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ABSTRACT 

The usual predictions of linear coupling theory for lower 
hybrid waves are altered by including an overdense edge plasma 
tu> < to ) in the plasma model. Coupling is found to depend 
strongly on the valu.s of the edge density, as well as the 
density gradient. The regimes, where one or the other of 
these parameters is important, are investigated. Typically, 
only the first few millimeters of the edge plasma is important 
in determining coupling. The major implications of the problem 
of coupling to an overdense plasma can be derived from a simple 

impedence matching argument. In general, coupling is optimum 
2 for an euge density, n determined by n /n = n„ , where 

2 2 
n = w me/47re and n„ i s the p a r a l l e l index of r e f r a c t i o n of 
the lower hybrid wave. 
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I. Introduction 

Lower hybrid wave heating of thermonuclear plasmas has 
the advantage of using simple phased waveguide arrays [1], These 
,'irrays couple naturally to the plasma without matching elements. 
Previous linear coupling calculations [2-7] have been done by 
assuming a plasma model consisting of a density ramp beginning 
at zero density at the plasma edge, with a vacuum region 
separating the plasma from the coupler aperture in some cases 
(Fig. 1, curve A>. While such a plasma model adequately 
describes some experimental situations, it is not valid for 
tokamak experiments in general. In particular, it is likely 
that the plasma density near the waveguide aperture greatly 

• • 2 "> 

exceeds the critical density, defined by n = m m /4ire". We 
find that the coupling properties of lower hybrid waves depend 
strongly on the absolute density which occurs at, or very near, 
the waveguide aperture. In this paper, we will investigate the 
effects of the plasma edge density on the coupling of lower 
hybrid waves. 

To choose a plasma model, we note that a coupling structure 
only perturbs the plasma locally in the direction perpendicular 
to the magnetic field. Thus, the density will increase from 
zero to its unperturbed value in a short distance from the 
structure, beyond which it maintains the same density gradient 
as in the unperturbed case. Measurements in Princeton's PLT 
machine show edge densities larger than n (for W/2TT = 800 MHz) 
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behind the limiter [8], at the expected position of the waveguide 
aperture. Thus, provided the density beyond the aperture is 
not affected much by the coupler, it is reasonable to model 
the plasma edge profile as a density step plus a density 
ramp (Fig. 1, curve B). Several authors have recently pro
posed such models for the edge plasma [9-11] in connection with 
nonlinear lower hybrid wave coupling, but the implications to 
the linear coupling problem were not studied in detail. 

In this paper, we numerically solve the linear waveguide 
coupling problem for the step 4- ramp model of the plasma edge 
density. These calculations are done using computer codes 
with the flexibility to treat arbitrary density profiles. An 
analytic formula is derived which explains the major features 
of the numerical results. Finally, the regimes of validity 
for the step + ramp model are explored. 

II. Numerical Methods 

Two independent computer codes were used to study lower 
hybrid wave coupling. Both differ from the usual formulation 
in the model of the edge plasma density profile. Higher order 
waveguide modes were also neglected in both codes for this study. 
Curve A in Fig. 1 shows the ramp profile model used by most 
previous authors [2-7]. The coupler aperture is at x = 0, n is 
the cut-off density where w = a, and n, , x , and n are 
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defined by the figure. The ramp profile model can easily 
be extended to include a density step plus a density ramp. 
This profile is shown as curve B in Figure 1, and defined 
by 

n(x)=!nQ + Vn U ~ X Q ) ] U(X-X ) (1) 

where n is the density step, x is the distance normal to o 
the plasma surface, x is the distance from the plasma to the 
coupler (usually x = 0 ) , and u(x-x ) is the unit step function. 
This model has been used previously in the study of pondero-
motive effects [10], and will be valid provided the step in 
density from 0 to n is sharp enough. The resulting normalized 
plasma impedance is given by 

j n . | 1 / 3 Ai(w ) + i Bi (W ) 
Z ( n J = , „ ^ 2 , . n l > i 

( 7 n / n J 1 / 3 A i ' ( W J + i Bi ' (VSJ 

11/3 Ai (H J 
° '".J < 1 (2) (Vn/nJ 1/ 3 Ai"(W } 

where Ai and Bi are Airy functions, n„ is the parallel index 
2 1/2 of refraction, n^ = (l-n„ ) , anJ 

