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Abstract An edge state is a time-harmonic solution of a conservative wave system,
e.g. Schrodinger, Maxwell, which is propagating (plane-wave-like) parallel to, and
localized transverse to, a line-defect or “edge”. Topologically protected edge states
are edge states which are stable against spatially localized (even strong) deforma-
tions of the edge. First studied in the context of the quantum Hall effect, protected
edge states have attracted huge interest due to their role in the field of topological
insulators. Theoretical understanding of topological protection has mainly come from
discrete (tight-binding) models and direct numerical simulation. In this paper we con-
sider a rich family of continuum PDE models for which we rigorously study regimes
where topologically protected edge states exist. Our model is a class of Schrodinger
operators on R? with a background two-dimensional honeycomb potential perturbed
by an “edge-potential”. The edge potential is a domain-wall interpolation, transverse
to a prescribed “rational” edge, between two distinct periodic structures. General con-
ditions are given for the bifurcation of a branch of topologically protected edge states
from Dirac points of the background honeycomb structure. The bifurcation is seeded

B<J M. I. Weinstein
miw2103@columbia.edu

C. L. Fefferman
cf@math.princeton.edu

J. P. Lee-Thorp
jpl2154@columbia.edu
Department of Mathematics, Princeton University, Princeton, NJ, USA

Department of Applied Physics and Applied Mathematics, Columbia University, New York, NY,
USA

Department of Applied Physics and Applied Mathematics and Department of Mathematics,
Columbia University, New York, NY, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40818-016-0015-3&domain=pdf

12 Page 2 of 80 C. L. Fefferman et al.

by the zero mode of a one-dimensional effective Dirac operator. A key condition is a
spectral no-fold condition for the prescribed edge. We then use this result to prove the
existence of topologically protected edge states along zigzag edges of certain honey-
comb structures. Our results are consistent with the physics literature and appear to
be the first rigorous results on the existence of topologically protected edge states for
continuum 2D PDE systems describing waves in a non-trivial periodic medium. We
also show that the family of Hamiltonians we study contains cases where zigzag edge
states exist, but which are not topologically protected.

Keywords Schrodinger equation - Dirac equation - Dirac point - Floquet-Bloch
spectrum - Topological insulator - Edge states - Domain wall - Honeycomb lattice

Mathematics Subject Classification Primary 35J10 - 35B32; Secondary 35P -
35Q41 - 37G40

1 Introduction and Outline

This paper is motivated by a remarkable physical observation. When two distinct 2-
dimensional materials with favorable crystalline structures are joined along an edge,
there exist propagating modes, e.g. electronic or photonic, whose energy remains local-
ized in a neighborhood of the edge without spreading into the “bulk”. Furthermore,
these modes and their properties persist in the presence of arbitrary local, even large,
perturbations of the edge. An understanding of such “protected edge states” in peri-
odic structures has so far mainly been obtained by analyzing discrete “tight-binding”
models and from numerical simulations. In this paper we prove that edge states arise
from the Schrodinger equation for a class of potentials that have many features (not
all) in common with the relevant experiments. A central role is played by a spectral
“no-fold” condition. In the case of small amplitude (low-contrast) honeycomb poten-
tials, this reduces to a sign condition of a particular Fourier coefficient of the potential.
A combination of numerical simulation and heuristic argument suggests that if the
“no-fold” condition fails, then edge states need not be topologically protected. Let us
explain these ideas in more detail.

Wave transport in periodic structures with honeycomb symmetry has been an
area of intense activity catalyzed by the study of graphene, a single atomic layer
two-dimensional honeycomb structure of carbon atoms. The remarkable electronic
properties exhibited by graphene [14,21,30,44] have inspired the study of waves in
general honeycomb structures or “artificial graphene” in electronic [35] and photonic
[1,17,26,29,32] contexts. One such property, observed in electronic and photonic sys-
tems with honeycomb symmetry is the existence of topologically protected edge states.
Edge states are modes which are (i) pseudo-periodic (plane-wave-like or propagating)
parallel to a line-defect, and (ii) localized transverse to the line-defect; see Figure 1.
Topological protection refers to the persistence of these modes and their properties,
even when the line-defect is subjected to strong local or random perturbations. In
applications, edge states are of great interest due to their potential as robust vehicles
for channeling energy.
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Fig. 1 Edge state — propagating (plane-wave like) parallel to a zigzag edge (Rv) and localized transverse
to the edge

The extensive physics literature on topologically robust edge states goes back to
investigations of the quantum Hall effect; see, for example, [18,19,39,42] and the rig-
orous mathematical articles [5,6,28,38]. In [17,32] a proposal for realizing photonic
edge states in periodic electromagnetic structures which exhibit the magneto-optic
effect was made. In this case, the edge is realized via a domain wall across which the
Faraday axis is reversed. Since the magneto-optic effect breaks time-reversal sym-
metry, as does the magnetic field in the Hall effect, the resulting edge states are
unidirectional.

Other realizations of edges in photonic and electromagnetic systems, e.g. between
periodic dielectric and conducting structures, between periodic structures and free-
space, have been explored through experiment and numerical simulation; see, for
example [22,27,33,41,43]. In the context of tight-binding models, the existence and
robustness of edge states has been related to topological invariants (Chern index or
Berry/Zak phase) associated with the “bulk” (infinite periodic honeycomb) band-
structure.

We are interested in exploring these phenomena in general energy-conserving wave
equations in continuous media. We consider the case of the Schrodinger equation on
R2, id,%y = H, and study the existence and robustness of edge states of time-
harmonic form: ¢ = e *£/W. Our model consists of a honeycomb background
potential, the “bulk” structure, and a perturbing “edge-potential””. The edge-potential
interpolates between two distinct asymptotic periodic structures, via a domain wall
which varies transverse to a specified line-defect (“edge”) in the direction of some
element of the period lattice, Aj. In the context of honeycomb structures, the most
frequently studied edges are the “zigzag” and “armchair” edges; see Figure 2.

Our model of an edge is motivated by the domain-wall construction of [17,32]. A
difference is that we break spatial-inversion symmetry, while preserving time-reversal
symmetry. Hence, the edge states — though topologically robust — may travel in either
direction along the edge. In [7,10] we proved that a one-dimensional variant of such
edge-potentials gives rise to topologically protected edge states in periodic structures
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Zigzag edge
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Armchair edge

Fig. 2 Bulk honeycomb structure, H = (A + Aj;) U (B + Aj). Top panel: Zigzag edge (blue line),
Rv; = {x : kp - x = 0}. Shaded region is the fundamental domain of the cylinder, £, corresponding
to the zigzag edge. Bottom panel: Armchair edge (blue line), R (vi +v2) = {x : (k] — kp) - x = 0}.
Fundamental domain of the cylinder, ¥ 4, corresponding to the armchair edge, also indicated. (Darkened
vertices are sites at which zero-boundary conditions are imposed in tight-binding models of “hard” edges.)

with symmetry-induced linear band crossings, the analogue in one space dimension of
Dirac points (see below). We explore a photonic realization of such states in coupled
waveguide arrays in [25].

Our goal is to clarify the underlying mechanisms for the existence of topologically
protected edge states. In Theorem 7.3 we give general conditions for a topologically
protected bifurcation of edge states from Dirac points of the background (bulk) honey-
comb structure. The bifurcation is seeded by the robust zero mode of a one-dimensional
effective Dirac equation. A key hypothesis is a spectral no-fold condition for the pre-
scribed edge, assumed to be a rational edge. In one-dimensional continuum models
[10], this condition is a consequence of monotonicity properties of dispersion curves.
For continuous d-dimensional structures, with d > 2, the spectral no-fold condition
may or may not hold; see Section 8. Moreover, by varying a parameter, such as the
lattice scale of a periodic structure, one can continuously tune between cases where
the condition holds or does not hold; see Appendix A. In Theorem 8.2 and Theorem
8.5 we verify the spectral no-fold condition for the zigzag edge, for a family of Hamil-
tonians with weak (low-contrast) potentials, and obtain the existence of zigzag edge
states in this setting.
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In a forthcoming article [9], we study the strong binding regime (deep potentials) for
alarge class of honeycomb Schrodinger operators. We prove that the two lowest energy
dispersion surfaces, after a rescaling by the potential well’s depth, converge uniformly
to those of the celebrated Wallace (1947) [40] tight-binding model of graphite. A
corollary of this result is that the spectral no-fold condition, as stated in the present
article, is satisfied for sufficiently deep potentials (high contrast) for a very large classes
of edge directions in Ay, (including the zigzag edge). In fact, we believe that the analysis
of the present article can be extended and together with [9] will yield the existence of
edge states which are localized, transverse to arbitrary edge directions v; € Aj. This
is work in progress. For a detailed discussion of examples and motivating numerical
simulations, see [8].

The types of edge states which exist for edges generated by domain walls stand
in contrast to those which exist in the case of “hard edges”, i.e. edges defined by the
tight-binding bulk Hamiltonian on one side of an edge with Dirichlet (zero) boundary
condition imposed on the edge; see parenthetical remark in Figure 2. In this case, it is
well-known that zigzag (hard) edges support edge states, while armchair (hard) edges
do not support edge states; see, for example, [15].

Finally, we believe that failure of the spectral no-fold condition implies that there
are no topologically protected edge states, although there is evidence that there
are meta-stable edge states, which are localized near the edge for a long time; see
Section 1.4.

1.1 Detailed Discussion of Main Results

Let A, = Zv|®Zv; denote the regular (equilateral) triangular lattice and A} = Zk; @
7Kk, denote the associated dual lattice, with relations kK; - v,,, = 276, [, m = 1, 2.
The expressions for k; and v,,, are displayed in Section 2.3. The honeycomb structure,
H, is the union of two interpenetrating triangular lattices: A + Aj; and B + Ay; see
Figures 2 and 3.

A honeycomb lattice potential, V (x), is a real-valued, smooth function, which is
Aj— periodic and, relative to some origin of coordinates, inversion symmetric (even)
and invariant under a 277 /3 rotation; see Definition 2.4. A choice of period cell is 2,
the parallelogram in R? spanned by {v{, v»}.

We begin with the Hamiltonian for the unperturbed honeycomb structure:

HO = A+ V(x).

The band structure of the Aj— periodic Schrodinger operator, H®, is obtained
by considering the family of eigenvalue problems, parametrized by k € B, the
Brillouin zone: (H® — E) U = 0, U(x +v) = ¢*0U(x), x € R v €
Ay. Equivalently, ¥ (x) = e 'K*W(x), satisfies the periodic eigenvalue problem:
(HO(k) — E(k)) ¥ = 0and y(x +v) = ¥(x) forall x € R* and v € A, where
HO (k) = —(V + ik)? + V(x). For each k € By, the spectrum is real and con-
sists of discrete eigenvalues E,(k), b > 1, where E;j(k) < E;;i(k). The maps

k — Ep(k) € R are called the dispersion surfaces of H ©) The collection of these sur-
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Fig. 3 Left panel: A = (0,0), B = (%, 0). The honeycomb structure, H is the union of two interpene-

trating sublattices: A = A+ Ay, (blue) and Ag = B+ Ay, (red). The lattice vectors {vy, v} generate Aj,.
Colors designate sublattices; in graphene the atoms occupying Ap — and Ag— sites are identical. Right
panel: Brillouin zone, By, and dual basis {k{, ky}. K and K’ are labeled. Other vertices of 3, obtained via
application of R, a rotation by 27 /3.

faces constitutes the band structure of H® . As k varies over B3y, each mapk — Ep(Kk)
is Lipschitz continuous and sweeps out a closed interval in R. The union of these
intervals is the L?(R?)— spectrum of H®. A more detailed discussion is presented
in Section 2.

A central role is played by the Dirac points of H®. These are quasi-momentum /
energy pairs, (K,, E,), in the band structure of H© at which neighboring dispersion
surfaces touch conically at a point [11,21,30]. The existence of Dirac points, located at
the six vertices of the Brillouin zone, 53, (regular hexagonal dual period cell) for generic
honeycomb structures was proved in [10,11]; see also [2,16]. The quasi-momenta of
Dirac points partition into two equivalence classes; the K— points consisting of K, RK
and R?K, where R is a rotation by 277/3 and K’ — points consisting of K’ = —K, RK’
and R?K’. The time evolution of a wavepacket, with data spectrally localized near a
Dirac point, is governed by a massless two-dimensional Dirac system [12].

Figure 4 displays the first three dispersion surfaces of H® for a honeycomb
potential. The lowest two of these surfaces touch conically at the six vertices of Bj,
(inset). Associated with the Dirac point (K,, E,) is a two-dimensional eigenspace of
K,—pseudo-periodic states, span{®, O,}:

HO®;(x) = E,®;(x), xe R?, j=1,2,
where @ (x +v) = KV (x), ve Ay

see Definition 3.1. It is also shown in [11] that a A, — periodic perturbation of V (x),
which breaks inversion or time-reversal symmetry lifts the eigenvalue degeneracy; a
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Fig. 4 Lowest three dispersion surfaces k = *kD K@y e B, +— Ek) of the
band structure of H® = —A + V(x), where V is the honeycomb potential: V(x) =

10 (cos(k - x) + cos(ky - X) + cos((kj + k») - x)). Dirac points occur at the intersection of the lower two
dispersion surfaces, at the six vertices of the Brillouin zone, Bj,.

(local) gap is opened about the Dirac points and the perturbed dispersion surfaces
are locally smooth. The perturbation of H © by an edge potential (see (1.1)) takes
advantage of this instability of Dirac points with symmetry breaking perturbations.

To construct our Hamiltonian, perturbed by an edge-potential, we first choose a
vector v] € Ay, the period lattice, and consider the line Rv, the “edge”. Choose v,
such that Aj, = Zv| @ Zv,. Also introduce dual basis vectors, &1 and K5, satisfying
R -0, =218,, I,m = 1,2; see Section 4 for a detailed discussion. The choice
v = vp (or equivalently vy) is a zigzag edge and the choice v = vj 4 v is an
armchair edge; see Figure 2.

Introduce the perturbed Hamiltonian:

H® = A+ VX + (3R - x)Wx) = HO + 88K - x)W(x).  (1.1)

Here, § is real and will be taken to be sufficiently small, and W (x) is Aj; — periodic and
odd. The function «, defines a domain wall. We choose k to be sufficiently smooth and
to satisfy x(0) = 0 and k({) — Fk # 0 as { — Foo. Without loss of generality,
we assume koo > 0, e.g. k(¢) = tanh(¢). We refer to the line Rv; as a b — edge.
Note that H® is invariant under translations parallel to the v — edge, X — x+ V7,
and hence there is a well-defined parallel quasi-momentum, denoted k. Furthermore,

H® transitions adiabatically between the asymptotic Hamiltonian H® = H©

Skoo W(X) as R - X — —o0 to the asymptotic Hamiltonian HJ(F‘S) = HO 4+ koo W(x)
as R - x — oo. In the case where « changes sign once across { = 0, the domain
wall modulation of W (x) realizes a phase-defect across the edge (line-defect) Rv. A
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variant of this construction was used in [10] to insert a phase defect between asymptotic
dimer periodic potentials.

Suppose H© has a Dirac point at (K,, E,). It is important to note that while H©
is inversion symmetric, Hf) is not. For § # 0, Hf) does not have Dirac points; its
dispersion surfaces are locally smooth and for quasi-momenta k such that if |k —
K,| is sufficiently small, there is an open neighborhood of E, not contained in the
L*(R%/Ap,)— spectrum of Hf)(k). This “spectral gap” about £ = E, may however
only be local about K, [11]. If there is a real open neighborhood of E,, not contained
in the spectrum of HS” (k) = —(V + ik)? + V = 8koo W for all k € By, then HS is
said to have a (global) omni-directional spectral gap about E = E,. We’ll see, in our
discussion of the spectral no-fold condition, that it is a “directional spectral gap” that
plays a key role in the existence of edge states; see Section 1.3 and Definition 7.1.

Under suitable hypotheses, we shall construct v — edge states of H®, which are
spectrally localized near the Dirac point, (K., E,). These are non-trivial solutions W,
with energies E ~ E,, of the k| — eigenvalue problem:

HOW = Ev, (1.2)
YU(x+0p) = ekl W (x) (propagation parallel to Rvy), (1.3)

|[W(x)] — 0, as |Ry-x| - oo (localization transverse to Rvoy), (1.4)

for k| ~ K, - 1. To formulate the eigenvalue problem in an appropriate Hilbert space,
we introduce the cylinder & = R?/Zv.If f(x) satisfies the pseudo-periodic boundary

condition (1.3), then f ()()f,’_"lzlrlrﬁ1 X is well-defined on the cylinder . Denote by
H*(X), s > 0, the Sobolev spaces of functions defined on X. The pseudo-periodicity
and decay conditions (1.3)—(1.4) are encoded by requiring ¥ € H’gn (%), for some
s > 0, where

ol

[f L f(x)e X g H-Y(z)] :

s s
Hku - Hku(z)

Thus we formulate the EVP (1.2)—(1.4) as:
HOV = EV, Ve sz”(E). (1.5)

Remark 1.1 (Symmetry relation among K— and K’'— points). Note that if ¥ (x) =
¢'®XZ(x) is a solution of the eigenvalue problem (1.5), then Yk = e~ (F1— KX 7(x),
where Z(x+v1) = Z(x) and Z(x) — 0 as |R, - x| — o0, is a propagating edge state
of the time-dependent Schrodinger equation: i,y (x, 1) = H® 1y (x, 1) with parallel
quasi-momentum k; = K - v1. Since the time-dependent Schrédinger equation has
the invariance ¥ (X, t) — ¥ (x, —t), it follows that

UK, —1) = e EFRNZ(0) = T FRYZ00 = g (x, 1),
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Thus Yk (x,t) is a counterpropagating edge state with parallel quasi-momentum,
ky =K' -v; = —K - v;. Due to these symmetry considerations and the equivalence
of K— points: {K, RK, R2K}, without loss of generality, we henceforth restrict our
attention to the Dirac point (K, E,).

1.2 Summary of Main Results

1.2.1 General Conditions for the Existence of Topologically Protected Edge States;
Theorem 7.3 and Corollary 7.4

In Theorem 7.3 we formulate hypotheses on the honeycomb potential, V, domain wall
function, «(¢), and asymptotic periodic structure, W (x), which imply the existence
of topologically protected v; — edge states, constructed as non-trivial eigenpairs § +—
(WP, E%) of (1.5) with k| = K - vy, defined for all || sufficiently small. This branch
of non-trivial states bifurcates from the trivial solution branch £ +— (¥ = 0, E) at
E = E,, the energy of the Dirac point. Key among the hypotheses is the spectral no-
fold condition, discussed below in Section 1.3. At leading order in §, the edge state,
P (x), is a slow modulation of the degenerate nullspace of H O _E,:

W (x) ~ oy 4 (BR2 - X)D 1 (X) + oty (882 - X)P_(X) in H,EHZK,,,](E), (1.6)
ES=E,+0@%, 0<|5| <1, (1.7)

where @ and ®_ are the appropriate linear combinations of ®; and ®,, defined in
(4.14). The envelope amplitude-vector, &, (§) = (4,4 (), otu,— (¢ N7, is azero-energy
eigenstate, Do, = 0, of the one-dimensional Dirac operator (see also (6.22)):

D = —i|rg||R2|030; + ek (8)oq,

where the Pauli matrices o are displayed in (1.13). Here Ay € C (see (3.9)) depends on
the unperturbed honeycomb potential, V, and is non-zero for generic V. The constant
Uy = (D1, W) 2(q, is real and is also generically nonzero. D has a spatially
localized zero-energy eigenstate for any « (¢ ) having asymptotic limits of opposite sign
at 00. Therefore, the zero-energy eigenstate, which seeds the bifurcation, persists
for localized perturbations of « (¢). In this sense, the bifurcating branch of edge states
is topologically protected against a class of local perturbations of the edge.

Section 6 gives an account of a formal multiple scale expansion, to any order in
the small parameter, 8, of a solution to the eigenvalue problem (1.5). The expression
in (1.6) is the leading order term in this expansion. Our methods can be used to prove
the validity of the multiple scale expansion, at any finite order.

Corollary 7.4 ensures, under the conditions of Theorem 7.3, the existence of edge
states, U (x; k) € szH (%) forall ky in aneighborhood of k; = Kb, and by symmetry

(see Remark 1.4) for all kj in a neighborhood of kj = —K - v; = K’ - v;. Thus, by
taking a continuous superposition of states given by Corollary 7.4, one obtains states
that remain localized about (and dispersing along) the zigzag edge for all time.
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Remark 1.2 Akey hypothesisin Theorem 7.3 is a spectral no-fold condition at (K, E,)
for the v — edge of the band-structure of —A + V. This (essentially) ensures the exis-
tence of a lensz (X)— spectral gap containing E, for the perturbed Hamiltonian,

H®; see Definition 7.1 and the discussion in Section 1.3.
1.2.2 Theorem 8.5; Existence of Topologically Protected Zigzag Edge States

We consider the case of zigzag edges corresponding to the choice b = vy, by = v,
and K1 = k|, K = ky. Recall that A, = Zv| @ Zv;. The choice v; = v, would
lead to equivalent results.

We consider the zigzag edge state eigenvalue problem

HEOW = Ey, We H,gl(z) (see also (1.5)), (1.8)
with Hamiltonian
H®) = —A 4+ eV(x) + 8k (8ka - x)W(x) = H® + 8 (5ky - x) W(x). (1.9)
Here, ¢ and § are chosen to satisfy
0< 8 <<, (1.10)

There are two cases, which are delineated by the sign of the distinguished Fourier
coefficient, ¢ V] 1, of the unperturbed (bulk) honeycomb potential, ¢V (x). Here,

1 .
Vil = — e ikitka)y V(y) dy,
1€2n] Jo,

is assumed to be non-zero. We designate these cases:
Case (1) Vi1 >0 and Case(2) Vi1 <O.

In Appendix A we give two explicit families of potentials, a superposition of “bump-
functions” concentrated, respectively, on a triangular lattice, A(a), and a honeycomb
structure, H, that can be tuned between these two cases by variation of a lattice scale
parameter.

