Edge Universality of Beta Ensembles
Paul Bourgade!'* Laszl6 Erd6s®" Horng-Tzer Yau'¥

Department of Mathematics, Harvard University
Cambridge MA 02138, USA
bourgade@math.harvard.edu  htyau@math.harvard.edu *

Institute of Science and Technology Austria
Am Campus 1, A-3400 Klosterneuburg, Austria
lerdos@ist.ac.at 2

May 10, 2014

Abstract

We prove the edge universality of the beta ensembles for any S > 1, provided that the limiting
spectrum is supported on a single interval, and the external potential is ¥* and regular. We also prove
that the edge universality holds for generalized Wigner matrices for all symmetry classes. Moreover, our
results allow us to extend bulk universality for beta ensembles from analytic potentials to potentials in
class €*.

AMS Subject Classification (2010): 15B52, 82B44

Keywords: Beta ensembles, edge universality, log-gas.

*Partially supported by NSF grant DMS-1208859

tPartially supported by SFB-TR 12 Grant of the German Research Council. On leave from Institute of Mathematics,
University of Munich, Germany

tPartially supported by NSF grant DMS1307444 and Simons Investigator Award



8

9

CONTENTS

Introduction

Main results

2.1 Edge universality of the beta ensembles . . . . .. ... ... ... ....
2.2 Edge universality of the generalized Wigner matrices . . . . . . . .. ...

Local equilibrium measures
Edge universality of beta ensembles: proof of Theorem 2.1

Edge universality of Wigner matrices: proof of Theorem 2.7

5.1 Edge universality with a small Gaussian component . . . . . . ... ...
5.2 Removal of the Gaussian convolution . . . . . . . . . . .. ... .. ....

Rigidity of the particles

6.1 Statement of theresults . . . . .. ... ... . o oL
6.2 Initial estimates for non-analytic potentials . . . . . ... ... ... ...
6.3 Proof of Proposition 6.2 . . . . . . .. ... ...

6.3.1 Convexification . . . . . .. ... oL

6.3.2 The multiscale analysis . . . . . . ... .. ... ... .. ...
6.4 Proof of Proposition 6.3 . . . . . . .. ... ...
6.5 Proof of Theorem 3.1 . . . . . . . . . . . ... ... . ... ... ...

Analysis of the local Gibbs measure

7.1 Rescaling . . . . . . . .
7.2 Proof of Theorem 3.3 from Theorem 7.1 . . . . ... ... ... ......
7.3 Outline of the proof of Theorem 7.1 . . . . . . ... ... ... ......

Properties of the interpolating measure

Random walk representation for the correlation function

10 Proof of Theorem 7.1

10.1 First time cutoff . . . . . . . ..o
10.2 Set of good paths . . . . . . ... L
10.3 Restriction totheset G . . . . . . . . . . . ... ...
10.4 Energy method and the evolution equation on the good set G . . . . . . .
10.5 Second time cutoff . . . . ...

10.6 A space-time decay estimate and completion of the proof of Theorem 7.1

Proof of lemmas 6.21, 6.22 and 6.23

A.1 Proof of Lemma 6.21. . . . . . . . . ...
A2 Proof of Lemma 6.22 . . . . . . . . . ...
A.3 Proof of Lemma 6.23 . . . . . . . . ...

Two Sobolev-type inequalities

11

16

18
18
24

25
26
27
32
32
34
38
47

51
ol
52
54

56

59

59
60
61
61
62
64
65

67
67
71
72

72



C Proof of Lemma 10.1 76
D Level repulsion for the local measure: Proof of Theorem 3.2 79

E Heuristics for the correlation decay in GUE 83

1 INTRODUCTION

Eigenvalues of random matrices were envisioned by Wigner as universal models for highly correlated sys-
tems. A manifestation of this general principle is the universality of random matrix statistics, i.e., that the
eigenvalue distributions of large matrices are universal in the sense that they depend only on the symmetry
class of the matrix ensemble, but not on the distributions of the matrix elements. These universal eigenvalue
distributions are different for eigenvalues in the interior of the spectrum and for the extreme eigenvalues near
the spectral edges. In this paper, we will focus on the edge universality.

Let Ay be the largest eigenvalue of an N x N random Wigner matrix with normalization chosen such
that the bulk spectrum is [—2,2]. The probability distributions of Ay for the classical Gaussian ensembles
are identified by Tracy and Widom [56,57] to be

lim P(N*3(\y —2) < s) = Fj(s),
N—oc0
where Fg(s) can be computed in terms of Painlevé equations and 8 = 1,2, 4 corresponds respectively to the
classical orthogonal, unitary or symplectic ensemble. The edge universality means that the distributions of
An are given by Fz for non Gaussian ensembles as well. In fact, this holds not only for the largest eigenvalue,
but the joint distributions of any finitely many “edge eigenvalues” are universal as well.

The edge universality for a large class of Wigner matrices was first proved via the moment method by
Soshnikov [51] for unitary and orthogonal ensembles. This method requires that the distribution of the
matrix elements be symmetric. The symmetry assumption was partially removed in [47,54] and it was
completely removed in [30]. In addition to the symmetry assumption, the moment method also requires that
sufficient high moments of the matrix elements be finite. This assumption was greatly relaxed in [19] and it
was finally proved by Lee and Yin [41] that essentially the finiteness of the fourth moment is the sufficient and
necessary condition for the Tracy-Widom edge universality to hold (an almost optimal necessary condition
was established earlier in [3]).

We now turn to the edge universality for invariant ensembles. These are matrix models with probability
density on the space of N x N matrices H given by Z~te=NATV(H)/2 where V is a real valued potential and
7 = Zy is the normalization. The parameter g is determined by the symmetry class of H. The probability
distribution of the ordered eigenvalues of H on the simplex determined by A\; < ... < Ay is given by

N
N —BNH(A _ 1 1 ) )
M (AA) ~ e Ndx, H(A) = ;;1 SV - > log(h — ). (1.1)

1<i<j<N

For classical invariant ensembles, i.e., 8 = 1,2,4, it is well-known that the correlation functions can be
expressed in terms of orthogonal polynomials. Historically, they have been first analyzed in the bulk. The
analysis at the edges is not a straightforward generalization of that in the bulk and serious technical hurdles
had to be overcome. Nevertheless, the edge universality was proved by Deift-Gioev [12] for general polynomial
potentials, by Pastur-Shcherbina [44] and Shcherbina [49] for real analytic, even potentials.



The measure p (1.1) can also be considered for non classical values of 8, ie., 8 ¢ {1,2,4}, although
in this case there is no simple matrix ensemble behind the model. It is a Gibbs measure of particles in R
with a logarithmic interaction and with an external potential V', where the parameter  is interpreted as
the inverse temperature and can be an arbitrary positive number. We will often refer to the variables A;
as particles or points and the system is often called the beta ensemble or log-gas (at inverse temperature
B). We will use these two terminologies interchangeably. When 8 ¢ {1,2,4} and the potential V is general,
no simple expression of the correlation functions in terms of orthogonal polynomials is known. For certain
special potentials and even integer 8, however, there are still explicit formulas for correlation functions [32].
Furthermore, for general § in the Gaussian case, i.e., when V is quadratic, Dumitriu and Edelman [18]
proved that the measure (1.1) describes the eigenvalue distribution of a special tridiagonal matrix. Using
this connection, Ramirez, Rider and Virdg were able to characterize the edge distributions for all 3 [48];
a characterization of the bulk statistics of the Gaussian beta ensembles was obtained in [58]. A similar
approach, independently of our current work, resulted in the proof of edge universality for convex polynomial
potentials [38].

We now compare the notions of edge and bulk universality. The edge universality refers to the distribu-
tions of individual eigenvalues. However, according to Wigner’s original vision, the bulk universality concerns
differences of neighboring eigenvalues, i.e., gap distributions. The bulk universality is often formulated in
terms of local correlation functions. These two notions are equivalent only after a certain averaging in the
energy parameter. Strictly speaking, there are three notions of bulk universality: (i) in a weak sense which
allows for energy averaging; (ii) correlation function universality at a fix energy; (iii) gap universality at a
fixed label j. Clearly, universality in the sense (ii) or (iii) implies (i).