/ 2 ,.1/3 J -(n„ -1) / 
V* = r 7 r - -- - 1 . (3) 

( V n / n c ) 1 / 3 

The ramp model studied by Brambilla [1] taKes W = 0, i.e., n Q
= n

c -



-5-

A second computer code models the plasma as an arbitrary-
number of density steps, allowing more complicated plasma 
profiles to be studied by appropriately choosing the number 
of steps[9]. Here we shall mainly use this code to establish 
the region of importance and the range of validity for the 
simplified plasma models as shown in Fig. 1. Both codes 
duplicate the Brambilla results [2] when a linear ramp model is 
used. 

III. Results 

The grill designed for the Princeton PLT experiment will 
be used to demonstrate the effect of the step + ramp plasma 
profile model on lower hybrid wave coupling. RF power at 
800 MHz is supplied to six waveguides of width 3.5 cm,each 
separated by a 0.63 cm septum. The density profile in front 
of the coupler is given by curve B in Fig. 1. 

The total reflected power (F) for the six waveguide 
grill is plotted versus n_/n in Fig. 2, for density gradients 
of 10 to 10 cm" and a relative phasing between waveguides 
of &$ = it. The ramp model (n /n = 1) is sensitive to 7n, but 

r o c ' 
n /n becomes an important factor determining coupling for an 
overdense (n > n ) plasma at the coupler aperture. It is o c 
apparent, from the figure, that there is an optimum edge 
density at which coupling is best. Also note that coupling 
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to an overdense plasma can be more efficient than coupling 
into a ramping density profile. 

The total reflected power versus n_/«_ is shown in Fig. 3, 
11 — 4 for Vn = 10 cm and relative phasings between guides of 

0, TT/4 , n/2, 3^/4, and it. This demonstrates that the edge 
density for optimum coupling decreases as n„ decreases. 

The reflected power in the individual waveguides versus 
11 -4 

n /n is shown in Fig. 4 for Vn = 10 cm and A$ = r,. it 
is seen that the relative reflected powers in the individual 
guides change as a function of n /n . For instance, the out
side guides couple best when n /n = 1 (ramp model) while the inside guides couple best when n /n > 20. ^ r o c 

The n„ power spectrum in the plasma is shown in Fig. 5, 
11 -4 

for n Q/n = 1, 20, and 400, Vn = 10 cm ard relative 
phasitig between waveguides of T. The part of the spectrum near 
n„ = 1.0 is highest for the case of n_/n_ = 1 and lowest for 
n /n = 400. Near n„ = 4.5, the power spectrum is highest for the case of n /n = 2 0 . o c 

All of the above results can be explained by considering 
the simple example of coupling to a uniform overdense plasma 
(i.e., curve B, Fig. 1 in the limit of zero density gradient). 
The Fourier transformed axial electric field for lower hybrid 
waves in the plasma is given by the solution of 

2 
3 E <x,n„) , n 

- + (n„ - 1) (-£ - 1) E (x, n„) = 0, 
3x 2 "c z 

(4) 
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where x is the direction normal to the plasma surface, z is 
parallel to the external magnetic field, and all distances 
are normalized by the free space wavenumber k = to /c. 

o o 
Matching plasma and waveguide solutions at the plasma edge in 
the usual manner [2] gives a plasma reflection coefficient (for 
|n„ | > 1) of 

p(n„) = ~ ~ , (5) 

where -, i / p ? 1/? 
(n/ - D l / Z (1-dA a ) 2 ) i / 2 

Z(n„) = (C) 
(n Q/n c - I ) 1 / 2 

is the plasma impedance normalized to the waveguide impedance 
VTE. ifode). We neglect the effect of waveguide height for 