Under the condition ¢V ; > 0 (Case (1)) and (1.10), we verify the spectral no-fold
condition for the zigzag edge in Theorem 8.2. The existence of zigzag edge states
(Theorem 8.5) then follows from Theorem 7.3 and Corollary 7.4. In particular, for
all & and § satisfying (1.10) and for each k| near K - vi = 27/3, the zigzag edge
state eigenvalue problem (1.5) has topologically protected edge states with energies
sweeping out a neighborhood of EZ, where (K, E?) is a Dirac point.

Remark 1.3 (Directional versus omnidirectional spectral gaps). While the regime of
weak potentials, implied by (1.10), would at first seem to be a simplifying assumption,
we wish to remark on a subtlety for Hf’a) = —A+¢eV £ 8k oW (g, § small), which

@ Springer



Edge States in Honeycomb Structures Page 11 of 80 12

arises precisely in this regime. It is well-known that for sufficiently weak periodic
potentials on R?, d > 2, that there are no spectral gaps; this is related to the “Bethe-
Sommerfeld conjecture” [3,36,37]. Nevertheless, if ¢V 1 > 0, and € and § are related
as in (1.10), then a directional spectral gap, i.e. an L%” (X)— spectral gap exists; see
Theorem 8.3 and Section 1.3.

Figure 5 and Figure 6 are illustrative of Cases (1) and (2). The simulations were
done for the Hamiltonian H®% with e = +10and 0 < § < 10:

H®Y = —A +eV(X) + 8k (8ky - X)W(X), «(¢) = tanh(Z),

2 2
V(x) :Zcos(Rjkl - X), W(x):Z(—l)’S/’Z sin(R’k; -x).  (L.11)
j=0 Jj=0

Here, R is the 27 /3— rotation matrix displayed in (2.6). Figure 5 displays, for fixed
e, the L,%H —2n/3 (%) — spectra (plotted horizontally) of ¢ corresponding to a range
of § values (strength / scale of domain wall -perturbation) for Cases (1) eV1,; > 0 (top
panel) and (2) e V1,1 < 0(middle and bottom panels). Figure 6 displays, for these cases,
the L%“ (X)— spectra (plotted vertically) for a range of parallel-quasi-momentum, k.

Remark 1.4 (Symmetries of kj — E(k))). Figure 6 exhibits some elementary sym-
metries. Since the boundary condition for the EVP (1.8), W(x + vy) = MW (x) is
27 — periodicity in k||, the mapping k| — E (k) is 2w — periodic. Furthermore, invari-
ance under complex conjugation, implies symmetry of k — E (k) about k| = 0 and
k|| =T.

1.2.3 Non-Topologically Protected Bifurcations of Edge States

In Case (2), where ¢V 1 < 0, Theorem 8.4 implies that the spectral no-fold condition
fails and we do not obtain a bifurcation from the Dirac point. However, through a
combination of formal asymptotic analysis and numerical computations, we do find
bifurcating branches of edge states. These branches do not emanate from Dirac points
(the no-fold condition fails), but rather from a spectral band edge. Moreover, as we
discuss below, these states are not topologically protected; they may be destroyed by
an appropriate localized perturbation of the edge. Case (2) (¢V;,1 < 0) is illustrated
by Figures 5 (middle and bottom panels) and Figure 6 (bottom panel).

In particular, Dirac points occur at the intersection of the second and third spectral
bands of H&9 = —A + ¢V (x) (see Theorem 3.5), and the failure of the spectral
no-fold condition implies that an L,%H — spectral gap does not open about £ = E°
for § # 0 and small. However, for ¢V] | < O there is a spectral gap between the
first and second spectral bands of H©?_ For the choice of edge-potential displayed
in (1.11) with ¢ = —10, a family of nontrivial edge states bifurcates, for 0 < |§|
sufficiently small, from the upper edge of the first (lowest) L%":h /3 spectral band
into the spectral gap (dotted blue curve); see middle panel of Figure 5. A bifurcation
of a similar nature is discussed in [31].
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Fig. 5 L%H=K~V1 (X)— spectra, where K - vi = %n, of the Hamiltonian H (€% ((1.11)) for the zigzag

edge (Rvy). Top panel: Case (1) ¢V 1 > 0. Topologically protected bifurcation of edge states, described
by Theorem 8.2 (dotted red curve), is seeded by zero-energy mode of a Dirac operator (6.22). The branch
of edge states emanates from intersection of first and second bands (B and Bp) at E = E¢ for § = 0;
see discussion in Section 1.2.2. Middle panel: Case (2) ¢V} | < 0 with domain wall function «. Spectral
no-fold condition does not hold. Bifurcation of zigzag edge states from upper endpoint, E = E¢, of the first
spectral band. This bifurcation is seeded by a bound state of a Schrodinger operator (1.12) with effective
mass meff < 0and effective potential Qcgr(¢) (displayed in the inset) and is not topologically protected; see
discussion in Section 1.2.3. Bottom panel: Case (2) eV | < 0 with domain wall function k. Bifurcation

from upper endpoint of Bj is destroyed. Bound states bifurcate from the lower edges of the first two spectral
bands.

A formal multiple scale analysis clarifies this latter bifurcation. For k € B, let
(E £(Kk), ot (x; k)) denote the eigenpair associated with a lowest spectral band. In [8],
we calculate that the edge state bifurcation is seeded by a discrete eigenvalue effective
Schrodinger operator:

2
1 2= ] j
o = _% 92 + Qe (¢; k), where e Z [D°E* (K));; R R,

eff i,j=1,2

(1.12)
and Qe (¢ &, 55) =a«x'(C)+b (Kgo — /cz(g“)) is a spatially localized effective

potential, depending on «(¢), and constants a and b, with b > 0, which depend on
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€V1,1 >0

8 8 o

R H
]

.

.

6V11<0
iIi““"""ll””““'""””“
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m T AL I IR,

2 L L e o
( /3 21 /3 ™ 4 /3 & 2w

/)
Fig.6 Top panel: L%H (X)— spectrum of protected states of H (e:8) for the case V1,1 > 0. Bottom panel:

® e 00,6

~

L,%‘ (X)— spectrum of non-protected states of H (8:9) for the case eVi1 <0.V, W and « are chosen as in

(1.11). For each fixed k||, edge states shown in the top panel (¢ V},] > 0) arise due to a protected bifurcation
from a Dirac point displayed in the top panel of Figure 5. Those edge states indicated in the bottom panel
(V1,1 < 0) arise via an edge bifurcation of the type shown in the middle and bottom panels of Figure 5.
The band edge energies from which this latter bifurcation takes place is well-separated from the energy of
the Dirac point which, when ¢V; 1 < 0, lies within the overlap of the second and third spectral bands.

V, W and ®¢. For the above choice of the zigzag edge-potential (middle panel of
Figure 5), we have m{; < 0 and the effective potential Q% displayed in the figure
inset, induces a bifurcation into the gap above the first band.

Now, we can construct domain wall functions, «, (¢), for which the corresponding
HZ; has no point eigenvalues in a neighborhood of the right (upper) edge of the
first spectral band; see bottom panel of Figure 5. If «(¢) is chosen as above, then
Oetf(§5 (1 —0)k +0k,),0 < 6 < 1, provides a smooth homotopy from a Schrédinger
Hamiltonian for which there is a bifurcation of edge states (H©-%) with domain wall
K) to one for which the branch of edge states does not exist (H®?% with domain
wall «y). Therefore, this type of bifurcation is not topologically protected; see [8]
for a more detailed discussion. This contrast between topologically protected states
and non-protected states is explained and explored numerically, in a one-dimensional
setting in [25].

1.3 Remarks on the Spectral No-Fold Condition
The spectral no-fold hypothesis of Theorem 7.3 requires that the dispersion curves

obtained by slicing the band structure (situated in Ri x Rg) with a plane through
the Dirac point (K, E,) containing the direction K, (dual direction to the v;— edge)
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Zigzag eVl >0 Zigzag eVl 1 <0 Armchair eVl >0

e

Zigzag eV171>0 Zigzag eV171<0 Armchair 6V1’1>0

6>0

Fig.7 Zigzag and armchair slices at the Dirac point (K, E¢) of the band structure of —A +&V + koo W for
8 = 0 (first row) and § > 0 (second row). Insets indicate zigzag and armchair quasi-momentum segments
(one-dimensional Brillouin zones) parametrized by A, for 0 < A < 1. See discussion of Section 1.4 and
Theorem 4.2.

do not fold-over and fill out energies arbitrarily near E,. This essentially implies that
via a small perturbation which breaks inversion symmetry (as we do with H® =
—A+ V(x)+ k(8K - x) W(x) for § # 0) we open a L,%” (X)— spectral gap about
E.. Figure 7 is illustrative.

In the first row of plots in Figure 7, we consider whether the spectral no-fold
condition holds at the Dirac point (K, E?) for the zigzag edge, in the two cases: (1)
eVi,1 > 0and(2)eV1,1 < 0,as well as for the armchair edge. The energy level E = Ef
is indicated with the dotted line. In the left panel we see that for the zigzag edge, the
spectral no-fold condition holds if €V 1 > 0. In this case, there is a topologically
protected branch of edge states. In the center panel we see that the spectral no-fold
condition fails if eV; 1 < 0. Finally, in the right panel we see that it also fails for the
armchair slice.

The second row of plots in Figure 7, illustrates that the spectral no-fold condition
controls whether a full L%H — spectral gap opens when breaking inversion symmetry.

In particular, for § > 0, H®?% is no longer inversion symmetric. For eV; | > 0, a
spectral gap opens about the Dirac point, between the first and second spectral bands
(see Theorem 3.5). For the zigzag edge with ¢V ; < 0 there is no spectral gap about
the Dirac point. (Note, however, that there is a spectral gap between the first and second
spectral bands; see the discussion above in Section 1.2.3.) Similarly, for the armchair
edge (right panel) there is no spectral gap for 6 > 0.
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1.4 Are there Meta-stable Edge States?

Consider the Hamiltonian H® = —Ay 4+ V(X) + 8k (88 - x) W(x) (as in (1.1)),
corresponding to an arbitrary rational edge, Rv1, i.e. b1 = a;v) +b1va, ay and by co-
prime integers, as introduced in the discussion leading up to (1.1); see also Section 4.
Irrespective of whether the spectral no-fold condition holds for the v;— edge (see
Section 1.3 and Definition 7.1), the multiple scale expansion of Section 6 produces a
formal edge state to any finite order in the small parameter §.
But is this formal expansion the expansion of a true edge state? We believe the answer
is no, if the spectral no-fold condition fails.

Indeed, from Theorem 4.2, we have that any v|— edge state, ¥ € L,%“:Kim, isa

superposition of Floquet-Bloch modes of H® = —A + V along the quasimomentum
segment: K415, |A| < 1/2. The formal expansion of Section 6 however is spectrally
concentrated on Floquet-Bloch components along this segment, which are near the
Dirac point, corresponding to |A| < 1. If the spectral no-fold condition fails, the
expansion does not capture the effect of resonant coupling to quasi-momenta along
this segment “far from K” (corresponding to A bounded away from A = 0 in Figure 7).

Conjecture Suppose the spectral no-fold condition fails for the v1— edge Rvy. Then,
H® has topologically protected long-lived (meta-stable) edge quasi-modes, ¥ €

szH —K-v;.loc(Z), but generically has no topologically protected edge states.

1.5 Outline

In Section 2 we review spectral theory for two-dimensional periodic Schrodinger
operators, introduce the triangular lattice, the honeycomb structure and honeycomb
lattice potentials.

In Section 3 we define Dirac points and review the results on the existence of Dirac
points for generic honeycomb potentials from [11,12].

In Section 4 we introduce the notion of an edge or line defect in a bulk (unper-
turbed) honeycomb structure. Honeycomb structures with edges parallel to a period
lattice direction, have a translation invariance. Thus, an important tool is the Fourier
decomposition of states which are L? (localized) in the unbounded direction, trans-
verse to the edge, and propagating (plane-wave like) parallel to the edge.

In Section 5 we introduce our class of Hamiltonians, consisting of a bulk honeycomb
potential, perturbed by a general line-defect/v| — edge potential.

In Section 6 we give a formal multiple scale construction of edge states to any finite
order in the small parameter §.

In Section 7 we formulate general hypotheses which imply the existence of a branch
of topologically protected v — edge states, bifurcating from the Dirac point. The proof
uses a Lyapunov-Schmidt reduction strategy, applied to a system for the Floquet-
Bloch amplitudes which is equivalent to the eigenvalue problem. Such a strategy
was implemented in a 1D setting in [10]. First, the edge-state eigenvalue problem is
formulated in (quasi-) momentum space as an infinite system for the Floquet-Bloch
mode amplitudes. We view this system as consisting of two coupled subsystems; one
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is for the quasi-momentum / energy components “near” the Dirac point, (K, E,), and
the second governs the components which are “far” from the Dirac point. We next
solve for the far-energy components as a functional of the near-energy components
and thereby obtain a reduction to a closed system for the near-energy components.
The construction of this map requires that the spectral no-fold condition holds.

In Section 8 we consider the Hamiltonian, introduced in Section 7, in the weak-
potential (low-contrast) regime and prove the existence of topologically protected
zigzag edge states, under the condition eV ; > 0.

In Appendix A we give two families of honeycomb potentials, depending on the
lattice scale parameter, a, where we can tune between Case (1) ¢Vj,; > 0 and Case
(2) €V1,1 < 0 by continuously varying the lattice scale parameter.

In a number of places, the proofs of certain assertions are very similar to those of
corresponding assertions in [10]. In such cases, we do not repeat a variation on the
proof in [10], but rather refer to the specific proposition or lemma in [10].

1.6 Notation

(1) vj, j = 1,2 are basis vectors of the triangular lattice in Rz, Ap. ke, £ =1,2
are dual basis vectors of A}, which satisfy kg - v; = 2w 8y;.

(2) Form = (my, m>) € Z*, mk = mk; + m>ks.

(3) vy = aivi+azva € Ay, ay, ax co-prime integers. The b1 —edgeisRv.v;, j =
1, 2, is an alternate basis for Aj; with corresponding dual basis, K¢, ¢ = 1,2,
satisfying K¢ - v; = 2w dy;.

@) & =R, &), ;= &D +ig? |3 = K.

(5) B denotes the Brillouin Zone, associated with A, shown in the right panel of
Figure 3.

©) (f.&)=[fg.

(7) x < y if and only if there exists C > 0 such that x < Cy. x ~ y if and only if
x <yandy < x.

(8) LP5(R) is the space of functions F : R — R such that (1 + |-|>)*/2F € LP(R),
endowed with the norm

oo, 1 <p<=<oo

s

Fle = |0 +1P72F|  ~> |1V F|

IF M Lps @y = || (1 +1-1%) Lr(R) .Z(:) 3 Lr®
=

(9) For f, g € L2(Rd), the Fourier transform and its inverse are given by

FlfIE) = f&) =

20 /]Rd e_ixvsf(X)dX,

F g} (X) = 3(X) = /R g,

The Plancherel relation states: [p f(x)g(x)dx = 27)? [pa FE)2(E)dE.
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(10) o}, j =1, 2, 3, denote the Pauli matrices, where

01 0 —i 10
al=(1 0), 02=(i 0’), and o3=(0 _1). (1.13)

2 Floquet-Bloch Theory and Honeycomb Lattice Potentials

We begin with a review of Floquet-Bloch theory; see, for example, [4,23,24,34].

2.1 Fourier Analysis on LZ(R/ A) and L2(X)

Let {01, vy} be a linearly independent set in R? and introduce the

Lattice: A = Zv| & Zvy, = {m v +myvy : my,my € 7},

Fundamental period cell: @ = {01b; + 607 : 0<6; <1, j=1,2}; 2.1

Dual lattice: A* = ZR&| ® ZKR) = (mKA =m 1K +maRy :my,my € 7},
Ki-v;=2mb;;, 1 <i,j<2;

Brillouin zone: 3, a choice of fundamental dual cell;

Cylinder: £ = R?/Zv;;

Fundamental domain for X: Qy ={t10;+ 002 :0< 11 <1, b € R}. (2.2)

We denote by L2(€2) and L2(Q2y) the standard L2 spaces on the domains 2 and Q7y,
respectively.

Definition 2.1 [The spaces L?(R?/A) and L].

(a) L2(R%/A) denotes the space of leoc functions which are A— periodic: f €
L2(R?/A)ifand only if f(x+0) = f(x)forallx € R?, v € Aand f € L%(R).

(b) Li denotes the space of leo .. functions which satisfy a pseudo-periodic boundary
condition: f(x + v) = e*¥Pf(x) forall x € R?, v € A and e ' ¥*f(x) €
L?>(R?/A). For f and g in Li, fgisin L'(R?/A) and we define their inner
product by

(f 82 =/ng(x)dx.

Definition 2.2 [The spaces L>(X) and L%H].

(a) L?(X) = L*(R?/Zv,) denotes the space of LZZOC functions, which are periodic in
the directionof v: f(x+b1) = f(x), forall x € R andsuchthat f € L%(Qy),
where Q75 is the fundamental domain for X; see (2.2).

(b) L,%H (%) = L,%H denotes the space of L? functions:

loc
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(1) which are kj— pseudo-periodic in the direction vy:
fx+0)) = eik‘|f(x), for x € R?, and
(2) such that e ~{(1/2Dk &1 X £(x) which is defined on X, is in L2(Qy)).

For f and g in L,%” (%), fgisin L?(X) and we define their inner product by

o8y = /Q Fx)gx)dx.
P

The respective Sobolev spaces H*(R?/A), HS, H* () and H}
in a natural way.

Simplified notational convention: We shall do many calculations requiring us to
explicitly write out inner products like (f, g)72(x and (f, g>L1%H(2)' We shall write

| () = H,f” are defined

these as [, f(x)g(x) dx rather than as sz F(x)g(x) dx.

If f € L>(R?/A), then it can be expanded in a Fourier series:

. 1 .
fR =D fme™¥ fn= a /Q e ™Y f(y)dy, mR=m R +mfs,
meZ?

2.3)

where |Q2| denotes the area of the fundamental cell, 2. In Section 4.1, we show that, if
g€ L%(%), then it can be expanded in a Fourier series in v - x and Fourier transform
in v - X:

gx) =27 /]R §n2m5)e! X dge U,

nez

1 . .
277 B (2 — —i§ Ry ,—inRyy dy.
T gn(2m8) o /\02'/26 e g(y)dy

2.2 Floquet-Bloch Theory

Let Q(x) denote a real-valued potential which is periodic with respect to A. We shall
assume throughout this paper that Q € C®(R?/A), although we expect that this
condition can be relaxed without much extra work. Introduce the Schrodinger Hamil-
tonian H = —A + Q(x). For each k € R2, we study the Floquet-Bloch eigenvalue
problem on Li:

Ho(x; k) = EK)D(x: k), x € R?,
d(x+v) = XD (x;: k), Vo € A. (2.4)

An Lﬁ solution of (2.4) is called a Floguet-Bloch state.
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Since the k— pseudo-periodic boundary condition in (2.4) is invariant under trans-
lations in the dual period lattice, A*, it suffices to restrict our attention to k € B3, where
B, the Brillouin Zone, is a fundamental cell in k— space.

An equivalent formulation to (2.4) is obtained by setting ®(x; k) = XX p(x; k).
Then,

HEK)px; k) =EXK)px; k), x € ]Rz, px+v)=px;k), veA, (25)

where H(k) = —(V + ik)? + 0 (x) is a self-adjoint operator on LZ(RZ/A). The
eigenvalue problem (2.5), has a discrete set of eigenvalues E1(k) < Ex(k) < --- <
Ep(k) < ---, with L2(R2/A)— eigenfunctions p,(x; k), b =1, 2, 3, .... The maps
k € B — E;(k) are, in general, Lipschitz continuous functions; see, for example,
Appendix A of [12]. For each k € B, the set {p;(x;Kk)};>| can be taken to be a
complete orthonormal basis for L>(R%/A).

As k varies over B3, Ej; (k) sweeps out a closed real interval. The union over b > 1
of these closed intervals is exactly the L?(R%)— spectrum of —A + V(x): spec (H) =
Uxken spec (H (k)) . Furthermore, the set {®}(x; K)}p>1 ke is complete in L?(R?):

f®=> /B (@5 k), £O)) r2am2) Po(x; K)dk = > /B Fr(R) @y (x; K)dK,

b>1 b>1

where the sum converges in the L norm.

2.3 The Honeycomb Period Lattice, A, and its Dual, AZ

Consider A, = Zv| & Zv,, the equilateral triangular lattice generated by the basis
vectors: v| = (@, %)T, vy = (‘/—3, —%)T; see Figure 3, left panel. The dual lattice
A} = ZK| ® Zk; is spanned by the dual basis vectors: k; = q(%, ‘/Tg)T, k, =
q(%, —“/Tg)T, where g = %, with the biorthonormality relations k; - v; = 2m4;;.
Other useful relations are: |vi| = |[v2] = 1, v; - vo = %, |ki| = k2| = ¢ and
k; -k = —%qz. The Brillouin zone, By, is a regular hexagon in R?. Denote by
K and K’ its top and bottom vertices (see right panel of Figure 3) given by: K =
% ki —ky), K =-K= % (ko — kp). All six vertices of B3y, can be generated by
application of the matrix R, which rotates a vector in R? clockwise by 27 /3:

R= . (2.6)

The vertices of By, fall into two groups, generated by the action of R on K and
K': K— type-points: K, RK = K + k,, R?K = K — k{, and K'— type-points:
K, RK' =K' —k;, R’K' =K’ +k;.
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Functions which are periodic on R? with respect to the lattice A;, may be viewed
as functions on the torus, R?/Aj,. As a fundamental period cell, we choose the paral-
lelogram spanned by v; and v,, denoted €2j,.

Remark 2.3 (Symmetry Reduction). Let (®(x; k), E(k)) denote a Floquet-Bloch
eigenpair for the eigenvalue problem (2.4) with quasi-momentum k. Since V is real,
(P(x; k) = D(x; k), E(K)) is a Floquet-Bloch eigenpair for the eigenvalue problem
with quasi-momentum —K. The above relations among the vertices of B, and the A} -
periodicity of: k — E (k) and k — ®(x; k) imply that the local character of the dis-
persion surfaces in a neighborhood of any vertex of B, is determined by its character
about any other vertex of Bj,.