The bulk universality in the sense of (ii) for classical invariant ensembles was proved in [7,13-16,45, 46,
50, 59] using methods related to orthogonal polynomials. For Wigner ensembles, universality for Hermitian
matrices in the sense (ii) was proved in [20,21,26,55] and for all symmetry classes in the sense (i) in [23,24,30].
The gap universality, i.e., (iii), is in fact much harder to obtain; it was proved only recently in [25] both
for invariant and Wigner ensembles using new ideas from parabolic regularity theory (the special case of
hermitian matrices with the first four moments of the matrix elements matching those of GUE was proved
earlier in [53]). The bulk universality for log-gases for general 8 was proved in the sense (i) and (iii) in [8,9,25].
The bulk universality in the sense (ii) for Wigner ensembles with 8 # 2 and for log-gases with 5 & {1,2, 4}
remains open problems.

Returning to the edge universality, we will establish the following two results in this paper: (1) edge
universality for 4* potentials and for all 8 > 1; (2) edge universality for generalized Wigner matrices (these
are matrices with independent but not necessarily identically distributed entries, see Definition 2.6). An
important ingredient of the proof will be an optimal location estimate for the particles up to the edge, for
external potentials of class ¥4. This rigidity will also allow us to remove the analyticity assumption from
previous results about bulk universality [8,9,25].

We now outline the technique used in this paper. For the edge universality of invariant ensembles, the
basic idea is to consider a local version of the log-gas (1.1). This is the measure on K consecutive particles
that is obtained by fixing all other particles which act as boundary conditions. Following the standard
language in statistical physics, we will refer to these local measures as local log-gases. Our core result is the
“uniqueness” of this local measure in the limit K — oo assuming that the boundary conditions are “good”.
By uniqueness, we mean that the distributions of the particles far away from the boundaries are independent
of choice of the “good” boundary conditions. This idea first appeared in [8] for proving the bulk universality
of log-gases. However, the uniqueness of the local Gibbs state in the bulk was defined slightly differently
in [8]; only the gap distributions were required to be independent of the boundary conditions.

It is well-known that the uniqueness of local Gibbs measures in the thermodynamical limit is closely



related to the decay of correlation functions. The work of Gustavsson [34] for the special § = 2 and
Gaussian case (i.e., the GUE case) indicates that in general the point-point correlation function decays
only logarithmically in the bulk, i.e., (X\j;A;),, ~ logli — j|. Gibbs measures with such a slow decay are
typically not unique in the usual sense. The key reason why we were able to prove the uniqueness of the gap
distributions of local log-gases in the bulk [25] is the observation that the point-gap correlation, (A;; A; —
Njt1)us ~ 0j(Ais Aj) s 1s expected to decay much faster due to the simple reason that 9;log |i — j| ~ 1/]j].
In real statistical physics system, however, it is very difficult to compute derivatives of correlation functions
unless they are expressed almost explicitly by some expansion method. The Dirichlet form inequality [23], a
main tool in [8], allows us to take advantage of the fact that the observables are functions of the gaps.

In the subsequent work [25], the correlation functions were expressed in terms of off-diagonal matrix
elements of heat kernels describing random walks in random environments. This representation in a lattice
setting was given in [17,33]. In a slightly different formulation it already appeared in the earlier paper of
Naddaf and Spencer [42], which was a probabilistic formulation of the idea of Helffer and Sjostrand [35].
Using this representation, the decay of the point-gap correlation amounts to the Holder continuity of the
heat kernel for the random walk dynamics [25]. We note that the jump rates in this random walk dynamics
are long ranged and contain short distance singularities depending on the stochastically driven environment.
The proof of the Holder continuity in [25] requires extending the De Giorgi-Nash-Moser type method of
Caffarelli, Chan and Vasseur [11] to the singular coefficient case and providing a priori estimates such as
rigidity and level repulsion.

It should be stressed that, despite these efforts, only gap distributions but not those of individual eigen-
values were identified in [25]. Edge universality, however, is exactly about individual eigenvalues and not
about gaps. The surprising fact is that correlation functions of log-gases decay as a power law near the
edges! Thus we do not need the Holder regularity argument from [25] to analyze the edges. Instead, in this
paper we rely on the energy method from parabolic PDE’s and on certain new Sobolev type inequalities for
nonlocal operators to prove the decay of off-diagonal elements of the heat kernel. For this purpose, we will
need rigidity and level repulsion estimates near the edges. We will extend the multi-scale analysis of the
loop equation, first appeared in [8], in two directions. First, this analysis will be performed along the whole
spectrum, including the edge, where the change of scaling poses a major difficulty; second, analyticity of the
external potential is not required, thanks to a new analysis of the loop equation.

For the edge universality of Wigner ensembles, we will use the idea of the local relazation flow initiated
in [23,24] and the Green function comparison theorem from [29]. This theorem can be used for both the
bulk or the edge universality. In particular, the eigenvalue distributions of two Wigner ensembles near the
edges are the same provided that the variances of the matrix elements of the two ensembles are identical.
This implied the edge universality for Wigner matrices [30].

On the other hand, if the variances of the matrix elements are allowed to vary, then the matrix cannot be
matched to a Gaussian Wigner matrix. Thus the edge universality for generalized Wigner matrices cannot
be proved directly with the Green function comparison theorem. Using the uniqueness of local log-gases,
we can identify the distributions of the edge particles in the Dyson Brownian Motion (DBM). This implies
the edge universality for general classes of Gaussian divisible ensembles with varying variance. Finally, we
will use the Green function comparison theorem to bridge the gap between generalized Wigner matrices and
their Gaussian divisible counterparts.

We emphasize that the uniqueness of local log-gases plays a central role both in the edge universality of
log-gases and in our analysis of edge points in DBM. For log-gases, it is natural to localize the problem so
that the external potential can be replaced by its first order approximation and thus it becomes universal
after scaling. However, localization of the measure in general introduces very large errors in strongly corre-
lated systems. The key observation is that there are strong cancellations in the effective potential for “good”



boundary conditions. The significance of the local log-gases in the proof of proof of universality for Wigner
matrices is subtler, and will be explained in details in Section 5.

Convention. We use the letters C, ¢ to denote positive constants, independent of N, whose values may
change from line to line. We will often estimate the probability of rare events 0 = Qu that are typically
either subexponentially small, P(Q?) < exp(—N°) or small by an N-power; P(2) < N~¢. In both cases it is
understood that the statements hold for any sufficiently large N > Ny. We will not follow the precise values
of the exponents ¢ or the thresholds Nj.

2 MAIN RESULTS

We will have two related results, one concerns the generalized Wigner ensembles, the other one the general
beta ensembles.

2.1 Edge universality of the beta ensembles

We first define the beta ensembles. Let 2V) ¢ RN denote the set
EMN) = A= (A, A2, AN) s A< Ao <. < Ay} (2.1)

Consider the probability distribution on =y given by

N
N 1 _ 1 1
pS = uM(dx) = —e BNHNGN,  H() = > 3V - > log(h — ), (2.2)
Zgv k=1 1Ki<EN
where Zé]\(/) is the normalization. In the following, we often omit the parameters N, 8 and V in the notation

and we will write p for u¥). Sometimes emphasize the dependence in the external potential by writing
w=py. We will use P* and E* to denote the probability and the expectation with respect to pu.

We will view p as a Gibbs measure of NV particles in R with a logarithmic interaction, where the parameter
B > 0 is interpreted as the inverse temperature. We will refer to the variables ); as particles or points and
the system is called log-gas or general beta ensemble. We will assume that the potential V is a €* real
function in R such that its second derivative is bounded below, i.e., we have

i ") > — .
;relﬂf%V (x) = —2W (2.3)
for some constant W > 0, and
Viz) > (24 a)In(1 + |z|), (2.4)

for some o > 0, if |z] is large enough. It is known [10] that under these (in fact, even weaker) conditions
the measure is normalizable, Z(") < co. Moreover, the averaged density of the empirical spectral measure,
defined as

N
1
QEN)O‘) - Q§N,B,V)()\) — ]EH,N Z‘S()‘ — ), AER,
j=1

converges weakly to a continuous function ¢ = gy, the equilibrium density, with compact support. We
assume that g is supported on a single interval [A, B], and that V' is regular in the sense of [39]. We recall



that V is regular if its equilibrium density o is positive on (A, B) and vanishes like a square root at each of
the endpoints of [A, B], that is

o(t) =saVt—A(1+0(t—A)), t > AT, (2.5)
o(t)=spvVB—-t(1+0(B—-t)),t—B",
for some constants s4, sg > 0. We remark that this regularity assumption is not a strong constraint; regular

potentials V' form a dense and open subset in the space of the potentials with a natural topology [39].
Let the limiting classical location of the k-th particle, v, = v, (N), be defined by

/% o(s)ds = % (2.6)

— 00

Finally, we introduce the notation [p, q] = [p,¢] N Z for any real numbers p < g.
We will be interested in the usual n-point correlation functions, generalizing ggN), and defined by

T o
RN-n

where p# is the symmetrized version of y given in (2.2) but defined on RY instead of the simplex =),

1
#(N) _ (o)
pFN(AN) = SN,

where A7) = (Ao(1)s -5 Ao())s With Ag(1) < -+ < Ay(ay. Our main result is the following.