2 1/2 the remainder of this paper, i.e., a-"-°° and (l-(-/k a) ) ' •* 1. 
The least reflection occurs when |z| = 1, giving the condi
tion for optimum coupling as 

c 
The plasma impedance given by Eq, (6) is real while the 

impedance derived from the ramp model [2,12] has an inaginary 
component: 

1/3 -TTi/3 
1.37 lnA| 

Zramp ( n" ) " T73 (i n"l s 1 } • 
r a I" P ( W n J 1 / 3 <8} 

The step + ramp model will have a reactive component of 
impedance somewhere between the extremes given by Eqs. (6) 
and (8). 
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Less of a reactive component means that coupling into 
an overdense plasma can be more efficient. The cases shown 
in Figs. 2-5 and all other cases studied show the expected 

2 optimum coupling at n /n = n„ . For instance, the main 
peak of the spectrum for the case shown in Figs. 3-5 is at 
n„ = 4.5 for A* = r. and the optimum coupling is at n /n = 
4.52 = 20. For ,".(f. = TI/2, n„ =2.25 and n /n = 5 for best 
coupling. The reason that the outside guides in Fig. 4 
couple best at low n /n is that they have neighboring 
guides on only one side. Thus, they act partially like a 
single waveguide which couples best at longer wavelengths!13] 
(low n„). The interior guides have neighboring guides on 
each side and couple best at the higher n„ determined by the 
i phasing. Thus, they approach their optimum coupling at 
higher n /n . ^ o c 

The question of whether the conditions for the step + 
ramp profile model are possible experimentally will now be 
considered. For a coupler pushed into the plasma, the 
density increases from zero at the waveguide aperature to 
n in a distance of the order of the sheath thickness. The 
o 

model density profile shown by curve C in Fig. 1 was chosen 
to investigate the effect of the sheath thickness. The density 
profile ramps from n = n at x = o to n = n, at x = X. , 
beyond which it remains constant. Reflection R is plotted 
in Fig. 6 as a function of distance X with n,/n held at 



certain fixed values while Vn is allowed to vary. The 
distance X. thus simulates the sheath thickness. Values of 
n./n of 10, 100, and 1000, and relative waveguide phasings 
of TT/2 and v are shown in Pig. 6. It is seen that below a 

* certain X. {= X. ) the reflected power is independent of X.. 
* The distance X. , beyond which the reflected power changes, 

decreases with higher n 1/n and also decreases with higher n„. 
The explanation for this result is that the ramp width X., 
i.e., sheath thickness, is not important so long as it is 
less than a small fraction of the perpendicular wavelength, 
given by 

M*) = W r ^ nT^HTO-- ( 9 ) 

The location where X, = X±/16 is indicated by an asterisk for 
each of the curves in Fig. 6. T.± is the average perpendicular 
wavelength between X = 0 and X = " . The step model should 
be valid as long as the sheath thickness is less than approxi-
mately X (=A/16), which is of the order of a millimeter. in 
PLT, the Debye length at the plasma edge can be conservatively 
estimated by taking T - T. < 10D eV and n > 10 cm , 

e I e giving X_ < 0.07 cm. The ion Larmor radius is estimated J De 
as r . < 0.06 cm, for B ~ 25 kG. If the sheath thickness is 

LI O 
of the order of the Debye length or the ion Larmor radius, 
then it approximately equals X. for PI.T parameters. Thus, 
the step model will probably be valid for PLT parameters. 
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For sheath thickness much greater than 1^/16, i.e., 
X. >> X 1 , the reflection coefficients approach those given 
by the ranp model. In Fig. 6, coupling is initially near 
optimum for n./n = 10. Increasing the ramp distance X. 
further will tend to make the coupling worse as conditions 
approach the case of coupling to a vacuum. The plasma is 
too overdense for optimum coupling for the cases where 
n./n = 100 and 1000. Decreasing the density gradient (in
creasing X.) for these cases initially improves the coupling, 
before they also approach the vacuum case. 