2.4 Honeycomb Potentials

Definition 2.4 [Honeycomb potentials] Let V be real-valued and V € C ®(R?). Vis
a honeycomb potential if there exists xo € R? such that V(x) = V(x — Xo) has the
following properties:

VD) Vis Ap— periodic, i.e. V(x +v)= V(x) forallx e R and v € Ay,

(V2) V is even or inversion- symmetrlc i.e. V( X) = V(X)

(V3) V is R- invariant, i.e. R[V](x) = V(R*X) = V(X) where, R* is the counter-
clockwise rotation matrix by 27 /3, i.e. R* = , where R is given by (2.6).

N.B. Throughout this paper, we shall omit the tildes on V and choose coordinates with
Xy = 0.

Introduce the mapping R : 7% — 72 which acts on the indices of the Fourier
coefficients of V: R(ml, my) = (—mo, m; —my) and therefore R2(m1 my) = (mo —
mi, —my), and R3 (my,mp) = (my,mp). Any m # O lies on an R— orbit of length
exactly three [11]. We say that m and n are in the same equivalence class if m and n
lie on the same 3— cycle. Let S denote a set consisting of exactly one representative
from each equivalence class. Honeycomb lattice potentials have the following Fourier
series characterization [11]:

Proposition 2.5 Let V (x) denote a honeycomb lattice potential. Then,

V(X) =vy+ Z Um [cos(mk -X) + cos((ﬁm)k -X) + cos((ﬁzm)k . x)] ,

mesS

where mk = m1K{ + moky and the vy, are real.

3 Dirac Points
In this section we summarize results of [11] on Dirac points. These are conical sin-

gularities in the dispersion surfaces of Hy = —A + V(x), where V is a honeycomb
lattice potential.
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Let K, denote any vertex of By, and recall that L%(* is the space of K, — pseudo-
periodic functions. A key property of honeycomb lattice potentials, V, is that Hy and
R, defined in (V3) of Definition 2.4, leave a dense subspace of L%(* invariant. Further-

more, restricted to this dense subspace of L2 ) Hy commutes with R: [R, Hy] = 0.
Since R has eigenvalues 1, T and 7, it is natural to split L%(* into the direct sum:

) 2 2
Lg, =Lk, 1 ® Lk, . © Lk, =

Here, L%ﬂ oo where o = 1, 7, 7T and t = exp(2mi/3), denote the invariant eigenspaces
of R:

L%(*,o = {g € L%(* :Rg = ag}.

We next give a precise definition of a Dirac point.

Definition 3.1 Let V (x) be a smooth, real-valued, even (inversion symmetric) and
periodic potential on R?. Denote by By, the Brillouin zone. Let K € B),. The energy /
quasi-momentum pair (K, E,) € By x R is called a Dirac point if there exists b, > 1
such that:

(1) E,isa Lg— eigenvalue of Hy of multiplicity two.
2) Nullspace(HV — E*I) = span{cbl(x),(bg(x)}, where & € L%(T (Ro; =

t®1) and Pr(x) = (CoI)[P1](x) = D1(—Xx) € L%(,f (R®, = 793), and
(q)a’ q)b)L%((Q) = (Sab, a, b = 1, 2
(3) There exist Ay # 0, {o > 0, and Floquet-Bloch eigenpairs

k= (®p,41(x: k), Ep,+1(K)) and k = (Pp, (x; k), Ep, (K)),

and Lipschitz functions e;(K), j = bs, bx + 1, where ¢;(K) = 0, defined for
|k — K| < ¢o such that

Ep41(K) — E, = +|Ag] [k —K]| (1 +ep,41(K)),
Ep,(K) — E, = —[As] k—K]| (1+ep,(K)), (3.1)

where |e; (k)| < Clk — K], j = b, by + 1, for some C > 0.
In [11], the authors prove the following

Proposition 3.2 Suppose conditions I and 2 of Definition 3.1 hold and let {c(m) };ncs
denote the sequence of L%(_ . — Fourier-coefficients of ®1(x) normalized as in [11].
Define the sum '

_ 2 (1
A = Z c(m) (l. (K + mk). (3.2)
meS
Here, S C 77 is defined in [11]. If &z # O, then condition 3 of Definition 3.1 holds
(see (3.1)).
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Therefore Dirac points are found by verifying conditions 1 and 2 of Definition 3.1
and the additional (non-degeneracy) condition: Ay # 0.

Furthermore, Theorem 4.1 of [11] and Theorem 3.2 of [12] imply the following
local behavior of Floquet-Bloch modes near the Dirac point:!

Corollary 3.3
1 [ % k=KD +ik-K® i
@itk = 5 | - P10+ B2(x) |+, (x: k),
) ) (3.3)
1 [ % k=KD +ik-K)® 1
Dp, (X5K) = — | — D1 (x)—Da(x) |+, (x; k),
V2 | Il k K| .

(3.4)

where @1 (- k) = O(lk — K|) in H*(24) as |k — K| — 0.

In the next section we discuss the result of [11], that —A + ¢V has Dirac points for
generic €.

3.1 Dirac Points of —A + ¢V (x), ¢ Generic

The strategy used in [11] to produce Dirac points is based on a bifurcation theory for
the operator —A + £V (x) acting in L%, from the ¢ = 0 limit. We describe the setup
here, since we shall make detailed use of it.

Consider —A acting on L. We note that E? = |K|? is an eigenvalue with mul-
tiplicity three, since the three vertices of the regular hexagon, Bj,: K, RK and R’K
are equidistant from the origin. The corresponding three-dimensional eigenspace has
an orthonormal basis consisting of the functions: @, (x) = e KXp (x) € L%( o1 O =
1, 7, 7, defined by ’

O (x) = ¥po(x), (0 =177
_ 1 [eiK~x+EeiRK~x+UeiR2K~x]

V319l

_ 1 e,-K‘XI:1+Eeikz-x+ae—ik1'x]. (3.5)

V3IQl

We note that

(Do, cbfr)L%( = (po, P&>L2(R2/Ah) =60,5- (3.6)

1 The factor %\ in (3.3)-(3.4) corrects a typographical error in equation (3.13) of [12].
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In Theorem 5.1 of [11], the authors proved that for real, small and non-zero ¢ and
under the assumption that V satisfies the non-degeneracy condition:

e iRITk)Y v (y) dy # 0, (3.7)

Vip =
1211 Ja,

that the multiplicity three eigenvalue, E? = |K|?, splits into

(A) amultiplicity two eigenvalue, E¢, with two-dimensional L%(ﬁ B L%(f— eigenspace

structure, and

(B) a simple eigenvalue, E¢, with one-dimensional eigenspace, a subspace of L%(’ I
For all ¢ sufficiently small, the quasi-momentum pairs (K, E?) are Dirac points

in the sense of Definition 3.1. Furthermore, a continuation argument is then used to

extend this result from the regime of sufficiently small ¢ to the regime of arbitrary ¢

outside of a possible discrete set; see [11] and the refinement concerning the possible

exceptional set of ¢ values in Appendix D of [10]. We first state the result for arbitrarily

large and generic ¢, and then the more refined picture for |¢| > 0 and sufficiently small.

Theorem 3.4 [Generic €] Let V (X) be a honeycomb lattice potential and consider
the parameter family of Schrodinger operators:

H® = —A4¢V(x),

where V satisfies the non-degeneracy condition (3.7). Then, there exists ey > 0, such
that for all real and nonzero ¢, outside of a possible discrete subset of R \ (—¢q, &),
H® has Dirac points (K, E¢) in the sense of Definition 3.1. Specifically, for all such
&, there exists b, > 1 such that E, = El‘; (K) = E§,+1(K) is a K— pseudo-periodic
eigenvalue of multiplicity two where

(1) (a) ES is an L%(’T— eigenvalue of H®) of multiplicity one, with corresponding
eigenfunction, ®{(x).
(b) E is an L%(’f— eigenvalue of H'®) of multiplicity one, with corresponding
eigenfunction, ®5(x) = Of(—x).
(c) ES is not an L%(_l— eigenvalue of H®.

(2) There exist 5, > 0, C. > 0 and Floquet-Bloch eigenpairs: (<I>§ (x; k), Ej (k))
and Lipschitz continuous functions, e i (K), j = by, by+1, defined for k—K| < &,
such that

Ej (k) — E*(K) =+ 2| [k —K]| (14¢j (k) and

E; k) — ES(K) = — |Af] [k —K]| (1 +e¢; k), (3.8)
and where
1
A = Zc(m, ES, ¢)? (l.)-(K—i-mk);éO (3.9)
meS
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is giveninterms of {c(m, E, €)}mes, the L%,r — Fourier coefficients of ®f (x; K).
Furthermore, |e§ (k)| < Celk — K|, j = by, by + 1. Thus, in a neighborhood of
the point (k, E) = (K, E¥) € R, the dispersion surface is closely approximated
by a circular cone.

3.2 Dirac Points of —A + eV (x), € Small

In this section we collect explicit information on Dirac points for the weak potential
regime.

Theorem 3.5 [Small ¢ ] There exists &g > 0, such that forall e € I, = (—&o, €0) \ {0}
the following holds:

(1) Fore € Iy, —A + eV (X) has

(a) a multiplicity two L%(- eigenvalue EZ, where ker(—A +¢V) C L%(’r ® L%(’?,
and _
(b) a multiplicity one L%(- eigeizvalue E¢, where ker(—A +¢V) C L%(,l.

(2) The maps ¢ — E¢ and ¢ — EZ are well defined for all ¢ in the deleted neigh-
borhood of zero, Iy, They are constructed via perturbation theory of a simple
eigenvalue in L%(J and in L%(,]’ respectively. Therefore, E and E¢ are real-
analytic functions of € € Ig,. Moreover, they have the expansions:

ES = K> +e(Voo — Vi) + 0D, (3.10)
ES = [K|? + (Voo +2Vi1) + O@E). (3.11)

(3) If eVi.1 > O, then conical intersections occur between the 1°" and 2" dispersion
surfaces at the vertices of By,. Specifically, (3.8) holds with b, = 1.

(4) IfeVi1 < 0, then conical intersections occur between the 2" and 3" dispersion
surfaces at the vertices of By. Specifically, (3.8) holds with b, = 2.
Fore € I,

|A§| =47 |Qp| + O(s) = 4m|vi Ava| + O(e). 3.12)

The expansions (3.10), (3.11) and (3.12) are displayed in equations (6.22), (6.25)
and (6.30) of [11].

The intersections of the first two dispersion surfaces for ¢V;; > 0, and of the
second and third dispersion surfaces for ¢V 1 < 0, are illustrated in the first two
panels of Figure 7 along a dispersion slice corresponding to the zigzag edge.

4 Edges and Dual Slices
Edge states are solutions of an eigenvalue equation on R?, which are spatially localized

transverse to a line-defect or “edge” and propagating (plane-wave like or pseudo-
periodic) parallel to the edge. Recall that A, = Zv| ® Zv, and A} = ZKk; & Zk;. We
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consider edges which are lines of the form R(a;vy + axv>), where (ai, by) = 1, i.e.
ay and b are relatively prime.

We fix an edge by choosing v = a;v| + byva, where (ay, b;) = 1. Since ay, b
are relatively prime, there exists a relatively prime pair of integers: a», by such that
arby—axb; = 1.Setvy = apvi+byvy. Itfollows that Zv | @Zvy = Zv DZvy = Ay,.
Since a;br, — arby1 = 1, we have dual lattice vectors K1, K, € AZ, given by

K1 =bk| —axky, Ry = —bik; +ajks,
which satisfy
Ry -y = 27‘[5[,@, 1<¢, A < 2.

Note that ZK| & ZK) = 7Kk & Zk, = AZ.

Fix an edge, Rv. In our construction of edge states, an important role is played by
the “quasi-momentum slice” of the band structure through the Dirac point and “dual”
to the given edge.

Definition 4.1 For the edge Rv, the band structure slice at quasi-momentum K, dual
to the edge Rv1, is defined to be the locus given by the union of curves:

A Ep(K+AR2), A <1/2, b> 1.

We give two examples:
(1) Zigzag: b1 = vi, b2 = v and K1 = Kk; and K, = ko.
In this case, we shall refer to the zigzag slice.
(2) Armchair: b; = v; + vo, v = vo and K] = k| and K, =k, — k;.
In this case, we shall refer to the armchair slice.

Figure 7 (top row) displays three cases, for —A + ¢V, where V is a honeycomb
lattice potential. Shown are the curves A = E,(K4+A83),b =1,2,3for(1))eVi; >0
and the zigzag slice (left panel), (ii) €V}, < 0 and the zigzag slice (middle panel), and
(iii) the armchair slice (right panel). As discussed in the introduction, of these three
examples, case (i) is the one for which the spectral no-fold condition of Definition 7.1
holds.

4.1 Completeness of Floquet-Bloch Modes on L2(X)

For v; € Ay, introduce the cylinder ¥ = R2 /Zv1. Consider the family of states
D,(x; K+ AR2), b > 1 for A € [0, 1] (or equivalently |A| < 1/2) corresponding
to quasi-momenta along a line segment within B, connecting K to K 4+ 8&;. Since
Ry - v =0, all along this segment we have K - v — pseudo-periodicity:

Dp(x + 013 K+ Afp) = ! K010, (x; K4+ 18) = K1 Dy (x K+ 1R2).

The main result of this subsection is that any f € L£”=K~n. (%) is a superposition of
these modes.
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Theorem 4.2 Let f € L} _y (%) = L} _g , (R?/Z01). Then,

(1) f can be represented as a superposition of Floquet-Bloch modes of —A + V with
quasimomenta in B located on the segment {k K+ AR : A < —} :

F) = / 700 ®p(x: K + 2R2)dA
b>1

szz/ X ) py(x: K + ARa)dh,  where
b>1

Fo) = (@4 K+AR). O 51 @.1)

Here, the sum representing e_iK'xf(X), in (4.1) converges in the L%(Z) norm.
(2) In the special case where V = 0:

f(X) — Z ei(K+mﬁ)~X f ()\’)el)nﬁz Xd)\,

meZ?

N\

Proof of Theorem 4.2 'We introduce the parameterizations of the fundamental period
cell Q of V(x):

XxeQ:x=nv1+n0, 0<1,n<1, k;j-x=2n1,
dxi dxy = o1 Avy| dtydr = || dty d1y; “4.2)

and of the cylinder ¥ = R?/Zv:

XEX: X=T101+n00, 0<11<1,5seR, K -x=271, K -X=211,
dxidx; =101 Avy| dty dtr = |2| dty d1y. “4.3)

Let f € qu —K-v, (X) be such that g(x) = e‘iK"‘f(x) is defined and smooth on X,

and rapidly decreasing. It suffices to prove the result for such f, and then pass to all

L%” —Kv, (%) by standard arguments. The function g(x) has the Fourier representation

g(x) =2m > / Gn(@rE)e SR dgenfx,

neZ

27 B (2nE) = m /2 o ERY iRy g (y) dy, (4.4)

The relation (4.4) is obtained by noting that G (1, 12) = g(t191+1207) is | — periodic
in 7y and in L2(R; d1>), and applying the standard Fourier representations.
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Introduce the Gelfand-Bloch transform

o) =21 D By Qu(ma 4 2) RN 3 <1720 (45)

(my,mo)eZ?

Note that x — g(x; A) is A, — periodic and A — g(x; 1) is 1— periodic. Using (4.5)
and (4.4), it is straightforward to check that

1
2.
g(x) = / eMX F(x; ) d. (4.6)
-4

Remark 4.3 For any fixed |A| < 1/2, the mapping x — g(x; A) is A, — periodic. We
wish to expand x — g(x; 1) in terms of a basis for L2(2), where 2 denotes our choice
of period cell (parallelogram) for R?/A with A = Zv| @& Zvy; see (2.1). Now the
eigenvalue problem H (k) p®* = Ep® on Q with periodic boundary conditions has a
discrete sequence of eigenvalues, EjQ (k), j = 1 with corresponding eigenfunctions
p§2 (x; k), j > 1, which can be taken to be a complete orthonormal sequence. Recall
p}?h (x; k), b > 1, with corresponding eigenvalues, Ej (Kk), the complete set of eigen-
functions of H (k) with periodic boundary conditions on €2, the elementary period
parallelogram spanned by {vy, v2}; see Section 2.2. By periodicity, pf” x;k), b>1,
(initially defined on €2;) and pj? (x; k), j > 1, (initially defined on €2) can be extended
to all R? as periodic functions. We continue to denote these extensions by: pj.z (x; k)
and Pz?h (x; k), respectively. Since A = Zv| & Zvr, = Zv) & Zvy = Ap, both
sequences of eigenfunctions are Aj,— periodic. Thus, in a natural way, we can take
pl?(x; k) = Ay p}?” (x; k), b > 1, where A, is a normalization constant. Abusing
notation, we henceforth drop the explicit dependence on €2, and simply write pp(X; K)
for pl? (x; k).

In view of Remark 4.3 we expand g(x; A) in terms of the states {pp(-; K +
AR}, b > 1t

Z D) =D (o K+2R) 8C. M) 2 P K+AR).  (47)
b>1

Recall that f(x) = eiK"‘g(x). We claim (and prove below) that
(Po (s K+ AR2), 2(, M) 2y = (P (s K+ 1K), f(.»L/%u:Km x- 48

The assertions of Theorem 4.2 then follow from (4.6), (4.7) and the claim (4.8):

1
Fx) = e K¥g(x) = /K% / © NG W) d

0=
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S /

b>1""

1

2 . ~

PN (K A+ AR2), B (L W) 120 (% K+ A R2)dA
2

1

2

= 2/1 (@s( K +A80). fO)1z o, x) Po(x K+ 2R,
b>1""2

where, in the final line we have used that @, (y; 1) = pp(y; A)e! ®+282)X Therefore, it

remains to prove claim (4.8). We shall employ the one-dimensional Poisson summation
formula:

21> F@rn+ 1) ™ =" f(y +me 2O, (4.9)

nez neZ
In the following calculation we use the abbreviated notation:
po(y; 1) = pp(y: K+ 18) and  p(y: 4) = $p(y: K+ 15R2).
Substituting (4.4)—(4.5) into the left hand side of (4.8) and applying (4.9) gives
(Pr (5 2), (5 1) 2@
= /SZ Po(y: MEY, My

1 P .
=19 / / P(TI01 + 1202, )21 D By (2 (mg + 1)) MR 4y dy ((4.2))
JO JO

meZ?2

11
= |Q\/ / pp(T10] + 1202; 1) Z
o Jo

m| e

|:27T z Sy Qm(ma 4 1)) 62ﬂi,ﬂ2r2:| ezmmlrld‘[]drz

ma€Z

1 1
=|9\/ / POl F 12025 0)
0 Jo

mieL

|:Z om, (TZ +m2)62niA(rz+mg):| ez”i’"‘fldr|dr2 ((49))

mo€Z

1
= IQ\/ /pb(tlnl F 503 e T D" g ()M T dTyds (1 + my = 5)
0 JR

mieZ
I _
= IQ\/ / Pp(TI01 + 5025 W) TGy, s)drids
Jo Jr
(G(t1, 72) = g(110] + 1202) and (4.4))

- /E Py e g (y)dy (by (4.3)).

Finally, recalling that g = e~*K* £ and py (y; 1)e ' K+28)X — @, (y: 1), we obtain
that

(Po (3 2), 8, W) 2@y = /E pp(y; &) e MRX TR £yy gy
- /E By 0 £(3) dy

= (Pp(; 1), f(-)>L2“:K,‘,l =)

k
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This completes the proof of claim (4.8) and part 1 for the case where f is smooth and
rapidly decreasing. Passing to arbitrary f € L? K is standard. In the case where V = 0,
the Schrédinger operator reduces to the Laplacian —A. In this case the Floquet-Bloch
coefficients of f € L£"=K~u. are simply its Fourier coefficients: f(1) = f(}). Part 2
therefore follows from part 1, completing the proof of Theorem 4.2. O

Sobolev regularity can be measured in terms of the Floquet-Bloch coefficients.
Indeed, as in Lemma 2.1 in [10], by the 2D— Weyl law E,(K + AR,) = b for all
re[—1/2,1/2], b > 1, we have
Corollary 4.4 Lk” —K-b, (X) and HkSH —K-v; (), s € N, norms can be expressed in
terms of the Floquet-Bloch coefficients fb(k) b > 1 For f € L,q| —K-v; (%) =

2 .
Lku Km(IR{ /7.01):

I ~Z/ A,

k=K b>1

L~ Sy / 0P

b>1

A2
K

=K401

4.2 Expansion of k — Ej (k) Along a Quasi-Momentum Slice

Let (K, E,) denote a Dirac point as in Definition 3.1. In a neighborhood of the Dirac
point, the eigenvalues Ej,, (k) and Ej, 41 (k) are Lipschitz continuous functions and the
corresponding normalized eigenmodes, &, (x; k) and @5, (x; k) are discontinuous
functions of k; see [12]. Note however that what is relevant to our construction of
v — edge states are Floquet-Bloch modes along the quasi-momentum line K + AR5,
[A] < 1/2. The following proposition gives a smooth parametrization of these modes
along this quasi-momentum line.

Proposition 4.5 Let (K, E,) denote a Dirac point in the sense of Definition 3.1. Let
{®1(x), P2(x)} denote the basis of the L2 = L2 e L%(f— nullspace of Hy — E, 1
in Definition 3.1. Introduce the Ap— perlodlc functions

Pi(x) = e KX01(x), Pr(x) = e KXy (x). (4.10)

Foreach |\ < 1/2, there exist LK+AR eigenpairs (O (x; 1), EL (X)), real analytic
in A, such that (®,(+; 1), Pp(-; X)) = Sap and

span {P_(x; 1), D (x; A)} = span {Pp, (x; K+ AR2), Pp,+1(x; K+ 1R2)}.
Introduce A — periodic functions p+(X; A) by

Dy(x; 1) = EFRDX (o 0), (pals ), po(50)) = 8ap, a, b € {+, —).
4.11)
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There is a constant §y > 0 such that for |\| < &g the following holds:
(1) The mapping . — E1 (L) is real analytic in A with expansion

Ex(}) = Ex £ [Ag] |R2] A+ E2 (M2, (4.12)

where Ay € C is given by (3.2), |E2.+(M)| < C with C a positive constant
independent of ).