In the following theorem, we consider two regular potentials, V and 17, such that their equilibrium
densities oy and gy are supported on a single interval. Without loss of generality (by applying a simple
scaling and shift), we may also assume that the singularities at the left edge match and both occur at A = 0,
with the same constant s4 = 1:

ov(t) =VE(L+0(®)), op(t) =VE(L+0(1), t = 0" (2.8)

Theorem 2.1 (Edge universality for beta ensembles). Let 8 =1 and V, V be €*, reqular and satisfy (2.3),
(2.4). Assume that the equilibrium density oy and oy are supported on a single interval and satisfy (2.8).

For any constant k < 2/5 there exists x > 0 such that the following holds. Take any fixed m > 1 and a
continuously differentiable compactly supported function O : R™ — R. There exists a constant C > 0 such
that for any N and A C [[1, N*] with |A| = m, we have

‘(E“V —EF)O ((N2/3j1/3()\j - 7J’))jeA>

< CON7X, (2.9)

Remark. Note that one may define v; in (2.6) with respect to the measure gy or o, it does not make
any difference in the above theorem when x < 2/5: from (2.8) one obtains v; —7; = O ((j/N)4/3>7 which

is of smaller order than the scale N~2/3;1/3 detected in (2.9). We also remark that Theorem 2.1 is formu-
lated for points near the lower spectral edge A, but a similar statement holds near the upper spectral edge B.

The first results on edge universality for invariant ensembles concerned the classical values of = 1,2, 4.
The case 8 = 2 and real analytic V' was solved in [12,15]. The 8 = 1,4 cases are considerably harder than



B = 2. For B = 1,4 universality was first solved for polynomial potentials in [12], then the real analytic
case for =1 in [44,49], which also give an alternative proof for § = 2. Finally, independently of our work
with a completely different method, edge universality for any 8 > 0 and convex polynomial V' was recently
proved in [38].

Choosing S = [1,m] and V(z) = 22 in the previous theorem allows us to identify the universal distribu-
tion from Theorem 2.1 with the Tracy-Widom distribution with parameter g > 0. This distribution can be
represented via the stochastic Airy operator. We refer to [48] for its proper definition, the Hilbert space it
acts on, and the proof that its smallest eigenvalues describe the asymptotic edge fluctuations of the Gaussian
beta ensembles.

Corollary 2.2 (Identification of the edge distribution). Let 8 > 1 and m € N be fized, and Ay < -+ < A,
the m smallest eigenvalues of the stochastic Airy operator —0p, +x+ %b; on Ry, where bl, is a white noise.

Let V be €*, regular with equilibrium density supported on a single interval, and satisfy (2.3), (2.4), (2.8).
Then the following convergence in distribution holds:

(N/2)23(\ — A, A — A) = (A1, ..., Ay).

Theorem 2.1 can be used to show Gaussian fluctuations for the points in an intermediate distance from
the edge. Indeed, such fluctuations were proved by Gustavsson in [34] in the S = 2 Gaussian case (GUE)
for all eigenvalues, and this was extended § = 1 and 4 in [43]. Combining these results with Theorem 2.1
immediately gives the following statement (here k ~ N means logk/log N — ).

Corollary 2.3 (Gaussian fluctuations). Let 8 = 1,2 or 4 and the potential V be €*, regular such that the
equilibrium density oy is supported on a single interval and satisfies (2.8). Consider the measure M(BN\Z We
define

Ai =i
(logi) /2N -2/3{=1/3"

where ¢ = (3/2)Y/37BY2. Fiz k < 2/5. Then for any sequence i = iy — oo, with i < N*, we have
X; = N(0,1) in distribution.

Moreover, for some fivted m > 0 and 6 € (0,2/5), let ky < --- < ky, satisfy ky ~ N°, and ki1 —
ki ~ N% 0 < 9; < 6. Then (Xkys-ooy Xp,,) converges to a Gaussian vector with covariance matriz

m

Nij=1—-0"max{Vy,i <k <j}ifi<j, Aiy =1

XiZC

We note that if Gustavsson’s result on Gaussian fluctuations were known for the general Gaussian beta
ensembles, then this corollary would prove a central limit theorem for general beta ensembles near the edge.

An important element in the proof of Theorem 2.1 consists in proving the following rigidity estimate
asserting that any particle Ay is very close to its limiting classical location. For any &k € [1, N] we define

k= min{k, N +1 — k}.

For orientation, we note that

~

k\2/3 ~ )
Vi ~ (N) , Vi1 — Yk ~ N723(k) 73,

where A ~ B means ¢ < A/B < C. More precisely, by the square-root singularity of ¢ near the left edge,

o (EY L 0N s = e N1 O] (20)



and similar asymptotics hold near the right edge. The following theorem states that all particles will be
close to their classical locations on this scale, up to a factor N¢ with an arbitrary small exponent & > 0.
Following [30], we will call such a precise bound on the locations of particles a rigidity estimate. The rigidity
estimate in some weaker forms has already been used as a fundamental input [24] to prove the universality
for Wigner matrices. It also played a key role in the proof of the bulk universality for the log-gases in [8].
The following result extends the rigidity estimate from the bulk to the edges, and removes the analyticity
assumption.

Theorem 2.4 (Rigidity estimate for global measures). Let 3 > 0, V be €4, regular with equilibrium density
supported on a single interval [A, B], and satisfy (2.3), (2.4). For any & > 0, there are constants ¢ > 0 and
Ny such that for any N = Ny and k € [1, N] we have

p+ <|)\k — el > N—%+f</%)—é) <e N (2.11)

Related bounds on the concentration of the empirical density on a scale far from the optimal one (2.11)
were established previously [6,36,50], see also references in [2].

Thanks to Theorem 2.4, bulk universality holds for beta ensembles, as stated in [8,9,25], without the
analyticity assumption.

Theorem 2.5 (Bulk universality). Let V be €%, reqular with equilibrium density supported on a single
interval [A, B], and satisfy (2.3), (2.4). Then the following two results hold.

(i) Correlation functions. For any fized 8 > 0, E € (A,B), |E'| <2, n € Nand 0 < k < § there
exists a x > 0 such that for any continuously differentiable O with compact support we have (setting

s:= N"1TF)
Efsde 1 e «@
day ---day, Oag, ..., o / — (M) (2 + L .
‘/ 1 (e >[ o maEr F NE) G),
E'+s dg 1
- S 0 — % ) <onNx
/E/—s 2s Qsc(E’)”QGa“SS’"(x+ Now(®) " N@sc(E')) - '

Here g,.(F) = i\/él — E? is the Wigner semicircle law and ng) are the correlation functions of

uss,n
the Gaussian B-ensemble, i.e. with V(x) = x2.

(ii) Gaps. For any fizxed 8 > 1 and « > 0, there is some € > 0 such that for any n € N and any
differentiable O with compact support, and any k,m € [aN, (1 — a)N], we have
’E”O (NejyOk = Ak1)s oo Nt (A — Aegn)

— EGaussO (NCGauss()\m _ Am-i—l)a o 7Ncr(iauss(Am _ )\m-‘rn)) ‘ < CN—¢

m

where ¢ = o™ () and cS2UsS = o, (vS2USS) with Y28 being the m-th quantile of the semicircle law

defined by fjg“auss 0sc(x)dx = m/N.

