 005 | 3.80 | 1.49 | 3.68 1.68 | 0.01 | 0.01 | 139.02
425 12 23 3 191 | 023 | 015 | 3.78 147 | 3.38 1.18 | 0.18 | 0.18 | 138.07
500 15 33 1 213 | 033 | 005 | 3.78 1.57 | 3.61 1.57 | 001 | 0.01 | 137.60
[ 250 13 30 1 199 | 030 | 0.05 | 3.73 148 | 3.53 149 | 001 | 0.01 | 139.04
375 12 29 1 193 | 029 | 005 | 3.77 145 | 3.54 146 | 0.01 | 0.01 | 139.02
500 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
625 13 28 2 198 | 028 | 010 | 3.82 1.50 | 3.54 1.39 | 001 | 0.01 | 13891
750 12 29 1 192 | 029 | 005 | 3.85 146 | 3.59 144 | 001 | 0.01 | 13898
ay 1.25 9 20 3 1.43 0.20 | 0.15 3.69 1.40 3.20 1.11 112 | 053 | 139.01
2.5 11 30 1 1.70 | 0.30 | 0.05 3.84 1.45 3.60 1.52 | 0.01 0.01 | 139.18
5 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
7.5 14 24 2 216 | 0.24 0.1 3.76 1.53 3.41 1.19 | 0.01 0.01 | 138.74
10 15 27 1 235 | 027 | 005 | 3.74 154 | 3.46 1.32 | 001 | 0.01 | 138.72
ay 0.25 1 47 1 1.64 1.64 | 005 | 3.11 0.01 3.79 | 001 | 001 | 0.01 | 139.86
0.5 16 33 1 1.71 | 033 | 005 | 3.83 158 | 3.66 1.52 | 001 | 0.01 | 139.54
1 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
1.5 10 19 3 201 | 019 | 015 | 375 141 3.21 1.04 | 038 | 0.38 | 138.29
2 10 23 1 229 | 023 | 005 | 3.77 140 | 3.36 1.25 | 001 | 001 | 138.21
b, 1.5 13 36 1 197 | 036 | 005 | 3.80 | 1.49 | 370 1.72 | 001 | 0.01 | 141.09
3.05 13 35 1 199 | 035 | 0.05 | 3.80 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
6 13 29 2 2.03 0.29 0.10 | 379 1.49 3.55 1.44 0.01 0.01 | 135.14
9 12 26 1 200 | 026 | 005 | 381 146 | 3.49 1.32 | 001 | 0.01 | 13156
b, 2 12 25 1 191 | 025 | 0.05 | 3.73 145 | 341 1.29 | 001 | 0.01 | 139.03
4.05 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
8 11 18 5 1.82 | 0.18 | 025 | 341 1.41 3.00 1.00 1.69 | 0.89 | 138.55
12 12 23 4 1.90 | 0.23 | 0.20 | 3.68 147 | 3.30 1.18 1.26 | 0.69 | 138.62
by 0.025 12 26 2 190 | 0.13 | 005 | 3.96 145 | 355 1.32 | 001 | 001 | 139.24
0.05 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
0.1 1 31 2 219 | 219 | 020 | 284 | 0.01 3.39 | 001 | 001 | 0.01 | 137.88
0.2 1 50 1 4.51 200 | 020 | 241 | 001 293 | 001 | 001 | 0.01 | 13268
A 0.002 11 23 4 393 | 023 | 0.20 | 3.67 1.39 | 3.27 1.22 1.39 | 0.69 | 147.00
0.005 11 23 3 252 1 023 | 015 | 3.86 142 | 343 1.20 | 0.27 | 0.27 | 143.71
0.01 13 35 1 199 | 035 | 005 | 3.80 | 149 | 3.68 1.68 | 0.01 | 0.01 | 139.02
0.02 13 29 1 149 | 029 | 005 | 371 149 | 349 143 | 001 | 001 | 130.34
0.05 16 24 1 1.19 | 024 | 0.05 | 357 1.65 | 3.26 1.17 | 001 | 0.01 | 108.82
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