(2) Let 3o = ﬁél) + iﬁg), 132] = |R2]. The Ap— periodic functions, p+(X; A), can
be chosen to depend real analytically on X and so that >

p(X; 1) = Pr(X) + ¢1(x, 1) € Lg(R*/Ap), (4.13)

where py(Xx;0) = PL(X) is given by

1 Ao 32
Pax) = — | 222 px)+ P ,
+(X) 7 [ el T3] 1(X) 2(X)]

and 4 (x; 0) = L (X) is given by

1
OL(x) = —

V2

Finally, A — @4 (X; L) are real analytic satisfying the bound |8§<pi x; M) <C'x
forall x € A, where ® = (Rq, R2), |R] < 2.

N.B. We wish to point out that the subscripts £ have a different meaning here than in
[11,12]. In [11,12], E+ (k) denote ordered eigenvalues, E_ (k) < E (k) (Lipschitz
continuous) with corresponding eigenstates @ (x; K) (discontinuous at k = K); see
Definition 3.1 and Corollary 3.3. In Proposition 4.5 and throughout this paper E4 (1)
and @4 (x; A) refer to smooth parametrizations in A of Floquet-Bloch eigenvalues and
eigenfunctions of the spectral bands, which intersect at energy E,.

[k_tzz

——® +o . 4.14
i D10 e | (4.14)

Proof of Proposition 4.5 We present a proof along the lines of Theorem 3.2 in [12];
see also [13,20]. The k— pseudo-periodic Floquet-Bloch modes can be expressed in
the form & (x; k) = eik"‘p(x; k), where p(x; k) is A, — periodic. Fork = K 4+ 1>,
consider the family of eigenvalue problems, parametrized by |A| < 1/2:

Hy(K+2A8) p(x; 1) = E(A) p(x; A), (4.15)
px+v;A) =px; ), forallve Ay, (4.16)
where Hy (k) = — (Vx + ik)2 + V (x). Degenerate perturbation theory of the double

eigenvalue E, of Hy (K), yields eigenvalues: E4+(A) = E, + Ei] )(A), where

ELPO) = £ 4] 182l A+ OG2); see[l1]. (4.17)

2 The factor of %\ in (4.13) corrects a typographical error in equation (3.13) of [12].

@ Springer



Edge States in Honeycomb Structures Page 31 of 80 12

Denote by Q| the projection onto the orthogonal complement of span{ P;, P»>}. Then,
Rk(E,) = (Hv(K) —E. D71 QULPR?/Ap) — QUL (R?/Ap)

is bounded. Furthermore, via Lyapunov-Schmidt reduction analysis of the periodic
eigenvalue problem (4.15)—(4.16) we obtain, corresponding to the eigenvalues (4.17),
the Aj— periodic eigenstates:

pe(x; 1) = (I + R(ED) Q1 Qix K2 - (V +iK)))
X (@) Pr(9) + BOI Pa0) + Oy, (Mlal? + 18P)?)

Here, the pair «(A), B(A) satisfies the homogeneous system:
(eY) a)
M(E ,X)('B) =0, where

A+ 0(R?) ED4+0(?)

see [11]. For EWD = E;l)(k), J = =£, normalized solutions, p;(k; 1), j = &, are
obtained by choosing:

ar () _ IM”‘ Z+Oom (a_(k)) | By
(ﬁ+(k)) ;iO(/\) o\ B _

S +OMm

L

45 + Yo
Finally, we note that M(E, 1) is analytic in the parameter A. Therefore the

eigenvalues E (il ) (1) and eigenvectors (a4 (1), B+ (1))T are analytic functions of A; see,

for example, [13,20]. It follows that E4 (L) and p+(X; 1) are bounded, real analytic
functions of A € R. This completes the proof of Proposition 4.5. O

5 Model of a Honeycomb Structure with an Edge

Let V(x) denote a honeycomb potential in the sense of Definition 2.4. In this section
we introduce a model of an edge in a honeycomb structure. A one-dimensional variant
of this model was introduced and studied in [7,10,25].

Let W € C®(R?) be real-valued and satisfy the following properties:

(W1) W is Aj,— periodic, i.e. W(x +v) = W(x) forallx € R> and v € Ay,
(W2) Wisodd,ie W(—x) = —-W(x).
(W3) 0y = (Py, Wd1)12(q,) # 0, with ®; as in Definition 3.1.

The non-degeneracy condition (W3) arises in the multiple scale perturbation theory
of Section 6.

Our model of a honeycomb structure with an edge is a smooth and slow interpolation
between the Schrodinger Hamiltonians Hisgo = —Ax+V(X)—8koo W(x) and Hfgo =
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—Ax 4+ V(X) + §kso W(X), which is transverse to a lattice direction, say v1. Here, ko
is a positive constant. This interpolation is effected by a domain wall function.

Definition 5.1 We call k(¢) € C*°(R) a domain wall function if « (¢) tends to £x
as ¢ — +00, and Y1(¢) = k2(¢) — k2, and T2(¢) = «/(¢) satisfy:

/(1 + 1D Ye(2)]|de < oo for some a > 5/2 and
R

/|a§n(¢)|d§ <00, £=1,2. (5.1)
R

Without loss of generality, we assume koo > O.

Remark 5.2 The technical hypotheses in (5.1) are required for the boundedness of
wave operators used in the proof of Proposition 7.15. See also Section 6.6 of [10] and,
in particular, the application of Theorem 6.15.

Our model of a honeycomb structure with an edge is the domain-wall modulated
Hamiltonian:

H® = — Ay + V(X) + 8k (8 - X) W(x),
where « (¢) is a domain wall function. Suppose « (¢) has a single zero at { = 0. The
“edge” is then given by Rv; = {x: K - x = 0}.

We shall seek solutions of the eigenvalue problem

HOWV = EW, (5.2)
YU(x+0p) = oKv W (x) (propagation parallel to the edge, Rv), (5.3)
Y(x) > 0 as |x- K| - oo  (localization tranverse to the edge, Rvoy). (5.4)

In the next section we present a formal asymptotic expansion of v;— edge states and
in Section 7 we formulate a rigorous theory.

6 Multiple Scales and Effective Dirac Equations

We re-express the eigenvalue problem (5.2)—(5.4) in terms of an unknown function
U = WU(x, ¢), depending on fast (x) and slow (¢ = 68, - X) spatial scales:

[ = (Va+8%200)" + VO ¥ + k@ W 0w = EW, ©.1)
WU(x40),0) =8P W(x,¢), and U(x,¢) — 0 as ¢ — +o0. (6.2)

We seek a solution to (6.1)—(6.2) in the form:

ES=EO 45D 4+ 2E@ 4, 6.3)
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V=yOx0+syVx )+ P 0+ (6.4)
The conditions (5.3), (5.4) are encoded by requiring, for i > 0, that

YO x+0,) =X Dx, ) Yoen,
¢ = v x0) € LPRy).

Substituting the expansions (6.3)—(6.4) in (6.1) yields

[— (AX +28 R Vy O + 87 Rl 02 + .. ) T (V(X) + 8c(O)W (X))

- (E(O) +8ED 4+ 82ED 4 )] (t/f(o) +oy D 4 82y @ 4 . ) = 0.

Equating terms of equal order in 8/, j > 0, yields a hierarchy of equations governing

v (x, 0).
At order 8° we have that (E©@, @) satisfy

(—Ax +V(x) — E@)y©@ =0,
VO +0,)=eKyOx ) VoeAy,. (6.5)
Equation (6.5) may be solved in terms of the orthonormal basis of the L%((SZ)—
nullspace of Hy — E in Definition 3.1, namely {®, ®,}. Expansion (4.13) in Proposi-

tion 4.5 suggests that a particularly natural orthonormal basis of the L%( (£2)— nullspace
of Hy — E, is given by {®,, ®_}, where

| A 5
@ = = P (x) £ . 6.6
+(X) 7 [ el Tao] 1(x) z(X)] (6.6)

Here A is givenin (3.2), 32 = ﬁél) + iﬁéz) and [32] = |R2|. We therefore solve (6.5)
with
EQ=E, ¢O%0)=ar@PrX) +a_(Q)P_(X). ©6.7)
Proceeding to order 8! we find that (ED, w(l)) satisfies

(—Ax+VE) - E) YV x0) =6V 5y O) + EDy©,
YD (x+0,)=eKyD(x ) Yoe Ay, (6.8)

where

GV, 01y
= G(l)(x, Cioy, o)
= 20;ay R - V@ +20;a- R - Vi@ —k(OOWX) (0 Py +a_D_).
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Viewed as an equation in X, (6.8) is solvable if and only if its right hand side is
L%((SZ; dx)— orthogonal to the nullspace of Hy — E,. This is expressible in terms of
the two orthogonality conditions:

—EWa; =2(0;, Ry Vx®y)dray +2(P), Ry - Vxd_) dra
— k@) [(®;, WO )ay + (P, WP_)a_], ==+ (6.9)

We evaluate the inner products in (6.9) using the following two propositions.

Proposition 6.1
(P4, KRy - VXQ_)L%((Q) =0, (6.10)
(P, K2 - VX®+)L%{(Q) =0, (6.11)
2(Py, Ko Vi) 12 g = Hilhsl R, (6.12)
2(d_, Ky - VXQD_)L%((Q) = —i|Az] |R2], (6.13)

The constant, Ay € C, is generically non-zero; see Theorem 3.4.

Proof Let3 = &Y + iR . By (7.28)~(7.29) of [12] (see also [11]) we have:

i —
(@1, R VxP2) 3 @) = 5 A 32 (6.14)
i
(P2, R VxPi) 3 @) = 5 A1 32 (6.15)
(Dyp, ﬁz-vxfbb)L%((Q) =0, b=1,2. (6.16)

Relations (6.10)—(6.13) follow from the expressions for ® in (6.6) and relations
(6.14)—(6.16). O

Proposition 6.2 Assume that W (X) is real-valued, odd and A — periodic. Let ¥y =
(P, W@l)L%(Q). Then, vy € R and

19:1 = (d>+, WcD—)L%{(Q) =(P_, W(D-l—)L%((Q) s (6.17)
(D4, W) 12 ) = (D, WD_) 12 ) = 0. (6.18)

Note that since ®,(x) = ¢®*P, (x) and ®_(x) = ¢'**XP_(x), relations (6.17)
and (6.18) hold with @ and ®_ replaced, respectively, by Py (x) and P_(X).

Proof Equations (6.17)—(6.18) follow from the relations

Dy = (B, W) 12 ) = — (D2, W2) 2 g (6.19)
(P1, W®2>L%{(Q) = (2, W¢1>L%((Q) =0. (6.20)
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To prove (6.19) and (6.20), we begin by recalling that ®,(x) = ®1(—x), W is real-
valued and W(—x) = —W(x). Since W is real-valued, it is clear that ¥y € R.
Furthermore,

(@2, W) 2 g =/Q<1>2(X)W(X)<I>2(X)dx=/Q<I>1(—X)W(X)<I>1(—X)dx

:/ O X)W(—x)D | (x)dx = —U4.
Q

This proves (6.17). To prove (6.18), observe that

(@2, W) 2 () =/Q<I>2(X)W(X)<D1(X)dx=/Q¢1(—X)W(X)<I>1(X)dx
=/ <I>1(X)W(—x)<1>1(—x)dx=—/ O x)W(x)D;(—x)dx
Q Q

= —(Py, WCD2)L%((Q) = — (D, Wq)l)L%((Q) .

This completes the proof of Proposition 6.2. O

Propositions 6.1 and 6.2 imply that the orthogonality conditions (6.9) reduce to the
following eigenvalue problem for «(¢) = (a4 (¢), @— ({))T:

(D _ E<‘>) a=0, aclLl’(R). 6.21)
Here, D denotes the 1D Dirac operator:
D = —i|rg]|R2|030; + sk ($)o1, and Ag x O¢ # 0. (6.22)

In Section 6.1 we prove that the eigenvalue problem (6.21) has an exponentially
localized eigenfunction o, (¢) with corresponding (mid-gap) zero-energy eigenvalue
EM = 0. Moreover, this eigenvalue has multiplicity one. We impose the normaliza-
tion: ||l 2Ry = 1.

Fix (ED, @) = (0, ). Then o, € L*(R), v O (x, ¢) is completely determined
(up to normalization) and the solvability conditions (6.9) are satisfied. Therefore, the
right hand side of (6.8) lies in the range of Hy — E, : HI% — L%(, and we may invert
(Hy — E,) obtaining

P& = (REIGCY) x O+ x O = v x o+ v x o). (623)
where
R(E,) = (Hy — E,)"': PLLYx — P HE
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and P, is the L%((Q)— projection on to the orthogonal complement of the kernel of
Hy — E,, equal to span{®_, ®_}. Here, w},” denotes a particular solution, and

UV, ¢) =P (@)1 x) + V(@) o x)

is a homogeneous solution.

Note that by exploiting the degrees of freedom coming from the L%(— kernel of
Hy — E,, we can continue the formal expansion to any order in . Indeed, at O0$YH
for £ > 2, we have

(—Ax+ VX - E) vy 0)
= (28 V) & —xkOWE) ¥ V& 0 + EOyp O, )
+ GO (x. g3y @, D gD W, B
vOx+u,)=e®yOx, ) Yoen, (6.24)

where, for the case £ = 2,

GO iy Y= (282 Vi) O —k (OWX) ) ¥V (x. 0)
+HRl? 07y O x, 0). (6.25)

As before, (6.24) has a solution if and only if the right hand side is L%(Q; dx)-
orthogonal to the functions ®;(x), j = . This solvability condition reduces to the
inhomogeneous system:

DaV () =60 &)+ EPa,(¢), oD e L?(R), where (6.26)

<¢+(.), GO ciy©, .y gD g0 E(Z—l)»)
L@ | (6.27)

g0() = ¢ 0 t-2) 4, =D pa -1
<¢_(.), GO ciyp©®, .yt y=D g0 pe- >))>

Solvability of the non-homogeneous Dirac system (6.26) in L2(R), is ensured by
imposing L?(R)— orthogonality of the right hand side of (6.26) to , (¢). This yields:

EO — _ <Of*, g(@) (6.28)

LX®)

Thus we obtain, at O(8%), that ¢ = w,(f) + w}(f), where w{()@) is a particular
solution of (6.24) and I/I}Ee)(X, Z) = af) )DL (x)+ a(_z) (¢)®_(x) is a homogeneous

solution.

Summary: Given a zero-energy L2(R)— eigenstate of the Dirac operator, D (see
Section 6.1), we can, to any polynomial order in §, construct a formal solution of the
eigenvalue problem H®y = Eyr, € L/%HIK»nl-
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6.1 Zero-Energy Eigenstate of the Dirac Operator, D

Proposition 6.3 Let k(¢) be a domain wall function (Definition 5.1) and assume,
without loss of generality, that ¥y > 0. Then,

(1) The Dirac operator, D, has a zero-energy eigenvalue, EV = 0, with exponentially
localized solution given by:

3,
@) = (@) = v (L) Bt )

Here, y € C is any constant for which || ||;2 = 1.

(2) The solution (6.29), o, generates a leading order approximate (two-scale) edge
state:

v (x &, - x)

= o+ (0R2 - X) P4 (X) + ay,— (382 - X)P_(X) (6.30)
i . U RN ds
=KXy (—1-1) i2E 32 px)— py(x) | e TR d K
1Azl 1321
(6.31)

WO (x, 8x) is propagating in the vy direction with parallel quasimomentum
ky =K - vy, and is exponentially decaying, K, - X — =£00, in the transverse
direction.

Proof of Proposition 6.3 The system (6.21) with energy E)) = 0 may be written as:

—idy 01 ot
/ a:—K( ) ( ) * “= ( )’
= e <9 1o o

and has solutions:

Bi1(5) = (:) e'*ji'nﬁzl fém)ds, and Br(¢) = (_ll) e‘*;\% Ji s

Since ¥; > 0 and k() — koo as ¢ — Fo0, with k5 > 0, the solution B2(¢)
decays as ¢ — Fo0o. Thus we set a,(¢) = yB2(¢), with constant y € C chosen so
that [lots || 2Ry = 1. This yields the expression for w0 (x, §x) in (6.30)(6.31), and
completes the proof of Proposition 6.3. O

Remark 6.4 (Topological Stability). The zero-energy eigenpair, (6.29), is “topologi-
cally stable” or “topologically protected” in the sense that it (and hence the bifurcation
of edge states, which it seeds) persists for any localized perturbation of «(¢). Such
perturbations may be large but do not change the asymptotic behavior of x(¢) as
{ — Foo.
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7 Existence of Edge States Localized Along an Edge

In this section we prove the existence of edge states for the eigenvalue problem:

HOU = FE v , Ve H,f”:K_m(E), where
H® = —A + V(X) + k(88K - x) W(X). (7.1)

We make the following assumptions:

(A1) V is a honeycomb potential in the sense of Definition 2.4 and —A + V has a
Dirac point at (K, E,); see Definition 3.1 and the conclusions of Theorem 3.4.
In particular, the degenerate subspace of H® — E, has orthonormal basis of
Floquet-Bloch modes {®;(x) , ®»(x)} and

Ay = Zc(m)2 (§)~(K+mk) £ 0; see (3.9).

meS

(A2) W is real-valued and Aj— periodic, odd and non-degenerate; i.e. (W1), (W2)
and (W3) of Section 5 hold. In particular,

ﬁﬁ = (Cbl, Wq)l)L%( = <¢)+s WCD—>L%( 75 O

(A3) k(8K - x) is a domain wall function in the sense of Definition 5.1.

The following spectral no-fold condition plays a central role.

Definition 7.1 [Spectral no-fold condition]. Let Hy = —A + V(x), where V is a
honeycomb potential in the sense of Definition 2.4. Further, let (K, E,) be a Dirac
point for Hy in the sense of Definition 3.1, in which we use the convention of labeling
the dispersion maps by: k — Ej(k), where b € {b,, b,+1}U{b > 1: b # b,, b,+1}
={—,+}U{b=1:b#—,+}.

To the b1 — edge, Rv |, we associate the “R,— slice at quasi-momentum K”, given
by the union over all b € {—,+}U{b > 1 : b # —, 4} of the curves {(K +
MR, Ep(K+28) ¢ [A] < 4).

We say the band structure of Hy satisfies the spectral no-fold condition for the
v — edge or, equivalently at the Dirac point and along the &, — slice, with constants
c1, ¢2, ag, and v € (0, 1) if the following holds:

There is a “modulus”, w(a), which is continuous, non-negative and increasing on
0 < a < ap, satisfying w(0) = 0 and

w(a”)/a— oo as a— 0,

such that forall 0 < a < agp:

1
o' < i <5 = ‘Ei(K+Aﬁz)—E*

> 1 w(a"), (7.2)

b+ A <1/2 — ‘Eb(K+Aﬁ2)—E*

> e (1+1b).  (1.3)
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Our final assumption is

(A4) —A + V satisfies the spectral no-fold condition at quasimomentum K along
the R, — slice; see Definition 7.1.

Remark 7.2 (1) Conditions (7.2)—(7.3) ensure that, restricted to the quasi-momentum
slice A = K + ARy € B, the dispersion curves which touch at the Dirac
point (K, E,) do not “fold over” and attain energies within ¢| - w(a") of E, for
quasimomenta bounded away from K.

(2) Dispersion curves of periodic Schrédinger operators on R! (Hill’s operators, H =
—83 + Q(x), where Q(x + 1) = Q(x)) with “Dirac points” (see [7,10]) always
satisfy the natural 1D analogue of the spectral no-fold condition with w(a) = a.
Dirac points occur at quasi-momentum k = =7 and ODE arguments ensure that
dispersion curves are monotone functions of k away from k = 0, .

(3) In Section 8 we prove that H.,y = —A + ¢V, where V is a honeycomb potential,
satisfies the no-fold condition along the zigzag slice (v; = vi) with modulus
w(a) = a2, under the assumption that ¢V; 1 > 0 and ¢ is sufficiently small.

We now state a key result of this paper, giving sufficient conditions for the existence
of v — edge states of H® forov; € Ap.

Theorem 7.3 Consider the v1— edge state eigenvalue problem, (7.1), where V (X),
W(x) and k() satisfy assumptions (Al)—(A4). Then, there exist positive constants
80, co and a branch of solutions of (7.1),

1] € (0,80) —> (E°, W) € (Ex—co 80, Ex+cod0) x H gy, (%),

such that the following holds:

(1) W8 is well-approximated by a slow modulation of a linear combination of degen-
erate Floquet-Bloch modes 4 and ®_ ((6.6)), which is decaying transverse to
the edge, Zv:

1

| W2 = [on+ 3R P1() + otu —(BR2NVP_()] | 2 < 82, (14

k”=K-Dl

ES = E, + E?8% + 0(8?), (7.5)

where E® is obtained directly from (6.28), (6.27) and (6.25). The implied constant
in (7.4) depends on V, W and «, but is independent of §.

(2) The amplitude vector, o, () = (a*,+(§), oz*‘,(g‘)), is an LZ(R;)— normalized,
topologically protected zero-energy eigenstate of the Dirac system (6.22): Do, =
0 (see Proposition 6.3).

Perturbation theory for k|| near K - v can be used to show the persistence of edge

states for parallel quasi-momenta near K - v;.

Corollary 7.4 Fix V, W, k and § as in Theorem 7.3. Then there exists no < § such
that for all k) satisfying |k — K - v{| < no, there exists an Hk2” (X)— eigenfunction
with eigenvalue 1(8, kj) = E® + b (ky —K-v1) + O(lk — K- v1|?), where E°
is given in (7.5), and 1° is a constant, which is independent of k.
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Zigzag edge states for k| in a neighborhood of ky = K-v| =27/3 (b = v;) and,
by symmetry, in a neighborhood of k| = 47 /3 are indicated in Figure 6.

7.1 Corrector Equation
We seek a solution of the eigenvalue problem (7.1), W, in the form

W=y Ox, 88 - x) 4+ sy V(x, 88 - %) + 817°(x), (7.6)
E} =E, +§%u°. (7.7)

Here, ¥© and v ,(,1) are given by their respective multiple scale expressions (6.7) and
(6.23):

Y Ox, 88 %) = 0, 1 (882 )P4 (X) + otu,— (882 - X)P_(x),
UV, 0% = (RIENGD) (x, 5% - x).

and (,u‘s, r)‘s (x)) is the corrector, to be constructed. We may assume throughout that
5 =>0.