Proof. Part (i) was proved in [9] under the assumption that V is analytic, a hypothesis that was only
required for proving rigidity in the bulk of the spectrum. Theorem 2.4 proves that V of class ¢ is sufficient



for rigidity, and the proof of the uniqueness of the Gibbs measure is identical to [8,9]. The result in these
papers were stated in a limiting form, as N — oo, and for smooth observables O, but the proofs hold for
any continuously differentiable O and with an effective error bound of order N X with some y > 0 as well.
The statement (ii) holds for the same reason, being previously proved for analytic V' in [25]. O

We finally remark that while the rigidity estimate (2.11) holds for any 8 > 0, the edge universality in
Theorem 2.1 was stated only for 8 > 1. This restriction is mainly due to that the DBM dynamics (8.1) is
known to be well-posed only for g > 1. We believe that this restriction can be removed, but we will not
pursue this issue in this paper.

2.2 Edge universality of the generalized Wigner matrices

We now define the generalized Wigner ensembles. Let H = (hij)ﬁ\fj:l be an N x N complex Hermitian or
real symmetric matrix where the matrix elements h;; = }_Lji, 1 < 7, are independent random variables given
by a probability measure v;; with mean zero and variance Ufj = 0;

Ehij = 07 Jizj = E|h”|2 (212)

The distribution v;; and its variance 0‘% may depend on N, but we omit this fact in the notation. We also
assume that the normalized matrix elements satisfy a uniform subexponential decay,

P(|hi;| > z0i5) <9 exp (—a?), x>0, (2.13)
with some fixed constant i, uniformly in N, 7, j.

Definition 2.6. [29] The matriz ensemble H defined above is called generalized Wigner matriz if the
following assumptions hold on the variances of the matriz elements (2.12)

(A) For any j fized

(B) There exist two positive constants, C1 and Cs, independent of N such that
G2

— < 0

N SN
For Hermitian ensembles, we additionally assume that for each i,j the 2 X 2 covariance matrizc

E(Rehi;)*  E(Reh;)(Imhy))
i = <E(Re hij)(Im hij) E(Im hi;)* )

satisfies

m matrix sense.

Let PH and E denote the probability and the expectation with respect to this ensemble. Our result
asserts that the local statistics on the edge of the spectrum are universal for any general Wigner matrix, in
particular they coincide with those of the corresponding standard Gaussian ensemble.

10



Theorem 2.7 (Edge universality of generalized Wigner matrices). Let H be a generalized Wigner ensemble
with subexponentially decaying matrix elements, (2.13). For any x < 1/4, there exists x > 0 such that the
following result holds. Take any fited m > 1 and a smooth compactly supported function O : R™ — R. Then
there is a constant C > 0 such that for any N and A C [1, N*] with |A| = m, we have

‘(EH —E*¢)0 <<N2/3j1/3()\j _ Vj)) >’ <C N7X,

JEA

where pg 1s the standard Gaussian GOE or GUE ensemble, depending on the symmetry class of H (1t is well-
known that e is also given by (2.2) with potential V(z) = 2% and with the choice 8 = 1,2, respectively).

This theorem immediately implies analogues of Corollaries 2.2 and 2.3 in the case of symmetric or
Hermitian generalized Wigner ensembles.

Edge universality for Wigner matrices was first proved in [51] assuming symmetry of the distribution
of the matrix elements and finiteness of all their moments. In the consequent works, after partial results
in [47,54], the symmetry condition was completely eliminated [30]. The moment condition was improved
in [3,19] and the optimal result was obtained in [41]. All these works heavily rely on the fact that the
variances of the matrix elements are identical. The main point of Theorem 2.7 is to consider generalized
Wigner matrices, i.e., matrices with non-constant variances. In fact, it was shown in [30] that the edge
statistics for any generalized Wigner matrix are universal in the sense that they coincide with those of a
generalized Gaussian Wigner matrix with the same variances, but it was not shown that the statistics are
independent of the variances themselves. Theorem 2.7 provides this missing step and thus it proves the edge
universality in the broadest sense.

3 LOCAL EQUILIBRIUM MEASURES

Recall that the support of the equilibrium density o was denoted by [A, B]. Without loss of generality, by a
shift we set A = 0 and we will study the particles near the lower edge of the support. Fix a small exponent
0 and a parameter K = Ky satisfying

N? < K < N9, (3.1)

Denote by I = [1, K] the set of the first K indices. We will distinguish the first K particles from the rest
by renaming them as

()\17A27"'5AN) = (1‘17"'7$K7yK+17"'yN) EE(N)

Note that the particles keep their original indices. We recall the notation Z(V) for the simplex (2.1). In
short we will write

X:(xla"wa)GE(K)v and y:(yKJrlv"wyN)GE(NiK)'
These points are always listed in increasing order and we will refer to the y’s as the external points and to
the 2’s as internal points. We will fix the external points (often called boundary conditions) and study the

conditional measures on the internal points. Note that for any fixed y € ENV—5) all x;’s lie in the open
configuration interval, denoted by

J = Jy = (7ooayK+l) = (7OO,y+].
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Define the local equilibrium measure (or local measure in short) on J¥ with boundary condition y by
1

py (dx) = Z—e_ﬁj\’ﬁHY(x)dx7 x € JK,
y

where we introduced the Hamiltonian

—% ZVy(xi) — % Z log |z; — ;]
el i,‘jE‘I
1<Jj
2
Vy(2) =V(2) - & > log |z — ;1.
J¢I
Here Vy(z) can be viewed as the external potential of a log-gas of the points {z; : i € I'}. Although this is the
natural local measure, it does not have good uniform convexity in the regime x; < 0. It is more convenient
to consider the following modified measure o and its local version oy. For the proof of the universality of
the original measure p it will actually be sufficient to consider only the local measure oy,.

We will fix a small parameter £ > 0 whose actual value is immaterial; it will be used to provide an
multiplicative error bar of size N®¢ in various estimates on the location of the particles. We will not carry
& in the notation and at the end of the proof it can be chosen sufficiently small, depending on all other
exponents along the argument.

We introduce a confined measure by adding an extra quadratic potential © to prevent the x;’s from
deviating far in the left direction:

- g 1 -
o(dx) = ?e 2655 G(NS ) u(dx) = Zae_'gNH ) dx, (3.2)

N
2 2
o — 5—&... — 2 _
H (%) = Hx) + 1 21:@ (Ns x) . Ou) = (u+1)?1{u < —1}.
The local version of the measure ¢ is defined in the obvious way,

]. o 2 2
oy () = e PV, R (x) 1= Hy () + 1 DO (Nr :17) . (3.3)

v il
For technical reasons we will also need the following variants of ¢ and oy, where we added slightly less
convexity through ©:
/. 3¢,
o(dx) = =e P TierO(V L)H(dx)v
Zc
~ 1 _ NHI(x o o
a'y(dx) = ?e B y( )dX7 Hy( H + *Z@ (Ns 5 )
y
The measures o, o and their local versions depend on the parameters V, 8, K and £ but we do not carry this
dependence in the notation.
Rigidity estimates proved for the global measure p (Theorem 2.4) also hold for the local measures oy
provided y lies in the set of “good” boundary conditions that is defined as follows:

R =R =Rrvs) =1y : |ye — | S N23HE7V3 kg 1} (3.4)
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The rigidity exponent & will always be chosen much smaller than the exponent § in (3.1). This guarantees
that the typical length of the configuration interval, |.J| ~ v —v1 > ¢(K/N)?/3, be bigger than the largest
rigidity precision, N—3+¢,

We will need the following two modifications of R. The first one requires that z be good in an expectation
sense w.r.t. oy, and that x; is not too negative. Thus we define the set

R*=Rivs(l) ={y € Rx(€) :Vk €I, [Eay — | S N“EHET3 PO (ay > 9q — N™5+6) > 1/2).
(3.5)
Notice that for technical reasons to be clear later on the constraint on z; is w.r.t. the measure oy. This
condition will be important in Sect. 6.5.
Another modification adds the condition of a level repulsion near the boundary, i.e., we define

R¥ = Rﬁ,v,ﬁ(f) ={y € Rivp(£/3) ¢ [yrs1 — yrya| > N723 K713 (3.6)

In the following theorems we establish rigidity and level repulsion estimates for the local log-gas o, with
good boundary conditions y up to the spectral edges. These theorems extend similar estimates for the local
measure fiy in the bulk of the spectrum established in [25] to the edges for the measure oy.