Finally, it is of interest to identify the regime where 
the ramp model is valid. Curve C in Fig. 1 is again used, 
but this time the density gradient remains fixed while the 
final density n.(^XJ is varied. This model approaches the 
Brambilla model (curve A) as X,.-•=>. Reflected power R versus 
the distance X, is shown in Fig, 7, for i<» = TT/2 and T and 
Vn = 10 to 10 cm . After reaching a minimum reflection, 
R starts to increase with X.. The solution approaches an 
asymptotic value at large X. (the Brambilla solution) with 
a strongly damped oscillatory behavior. This behavior is 
due to the dependence of the phase of the reflected wave on 
the reflection location in the plasma. The Brambilla solution 
is approached when the density gradient no longer causes 
wave reflection. It is well-known that this is equivalent to 
satisfying the WKB solution, 
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dk±(x) 

**2 

= a << 1. 

For each curve in Fig. 2, we mark with an asterisk the point 
(=X. ) where the WKB quantity a equals 0.2. These points 
correspond well with the location where the curves approa.cn 

* the Brambilla solution. The plasma beyond X. does not 
contribute significantly to the waveguide coupling. The 
distance X. becomes very short as the density gradient in
creases. For 7n = 10 cm" , for example, only the first 
few millimeters of plasma beyond the aperture contribute to 
the waveguide coupling. Therefore, for a plasma profile with 
a varying density gradient, the most important gradient is 
in the immediate vicinity of the waveguide aperture rather 
than that of the main plasma profile. 

IV. conclusion and Discussion 

The dependence of the edge plasma profile on waveguide 
coupling has been quantitatively identified, both for the 
ramp (Brambilla) model and the step + ramp model. Typically, 
only the first few millimeters of the edge plasma is important. 
The predictions of linear coupling theory for ljwer hybrid 
waves are altered by including an overdense edge plasma in 
the plasma .r.odel. Coupling is found to depend strongly on 

http://approa.cn
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the edge density as well as density gradient. The regimes, 
where one or tho other of these parameters is most important, 
have been investigated. The model of a density step plus a 
density ramp should be applicable for expected tokamak 
parameters, 

The major implications of the problem of coupiing to an 
oveidense plasma can be derived from the simple impedance 
matching argument contained in Equations (5) and {!) . In 
general, coupling is optimized when the edge density satisfies 

2 n /n = n„ . An overdense plasma at the coupler aperture 
is advantageous, because it reduces the reactive component of 
the plasma impedance and thus reduces reflected power for a 
well defined spectrum. An overdense edge plasma is also 
favorable from the point of view of reducing ponderomotive 
effects of the guide aperture [11,14]. These effects depend 
on the parameter E ~/n k_", which is reduced for larqer values o o B r 

of n . o 

Acknowledgments 

We thank Drs. W. M. Hooke, R. W. Motley, and s. bernabei 
for their encouragement and suggestions. 
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Fig. 1. Mode] edge density profiles, showing ramp (A), step plus ramp (B), 
and ramp plus plateau (C). 
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000 

Fig. 4. Reflected power in the individual guides versus edge 
density, for phasing between the guides of n. (PPPL-809018) 
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Fig. 6. (a) Reflected power versus ramp distance X-̂  (Fig. 1, 
curve C), for normalized plateau densities of 10, 100, and 1000, 
and phasing between the guides of r,. (b) Same as fa), with 
phasing between the guides of ir/2. 
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?ig. 7. (a) Reflected power versus ramp distance X^ (See Fig. 1, 
:ve C), for density gradients of 10 to 10 cm - 4, ar 
Fi_ 

curve C), for density gradients of lO 1 0 to 1 0 i J cm - 4, and phasing 
between the guides of it. (b) Same as (a), with phasing between the 
guides of n/2. 