Remark 7.5 We shall make frequent use of the regularity of &, (x), ®_(x) and
a0, (8) = (0, +(0), oc*,,(g“))T. In particular, V. € C*®(R?/A) and elliptic regular-
ity theory imply that e ~KXd_ is C>°(R?/A), and by Proposition 6.3, a,(¢) and its
derivatives with respect to ¢ are all exponentially decaying as || — oo.

The following proposition lists useful bounds on 1 (*) and w](,]).

Proposition 7.6 (H,,f”:K_nl (x) bounds on v O (x, R, - X) and wl(,l)(x, 3Ry - X)).

Foralls = 1,2, ..., there exists 5o > 0, such that if 0 < |§| < 8o, then the leading
order expansion terms 1//(0) (x,88, - X) and 1//[(,1)()(, S8Ry - x) displayed in (6.7) and
(6.23) satisfy the bounds:

pOx K|+ ‘ O] ~ 181712,
kj=K-v {=0Rax L%||=K'°1
pmek x| S p
kH:K«Ul
o2 x o) + ‘a B x. o) S 18l
c¥p ) _ ) x0¢ P 5 _ ) ~
=88Rnx LI%H Koo =8Rsx L%” Koo,

It follows that ||y @ || .2 ~ 8712 > 115y (¢ 892 = 02,
kH:K«u 1 k“:K-U 1
The proof of Proposition 7.6 follows the approach taken in the proof of Lemma 6.1

in Appendix G of [10]. We omit the details but make two key technical remarks, that
facilitate this proof.
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Bound on || ®p|| gs: Recall @p(x; k) = ™% py (x; k), where || D 1120y = I ppll 120
= 1. Now p(x; k) satisfies —Apy, = 2ik - Vp, — |k|?pp — Vpp + Ep(K) pp, where
V is bounded and smooth. By 2D Weyl asymptotics |Ep(K)| =~ (1 + |b]), b > 1
and therefore we have ||App| ys-1 < Cs(1 + b) || pp|lus. Hence, by elliptic theory
| 2ol gs+1 < Cs(14+b) || pp || s and induction on s > 0 yields || pp||gs < Cs(1+b)*.

Rapid decay of (®p(K)., ()20 Using HO®p(x; K) = Ep(K)®p(x; K),
for sufficiently smooth f we have: (®5(-; K), f()) 2 = (Ep(K)™M(d(-; K),
[HOM £(-)) ;2 Hence, forany M > 0,] (@1 K), f()) 120 | < Cu(14b)~M.

It remains to construct and bound the corrector (u, n(x)). Substitution of the
expansion (7.6) into the eigenvalue problem (7.1), yields an equation for n(x) €
sz“:K'nl (X), which depends on p and the small parameter §:

(— Ay + V) = E2) 1(x) + 8k (882 -0 W (0n1(6) — 821 11(x)
=5(26 - Vi — k08 W)U 0| sy O 8 x)

Fomly O ol e sk )

21a.12 a2 .. (1)
+ 1Rl v | (7.8)

To prove Theorem 7.3, we shall prove that (7.8) has a solution (u(§), n’s), with n5 €
szu —K-v, satisfying the bound

5 1/2
167 IIszuzK'n] <Cé§'/-.

7.2 Decomposition of Corrector, 1, into Near and Far Energy Components

Introduce the abbreviated notation, for |A| < 1/2:

Ep(K+182) by ¢ {by, b+ 1,
Ep(A) = 1 E-() b = b, (7.9)
E+()\.) b= b* + 1»

and
(Db(X; K + )\.ﬁz) b* ¢ {b*1 b* + 1}7

Dp(x;A) = DP_(x;A) b = b,, (7.10)
DL (x; ) b=b,+ 1.
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Define ﬁ,(k) = (Dp(-, 1), f('))L}‘;H:K-n] . By Theorem 4.2, any n € szH:K.m(E)

has the representation

nx =y /A @5 (x; 1) (M) di. (7.11)

b>1 [A]=<1/2

Our strategy is to next derive a system of equations governing {7,()}p>1, which is
formally equivalent to system (7.8). We then prove this system has a solution, which
is used to construct 1 (x).

Take the inner product of (7.8) with ®;(x; 1), for b > 1, to obtain

b>1:(Ey(A) — E.)iip(h)
+ 8 (Pp(; 1), K((S.?tz')W(')ﬁ('))LiH:M1
= 8Fple, 8100 + 82 Tp(A) , Al < 1/2. (7.12)
Here, Fj[u, 81(A), b > 1, is given by:

Fyle, 8100) = F)° () + wFP ) +8pF)° 00 + FJ° ) +8F° 00, (7.13)

where
Fy' ) = <<1>b<x, 1), Q8- Va i — kG WY 0| > o
TOL ke
I 1
R O O
k“=K<b1
Foor=(esx v 88 0)
kH:K«ul
Fyt o) = <d>b(x, w1l Vo) > .
- 2 Lk”:K~l‘ll
F0) = <d>b(x, 0. 1Rl 07y (x, ;)L_mz > i (7.14)
= X Lk

1=Ke

Recall the spectral no-fold condition ensuring that §/w (") — 0 as § — 0, where
v > 0. We next decompose 7(x) into its components with energies “near” and “far”
from the Dirac point:

N(X) = Mnear(X) + Nar(X), where
Mnear(X) = D / Dy (X; A) Tlp.near (1) dA, (7.15)
b=t 7IA=1/2
Nfar(X) = / @p(X; A) Mp,far(A) dX,  and
PRV
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x (1Al <8Y) 720,

ﬁi,near ()&)

~ 1
b far(A) = X ((3;,,+ +4, 08" <Al < 5) (A, b=1; (7.16)

8p.+ and &, are Kronecker delta symbols.
We rewrite system (7.12) as two coupled subsystems: a pair of equations, which
governs the near energy components:

(E—i-()\) - E*) ﬁ—i—,near()")

+ (SX ( |)\-| = 8”) (q)+(" )\.), K((Sﬁz)W() [nnear(‘) + nfar(')]>L%”:K_u| )

=58x ( Al < a”)ﬂ[u, 8100) + 8% Tt near (1), (7.17)
(E—(1) = E.) - near ()
8% (1M = 87) (- (. 1) K BRIWO) [near () + 0Oz )

= 8x (Al < 8")F_[1t, 81A) + 821 T pear (M), (7.18)

coupled to an infinite system governing the far energy components:

(Ep(%) = E) T 0 +8x (1/2 2 131 = .~ +8.4)8")
X A DPp(-, 1), k(§R2 )W () [Mnear (+) + Ufar(')])[‘]%”:K_b] ()

= 5x(1/2 2 1M = G + 85,008 Pyl 816 + 82t o3, b= 1.
(7.19)

We now systematically manipulate (7.17)—(7.19) into the form of a band-limited
Dirac system; see Proposition 7.12. This latter equation is then solved in Proposi-
tion 7.15. Since all steps are reversible, this yields a solution (u°, {ﬁi(k)}bz 1) of
(7.17)=(7.19). Finally, n° HI<2”=K-u1 (%), the solution of corrector equation (7.8), is

reconstructed from the amplitudes {ﬁg (M) }p>1 using (7.11).

7.3 Construction of 9far = Wfar[#nears 4, 6] and Derivation of a Closed System
for nnear

We solve (7.19) for ng,r as a functional of nyear, and the parameters p and 6. We then
study the closed equation for npe,r Obtained by substitution of 7, into (7.17) and
(7.18).

It is in the construction of this map that we use assumption (A4), the spectral no-fold
condition along the K — slice; Definition 7.1. We apply it in the form: There exists a
modulus, w(a), and positive constants v, c1 and ¢, depending on V, such that for all
8 # 0 and sufficiently small:
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1
& <hlsy = (Es) = E| = ¢ 00", (7.20)

= ¢ (1+1b)). (7.21)

b#tE+: <12 = \Ebm—

The far energy system (7.19) may be written as a fixed point system for g,y =
b, far (W) }p=1:

EplMtar; Mnears 1> 81 = T rar s b= 1, (7.22)
where the mapping & is given by

Epls . . 81(0)
L B 3x(122 1302 Go +8,1008Y)
Ep(X) — Ex Ep(L) —

(@ D K BRIWO WO + 6O+ Fol am)) ,

and
P00 = Z/ (121 2 @b+ 85,18") p(IB(x: 1) d2
=1 A|<1/2
=> / b tar (V) @ (X: 1) d .
=1/ 1x=1/2
Equivalently,

E[Mfars Mnear> 1> 8] = Nfar. (7.23)

For fixed w, 6 and band-limited npear:

N+ near(M) = X (|)\| = 5])) -+ near (1), (7.24)

we seek a solution {7p_far (1) }p>1, supported at energies bounded away from E,:

Mo.ar (V) = x (1Ml = Bp,— 4 8p.4)8") Mopfar (), b = 1. (7.25)

Introduce the Banach spaces of functions limited to “far”” and “near” energy regimes:

L2 50 (3) = {f € L} kv, (5) 1 fy(3) satisfies (7.24)},

L, 50 () = {f € L} ko, (2) ¢ fo(3) satisfies (7.25)} ,
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Near- and far- energy Sobolev spaces Hf, (%) and H},,,
The corresponding open balls of radius ,0 are given by:

(X) are analogously defined.

Bnear,B" ('O) = {f € Lnear sV ”f”L]%H:K‘“l < p] ’

k| =K-v

Brar,sv (p) = [f € Liys : 11,2 < /0].

Using (A4) that H ©) — _ A + V satisfies the no-fold condition for the v — edge, we
deduce:

Proposition 7.7 (1) For any fixed M > 0, R > 0, there exists a positive number,
8o < 1, such that for all 0 < § < 8¢, equation (7.23), or equivalently, the system
(7.22), has a unique solution

(Mnears U, 8) € Brear,sv (R) x {|u] < M} x {0 < § < 8o}

1
> Dtar (-3 Mnear> 1y 8) =T 177far € Brar,sv(0s), ps = O(CU(S”))

(2) The mapping (Mnear» M, 8) +> Nfar (*; Nnear> 4, 6) € k” Kb is Lipschitz in
(Mnear, 1) With:

I maln e 81 = el 12,81 gz, o)

(1= valg

2 ks + 1 — le),

< C
= (%)

i
8 52
17 ¢ar [Mnears s 5]”1-11(2“:](l71 < (—w(SV) ”nnear”sz"=K-ul + w((S”)) . (7.26)

The constants C' and C" depend only on M, R and v.
(3) The mapping (Mnear, i, 6) > Nar[Nnear> U, 8] Satisfies:

Nfar[Mnears 1, 81(X) = [ANpear](X; @, §) + uB(x; 8) + C(x; 6). (7.27)

For Nnear € Bnear(R) we have:

8
||[A17near](-,MLB)—[Annear](uMz,é)llﬂkz”:Kul < Cyr 26" w1 — w2l

1)
A Dmear] (5 1, 8)”1—1’(2”:](”1 = m ||77neax”1-11(2“:](.01 s

53 52
, and ||C(; 0) |l g2 <

B(:; 8 = ’
1 B(-; )l 2 = =Ko, — w(8)

k=Ko = @(8Y)
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(4) We may extend ngar[-; Mnear, U, 8] to be defined on the half-open interval § €

[0, 80) by defining nfar[Nnear, 4, 8 = 0] = 0. Then, by (7.26) ntar[Nnear, i, 8] is
continuous at § = 0.

Remark 7.8 [Remarks on the proof of Proposition 7.7] The proof follows that of
Corollary 6.4 in [10], with changes that we now discuss.

(a) The fixed point equation (7.22) for g, is of the form:

8 x(IAl = (8p,— + 8p,+)38")
Eb()\) —E,

Nfar = QsNfar +

X (_ (Pp(-, 1), k(BR2HIW(-) 77near(')>L%”:Kiul + Fb[ﬂy 8]()\)) s

(7.28)
where Qjs is bounded and linear on H k2”=K-n1 and defined by:
[Qs6 1,
__s x (IA] zéib(,:;ﬁ:%;b,ﬂ)a”) (@) (-1 1), kK (8R2)W () ¢(')>Lf”=x.u1
+ 8% —Ehif’)“_) —. (7.29)

To construct the mapping (1near> 45 8) > Nfar[Mnear, 1, 8] and obtain the conclu-
sions of Proposition 7.7 it is convenient to solve (7.28) via the contraction mapping
principle. Thus we need to bound the operator norm of Qg and we find from (7.29)

that Qs maps L2, s, to HZ,_ s, with norm bounded by constant x ¢(8), where

5] 18]
e(8) = sup sup ——— + sup (1+|p|) sup ——.
b=t sp<pai<t [EbG) = Exl b1 bt o<ip<t 1Eb() — Eul

(7.30)
The spectral no-fold condition hypothesis (7.20)—(7.21) implies that

1] 1]

5) < ,
D2 oo awm Tam

(7.31)

which tends to zero as § tends to zero. Hence, the contraction mapping principle
can be applied on the ball By sv (0s), 05 = (’)(8%/a)(8”)).

(b) We note that although X is a two-dimensional region, since ¥ is unbounded in
only one direction, estimates on Hk2| (%) have the same scaling behavior in the
parameter § as in the 1D study [10].
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7.4 Analysis of the Closed System for npear

Substitution of 9 [Mnear, 4, 8] into the system (7.17)—(7.18) yields a closed system
for (Npear, 1), Which depends on the parameter § € [0, 8p). In this section we show, by
careful rescaling and expansion of terms, that the equation for 7pe,r may be rewritten as
a Dirac-type system. We then solve this system in Section 7.5. Recall the abbreviated
notation: E; (1) and @, (x; A), introduced in (7.9)—(7.10).

Since both the spectral support of 1pe,r (parametrized by K + AR», with [A| < §Y),
and size of the domain wall perturbation, O(8), tend to zero as § — 0, it is natural to
scale in such a way as to obtain an order one limit. We begin by introducing £, a scaling
of the quasi-momentum parameter, A, and 774 near (£), an expression for 74 pear(A) as
a standard Fourier transform on R:

| >

ﬁi,near & = ﬁi,near()\)’ where & = —. (7.32)

By Proposition 4.5: Ex+(A) — E. = =£|As| |Rao| 8& + Ep1(88) (86), where
|E2,i(8$ )’ < 1, for all &; see (4.12). Substitution of this expansion and the rescaling
(7.32) into (7.17)—(7.18), and then canceling a factor of § yields:

+ gl 1Rl & Tpnear8) + x (&) < 871 (@4(, 88), K(8ﬁz~)W(-)nnear(~))L]3H

= x(I&] < 8""DFLli, 8100 + 814 Ty near (8) — 8E, 1+ (88)E° T4 near (§)
— x(E] < 8" H (@1, 88), K (8K2 )W () far [Mnear 1 1001z, (733)

— Mgl 1R2] & N near(€) + x (1] < 8”71 (@, 88), K((SﬁZ')W(')nnea.r('))L]%H

= x(I&] < 8" DF_[1t, 8100 + 814 1= near (§) — 8 E2,—(88)E*T— near ()
— X (&l < 8" H(®_(., 88), K (8K2 )W () far [Mncar 4 102z, - (739

=K-v
=K-v|

We next extract the dominant behavior, for § small, of the inner products involving
Nnear DY first expanding nnear in terms of its spectral components near energy E, =
E (A = 0) plus a correction. To this end we apply Proposition 4.5 to expand p+ (X, 1)
for A = §& small:

11y
P2(X,3) = Pa(8) + 91(5,88), P2x) = [ ZEL R0 + )| where

lpL(x,85) < sup  lpr(x,w)| <8, |g] <8 L. (7.35)

xeX, |lw|<§Y

Thus, using (7.15) and that & (x; 1) = e/ ®+4R2)X ;| (x: 1) (see (4.11)), we obtain
nnear(x) = / q)+(X» A)ﬁ—i—,ncar()")d)" +/ d_(x, A)’ﬁ—,near()\)d)L
[A]<8Y

[A|=8Y

. . R A
— / elK‘xel)\ﬁzlxp_i_(X, )\)7]+,nea_r (_) d}\,
IA|<8v 8
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e R A
+/ elKvxeMRZ'Xp—(xa N = near (_) di
|A]<8v 8

— 5% P, (x) R ) + 56K (x, 582 %)
[E]<é6v—
+ 8¢ K5 P_(x) PN ean®)dE 4 8¢ (x, 8% %)
|&]<6v—
= 8% [Py (X) Ny near(BR2 - %) + P_(X) 7 near (882 - X)
+ D o 8% - x)} : (7.36)
b=+
where p4 (X, ) =/ le"sgwi(x, 8E) N+ near (§)dE. (7.37)
[&]<év—

We now expand the inner product in (7.33); the corresponding term in (7.34) is treated
similarly. Substituting (7.36) into the inner product in (7.33) yields (using @1 (x; k) =
e*Xp. (x; k))

(P4(-, 88), kK (8)W ()nnear () 12

kj=K-v
= (P4, K+ §Ry), K(S‘)W(')nnear(’))[‘i”:K_nl (7.38)
= 3{e" R (L 88). PLOWO) KOR2) M 082)), - (7.39)
+ 8 (D% p (- 88), P-OW() k(BSRa) n_,near(aﬁz»)Lz(Z) (7.40)
1868, (. . Yon (- .
£8P 6. WO K (@R2)pp(082)) L o (4D
b=+
The inner product terms in (7.39)—(7.41) are each of the form:
GB:6) =34 / e 18R X o (x SEV(x, 8K, - X)dx, where (7.42)
=
(IP1) g(x, y) is a smooth function of (x, y) € ]RZ/Ah x R and
(IP2) x > I'(x, ¢) is Aj— periodic and H?(Q) with values in L2(R;), i.e.
'x+v,¢)=I(x,¢), foralve Ay, (7.43)
2
2
Z Z /Q JosT(x. 0) ”L?(]R{) dx < oo. (7.44)
j=0 lel=j
We denote this Hilbert space of functions by H? with norm-squared, || - ||%12,

given in (7.44). It is easy to check that conditions (7.43)—(7.44) are satisfied

for the cases I' = I'(¢) = k({)N+near(§) and I' = I'(x, ) = k($)p+(x, ),
where p4 is defined in (7.37).
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To expand expressions of the form G (8, &), we use:

Lemma 7.2 Let g(x, y) and I'(x, ¢) satisfy conditions (IP1) and (IP2), respectively.
Denote by I' (X, ) the Fourier transform of I (X, ) with respect to the { — variable,
given by

—~ 1 .
I'x, o) = lim — eI (x, £)d¢, (7.45)
N1too 2 |Z|<N

where the limit is taken in L*(2 x R,; dxdw). Then,

G(5;£) = Z/Qef"ﬁﬂf (x5 +¢) s(x. 86)dx. (7.46)

neZ

with equality holding in L? ([—&max, Emax1; d&), for any fixed &Emax > 0.

loc

We adapt the proof in [10] (Lemma 6.5) for the 1D setting. We require the following
variant of the Poisson summation formula in leoc'

Theorem 7.10 Let I'(x, ¢) satisfy (IP2). Denote by F(X, w) the Fourier transform of
I'(x, ¢) with respect to the variable, ¢; see (7.45). Fix an arbitrary ymax > 0, and
introduce the parameterization of the cylinder X: X = 1101+ 102, 0 <11 <1, 1» €
R. Then,

Z e_iy(r2+n)r(rlbl + 0o, 2 +n) =21 Z e2rine (t191 + a2, 2Tt + y)
nez nel,
in L* ([O, 112 X [—Ymaxs Ymax]; dT1d 12 - dy).

The 1D analogue of Theorem 7.10 was proved in Appendix A of [10]. Since the
proof is very similar, we omit it. We also require

Lemma 7.11 Let F(x,y) and Fy(X,y), N = 1,2,..., belong to L2(Z X
[—Ymax> Ymax1; dXdy). Assume that

|Fn — Fll 2 )—>O, as N — oo.

(ZX[—Ymax, Ymax];dxdy

Let G € LZ([—ymax, Ymax ) dy). Then, in the LZ(E; dx) sense, we have:

Ymax Ymax
lim Fyx, y)G(y) dy=/ lim Fy(x, y)G(y) dy
N—o00 — Ymax —Ymax N—o0
Ymax
=/ F(x,y)G(y) dy.
—Ymax

Proof of Lemma 7.11 Square the difference, apply Cauchy-Schwarz and then inte-
grate dx over X. O
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Proof of Lemma 7.9 Recall the parameterization of the cylinder, X:

XeEX: XxXx=T101+1n00, 0<1=<l, neR, K -x=21, K -X =211,
dxidxy = v Ay dtid = |Q|dt dy.

Using that g(x,8) = g(r1v] + 17, 86) and I'(x,6KR, - x) = [(r1v] +
07, 21817) are both appropriately 1-periodic, we expand G(§; &) defined in (7.42).
By Lemma 7.11:

G(5;6) =412 / dr / “IIET g (1101 + 1202, 88) T (1101 + 1202, 27812) do

n+l1 .
=49 / dt| hm Z / e’Z”"Sg”g(tlm + 102,88) T (1101 + 1202, 27812) dm
0 n=—N n

1 N 1
:5|sz\/ dri lim Z/ e TE@I o (119 4 1y0,, 5E)
0 ‘)OO)I——N 0
x ' (t10] + 1202, 278(12 + 1)) dra

1 1
=4 Q| / dry / (10 + 102, 88) [ z e 2@ (g0 + 100, 278(T2 +n))] dr.
0 0

nez

By Theorem 7.10 with I' = I'(t1v1 + 02, 27812) and y = 27 5&, we have

. 1 PN
Z e 2T MAN) P (110 4 Toy, 278T)) = 3 Zezmmf’ (nnl + thy, g +€) ,
nez nez

with equality holding in L? ([07 ]]2 X [—&max, Emax]; dT1d 72 - dé) Again using
Lemma 7.11 we may interchange the sum and integral to obtain

G(5:8) = —|sz|/ dn/ g<nm+rznz,6s>2e2”'"f2r(nmmm, Z+¢) dry

nez
- Z/ in Ry X3 (x oy g) g(x, 85)dx. (7.47)
nez
This completes the proof of Lemma 7.9. O

We next apply Lemma 7.9 to each of the inner products (7.39)—(7.41).
Expansion of inner product (7.39):

Let g(x, 88) = p+(x,85) PL (X)W (x) and I'(x, £) = k()14 ,near(£). By Lemma 7.9,

5<ei§5ﬁ2.p+(‘, 8E), P+(.)W(.)/<(8ﬁ2')n+,near(3ﬁ2~)>L2(Z)

— Z/ infy- x]:;'[/“’]-i- near ( + %-) p+(X 8%_)P+(X)W(X)dx
nez
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Since p1(x, A = &) = PL(X) + ¢+ (X, 6&), where ¢4 (X, 6&) satisfies the bound
(7.35), we have

8 (0% (-, 88), PrOIW (K (3R near (O R2)

= I.}_(E; N+ near) + I.%(a N+ .near)

LX(%)

where

n .
I.}.(é? N+ near) = Z]:{ [k 1+ near] (E + é)/ onfx |P+(X)|2 W(x)dx,
nez &2

B & Mmear) = D Felicnsmear] (5 +5) /Q "X (X BE) P (O W (X)dx.
nez
(7.48)

From Proposition 6.2 and Assumption (W3) we have
/ |P+(x)|2 W(x)dx =0 and / PL(xX)P_(x)W(x)dx =¥: #0. (7.49)
Q Q

Therefore, the n = 0 term in the summation of Ii (&; 1+ near) In (7.48) is zero and we
may write:

I.}.(%-; N+ near) = Z ]:; [k 1+ near] (g + %-) ~/SZ X |P+(X)|2 W (x)dx.