Theorem 3.1 (Rigidity estimate for local measures). Fiz 8, > 0 and, using the above notations, assume
that y € R3.(§). Then there exists constants C,c > 0 (independent of y, K ) such that for large enough N
we have, for any k € I, and u > 0,

2

Py (\mk — Y| > CN_%+5I€_%U) Le M. (3.7)

As a side comment we remark that the Gaussian decay in (3.7) is an artifact of the additional confine-
ment in the local measure o,. For the measures u or pu,, the tail probability of z; has a slower decay
exp [~C(y1 — 21)%/?] in the regime z; < ; in accordance with the tail behaviour of the Tracy-Widom law
(for the Gaussian beta ensemble, see [40] for a detailed analysis of the edge tail behavior). However, Theorem
3.3 below asserts that oy has the correct distribution when z1 — vy, ~ N -3,

We also have the following level repulsion estimates. Similar bounds for the measure py in the bulk were
proved in [8,25].

Theorem 3.2 (Level repulsion estimates for local measures). Let 8 > 0, let £ be an arbitrary fized positive
constant and assume that K satisfies (3.1). Then there are constants C,c > 0 such that fory € R = R (£)
and for any s > 0 we have

P [yx 1 — ok < sKVENT2E <O (KQS)ﬂJrl ; (3.8)

Po¥ [yx 41 — 2x < sK’l/?’N’Q/?’] <C (Ncgs)/iﬂ +e N (3.9)

Note that these two bounds are complementary. The first one gives optimal level repulsion for arbitrary
small s, but the constant K2 is not optimal. The second bound improves this constant but at the expenses
of an exponentially small additive error.

We remark that statements similar to (3.9) hold for any gap x;11 — x;, not only for the last one with
i = K. The proofs are very similar, after conditioning on the points x;41,x;49,...,zx being close to their
classical locations.

We will prove the rigidity and level repulsion results only for oy since these bounds are needed in the
proof of the main theorems. The proof of the level repulsion bounds for oy, however, verbatim applies to
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tty. For the rigidity bound, from Theorem 3.1 there exists a set ) of almost full y-measure such that for
any y € )Y we have

Py (\mk — Y| > N7%+5+5k7%) <e NV,

The role of the confinement in the definition of ¢ is to prevent the first particle x; to be very negative, since
it would destroy the good convexity bound on the Hessian. The reason we have to introduce o and oy is
that in a technical step (establishing rigidity for the interpolation between local equilibrium measures with
two different boundary conditions, see Section 8) we need a superexponential decaying tail probability of the
rigidity estimate. We establish such bound only for the confined measure oy and not for puy,.

Our main technical result, Theorem 3.3 below, asserts that, for K in a restricted range, the local gap
statistics is essentially independent of V' and y for good boundary conditions y (see (3.4)). For a fixedy € R,
we define the classical locations a; = «;(y) of x; by the formula

/Oaj o(s)ds = %H /Oy+ o(s)ds, Jj €1, K], (3.10)

i.e., a;’s are the j-th (K + 1)-quantiles of the density in Jy. Recall that the support of o starts from A =0
even though the configuration interval starts from minus infinity.

The core universality result on the local measures is the following theorem. It compares two local measures
with potentials V' and V and external configurations y and y. For notational simplicity, we will use tilde to
refer to objects related to the measure 1 := pg.

Theorem 3.3 (Edge universality for local measures). Let 5 > 1 and V, V be €4 be reqular and satisfy (2.3)
and (2.4). Assume that the equilibrium density oy and oy are supported on a single interval and satisfy
(2.8). Fiz small positive parameters £,6 > 0 and a parameter 0 < ¢ < 1 that satisfy

Co€ < 0(1—), (3.11)

with a sufficiently large universal constant Cy, and assume that
N? < K < N¥/579, (3.12)
Then there is a small x > 0, independent of N, K, with the following property. Lety € Rﬁvﬁ(f)ﬁ'R}’Vﬁ(f)

andy € Ri > ﬁ(f) NRY & B({) be two different boundary conditions. Fiz m € N. Then for any A C [1, K¢],

|[A| = m, and any smooth, compactly supported observable O : R™ — R, we have for N large enough

oy 2/3:1/3(,. _ oy 2/3,:1/3(,. _ ~.
E O((N J (mj aj))jeA> E O((N J (xj O?a))jeA)

We remark that, thanks to the conditions (2.8) and (3.12), the points ¢; and &; (defined by (3.10) with
o0 and p) in (3.13) can both be replaced by «y;. To see this, we claim that for any y € Rx we have

< NX, (3.13)

'N—l—i-{ :2/3
o =] < O <ONTAREL (3.14)

1/2
K’yj/

and these estimates are more accurate than the precision detected by the smooth observable O in (3.13)
for any j < K¢. To prove (3.14), we recall yx ~ N~-2/3K?/3 and for y € R, we have |yx41 — vxs1| <
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N—2/3+¢ K =1/3_ Since the density has a square root singularity near A = 0 (2.5), by assumption K > NO >
N¢ we have for y € R that

. e 1/2 ar—2/3 —-1/3 —1
‘ / o(s)ds f/ Q(s)ds’ < CvgiN BV L ONTIHE,
0 0
Therefore, for y € R we obtain that

o B ] K + 1 C1+e B /'Yj i C14e
/0 o(s)ds = K11 [7N +O(N )} =, o(s)ds + I O(N ).

This implies (3.14).

As a consequence of the proof of Theorem 3.3, we also have the following correlation decay estimate.

Theorem 3.4 (Correlation decay near the edge). Let 3 > 1, V be €*, reqular, and satisfy (2.3), (2.4).
Assume that oy satisfies (2.8). Fiz small positive parameters £,0 > 0 and assume (3.11), (3.12). Consider
the local measure oy with'y € Rﬁ‘/ﬂ@) NRi v 3(). Then there is a constant C, independent of N, K, such
that for any two differentiable functions f,q on Jy and large enough N, we have

NC¢ .
<q($i)§f(xj)>ay < W”QIHOOHJNHOO> 1 <J <K, (3.15)

where (f; g)w = E¥ fg —E“ fE¥g denotes the covariance. In particular,

NCE;1/3

s iSi<K (3.16)

(N33 — ) N2 (5 — ) <
We remark that the rigidity estimate (3.7) shows that N2/3i/3(z; — i%/3) < N©€ with a very high
probability. Therefore, as long as i < j/3, (3.16) is stronger than the trivial bound

<N2/3i1/3(xi _ %);N2/3j1/3(xj _ 7j)>a,, < N¢¢

obtained from the rigidity estimate. We believe that the optimal estimate on the correlation decay is of the
following form:

1/3
(NP3 (@ = 3); NP3y —)) S (Z> . i<j<K, (3.17)
y
J
and the same decay rate holds for the global measures o and p. A heuristic argument that this is the optimal
decay rate, at least w.r.t. the GUE measure, will be given in Appendix E. It is based on an extension of the
argument in [34]. We note that this decay is quite different from the logarithmic correlation decay in the

bulk

N
(N(zi =) N(xj = 5)), ~ log li—jl+1

which is proven for the GUE measure p in [34] and conjectured to hold for other ensembles as well.

Theorem 3.3 is our key result. In Sections 4 and 5 we will show how to use Theorem 3.3 to prove the
main Theorems 2.7 and 2.1. The proofs of these two theorems follow the arguments used in [25]. The proofs
of the auxiliary Theorem 3.1 will be given in Subsection 6.5, and Theorem 3.2 in Appendix D. The proof of
Theorem 3.3 will start from Section 7 and will continue until the end of the paper.
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4 EDGE UNIVERSALITY OF BETA ENSEMBLES: PROOF OF THEOREM 2.1

In this section, we shall use the edge universality Theorem 3.3 to prove global edge universality Theorem 2.1.
Recall the definition of the measure ¢ with normalization factor Z,. We start with he following lemma on
properties of o, defined by (3.2).

Lemma 4.1. For any bounded observable O we have

c

E°O —]E“O‘ < O]loce".

(4.1)

In particular, this implies that u and o have the same local statistics and o also satisfies the following rigidity
estimate: for any & > 0 there exists Ny and ¢ > 0 such that for all N > Ny, k € [1, N], we have

p° (|)\k — Yl > N—%+€(1%)—é) < e N (4.2)
Moreover,
P7(RE(E) NRk(§) =1 - N~° (4.3)
with some positive constant ¢’ > 0.

Proof. Clearly, by © > 0, we have the relation Z? < Z among the normalization constants for ¢ and pu. For
a lower bound, from the rigidity estimate (2.11) for x; we have

z°

_ $-¢, c
1> ~ —/e wZi@(NS 1)du>P#($1>—N7%+£)21—87N.

For any bounded nonnegative observable O, we have from the rigidity estimate on p that

Z c
EFO — ||O|sP*(z; < —N~31€) < ﬁE“O]l(xl > —N"5H) <E°0 < (1 — e V) 'EFO.

Using this separately for the positive and negative parts of an arbitrary bounded observable, this proves
(4.1). From the rigidity estimate (4.2) we have

P7(Rict1(6/3)) > 1 — exp (—N°) (4.4)

(notice that the index of R is K + 1 instead of K and we use £/3 instead of £ for later convenience).
Furthermore, for any y € Rx4+1(£/3), the level repulsion estimate w.r.t. oy in the form proved in (3.9)
implies

P [y ia — wic i1 < sN™2BE13] < O(NT4/%) (4.5)

for s > exp(—K?). Using (4.4), we see that (4.5) also holds with oy replaced by o. Applying this with
s=N"¢ <« N-7€/9 we have
P°(RE)>1-N—° (4.6)

The estimates (4.1)—(4.6) also hold for the measure ¢ instead of o with the same proof.
From the rigidity estimate w.r.t. o, (4.2), we have for any £ > 0 that

E°Po (|xj — ;] < N-3tej75 . yje I) =P’ <|xj — ;] < N-3tj75 . yje I) >1-e M. (47
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By the estimate (3.14) on v; — «;, (4.7) also holds if «; is replaced by 7;. From the rigidity estimate w.r.t.
o, we have

c

PP(A) 21—, A= {y € R(€) 1B (my > m — N-3+) > 1/2).
By (4.1) we have and also the parallel version with o replaced by &, we have
|P7(A) —P7(A)] <e V.

This guarantees that the second constraint in the definition of R* from (3.5) is satisfied for a set of y’s with
a high o-probability. The first constraint is easily satisfied for a large set of y’s by the rigidity w.r.t. o.
Thus we obtain

c

PO(Ry)=1—e V. (4.8)

Combining (4.6) and (4.8), we obtain (4.3). O

Proof of Theorem 2.1. Fix a configuration y € ﬁﬁ N ﬁ} where Ry := Ry v 5 and with similar notations
for the other sets. Thus we can take expectation of (3.13) with respect to o and use (4.3) to have

SNTX,

o Ty 2/3:1/3 L . _ oy 2/3:1/3 S
E7Lyergom; B 0<(N RACS a]<y>>)jeA) E 0<(N 7 a]<y>>)j@>

where we have explicitly indicated the dependence of a; on y. From (3.14) and j < K¢ we have
N2 ag(y) = 5] S NSJETH < N7

provided that
NEHX -1 <1

This condition is guaranteed by the condition (3.11) if x > 0 is chosen sufficiently small. Under this condition,
we have thus proved that

< N™X

o o 2/3:1/3(,.. _ A. _ WOy 2/3:1/3(,.. _ ~.
E"lyen# s E yo((N G vj))jeA> EyO((N 33 (x; @)j@)

Recall that the o-probability of the complement of the set Rf( NR}; is small, see (4.3), and we can choose
X < ¢ where ¢’ is the constant in (4.3). Together with the fact that O is bounded, we can drop the

characteristic function 1 # . at a negligible error and we have
YERELNR Y

< N™X

E°0 <(N2/3j1/3(xj _ w)j@) w0 <(N2/3j1/3<a:j - aj@)))j@)

We can now repeat the same argument for the tilde variables. Taking expectation over y with respect to o,
we see that E? can be replaced with E¢ with a negligible error. Finally, using (4.1) we can replace o with
w and ¢ with . This proves the global edge universality Theorem 2.1. O
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5 EDGE UNIVERSALITY OF WIGNER MATRICES: PROOF OF THEOREM 2.7

We will first prove Theorem 2.7 under the assumption that the matrix elements of the normalized matrix
satisfy a uniform subexponential decay (2.13). This will be done in the following two steps. First we show
that edge universality holds for Wigner matrices with a small Gaussian component. This argument is based
upon the analysis of the Dyson Brownian Motion (DBM). In the second step we remove the small Gaussian
component by a moment matching perturbation argument.

5.1 [Edge universality with a small Gaussian component

We first recall the notion of Dyson’s Brownian motion. It describes the evolution of the eigenvalues of
a flow of Wigner matrices, H = H;, if each matrix element h;; evolves according to independent (up to
symmetry restriction) Ornstein-Uhlenbeck processes. In the Hermitian case, this process for the rescaled
matrix elements v;; := N'/2h;; is given by the stochastic differential equation

1
dvij = dBij — §Uijdt, i,j S [[1,N]]

where B;;, i < j, are independent complex Brownian motions with variance one and B;; are real Brownian
motions of the same variance. The real symmetric case is analogous, just ;; are real Brownian motions.

Denote the distribution of the eigenvalues A = (A1, Ag,..., An) of H; + 2 at time ¢ by f;(A)u(dA) where
the Gaussian measure p is given by (2.2) with V(z) = 3(z — 2)%. (This simple shift ensures that the
convention A = 0 made at the beginning of Section 3 holds.) The density f, = fi n satisfies the forward
equation

Oufe = Lft, (5.1)

where
N

EEN:252+Z</\ +ZA_A> ai:a%’ (5.2)

i=1

with 8 = 1 for the real symmetric case and § = 2 in the complex hermitian case. The initial data fy given
by the original generalized Wigner matrix. The main result of this section is that edge universality holds for
the measure f;u if ¢t is at least a small negative power of N.

Note that, in this section, we always consider the cases § = 1 or 2, although the proof of the following
theorem could be adapted to general 5 > 1.

Theorem 5.1. Let u be the Gaussian beta ensemble, (2.2), with quadratic V', and f; be the solution of (5.1)
with initial data fo given by the original generalized Wigner matriz. Fix an integer m > 0 and k < 1/4.
Then there are positive constants b and x such that for any t > N~° and for any compactly supported smooth
observable O we have

‘ [Bf# — ]E”]O(Nz/spll/s(l'pl —Ypu ) N, — %m)) ( < CON™X,

for any p1,...,pm < N*.
For any 7 > 0 define an auxiliary potential W = W7 by

N
=) W) = %(Aj )

The parameter 7 > 0 will be chosen as 7 ~ N~ where a is some positive exponent with a < b.
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Definition 5.2. We define the probability measure du™ := Z= e~ NP"" where the total Hamiltonian is given
by
H =H+WT.

Here H is the Gaussian Hamiltonian given by (2.2) with V(z) = 2%/2 and Z, = Z,= is the partition function.
The measure ™ will be referred to as the relaxzation measure.

Denote by @ the following quantity

= = N)\ 2 f(A)p(dX
Q.—supN/;( = FAu(N)

t>0

Since H; is a generalized Wigner matrix for all ¢, the following rigidity estimate (Theorem 2.2 [30] and
Theorem 7.6 [19]) holds:

c

P (|/\k — | > N—%+5f(/%)—%) <e M. (5.3)

where 7, is computed w.r.t. the semicircle law and we have used 6§ as the small positive exponent needed
in the rigidity estimate [19] so that N°¢ < K. Together with a trivial tail estimate from (2.13),

Pft“(|/\i\ >s) < NQIPf"“(|hij(t)\ > 5) < N? exp(—(s/\/]v)c), s> 0, (5.4)

this implies that
Q < N—2+2u

for any v > 0 if N > Ny(v) is large enough.
Recall the definition of the Dirichlet form w.r.t. a probability measure w

N
D(Vg) ==Y _D{(V9),  Di(Vg) = N / 10iv/9*dw = 8*N/|3i log g[*gdw, (5.5)
i=1
and the definition of the relative entropy of two probability measures gw and w
S(gw|w) = /gloggdw.

The 1/N prefactor in the definition of the Dirichlet form as well as in (5.2) originates from the N~!/2-rescaling
of the matrix elements h;; = N~1/2v;;.