[n|=1

Expansion of the inner product (7.40):

Similarly, with g(x, §§) = p(x, §&§) P_(x) W (x) and T'(X, {) = «({)N— near(§), We
have

{655 (. 8), P-OW O (GR2 ) ner(8R2)) ,
= IE(S; n—,near) + Ii(é; n—,near),

where (noting, by (7.49), that the n = 0 contribution is nonzero)

]-?-(E; 1— near) = 29ji’?ﬁ+,m:ar(%-) + I.?.(%-; N—.near), Where

I_?_(E; n—,nea.r) = Z f;‘ [KU—,near] (g + é)/ einRZ'XP.F(X)P_(X)W(X)dX, and

In|>1 @
]j_(é; n—,near) = Z]:; [KU—,neax] (g + E) /Q einﬁz‘XQD_;_(X, 8E)P_(x) W (x)dx.
nez
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Expansion of inner products (7.41):

Consider the b = + term in (7.41). Let g(x,88) = p4+(X,8§)W(x) and '(x,¢) =
k(&) p+(x, ¢). By Lemma 7.9 and the expansion of py (x, §§) about P4 (x) in (7.35)
we have:

8 (05 p (-, 66), WK (0Ra)ps (8827, = FLE M mear) +1EE Dncar)

LY(Z)

where

2§ Mgnear) = D /S2 Feleps] (x. 5 +6) " BXPLEOW ()dx,

nez
n . -
I9.(&; 04 near) = Z/ Felept] (X, st 5) "X (x, 5E) W (X)dx.
nez Q@
For the b = — term in (7.41) we have

5 (€552 p(,6), W (ORa)p-(, 8829) |, = 1185 1 near) +15 63 1 near),

L2(%)
where

11(5; N+ ,near) = Z/Q}_f [kp-] (Xa g + S) einRIXPJr(X)W(X)dX,
nez

Ijg_(g; N4 near) = Z‘/Q}—{ [kp-] (X’ g + S) ein.ﬁ2~x(p+(x’ SEYW (x)dx.

nez

Assembling the above expansions, we find that the full inner product, (7.38), may be
expressed as:

8
(D4 (-, 88), k (6R2)W (V1near (D) 2(5) = Pk Tlnear, — (§) + zli(%‘; Mnear), (7.50)

j=1

A similar calculation yields:

8
(P_(-, 8%), K(6ﬁ2')W(’)nnear(')>L2(2) = ﬁﬁ@near,—k(f) + Z Ii (&; Mmear), (7.51)
j=1

where the terms / i (&; Nnear) are defined analogously to 7 i (&; Nnear). We now substitute
our results (7.50)—(7.51), (7.13)—(7.14) and (7.27) into (7.33)—(7.34) to obtain the
following:
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Proposition 7.12 Let B(E) = (4 near (), M- near (€))7 . Equations (7.33)—(7.34), the
closed system governing the near energy components, Nnear, Of the corrector, n, is of
the form:

(D° + L2 () — 8p) BE) = uM(&: 8) + N (€3 9). (1.52)
Here, D° denotes the band-limited Dirac operator defined by
DBE) = 1hsl 182l 03§ BE) +9; x (I6] <8°") o1 kB®).  (7.53)

The linear operator, E‘S(,u), acting on ,a and the source terms J\//T(E; 8) and /V(S; 8)
are defined by:

w

Pp© =x (1 <87) X B 0BE). where

Jj=1

.
78 ey — S£2 E> +(58) ﬁ+,near(€) 2 D6 — L]E(S; ﬁi,near(f))
Buofe = s (o0 T ) L'z(ll)ﬂ(f)—;(li . ﬁtm(s))),

(@4, 88), kK2 )W ()[Anear (5 . 8)) 2 )

kj=K-v

£SO B(E) =
5B = <<<1>_<~, 36). k(3R W O Atiarl 5 1, 8) 3

:K-D]

3
M(E; 8) = x (|§| < 5v—1) ZMj(g; 8), where (inner products over L,%H:K_u]) (7.54)
j=1

M
— (<I>+(.,as),¢<0)(.,a.))) — <d>+(-,5é‘),wp (-,8-)>
18) = ) 18) =34 ,
MG ((¢,(.,55),¢<O>(.,3~)) M (®-c.860. 95", 89)

(@4 5). k(3R )W (B 8))
Ms(6:8) = - (<<1> (- 86). K(sﬁz->W(-)B<~- 6)))’ (7.55)

=yx ( | <§"" 1) ZN (&;8), where (inner products over Lku Kul)

Ni:8) = <

<
<
Na(g: 8) = <
ot
<
<

D (x, 85), (282 - Vx 0 — k(882 - )W (X)) w(l)(x,(Sﬁz-x)>
D_(x, 88), (282 - Vx 3 — k(852 - )W (X)) pl)(x,Sﬁz-x)>

@486, 1o 2 O 0| >

O_(x, 8). |8al? 79O (x, 4)’
@, (x, 88), | R azlllpl)(x {)‘: =5R2X >

N3(§:0) = 1
@ (x.86). 8l 0wy . 0| >

(9%, 86). (6RO W (O (x: )
Naes &) = ((dL(x, 56). (6K - )W (X)C(x: 8>>) ' (7:56)
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We conclude this section with the assertion that from an appropriate solution
(B‘s &), M(S)) of the band-limited Dirac system (7.52) one can construct a bound
state (\Il‘s, E‘S) of the Schrodinger eigenvalue problem (7.1). We say f € L>!(R) if
1121y = JA+IEP2f(E)dE < oo.

Proposition 7.13 Suppose, for 0 < § < &y, the band-limited Dirac system (7.52) has
a solution (B\‘S(S), ,u((S)), B\‘S = (,B\i, @)T, where sup[),g‘S C {|g] < 871, satisfying:

HB\BC; uw,d) H L21(R) < 871, 0<68 <8 (t0be verified in Proposition 7.15),
w(8) bounded and 11 (8) — uo — 0 as § — 0 (to be verified in Proposition 7.16).

Define

Mocar 1+ (6) = BL(E), Moear_(6) = B2(E), (1.57)

and construct n® = n’.,. + 1S, as follows:

nnear(x) Z/Xl g nedrb( )qu(X; r)dA,

Ttar.p () = Tigar.blnear, i, 81(1), b = 15 (see Proposition 7.7),

N (X) = Z / M. (1) @p(x; 2)dh+ D / nfar,b (1) ®p(x; A)d .
_ 1 JOV=IA<1/2 [A|<1/

b#+
1°(X) = S (X) + 12, (%), E° = E, +8%1(8), 0 <8 <. (7.58)
Then, for all 0 < |8] < o, the following holds:

(@) n (X) € H, k|| Kb (2).
(b) (r; , M((S)) solves the corrector equation (7.8).
(c¢) Theorem 7.3 holds. The pair (W8, EY), defined by (see also (7.6)—(7.7))

V) =y O®X) + 6y ®X) + 50’ ®), X =68 x,
E® = E, + 8% 1o + 0(8%), (7.59)

is a solution of the eigenvalue problem (7.1) with corrector estimates asserted in
the statement of Theorem 7.3.

To prove Proposition 7.13 we use the following lemma.

Lemma 7.14 There exists a §o > 0 such that, for all 0 < § < 8, the following holds:
Assume B € L*(R) and let ngear(x) be defined by (7.57)—(7.58). Then,

> < 8172 2(R) -
||77near||Hk":K.ul ~ 1Bl (R)
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The proof of Lemma 7.14 parallels that of Lemma 6.9 in [10], and is not reproduced
here.
Proof of Proposition 7.13 From E we construct nﬁear, such that: ||9pear || H? <
1=K-e1
8'/2 1Bl 12(r) (Lemma 7.14). Next, part 2 of Proposition 7.7, (7.26), gives a bound on
1
. . ) §2
Nfar: 1Mfar [Tnears 14, 8]”Hk2”=K-ul < C” ( ] ||77near”Ll%”=K”1 + m) These two
bounds give the desired H, sz —K-v, (%) bound on 7°. Note that all steps in our derivation
of the band-limited Dirac system (7.52) are reversible, in particular our application
of the Poisson summation formula in L2 . Therefore, (¥?, E?), given by (7.59) is an

loc*
H,(ZHZK_t,1 eigenpair of (7.1). O

We focus then on constructing and estimating the solution of the band-limited Dirac
system (7.52).

7.5 Analysis of the Band-Limited Dirac System

The formal § | O limit of the band-limited operator 55, displayed in (7.53), is a 1D
Dirac operator D defined via:

o~

DBE) = || |82l 03 EBE) + 0 01 KB(E). (7.60)

Our goal is to solve the system (7.52). We therefore rewrite the linear operator in
equation (7.52) as a perturbation of D (7.60), and seek § as a solution to:

DBE) + (D° — D+ L2(w) — 1) B&) = uM(£:8) + N(&;8).  (7.61)

We nextsolve (7.61) using a Lyapunov-Schmidt reduction strategy. By Proposition 6.3,
the null space of D is spanned by @, (&), the Fourier transform of the zero energy
eigenstate (6.29). Since a,(¢) is Schwartz class, so too is @, (&) and @, (&) € H*(R)
for any s > 1.

For any f € L?(R), introduce the orthogonal projection operators,

ELf = (&*, f>L2(]R) a*, and ﬁLf = (I - }’;”)f

Since 13” Y/D\,B\ () = 0 and P lﬁﬁ(&) = 733 (&), equation (7.61) is equivalent to the
system

Pi{(D° =D+ L) — 8p) B(&) — nM(&: 8) — N (& 9)} =0, (7.62)
DBE) + PL{(D® — D+ L2(w) — 1) B&)} = PL {uM(E; 8) + N(&;9)} .
(7.63)

Our strategy will be to first solve (7.63) for E = E [w, 8], for § > 0 and sufficiently
small. We then substitute B[, §] into (7.62) to obtain a closed scalar equation. This
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equation is then solved for © = ©(8) for 6 small. The first step in this strategy is
accomplished in

Proposition 7.15 Fix M > AO There exists 5o > 0 and a mapping (i, 8) € Ry 5y =
{lInl < M} x (0,80) = B(su,0) € L>1(R) which is Lipschitz in u, such that
B(; w, 8) solves (7.63) for (u, 8) € Ry s5,. Furthermore, we have the bound

”E(v M, 8)”L2’1(R) S 5_1, 0<d < dp.

The details of the proof of Proposition 7.15 are similar to those in proof of
Proposition 6.10 in [10]; equation (7.63) is expressed as (I + C‘S(M))E(é; n,8) =
D 1P| {uM(&; 8) + N(&; )} and the operator C?(w) is proved to be bounded on
L%1(R) and of norm less than one for all 0 < § < 8¢, with & sufficiently small. In
bounding C 8() on LZ1(R), we require H 1(R) bounds for wave operators associated
with the Dirac operator, D. These can derived from corresponding results for scalar
Schrédinger operators, under the assumptions implied by « (¢) being a domain wall
function in the sense of Definition 5.1.

7.6 Final Reduction to an Equation for x = 1£(8) and Its Solution

Substituting the solution ﬁ(’g‘; W, 8) (Proposition 7.15) into (7.62), yields the equation
T+, 8] = 0, relating u and 8. Here, J[u; §] is given by:
Tili; 81 = 8 (@), M3 8) oy + 8 (@), N5 9)) o
= 8(@(), (D° = D) Bs 1, )2y — 8 (@), LB 11, 8)) 2 e
+ 82 (@) B 1)) 2 -
The mapping (u,§) € {|lul < M, § € (0,80)} — JT+(u,d) is well defined and

Lipschitz continuous with respect to w. In the following proposition, we note that
J+[1, 8] can be extended to a continuous function on the half-open interval [0, §p).

Proposition 7.16 Let 6o > 0 be as above. Define

T4, 8] for 0 <8 < &,

j[“’g]z[u—uo Jor § =0,

where oy = — (a*, g<2>)L2(R) =ED, and G? is given in (6.27); see also (6.25) and
(6.28). Fix M = max{2 |uo|, 1}. Then, (u,d8) € {ju] < M, 0 <68 < &} — J(u, )
is well-defined and continuous.

Proof The proof parallels that of Proposition 6.16 of [10]. The key is to establish the
following asymptotic relations, for all 0 < § < §p with §¢ sufficiently small:

lim 8 (@, (). M2 8) 2y = 1 (7.64)
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lim 8(3 (). N3 8)) 2, = —10: (7.65)

and the following bounds hold for some constant C;:

8@ ). (B° = D) Bl 1. 8)) oy | = Cus'™; (7.66)
8 (@), 2 (B 1. 9) oy | = Cud”s (7.67)
620 (@00, BC: 1 8)) 2 sy | = Curd. (7.68)

The detailed verification of (7.64)—(7.68) follows the approach taken in Appendix
H of [10]. We make a few remarks on the calculations. Each of the expressions in
(7.64)—(7.65) consists of inner products of the form:

X ~ Ly (@00 S8R W
36 =8(@@©. x (181 <5"") (O (. 5), T, 553 - 2

kj=K-v L2Re)

(7.69)

Here, J(x,¢) = ¢'K*K(x,¢), where x — K(x,¢) is A,— periodic and ¢ >

K(x, ¢) is smooth and rapidly decaying on R. Consider, for example, the expres-

sion within: (P4 (x, §§), J (X, 6KR2 - X)) L2 o This may be rewritten and expanded,
=Ko

using Lemma 7.9:

8 / e OERX T TR TSE) K(x, 88Rs - X) dX
D)

_ Z/Qe""ﬁz"‘ (X, 85) K (x, % n g) dx

nez

_ /Q‘p+(x, SR (x.€) dx+ > /Qei"ﬁ” P56 K (x. g +¢) dx

[n|=1
Since in (7.69) § is localized to the set where [§] < =1 v > 0, for |n| > 1,
we have n/§ + & ~ n/8§ and the decay of ¢ — K (X, ¢) can be used to show that,
as 8 tends to zero, the sum over |n| > 1 tends to zero in L%(d). It can also be

shown, llEil’lg the localization of &, that the n = O contribution to the sum, tends to
(Pr(x), K (x,8)),2 (- Therefore, uniformly in £ < 8"~1, we have

lim 8 (@ (x,36), (%52 0 = {Pr0, K .8 )2
Therefore,

lim 3(6) = /R dg [T ® [P0 R .6 )2

1T ® (P-0). K% ) 2(q, |- (7.70)
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The principle contribution to the limit in (7.64) comes from the M 1(&;6) term in
(7.54). We apply (7.70) with the choice J = Jq(x, ¢) = ¥ @ (x, ¢) and

KX, 8) = e EXT(x, §) = oy 4 (£) P+ (X) + otu— () P—(X).

The principle contribution to the limit in (7.65) comes from the N, 1(&;8) and
/Vz(é ; 8) terms in (7.56). We apply (7.70) with the choice

T =Inx0) =28 Vi —k@OWE) ¥ 0) + 1Rl 07y O, ¢)

and Kpr(x, £) = e KX Jur(x, ). The detailed computations are omitted since they
are similar to those in [10] .

By (7.64)—(7.68), it follows that J4 (u; ) = w — o + o(1) as § — 0 uniformly
for || < M. Therefore, J[u, 8] is well-defined on {(u, §) : |u| < M, 0 <§ < 5o},
continuous at § = 0 and Proposition 7.16 is proved.

Summarizing, we have that given E(-, W, 8), constructed in Proposition 7.15, to
complete our construction of a solution to (7.62)—(7.63), it suffices to solve (7.62) for
u = (). Furthermore, we have just shown that (7.62) holds if and only if © = ()
is a solution of J[u; 8] = 0. From Proposition 7.16 it follows that 7 [w; §] = 0 has
a transverse zero, i = u(8), for all § and sufficiently small. The details are presented
in Proposition 6.17 of [10]:

Proposition 7.17 There exists 5o > 0, and a function § — 1(8), defined for 0 < § <
8o such that: |u(8)| < M, lims—.o n(8) = n(0) = o = E® and J[1n(8), 8] = 0
forall 0 < § < dp.

We have constructed a solution pair (,4/3\5 (&), n(8)), with B e LYI(R;dg), of
the band-limited Dirac system (7.52). Now apply Proposition 7.13 and the proof of
Theorem 7.3 is complete. O

8 Edge States for Weak Potentials and the No-Fold Condition for the
Zigzag Slice

In Section 7 we fixed an arbitrary edge, b} = ajvy + av> and proved the existence of
topologically protected v — edge states under the spectral no-fold condition. In this
section, we consider the special case of the zigzag edge, corresponding to the choice:
v; = vi. We prove that the spectral no-fold condition holds in the weak potential
regime, provided €V ; > 0; this implies the existence of a topologically protected
family zigzag edge states.

We proceed in this section to prove the following:

(1) Theorem 8.2: The operator —A + ¢V satisfies the no-fold condition along the
zigzag (ky) slice at the Dirac point (K, E?) ; see Definition 7.1.

(2) Theorem 8.3: —A + eV (x) + §W(x) acting in L%”:K-vl (X) has a spectral gap
about the energy E = E°.
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(3) Theorem 8.4: If ¢ V11 < 0, then the spectral no-fold condition for the zigzag slice
does not hold.

(4) Theorem 8.5: For 0 < |8| < €% and ¢ sufficiently small, the zigzag edge state
eigenvalue problem for H ¢ ¥ = — A+eV (x)+8k (8ky-X) W (x) has topologically
protected edge states.

We begin by stating our detailed assumptions on V (x) and W (x). There exists X € R?
such that V(x) = V(x — x¢) and W(x) = W(x — Xxq) satisfy the following:

Assumptions (V) 8.1)

(V1) Aj- periodicity: V(x+v)= V() forallv e Aj.

(V2) Inversion symmetry: V(x) = V(—Xx).

(V3) 2m/3-rotational invariance: V(R*x) = V(x).

(V4) Positivity of Fourier coefficient of ¢V, eV i: 8‘71,1 > 0, where \71,1 =

Ilﬁ\ o e~ ikiHk) Yy (y)dy; see (3.7) and (2.3).

Assumptions (W) (8.2)

(W1) Ap- periodicity: Vj/(x +v) = Yf/(x) forallv e Ay.
(W2) Anti-symmetry: W(—x) = - W(x).
(W3*) Uniform nondegeneracy of W: Let <I>j (x), j = 1,2 denote the L%(,T, respec-

tively, L%( =» modes of the degenerate L%(— eigenspace of H®0 = —A 4 ¢V.
Then, there exists 6y > 0, independent of &, such that for all ¢ sufficiently
small:
‘ v | = ‘<q>§, VT/cDi)LZ >0y > 0. (8.3)
K

N.B. Consistent with our earlier convention, in the following discussion, we shall drop
the “tildes” on both V and W. It will be understood that we have chosen coordinates
with xg = 0.

Remark 8.1 We claim that (W3%*) (see (8.3)) uniform non-degeneracy of W is equiv-
alent to the assumption:

Wo,1 + Wio— Wi #0, (W3%*)

where {Wm} 72 denote the Fourier coefficients of W (X). To see this, note by Propo-
sition 3.1 of [11], that for sufficiently small ¢,

Di(x) = PAS [1 +Tekex 4 re_ikl‘x] + O(e);

1
V3
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see also (3.5). Evaluation of ¥y gives

e 1 = ikyx —iky-x 2
b == Q‘l—i—te + e W (x) dx + O(e)

1
= 3 [Wor + Wi e =D+ Wi =) |+ 06

V3
=i [Wo1 + Wio— Wii]+ O,

which is nonzero if (W3%) holds and ¢ is sufficiently small.

Let (K, E?) denote a Dirac point of H®? = —A + ¢V (x), guaranteed to exist by
Theorem 3.5 forall 0 < |¢| < g and assume that V (x) and W (x) satisfy Assumptions
V), (W); see (8.1)—(8.2).

In our next result, we verify the spectral no-fold condition for the zigzag edge. This
is central to applying Theorem 7.3 to prove our result (Theorem 8.5) on the existence
of a family of zigzag edge states.

Theorem 8.2 There exists a positive constant, g3 < &g, suchthat forany (0 < |e| < &2,
H®Y = — A4V satisfies the spectral no-fold condition at quasi-momentum K along
the zigzag slice; see Definition 7.1.

By Assumptions (V), E_(A) < EL(A) < Ep(A), b > 3. For any a sufficiently
small:

4

1
b==%: ashi=s = |0 -E| = Liviaela? 2ol o,

b>3: A <1/2 — ’EZ’O(A)—Ef

> calel (1 +1b).

Theorem 8.2 controls the zigzag slice of the band structure at K, globally and outside
a neighborhood of (K, E%). Since a small perturbation of V which breaks inversion
symmetry opens a gap, locally about K (see [11]), it can be shown that H% has a
Lk” —k-y,=27/3— Spectral gap about £ = EZ:

Theorem 8.3 Assume V (x) and W (X) satisfy Assumptions (V) and (W). Let &, be
as in Theorem 8.2. Then, there exists ¢, > 0 such that for all 0 < |e| < & and
0 < 8 < ¢, €2, the operator —A + €V (x) + W (X) has a non-trivial LI%H:Zn/3_
spectral gap about the energy E = E£.

In the case where (V4) does not hold and the Fourier coefficient of eV, eV 1, is
negative: ¢V 1 < 0, then we prove that the no-fold condition does not hold:

Theorem 8.4 [Conditions for non-existence of a zigzag spectral gap] Assume
hypotheses (V1)—(V3) but, instead of hypothesis (V4), assume V11 < 0. Then, for
any ¢ sufficiently small, the no-fold condition of Definition 7.1 does not hold for the
zigzag slice.

The proofs of Theorems 8.2 and 8.3 are presented below. Section 8.1 discusses a
reduction to the lowest three spectral bands. The general strategy, based on an analysis
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of a 3 x 3 determinant, is given in Section 8.2. Theorem 8.4 is proved in Section 8.4
as a consequence of Proposition 8.15.
We prove the following theorem on zigzag edge states using results of Section 7.

Theorem 8.5 Let H®9 = —A + £V (x) + 8k (85ky - X) W(X), where V (x) and W (x)
satisfy Assumptions (V) and (W), and k (X) is a domain wall function in the sense of
Definition 5.1. Let €3 > 0 and ¢, > 0 be as in Theorem 8.2 and assume 0 < |g| < &2
and(0 < |§] < cbez. Then, there exist edge states, Y (x; k|) € L]%” (%), with |k —2m /3|
sufficiently small. Furthermore, continuous superposition in k| yields wave-packets
which are concentrated along the zigzag edge.

Proof of Theorem 8.5 We claim that the theorem is an immediate consequence of the
spectral no-fold condition for —A + ¢V for the zigzag edge, stated in Theorem 8.2.
This follows by an application of Theorem 7.3 (and Corollary 7.4). Since the details
of the proof of Theorem 7.3 are carried out for the case of H 9 with ¢ = 1, we
wish to point out how the proof applies with ¢ and § varying as in the statement of
Theorem 8.5.

The proof of Theorem 7.3 uses a Lyapunov-Schmidt reduction strategy where the
eigenvalue problem is reduced to an equivalent eigenvalue problem (nonlinear in the
eigenvalue parameter, E) for the Floquet-Bloch spectral components of the bound
states in a neighborhood of the Dirac point (K, E?). Stated for the relevant case of
the zigzag edge, this reduction step requires the invertibility of an operator (I — Qy)
acting on sz“:K_vl (X), where Qs is defined in terms of Floquet-Bloch components
in (7.29) for K = k.

It suffices to show that the szH —Kv, (X) norm of Qs is o(1) as § | 0. From (7.31)
in Remark 7.8, the operator norm of Qs is bounded by ¢(§), given by:

1
18] 18] __ I8l 6]

e(®) S < :
0@ (V) A+ 1bDc2(V) — w(@V)er(V)  ca(V)

By Theorem 8.2, the no-fold condition holds with modulus w(a) = a2 and constants
q4
(V) = 517|V1,18| , V) =alel.

Therefore, with a = 8",

|8|172v |5| - 2 |8|172U 1 @

aV)y o) Y gtavial el éa el

e(®) <
By hypothesis, |§] < cre?. Hence, 0 < ¢(5) < le]'=% + || — 0 as e — 0 if we
choose v € (0, 1/4). This completes the proof of Theorem 8.5. O

To prove Theorems 8.2 - 8.4 we introduce a tool to localize the analysis about the
lowest three bands. Throughout the analysis, without loss of generality, we take ¢ > 0
and satisfy the cases ¢V > 0 and ¢V;; < 0 by varying the sign of V| j.
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8.1 Reduction to the Lowest Three Bands

In this subsection we show, via a Lyapunov-Schmidt reduction argument, that the
proofs of Theorems 8.2 and 8.3 can be reduced to the study of the lowest three spectral
bands. To achieve this, we consider several parameter space regimes separately.

We start by considering ¢ = 8§ = A = 0. In this case, H*9(K) = (V 4 iK)?
has a triple eigenvalue, E® = |K|?, with corresponding 3— dimensional L?(R?/Aj,)—
eigenspace spanned by the eigenfunctions p,, for o = 1, 7, T; see Section 3.1.

Next, we turn on ¢, keeping § = A = 0. From Theorem 3.5, there exists &g > 0 such
that for ¢ € I, = (—¢o, €0) \ {0}, the operator HEOO(K) = — (V +iK)? + eV (x)
has a double L%*(R?/Ap,) eigenvalue, E¢. Let Ef = |K|?. The maps ¢ — E¢ and
& — EY are real analytic for ¢ € I, with expansions (3.10), (3.11):

ES = EY+e(Voo — Vi) + O(?),
E: = EQ 4 e(Voo +2Vi,1) + O().

More generally, we may study the eigenvalue problem
(HE*Y —EYp =0, peL*(R*/A,), with E = E + p, (8.4)

and seek, via Lyapunov-Schmidt reduction, to localize (8.4) about the three lowest
zigzag slices. Written out, the eigenvalue problem has the form:

[— (V+ilK+ ko)) — ES —u+eV +5W]p(x) =0, peL*(R*/Ap).
(8.5)

Since ¢ and § will be chosen to be small, we shall expand p(x) relative to the natural
basis of the LZ(R?/Aj)— eigenspace of the free operator, H 0.0 = —(V 4+ iK)?,
displayed explicitly in (3.5). Let P!l denote the projection onto span {p, : 0 = 1, 7, T}
and P =1- Pl

We seek a solution of (8.5) in the form p(x) = pj(x) + p1(x), where

1
plE€span{p, :0 =1,1,T}, p1 € [span{pd co=1,1,7} ] .
Then, we have that (8.5) is equivalent to the coupled system of equations:

[— (V +i[K + 1k ])? — ES — M]PH
+[eP1V +8PIW ] py + [PV +5PIW]pL =0, (8.6)
[ - (VK +aka))? = ES = ]

+[SPLV+8PlW]pL+[sPlV+8PJ‘W]pH —0. 8.7)
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Proposition 8.6 There exists a constant ¢ > 0 such that if |¢| + || < ¢ then
HEWD = [ — (V +i[K + Aky])? — Ef — u] is invertible on P~L*(R*/Ay,).
Proof of Proposition 8.6 This follows from the lower bound:

0<go= inf

inf ‘|K+mk+kk2|2 — K],
AI=1/2 mg{(0,0),0.1),(~ 1,0}

where mk = m k| + mpko. |

By Proposition 8.6, for all ¢ and p sufficiently small equation (8.7) is equivalent
to:

—1
[1+[H<€»“> —u] [gPiVMPLW] ]pJ_
—1
- _[H@’O»“—M] [sPlVJraPiW] P

Suppose now |g| + [6] + || < di, where O < d; < c is chosen sufficiently small.
Then we have

—1 —1
pr=—[ 1+ [ —u] " [ePtvasriw] |

—1
x [H(E’O’“ _ u] [ePLV +8PLW] pi = P(e. 8,7, 1) py. (8.8)

Equation (8.8) defines a bounded linear mapping on PIL2(R?/A}) with operator
norm < 1:

pi— pile. 8, A pl =P(e, 8, A, 1) py: Ran (P”) — Ran (PJ‘) ,

which is analyticin ¢, §, X and p for |e| 4+ 18|+ || < dq and |A| < 1/2. Consequently,
equation (8.6) becomes a closed equation for p; which we write as:

Mg, 8, A, u)p = 0,
where
M(e, 8, A, 1) = P”[— (V 4+ i[K + rka])2 — ES — i+ eV + 6W
+(eV+8W)P(s,8,A,u)]P“ (8.9)
- P"[— (V+ilK +Ako])2 — ES — pu+ eV + 8W

-1
+(eV+sW)PL [H(S’O’” - u+av+sw] PL(8V~|—8W)]P”.
(8.10)
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The operator M (g, §, A, ) acts on the three-dimensional space PILZ2(R?/A;) =
span{p, : 0 = 1, 1,7}. Moreover, from the expression (8.10) it is clear that for
&, 8, A, u complex, M(e, §, A, ) is self-adjoint. We shall study it via its matrix rep-
resentation relative to the basis {p, : 0 = 1,7, 7}:

M(T,&(gs 89 )‘1 /-'L) = (Pas M(S, 81 )"a M)p&)LZ(R2/Ah) , 0O = 1, 'L',?. (811)

Clearly, M(e, 8, A, u) is Hermitian for e,6, A, u real: My 5(e, 8, A, 1)
= M&,G(ea 87 )"a M)
Summarizing the above discussion we have the following:
Proposition 8.7 (1) The entries of the 3 x 3 matrix M (e, §, A, ju) are analytic func-
tions of complex €, §, . and  for |e| + |8| + || < dy and |A| < 1/2.
(2) For |e| + |8 + |u| < di and |A| < 1/2, we have that E = E¢ + p is an
L2(R?/Ay)— eigenvalue of H®%» if and only if det M (g, 8, A, v) = 0.
We now study the roots of det M (e, 8, A, u) = O (eigenvalues of H©%») for ¢

and § small. First let ¢ = § = 0. By the formulae (8.42) and (8.46), derived and also
applied in Section 8.3, we have:

M(0,0, %, u) = ( (Po s M(0,0, %, 1)ps) 12 w2, )G L

=((pe. (~VHiR ) 05
— (B4 Wos )
o,0=1,1,T
A2 —u an ar )
= al kzqz—u ar , a:q—ir.
ah ar AP —u V3

Thus, M (0, 0, A, ) is singular if w is a root of the polynomial:

det M (0,0, 1, w)
= —1> + 12Bq*A%) + uGBAal* — 3x%g") + 20¢° = 3ag? o f* + 227N (oY)
= —u + 1232%¢%) + n(r2q* = 32%¢") +18¢° + 14¢°,

where we have used that |a|? = % and R (a®) = 0. The roots, ,ug.o) W), j=1,2,3,

defined by the ordering Mgo)(k) < ,ug))(k) < ,ugo)

given by:

(2), listed with multiplicity, are

1
0<i<2u”() =0~ 1. 1y ) =32 150 = g0+ D,
(8.12)

<1<0: 4120 =0+ 1), 10 =¢22, 10 =*r—1).
(8.13)
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The roots ,U,E-O) (1), j = 1,2, 3, are eigenvalues of — (V + i[K + Ak;])> — E?. They
are uniformly bounded away from all other L?(R?/Aj)— spectrum. This distance is
given by

20 IK 4+ mk + ks> — K> | >0, (E?=|K?),

= inf inf

[A1<1/2 m¢{(0.0),(0,1).(—1,0)}
where mk = m1k; + myko.

Note that det M (0, 0,0, u) = —u> has a root of multiplicity three: 1 = 0. By
Proposition 8.7 and analyticity of det M (e, &, A, ), we have that for &, § and X in a
small neighborhood of the origin in C3, there are three solutions of det M (e,6, A, n) =
0. We label them (¢, 8,1), j = 1,2, 3. By self-adjointness of M (¢, §, A, i), these
roots are real for real values of ¢ and §. Correspondingly, for small and real ¢, § and
A there are three real L,%szn /3 eigenvalues of H®%" denoted

E;.S’B)(k) = Ef"s)(K + ko) = ES 4+ (e, 8,4), j=1,2,3.
The ordering of the E; implies

ni(e, 8,A) < ua(e, 8,A) < uz(e, 8, 1).

A mild extension of Proposition 4.5 yields

Proposition 8.8 For eacfi A <1 12, there exist orthonormal L%( ik, — eigenpairs
(DL(x; 1), E1 (X)) and (D (x; A), E(X)), real analytic in A, such that

span {P_(x; 1), Py (x; 1), &)(X; M} = span {®;(x; K+ 1kp) : j =1,2,3}.

For fixed ¢ small and ) tending to 0 we have:
(1) EX"™00) = EL £ Al |2l A+ 2% ex (. e), (8.14)
ES=00) = ES + 2221, ), (8.15)

where e+ (A, ¢€), e(h,e) = O) as A, e — 0, and 2o = kél) + ikéz). These
functions can be represented in a convergent power series in € and A in a fixed
C? neighborhood of the origin. Furthermore, e+ (A, €), €(A, &) are real-valued
for real A and e.

(2) Therefore, for all small € and A, the three roots of det M (¢, 6 = 0, A, ) may be
labeled:

pr (o 8) = A5 22l A+ 2% ex (b ) (8.16)
p—(h,8) = =25 22l A+ 2% e— (1, &) (8.17)
i, e) = Ef —ES + A%2(r, €), where Ef — Ef =3¢V + O(e?).

(8.18)

@ Springer



12 Page 66 of 80 C. L. Fefferman et al.

Proof of Proposition 8.8 Part 1 can be proved as follows. The expansion (8.14) and
analyticity follow by perturbation theory as in Proposition 4.5; see also [13,20]. The
expansion (8.18) also follows by perturbation theory of the simple eigenvalue Ef for
A = 0. It is easy to see that

ES=00) = Ef + 1 x ( —2ik; - (®F, Vx®F),, ) +22%(E, 1. (8.19)
K

We claim that (55, Vy 55) ;2 = 0. This follows since = L% | as in the proof of
2 .

Proposition 4.1 of [11]. This proves the expansion (8.15). O
Finally we discuss a useful symmetry of det M (e, §, A, u = 0).

Proposition 8.9 Assume V satisfies Assumptions (V) and W satisfies Assumptions

(W). Recall M(¢,$, X, 0), defined in (8.9)—(8.11). Then, det M (e, §, A, 0) is real-

valued for real €,8, ) and analytic in a small neighborhood of the origin in C3.
Furthermore,

det M(g,8,1,0) =det M(e, =5, A, 0) (8.20)
and therefore det M (g, §, A, 0) is a real analytic in ¢, 82 and X, and we write
D(g, 8%, 1) = det M (g, 8, 1, 0)

Proof of Proposition 8.9 Let Z[ f1(x) = f(—x) and C[ f](x) = f(x). Using that ¢, §
and A are real, V(x) is even and W (x) is odd, one can check directly that

CoZoH> 3 =H 6T 0o (8.21)
Furthermore, note that
(CoD)p1=p1, (CoD)pr=pz, (CoIl)pr=p:. (8.22)
It follows that
CoZoPl=PloCoT. (8.23)

Using the symmetry relations (8.21)—(8.23) to rewrite M (g, —§, A, 0) in terms of
H%* we find that M (e, —8, A, 0) can be transformed into M (¢, §, A, 0) by inter-
changing its second and third rows, and then interchanging its second and third
columns. Therefore, det M (¢, 8, A, 0) = det M (e, —6, A, 0) and the proof of Proposi-
tion 8.9 is complete. O

@ Springer



Edge States in Honeycomb Structures Page 67 of 80 12

8.2 Strategy for Analysis of det M (e, §, A, ) in the Case eVy,1 > 0
We first observe that for a positive constant, dy, if |¢| + |§] < d; then
[ECD0) = EEl = call + 1), j = 4. (8.24)

Indeed, by the discussion following Proposition 8.7, we have that there exists dy > 0
suchthatfor j > 4, (e, 8, 1) = |E;.8’8)(A) — E¢| > dy; the lower bound (8.24) now
follows from the Weyl asymptotics for eigenvalues of second order elliptic operators
in two space dimensions.

Hence, we restrict our attention to E;g’a)()\) = Ef + wj(e, 8), j=1,2,3, which
we study by a detailed analysis of det M (¢, §, A, u = 0). The analysis consists of
verifying two steps, which we now outline.

Step 1: Fix ¢, > 0 and arbitrary. We will prove that there exists C, > 0, such that the
following holds. There exists €; > 0 and constant c3, depending on V and W, such
that forall 0 < |e| < g1 and 0 < |8] < ¢y &2

1
Cves<ll=g = |EfVG)—Ell zae j=1.2.3 (8.25)
Furthermore, by (8.25) and (8.24), it follows that

1
Co/e < |A| < ;3 =
L*(R/Ap) — spec(H®*M) n [Ef —ce, ES + cs] is empty. (8.26)

Step 2: Let ¢, and C;, be as in Step 1. We will prove that there exists 0 < & < €1,
such that if (A, §) are in the set:

A < G €2 and 0 <18] <cp &2, where O < |¢| < &, then (8.27)

det M(e,2,8,0) = (432 + Vi) (%22 +8% [Wo. + Wio = Wial?) x (1+0(1).
(8.28)

A simple lower bound on the three eigenvalues |u (e, A)| = |E§ (M) — EZ| is then
obtained as follows. By (8.27), for some positive constants: C1 and C>, we have

Ci(W* +e) - (W2 +8%)
< |detM(e, X, 8, 0)]
= |det M (g, A, 8,0) — det M (e, 1,8, it (A, &, 9))|
= Co|0—pje. 8. M) = Calpj(e. 8, 1)l

for j = 1,2, 3. Therefore, with C3 = C/C>,

ES°(0) — ES| = nj(e.8,)] = Cye (W +8%) = C3e8%, j=1,2,3. (829)
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It follows from (8.29) and (8.24) that
the L2(R?/Ap,) — spec(H¢*M) N [ES —p, E¢ + n] is empty

with n = %C3 ¢ 82, whenever ¢, (A, 8) satisfy the constraints (8.27).
Theorem 8.2 and Theorem 8.3 are immediate consequences of (8.26) (Step 1) and
(8.29) (Step 2) and the representation:

70 o / (8.0 da
L2 (Zgy=2r/3) IM<} L2R2/Ap)

Hence, we now turn to their proofs. We first carry out Step 1 by a simple perturbation
analysis about the free Hamiltonian, H©-%*), We then turn to Step 2, which is much
more involved.

Verification of (8.25) from Step 1. Let C}, denote a positive constant, which we will
specify shortly, and consider the range Cy,/¢ < A < 1/2. Using the expressions

for MS-O)(A), j = 1,2,3, in (8.12) we have that if ¢ < ¢/(C,) = (4C2)~!, then
0 0

1E{” (1) = E9 = Al 1= 1] = Cog®e/2, | EY) (W) — EY| = g?|A]> > C2q%e,and

IEL (M) — E9 = 23] |1 + 4] > C2¢%/&/2. Note that the eigenvalues (g, 8, 1) >

E®?().) are Lipschitz continuous functions; see Chapter XII of [34] or Appendix A of
[12]. Therefore, we have

b

1

8

ES0) —El 2Clq%e — lel [VIioo — 18]1IWlloo = 5 €7 g% .

for some C, positive, finite and sufficiently large. With this choice of Cj,, we also have

8
IEEY () — ES| > Coq® Ve/2 — 16l Vo — 18] [IW]loo,
IESDG) — ES| > Coq® Vel2 — Iel Voo — 18] [[Wlloo-

Therefore, there exists £; > 0, such that for all 0 < |¢| < &; we have
s s
IEED () — B2+ [ESY ) — EX = Cy g% Ve/4.

This completes the proof of the assertions in Step 1.

8.3 Expansion of M (e, 3, A, 0) and Its Determinant for e V1 # 0

The key to verifying Step 2 and proving Theorem 8.2 is the following:

Proposition 8.10 Let Cy, be as chosen in Step 1; see (8.26). Then, there exist constants
&2 > 0and c > 0 such that for all 0 < ¢ < &, if

0<IA| < Cye'/? and 0 < |8] <cé&?, then (8.30)
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—det M(e,8,1,0) =m(e,82,) + o0 ((x2 + )12+ 52)) . 831
where
m(e,6%,0 = (4222 +eVi0) (622 + 82 [Woa + Wio - Wia[*) . (832)

Here, Wi, m € 72, denote Fourier coefficients of W(X) and, by (8.30), the correction
term in (8.31) divided by (\* + €)(A2 + 82) tends to zero as € tends to zero. Thus,

eVii>0 = —detM(e, 6,1,0) = JT(S,SZ,A) (1 4+0(1)) in the region (8.30).

We now embark on an expansion of det M (¢, 8, A, 0) and the proof of Proposition
8.10. M (¢, 8, A, 0), see (8.9)—(8.11), may be written as the sum of matrices:

M, 8,1, 0) = [Mo—i—MV—i—MW—i—MP](s,S,A,O), (8.33)
where the 0, 6 = 1, 7, T entries are given by:

0 B B _ s e\
Mg 5(e,8,4,0) = <Pa, ( (V+ilK+ ik )™ — E; ) pJ>L2(R2/Ah) ,
M;/’(;(S) =¢ (po—, Vp5>L2(R2/Ah) ,

MY (8) =8 (po. Wps) 122 /ay) -

MPo(e.8,1,0) = (pg. (€V +8W) P(e, 8, 1,0) p3) 2®2)n,) - (8.34)

For ¢ and § small,

0

M) 5(,8,%,0) = ME"" (6,2) + O(e?), (8.35)

where (inner products over L2(R%/Ap))

MO,approx (8, )L)

0,0
= (po. (— (V+i[K + aka])? — [EY + e(Vo,0 — V1.D)]) ps). and (8.36)
ML (e, 8,2, 0)

- <(8V+8W)pg, P (—(VHi[K+akol) 2= ES +V +5W) PJ‘(SV—i—SW)p;,)

*

— <(gv + W) po, P (—(V +i[K + Ako])> — E5) ™' PL(eV + 5W)p5>
+ O + 8% + 82 +83) = O(? + 5 + 82). (8.37)

We next explain that to calculate the determinant of M (e, §, A, 0) to the desired order
in the region (8.27), it suffices to calculate the determinant of the approximate matrix:

MPPrOX (g, 8,5) = MOPProx (e 5 + MY (e) + MY (3). (8.38)
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That is, we show that the omitted terms in M (g, §, A, 0) — MPP"%* (g §, A, 0) con-
tribute negligibly to the determinant of M(g, §, A, 0), when compared with the
polynomial, 7 (e, 82, 1), in (8.32), provided X and § are in the region (8.27):

A < Cpe? and [5] < c, &2, (8.39)

where C), and ¢, are appropriately chosen constants.

Recall that D(e, 82 =0,A = 0) = det M(e,0,0,0) = O for all ¢, since u = 0
corresponds to E = E¢, which is an eigenvalue of H®4=04=00 = _A 4 ¢V Thus,
D(e, 82, 1) = det M(g, 8, A, 0) is a convergent power series in ¢, 82 and A with no
“pure &” terms. On the other hand, the entries of the matrix M (¢, 8, A, 0) are convergent
power series in €, § and A.

Proposition 8.11 For (A, S) in the region (8.39) we have
M 82 =0 ((A2 T+ 002+ 32)) .

Therefore we may drop the O(182) terms, a further simplification.