By the Bakry-Emery criterion [4]), the local relaxation measure satisfies the logarithmic Sobolev inequal-
ity, i.e.,

S(fuT|n™) < CriDM (V)

for any probability measure fu’.

Now we recall Theorem 2.5 from [27] (the equation (2.37) in [27] has a typo and the correct form should
be S(fru|lw) < CN™). This theorem was first proved in [29]; a closely related result was obtained earlier in
in [23].

Lemma 5.3. Let 0 < 7 < 1 be a (possibly N-dependent) parameter. Consider the local relazation measure
uT. Set = % and let g, == fi/v. Suppose there is a constant m such that

S(frplp™) <CN™. (5.6)
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Fiz an &’ > 0. Then for any t > TN the entropy and the Dirichlet form satisfy the estimates:

S(gen”|InT) SCN*Qr™!, D' (\/g) <ON?Qr 2, (5.7)
where the constants depend on &' and m.

We remark that the condition (5.6) is trivially satisfied in our applications for any 7 > N ~2/3+¢ since

S(fouli™) < S(frulp) +log(Z,/Z) + N / W) £ (A)dpu(N) (5.8)

and S(f-plp) < S(Hr|Hoo) = N2S((he)ij](hoo)ij) < CN™, where Hy is the GOE/GUE matrix. The other
two terms in (5.8) satisfy a similar bound by (5.3).
Recall the probability measure o (3.2) and define ¢; by

WO = fiih = gepir-
From (5.3)-(5.4) and (5.7) (and recalling that we have shifted the eigenvalues in such a way that the left
spectral edge —2 is now shifted to 0), we can check that
D7(\/) < 2D" (\/gi) + CN*3 Y B VO(N?/34a))]> < 2N?Qr 2 + e (5.9)
J

for any t > TN¢'.
Recall that oy denotes the conditional measure of o given y and Hg its Hamiltonian (3.3). The Hessian
of Hy, satisfies for all y € Rk and all u € RE that

o 4/3-2 —2 2 " 2, 1 u? 1/3 p—1 2
(u, (Hy) u> 2 N /3 EZIL(J}] < -N /3+£)UJ+ZV (I])Uj—‘rﬁ 4 Z m >CN /3K /3Zuj.
jel Jjel jel,kelc jel
(5.10)
In this estimate we used that V" is bounded from below, see (2.3), and that
i Z i Z 1 > CN1/3K—1/3
17 _ N (N§—2/3 + N—2/3k2/3)2 =

ke[v E>K+1
holds for any > —N~2/3t¢ and y € Rg.

Define ¢,y to be the conditional density of fiu = q.0 w.r.t. oy, given y, i.e., it is defined by the relation
qt,y0y = (ftst)y. From the bound (5.10) we have the logarithmic Sobolev inequality

K1/3 -
S(Qt,yUY|Uy N1/3 Z D y qt,y (511)
i€l

Combining it with the entropy inequality, we have

/dgy‘%,y -1 <Cy/S(ayoyloy) < N1/3 Z Vity) (5.12)

el

The following Lemma controls the Dirichlet forms Df" for most external configurations y.
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Lemma 5.4. Fit0<a <1, &v >0, and ™ > N—%. Suppose the initial data fy of the DBM is given by a
generalized Wigner ensemble. Then, for any e, > 0 and t > TN® there exists a set G C Ri(§) of good
boundary conditions y with

P/ (G ) >1—CN~® (5.13)
such that for any 'y € Gk we have
> DY (Viry) < CN3H2et2y, (5.14)

iel
Furthermore, for any bounded observable O, we have
(B2 — E7¥]O(x)| < CKMONZ+atv=1/6, (5.15)
We also have
B35 |z — vy < ON"2/3+€1/3, kel (5.16)
The same bounds hold if oy and qiy are replaced with Gy and Gy where G, is defined by ;0 = fip.

Proof. In this proof, we omit the subscript t, i.e., we use f = f;, etc. By definition of the conditional measure
and by (5.7) and (5.9), we have for any v > 0 that

B DY (Vaiy) = 3 DI (VD) < N2Qr 2+ eV < onere,

iel i€l

Therefore, by the Markov inequality, (5.14) holds for all y in a set G with P/#(GL) > 1~ CN~3. Recall
from the rigidity estimate (2.11) that P (RS, ) = Pf#(R% ) is exponentially small. Hence we can choose G
such that Gk C Rx. The estimate (5.15) now follows from (5.14), (5.11) and (5.12).

Similarly, the rigidity bound (5.3) with respect to fu can be translated to the measure fyuy for most y,
i.e., there exists a set §% C R with

P (G%) =PI(G%) > 1 —exp (— N°),

such that for any y € G2 and for any k € I, we have
Py oy (m ol > N—2/3ka—1/3) <exp (— N°). (5.17)

In particular, by setting G := G& N G2 we can conclude (5.16) for any y € Gx. This proves the lemma. [J

Lemma 5.5. Fizx0 <a<1/6,&,v >0, and T > N™% Suppose the initial data fo of the DBM is given by a
generalized Wigner ensemble. Then, for anye’ >0,t > TN®, kel andy € Gk, (defined in Lemma 5.4),

we have
|E7v 2y, — x| < N"3KTVBKE, kel (5.18)

provided that
KB N=8/6tvtat2e’ o N=2/3 gr—1/3+€ (5.19)

Notice that we need a < 1/6 in order that (5.19) has a solution with K — co. In our application we will
choose a arbitrarily close to 0, then we can take any K with K < N'/49 and still find sufficiently small
positive exponents v, a,&’ with a + ¢’ < b so that (5.19) holds. We will not trace the precise interrelation
among these exponents. This explains the restriction x < 1/4 in Theorem 2.7.

The following proof is essentially the same as the one for Lemma 5.5 in [25].
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Proof. We claim that the estimate (5.18) follows from
B 2y, — B>y | < KV/3 N5/ 0tvtat2e, (5.20)
To see this, we have
|E7v @ — 1| < [EY@p — E®vo¥ k| + [E¥ 7Y 2) — ] < N72BE=3KE,
where we have used (5.16), (5.20) and (5.19). To prove (5.20), we run the reversible dynamics
Oshs = Lyhs

starting from initial data hg = gy, where the generator L, is the unique reversible generator with the
Dirichlet form D%, i.e.,

1
—/fﬁygday:Zﬁ/Vif'Vz‘gdUr
el

Recall that from the convexity bound (5.10), 7x = K3/N'/3 is an upper bound for the time to
equilibrium of this dynamics. After differentiation and integration we get,

KT
K 1 ’
{eq,yay - E“Y} (g —Yk) = / duﬁ (Okhy)doy + O(exp (—cK*®)).
0

From the Schwarz inequality with a free parameter R, we can bound the last line by

KE/TK
%/ du/ (RO + b B )doy + Ofexp (~eK)).
0

Dropping the trivial subexponential error term and using that the time integral of the Dirichlet form is

bounded by the initial entropy, we can bound the last line by
KEI TK
RS(atyoyloy) + —p

Using the logarithmic Sobolev inequality for o, and optimizing the parameter R, we can bound the last
term by

. K< /
E°vx) — Eq‘vy”yxk’ < TKRZDiy(\/qt,y) + K O(exp (—cK*))

iel NR
KE/TK ( - 1/2 ,
—_— D~ ) + O(exp (—cK*®)).
TN ; i (Vay) (exp ( )
Combining this bound with (5.14) with the choice € = £/, we obtain (5.20). O

We note that if we applied (5.15) with the special choice O(x) = z to control (5.20), then the error
estimate would have been much worse. We stress that (5.18) is not an obvious fact although we know that it
holds for y with high probability w.r.t. the equilibrium measure . The key point of (5.18) is that it holds
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for any y € Gk, i.e., for a set of y’s with "high probability” w.r.t fiu! We also remark that (5.18) holds only
in the sense of expectation of z; and have not yet established that

E%|ap — | S N2PETVAKS, kel
We will finally prove this estimate (Theorem 3.1) but only after we prove the rigidity estimate for oy.
We can now prove the main result of this section.