Proof of Proposition 8.11 Consider separately the two regimes: (a) |A| < &'-! and (b)
] > !l For || < e!!, wehave |A|82 < e1162 = 01682 < 01 (A2 46). (A2 4452).
And for 1| > ¢! note that (Az +eé)- (AZ + 82) > er? > ¢-622 = 32 On the
other hand, |A|8% < %82 < et <ed. A2 +¢)- (A2 + 82). This completes the proof
of Proposition 8.11. O

Let us now attach “weight” 1 to the variable ¢ and “weight” 1/2 to the vari-
ables 8 and A. A monomial of the form A?8¢ carries the weight a + b/2 + ¢/2,
where a, b, ¢ € N. In Proposition 8.12 we show that all terms in the power series
of det M (e, 1, §) which are of weight strictly larger than two introduce negligible
corrections to det M4PP"% (g, ), §) for A and § in the region (8.27).

Recalling that there are no pure ¢ terms, we see that a monomial in the power
series of D(e, 82, A) of weight larger than 2 must have one of the following two forms
(a,b,c e N):

(1) A x 2P, with a+b/2+c¢>3/2 = 2a+b+2c>4
(D) 8% x A2 (%)°, with a+b/2+c>1 = 2a+b+2c > 3.

Proposition 8.12 Terms of form (I) and form (II) that may appear in D(e, 8%, L) are
0 (A2 +&)(A? +8%)) ase — 0, for (1, §) in the region (8.39): |A| < C, &7 and 18] <
2. We may therefore neglect all terms in the power series of D(¢e, 8%, 1) which are of
weight strictly larger than 2 for (A, §) in the region (8.39).

We prove Proposition 8.12 by estimating all terms of the form (I) or (II), and we
begin with the following lemma, which is a consequence of part 2 of Proposition 8.8:
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Lemma 8.13 Let u_(e, A), 4 (e, A) and (e, A) denote the three roots of det M (e, 8
= 0, A, ), defined and analytic in (g, 1) in a C* neighborhood of the origin and
displayed in (8.16)—(8.18). Then,

det M(e,8 =0,A, 1) = (n — p—(&,2) x (U — pq(e, 1)) x (u— (e, 1))
X Q(e, A, L),

where Q2 (e, A, 1) is bounded. In particular, for all € such that 0 < |e| < &g there
exists a constant C, such that

|det M(e,8 =0, 1,0)| < Cq |A|> (8.40)

Proof For fixed ¢ and A, the mapping u — det M (e, § = 0, A, p) is analytic for || <
o with zeros at u+ (e, A), (g, 1); see Proposition 8.8 . Fix ¢’ and A’ small such that
if |¢| < &" and |A| < A/, the roots all satisfy |4 (e, M), [u—(e, V)|, [x(e, A)| < po/2.
We claim that for such ¢ and §,

det M(e,6§ =0, A, 1)
(= p—(&, 1)) X (0 — (e, 1)) X (0 — fi(e, 1))

Qe ) =

is uniformly bounded for all |u| < wo, |¢] < & and |A|] < A'. Indeed, since
the roots are bounded in magnitude by /2, we have max), =, 12(¢, A, u)| <
2/ 1o)? max| =y, |det M (g, 6 =0, A, u)|. Applying the maximum principle we
have

max [Q(e, A, )| < (2/p0)> max |det M(e,8 = 0, &, w)| < (2/10)>C(o, ', 1),
[l <po |1 =po

where C (uo, &', ') is a constant. The bound (8.40) now follows from the expansions
of the roots. O

Proof of Proposition 8.12: (I) Terms of the form A x ¢ 2283, with2a+b+2¢ >
4, a,b,c e N:

(i) Suppose first that ¢ = 0. Then, we consider A x ¢?A” with 2a + b > 4. By
Lemma 8.13 we must have b > 1. Thus, A x gAY = AZ%00~1 If ¢ > 2, then
Ax gl = 226260720071 < (W2 + 6% x (W2 +8)? = 0 (W + &) (A% + 8%)) for
(A, §) in the region (8.39). Otherwise,a = Oora = 1. If a = 0, then » > 4 and
Axeiab =222 x A2 P < 2 +e) x W4 8%) =0 (W + )02 +87))
for (X, d) in the region (8.27). Now suppose a = 1. Then, b > 2 and we have
Axeb =122 x e AP2 S (A2 4+68%) x (A2 +6) = 0 (A2 + &) (A2 + 62)) for
(X, 8) in the region (8.39).

(ii) Suppose now that ¢ > 1.If b = 0, then A x £?A?(8%)¢ = 18%e%(8%)¢~! with 2a +
2¢ > 4, whichis = 0 (A% + &)(A? + §%)) for (1, §) in the region by Proposition 8.11.
Finally, if b > 1, then A x e?AP(82)¢ = 182 - e922 (61~ = 0 (A2 + &) (A2 +§?))
for (X, &) in the region (8.39).
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(II) Terms of the form 82 x £91?(8%)¢, with2a+b+2¢ >3, a,b,c € N:

(i) Suppose first that a = 0. Then, 82 x %A (82)¢ = 82 x AP(8%)¢, b+ 2¢c = 3. If
b > 1,thenwerewrite thisas §?Ax AP =1 (82) = o (A% + £)(A? + §?)) for (1, §) inthe
region (8.39), by Proposition 8.11. And if b = 0, then 8% x £?A%(82)¢ = (8%)°*!, with
¢ > 2, whichis < 826%2(8%)¢7! < 8% - 3(82) 1 S A2 4+8H)(W +¢)- 382 =
0 ((A? + &)(A? + §?)) for (1, 8) in the region (8.39).

(ii) If now a > 1, then 82 x 92P(82)¢ = §%¢ - 97100 (82)° < (W2 +6%) - (A* + &) -
e4710(82)¢ = 0 (A2 + &)(A? + §2)) for (A, §) in the region (8.39). This completes
the proof of Proposition 8.12.

Now each entry in the 3 x 3 matrix, M (e, §, 1, 0) is a sum of terms of weight
> 1/2; this is a consequence of the expansion (8.33), (8.34), (8.35), (8.8) and the
explicit expansion of M“PP"?* displayed in (8.47). If we change any one entry by a
term of weight > 3/2, then the effect on the 3 x 3 determinant D (e, 82, ) will be
a sum of terms of weight > 3/2 4 1/2 4 1/2 > 2. By Propositions 8.11 and 8.12,
such terms are o (()»2 +eo)(A2 + 82)) in the region (8.39). Therefore, we may compute
each entry of M (g, 8, A, 0), retaining only terms of weight strictly smaller than 3/2
and discarding the rest. The resulting determinant will differ from D (e, 82, A) by terms
which are o (A% + &)(A% + §?)) in the region (8.39).

We next study the power series of the 3 x 3 matrix, M (¢, §, A, 0), keeping in mind
that the relevant monomials are those of weight > 1/2 but strictly less than 3/2. The
complete list of such monomials is: ¢, §, A, 22,82 and A8.

Before proceeding further we show that in fact that a monomial of type 8 can be
neglected. Indeed, the weight < 2 contributions of such amonomial to D (¢, A, 82,0) =
det M (e, 8, A, 0) will be a sum of monomials of the type: (i) 82 x 8 -8, (ii) 8% x A - A and
(iii) 82 x A - 8. Terms of type (ii) and (iii) are clearly 0( 18?) = o (A? + &)(A? + §?))
as ¢ — 0 for (A, §) in the region (8.39), by Proposition 8.11. For the type (i) term we
have, for (1, 8) in the region (8.39),8%> x 8 -8 <82 ee8 S (W2 +68%) - (W +¢) &b =
0 (()L2 +e)(A2 + 82)) as ¢ — 0. Hence, we may strike 82 from our list. In particular,
we may neglect the contribution from the matrix M7; see (8.37).

Relevant monomials in the expansion of M (e, §, 1, 0): We shall call the monomials:
&,8, A, A2 and A8 relevant. All others are called irrelevant.

Stepping back, we have shown above that M = M O MV +MV+MP ((8.33)), where
MO = MO-approx 4 O(£2) ((8.35))and MF = O(s24£8+682) ((8.37)). We have further
shown that the relevant monomial contributions for calculation of det M (e, 8, A, 0)
are all contained in MPP"% (g, 8, %, 0) = MO%PProx e 3y + MV (e) + MW (§). We
consider each of these matrices individually, and explicitly extract the relevant terms
in each; see Proposition 8.14 below.

Expansion of M%¢PP"%%: The entries of M"-%PP"°* are

M

a,

4P (e, 8., 1. 0)

(Pos (= OV + K + Ak = [E2 + (Voo = Vi1 ) ps)

Lz(Rz/Ah)

: 2 _ 10 _ .
(po = (ViR 4 2ol ps) = (D 6(Vo0 = Vi) s
(8.41)
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where we have used that (p,, ps) = 65.5. The first term in (8.41) may be written,
using (3.5)—(3.6), EY = |[K|? and |k;|* = ¢? as:

L~ (V +i[K + Aka])? >
(po. =V HiK 4 Mol ps)

= (po. =V +iK)?p5) = 2i3k2 - (o, (V + K ps) + (po. 22475 )

= (ES + kzqz) S5+ A o (8.42)
Consider now the matrix

Jo5 = =2iky - (Bg, VP5) 2 = —2iky / P, VOsdx
Q
1 _
=2k 3 (1+0&R +E&R2) K. (8.43)
We pause to collect some properties that will enable the evaluation of J; 5; see also
[11]. Recall that R has eigenpairs: (t, ¢) and (T, ¢), where { = \L@(l, i)T. Then,
TR has eigenpairs: [1, ¢] and [z, z]. Furthermore, t R has eigenpairs [1, Z]and [7, ¢,
and
1 _
5[1+?R+(?R)2]§ =, [I +?R+(?R)2]§ =0,
1 -
g[1+rR+(zR)2]; ~7 [1+rR+(rR)2];=o.

Hence, £ [ + TR + (TR)?] and § [ I + TR + (rR)?] are, respectively, projections
onto span{ ¢ } and span{ ¢ }. For any w € C?, we have w = (£, W)c2 £ + (£, W) £,
where (X, y)c2 = X - y. Therefore

1 _ _ 1 _
= [ I+7R+ (rR)Z] W= (w3 [ I+7tR+ (tR)z] w=(C.WZ. (844)

Also, (I — R)(I + R + R?*) = I — R?® = 0 and therefore
I+R+R>=0. (8.45)
We next calculate J, 5 using (8.44)—(8.45). Note that J is Hermitian, and by (8.45)

its diagonal elements J,; ; all vanish: J5 5 = J5 5, Jo,0 =0, 0 =1, 7,7 . It suffices
therefore to compute the three entries Jy , Ji 7 and J; z:

Jlr_2%[1+?R+(?R)2]K~k2=2(E-K)(§-kz)z o,
J1?:2%[1+tR+(tR)2]K-k2:2(§~K)(E-k2): a,
J,,fzzé[1+?R+(?R)2]K.k2=2(E-K)(g.k2)= «
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Thus,
Oao _
J:(JW;): a0a)], where «a =2 (¢ -K) (¢ ko). (8.46)
aa0

It follows that

m°

s (e, 8,0, 0) = (—S(Vo,o — Vi) +A2g? ) 8.6+ h Jog. (847
Expansion of MV (¢): M{Yj (&) =€ (po, V Ps)12@®2/n,) = € Vo.5, Where

Vo.i = (Pos V&) 12@®2) A,
1 ol —~ = ~
- 5[(1 05 +56)Voo+0Vor+6Vo_1+6Vie

+ Vo0 +06Vi, +EV_1’_1].

Since V is real-valued and even, it follows that V_, = V. Furthermore, V is also
R— invariant and therefore Vp 1 = V1,0 = Vi,1. Hence

1 =~ —_—~ 1 J— ~ ~ ~ .
Vg,g,:g(l—i—oo—i—oa) V()’O—i—g(a—i—o—i—o—l—cr—l—ocr—l—oo) Via.

V is clearly symmetric and using that 1 + 7 + t> = 1 + 7 + 7 = 0, we obtain
MV (g) = & V, where

Voo +2 Vi 0 0
V= 0 Voo —V1ia 0
0 0 Voo —Via

Expansion of MY (8): M- (e) =8 (ps. W ps)12g2/a,) = 8 W5, Where

1 =~ —_— ~ ~ =~
We.s = §[0W0,1 +oWo_1+oW_i0+cWio+oc Wi+ UOW_l,—1]~ (8.48)

Since W is real and odd, we have that W_, = — Wy, and Wy, is purely imaginary.
Therefore,

1 = ~ . —= ~ _
Wes = 3 | @©=5) Woi+@—0) Wio+(©@5 =08 Wit |, 0.6 = L. 7.
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It follows that M"Y (8) = § W, where

T —1 0 —1 1
0 +wip—-11 0 s
1 1 0 —1

0 t -7 0
W=wn| 7T —-10 |4+wpo|
-7 0 1 -7

—

0
and wij = —i Wi’j/\/g e R.

Now assembling all relevant terms (weights > 1/2 and less than 3/2) we obtain

Proposition 8.14 Foro,6 =1,71,T7,

My (8.8, 1,0) =~ MT"% (e, 5, 1, 0)

~ ( —e(Vo.o — Vi) + 2%¢? ) 8o TAJos +€Vos +8Wos.
Here, Ay 5 ~ B, 5, means that their difference is a matrix with entries having weight
> 3/2. Hence, the contribution of such terms to the determinant consists of terms of

weight strictly larger than 2, for (X, §) in the region (8.39). Hence, these terms can be
neglected, by Proposition 8.12.

So the calculation of det M (g, §, A, 0) boils down to the calculation of det M“PPTO*
(¢,8,A,0).
Calculation of det M“PP"* (g, §, A, 0): Assembling the above computations, we have
that

22q% + 3V ah — W Tr+ 5w
MEPPTOY — ar—Sw )quz—(;(wol + wio — wiy) ok s
aA +Sw ar 22g% + 8(wor + wio — wi1)
where 0 = wy; — wo1T — w1oT and o = 2(¢ - K) (¢ - ky). Note that:

612 q2 3
a=—i1, Na)=——, R’)=0. (8.49)
73 2

Calculating the determinant of M“PP"°* and using (8.49) and that w;; = —iW; ;/ V3
yields:

det MPP"Ox (g, 8, )., 0)
= = (222 + evir) (4% 4+ 36%wd, + wh +wip)
+ 6e V1,182 (wiiwor + wiowir — worwio) + O(G8?) + Oert) + O
— - (q%\z + evl,l) (q“/\z + 382 (wor + wio — w)? )
+ 028 + O + O(er) + 01,
- (qz,\Z + evl,l) (q4)\2 + 82| Wo1 + Wio— Wi |2)
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+ O(G*8%) + O(8%) + O(er) + 0(1.0)
= (e 8% ) +o ((,\2 1602 + 52)) , (8.50)

for (A, §) in the region (8.39). This completes the proof of Proposition 8.10. O

8.4 If e V1,1 < 0, the Zigzag Slice does not Satisfy the No-Fold Condition
Recall that to satisfy the case ¢V;; < 0 we assume, without loss of generality, that
¢ > 0and Vi1 < 0. Theorem 8.4 follows from:

Proposition 8.15 Assume
O< el <ey, and 0 <6 < ¢ 2. (8.51)

There exists 8y > 0 and L, > 0 satisfying & < Ae < Oo/€ such that for all &
sufficiently small,

det M (g, 68, ke, it = 0) = 0.

Thus, E£ is an interior point of the Liu (X)— spectrum of H®®.

It follows that for ¢ V1| < 0, the operator H (&:9) does not have a spectral gap about
E = Ef along the zigzag slice. Referring to the middle panel of Figure 7, we see that,
for 8 # 0 and small, a local in 1 gap opens, for A small, about the energy E = EZ.
But since the no-fold property is not satisfied (by Proposition 8.15), this is not a true
(global in A € [—1/2, 1/2]) spectral gap.

Proof of Proposition 8.15 Let C,, denote the constant in Proposition 8.10. Note that
C}, was chosen to be sufficiently large in the proof of Proposition 8.10 and can be
arranged to be taken so that C, > 6y, where 6 is defined by 93 =2|Vi |/q2. Also,
choose a constant ¢p such that ;02 = |Viil/ 24%. Note ¢y < 6p; below we shall see
why we make these choices. For (1, §) in the region (8.51) we have:

—det M(e, 8, %, 0) = (e, 8%, 2) + 0 ((,\2 +o)(2 + 32)) = (e, 8% M) 40 (82) ,
(8.52)
where
m(e, 8%, 1) = (qzkz +8V1,1) (614/\2 +8% |Wo1 + Wi — Wiy |2) .
We now show that there exists A° € (o+/€, fp+/€) such that (g, 82, 15%) = 0.

Note first that eV} 1 < O, e2 « ¢ and the choice of ¢o implies, upon evaluation of
7(e, 8%, ) at A = {4/, that:

2
(e, 8%, {o/e) = (6124“38 +8V1,1) (6144“028 +8% |Wo1 + Wio— Wi ) <0
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and by (8.52) — det M (¢, 8, £o+/€, 0) < 0. On the other hand, the choice of 8y implies,
upon evaluation at A = 6y/¢ that:

(e, 82, Bp/5) = (qzegg + evl,l) (q“ega + 8% |Woi + Wi — W1,1|2) =0

and hence, by (8.52) — det M (&, 8, 6p+/€, 0) > 0.Now det M (e, 82, 0)is, forall0 <
& < &1, a continuous function of A. Hence, there exists A® e (2o~/€, B0+/€) such that
det M(e, 8,45, 1 = 0) = 0. Hence, E%°(A"°) = E{ € Lj o, /3 — spec(H®?).
This completes the proof of Proposition 8.15. O
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Appendix A. Evaluation of & V1,1 for Two Examples

Recall the bases {vi, v2} of Ay, = Zv| @ Zv, and {ki, ko} of AT = ZKk| & Zk;,
introduced in Section 2.3. More generally, introduce a lattice spacing parameter a >0,
and define the scaled lattices: A;l @ and (A(a))* with bases: v{ = a( 5 2)T vy =
a(R, —HT and k¢ = (L, YT 18 = L4 )T where g = 47’% and k' -
VE.“) = 2m8;;. Now introduce the base points: A@ = (0,0) and B@ = a(%, 0)
and the honeycomb structure with general lattice spacing parameter, ¢ > 0: H@ =
(A@ + A;[“)) U B@ 4+ A(“)) To be consistent with previous notation, we write:
AD = A =(0,0), BD = (— 0, AV = A, (A))* = (Ap*, HD = H.

Let go(x) denote a smooth, real valued radially symmetric (go(x) = go(|x])) and
rapidly decaying function on R%. Below we shall use the 2D Poisson Summation
formula:

> fx+nv) =

neZ?

Q | Z f(mk)elmkx

meZ?

We next present two examples: sums of translates of gg over the scaled triangular
lattice, A;f’), and honeycomb structure, H . In both cases, Vl(“l) is expressible in terms

of go ( i ) Therefore, if go(&) changes sign, then the sign of Vl(a]) can be changed
by varying the lattice constant, a.

A.1. Example 1: Evaluation of e V1,1 for V Equal to a Sum of Translates Over
the Scaled Triangular Lattice, A;la)

Define V(x;a) = ZveAm) go (x + v) . The potential V (x; a) is a honeycomb poten-
h

tial; it is A;l“)— periodic, inversion symmetric and R — invariant with respect to the
origin of coordinates xg = 0.
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. 2 = 2
Claim 8.16 V{9 = & g (‘“Z"z) =& & (7”%)

Proof of Claim 8.16 The Poisson summation gives

(2m)?
|2

V(x;a) =

meZ?

Recall also that mk@ = m k(“) +my k(a) L ~(m1Kk1 +maky). Claim 1 now follows
from:

27)? k k a a
V(x;a)z(”) Z gb(ml 1-;-m2 2) imk@.x z V@ mk@.x

Q
€2l meZ? meZ?

A.2. Evaluation of € V1,1 for V Equal to a Sum of Translates over the Scaled
Honeycomb Structure H@

As earlier, take A = (0,0)” and B@ = 0)”. The point at the center of

a(%,
hexagon, immediately northeast of A is r =5 gL 75 1T . Define

Vo= 3 g0 (x A5 +v) 4 X g0 (x-BO 47 +).

(a) (a)
VEA,

veA
V(x; a) is a honeycomb potential; it is A — periodic, inversion symmetric and R—
invariant with respect to the origin coordinates, xo = 0, located at the center of a
hexagon.

Claim 8.17 V\¢) = — %2 » g (‘% 1 )

Proof of Claim 8.17 Poisson summation yields

V(x; a)
(2n)? ~ (@) , (@ @y | =~ (@) , (@ (@) | i(mk@).x
= | Z [go(-—A +71p )(mk )+go(-—B +7 )(mk )]e .
h
meZ?

Now, &5 ( —A@ 4 fg@) (€) = exp (ig : t(;@) 3o(&)and & ( ~B@ 4 fgm) (&) =
exp (i$ . (—B(“) + téa))) 20(§), and therefore

2 : a a i (@ .(_g@ (a) . a
Vix:a) = (|2§7;)| Z [e”“k( L i ( B@+41, )i| 25 (mk (@) oMk
h meZ?
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Noting that mk@ - /¥ = mk - 7p and mk@ . (—B@ + ¢{”) = mk - (—B + 1)
(independent of the lattice constant, a), we have

mk@ . 7Y = (mk ko) - 70 = 2% Qmy — d
o = (miki+maky) - 79 = 3(ml mz), an

2
mk@ - (=B +7”) = (niky +moka) - (=B +70) =~ 2m1 —ma).

Recall again that mk@ = mlkga) + mgkéa) = %(mlkl + myk»). Hence,

2 . :
Vix a) = (2m) z I:ez%(Zml—mz) +e—%(2ml—m2)] & (m1k1+mzk2) Mk @ x

Q
2] meZ? a
27)? 2 _ (mik; + mok _—
= (Q) Z 2 cos (?(Zml —mg)) 20 (—1 ! 2 2) omk @ x
| h| meZ? a
_ Z y@ eimk<")-x
= S .
meZ?
2m)> ~ (K +k w2 o~
Therefore, /' = (&2 2 cos (ZTH) * 80 (%) = —{Gr x & (f/_ni%) : =
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