Proof of Theorem 5.1. We will consider only the case m = 1 since the general case is only notationally more
involved. From the assumption (5.19) the right hand side of (5.15) is smaller than K~1/2. Choosing x
sufficiently small, we thus have

’[]E(ft“)y - E"y}O(N?/Bp”?’(xp - %))‘ < CK™Y2 <ON7X, (5.21)

for all y € Gx and p < K¢ with the f;u-probability of Gx satisfying (5.13).
We now apply Theorem 3.3 to the same Gaussian beta ensemble with two different boundary conditions
so that
‘ [Eoy _ an] O(N2/3p1/3(mp _ ,yp)) ’ < CNX,

for all y,y € R% NR% and p < K. Since P7(R% NR%) =1 — N~ (see (4.3)), taking the expectation of
y w.r.t. ¢ we have thus proved that

‘ [E7> — EU]O<N2/3p1/3(:Up - »y,,)) ] < ONX,

We know from (4.1) that
|[E — BX]O (N33 (@, — ) ) | < ON™.

Together with (5.21), we thus have
] [EVen)y — IE“]O(NQ/Bpl/?’(:rp - yp)) ‘ < ON™X, (5.22)
forally € G N Rﬁ NR¥%. Once we prove that
PIr(Gr NRENRE) > 1 - N7X (5.23)
then by averaging (5.22) in y w.r.t. f;u we have
|[B# — B O(N*p! 3 (@, — 3,)) | < ON X,

and this proves Lemma 5.1.

Finally, we have to prove (5.23). By (5.13) we have that P/##Gr > 1 — N~¢. We now prove that similar
inequality holds for the set Rﬁ and show that Gx C R3. This will conclude (5.23) and complete the proof
of Lemma 5.1.

Step 1: We first prove that
Plr(RE) > 1 - N, (5.24)
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Since fip represents the probability distribution of a generalized Wigner matrix ensemble, from the rigidity
estimate (5.3), we have
P/*(Rics1) 21— exp (—N°). (5.25)

From the level repulsion estimate (3.9) with k = K + 1, we have for any y € R that
’ B+1
P [yicre — wxcin <sN KTV <o (NS

Applying (5.15) with O(x) = 1(yx12 — Tx+1 < sN~2/3K~1/3) and using the condition (5.19), we obtain a
similar estimate w.r.t. the measure (fiu)y, i.e.,

. /a \PBH1 /
PYY [y o — a1 < SN2BK3 < C (N7§ /55) + CK/O N2 +atv—1/6, (5.26)
This estimate (5.26) and the bound (5.25) with K + 1 replaced by K imply (5.24) provided 7¢'/3 < ¢ and

(5.19) is satisfied.

Step 2: We now prove that
gk C R*K

By Lemma 5.5, the inequality |E7¥xy — vi| < N~=3%¢k=35 holds for all y € Gk . This verifies the first defining
condition of R*. To check the other defining condition of R}, we now show that

PPy [Q] >1/2, Q:i={z; >v — N 3+¢} (5.27)
holds for y € Gi. To prove (5.27), for y € Gx we have from (5.15) (applied to dy) that
|PEyQ _ ]P,at,yaygl < CK/6 N2 +e+a-1/6
Under the assumption (5.19), the right hand side of the last equation vanishes as N — co. Thus we have
P [Q] > P>y [Q] — 1/4.
From (5.17), we have PZyoyQ) > 1— e N° and thus P% [Q] >1/2fory € Gk. O

5.2 Remowval of the Gaussian convolution

The last step to complete the proof of edge universality is to approximate arbitrary Wigner matrices by a
Gaussian divisible ensemble. We will need the following result.

Theorem 5.6 (Universality of extreme eigenvalues, Theorem 2.4 of [30]). Suppose that we have two N X
N generalized Wigner matrices, H") and H™), with matriz elements hij given by the random variables
N*1/2vij and N*I/zwij, respectively, with vi; and w;; satisfying the uniform subexponential decay condition
(2.13). Let PV and PV denote the probability and EV and EW the expectation with respect to these collections
of random wvariables. Suppose that Assumptions (A) and (B) hold for both ensembles. If the first two
moments of v;; and w;; are the same, i.e.,
Evﬁﬁjv% = Ewwﬁjwfj, 0<l+u<2,

then there is an € > 0 and § > 0 depending on ¥ in (2.13) such that or any real parameter s (may depend
on N) we have

PY(N?*3(Ay —2) <s =N ) =N <K PY(NY3(A\y —2) < s) SPY(N?P(Ay —2) < s+ N )+ N7°
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for N > Ny sufficiently large, where Ny is independent of s. Analogous result holds for the smallest eigenvalue
A1 and also for extensions to the joint distributions of any finite number of eigenvalues An—_;,, ..., AN—i, aS
long as |ix| < N¢ (or similar results for the smallest eigenvalues).

Given Theorem 5.6, we can now complete the proof of the edge universality for generalized Wigner
matrices with subexponential decay. Recall that H; is the generalized Wigner matrix whose matrix elements
evolve by independent OU processes. In Theorem 5.1 we have proved that the statistics of eigenvalues at
the spectral edge of Hy, for ¢t > N —a+e’ and for any initial generalized matrix H, is the same as the standard
Gaussian one in the corresponding symmetry class. We now construct an auxiliary Wigner matrix Hy (see,
e.g., Lemma 3.4 of [28] which allows us to match ) such that the first two moments of H; (with t = N~ for
some small ¢/ > 0) and the first two moments of the original matrix HY are identical. The edge statistics
of HY and H, coincide by Theorem 5.6 and the edge statistics of H; are identical to those of the standard
GOE/GUE by Theorem 5.1. This completes our proof of Theorem 2.7. O

6 RIGIDITY OF THE PARTICLES

Most of this section is devoted to proving Theorem 2.4 which asserts the rigidity of the particles under the
measure 4 at the optimal scale up to the edge (which, for us, means a control throughout the support of
the equilibrium measure including the edge). We recall that the same statement holds for the measure o
(Lemma 4.1).

Our method to prove rigidity is a multiscale analysis, initiated for the bulk particles in [8,9]. It is a
bootstrap argument where concentration and accuracy bounds are proved in tandem, gradually for smaller
and smaller scales. Concentration bound means a control on the fluctuation of a particle around its mean;
this is obtained by a local logarithmic Sobolev inequality (for non-convex V' we need an extra convexification
argument). To estimate the log-Sobolev constant we use rigidity on a larger scale. The next step is to
identify the mean, this is achieved by the first loop equation, where the error term involves the improved
concentration bound. This leads to a better accuracy and thus better rigidity. This information can be used
to improve the concentration bound on a smaller scale, etc. In this paper we prove rigidity up to the edge,
which involves new difficulties: the loop equation is less stable since the density vanishes near the edge.
Moreover, the loop equation is used to improve the accuracy of one specific particle (the leftmost one, A1),
whose rigidity cannot originate in the pairwise interaction from surrounding particles.

This extra difficulty (lack of a natural boundary on the left) is also critical in the last subsection, where we
prove Theorem 3.1, i.e., the rigidity of the particles under the conditional measure oy, with a Gaussian tail.
Extra convexity (hence rigidity) on the left of the first particle is the reason for introducing the modification
oy of uy, which artificially confines the first particle.

Another extra difficulty consists in improving the accuracy without assuming that V' is analytic. This
analyticity condition was essential in the works [36,50] and the previous optimal bulk rigidity estimates [8,9].
It turns out that the analyticity condition can be replaced by a much weaker smoothness assumption by a
more careful analysis of the first loop equation, see (6.18) and (6.38).

In this section we disregard the shift convention which sets A = 0.
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6.1 Statement of the results

For any fixed N, let the classical position ’y,(cN) of the k-th particle under ) be defined by

(N)

Y k
[ Ve = (6.1

where ggN) is the density of x(™). Recall that 7 from (2.6) denotes the limiting classical location.
Definition 6.1. In the following definitions, the potential V and 3 > 0 are fized.
(i) We say that rigidity at scale a holds if for any € > 0, there are constants ¢ > 0 and Ny such that for
any N = Ny and k € [1, N] we have

P+ (|>\k — | > N7§+a+s(]%)7%) < e~ N°

(ii) We say that concentration at scale a holds if for any € > 0, there are constants ¢ > 0 and Ny such
that for any N > Ny and k € [1, N] we have

p+ (|)\k CEA ()| > N—%+a+s(1%)—%) < eV

(iii) We say that accuracy at scale a holds if for any € > 0, there is a constant Ny such that for any
N > Ny and k € [1, N] we have

"Yk . ’Y](CN)‘ < N—%-l—a-i—a(]%)—%.

For the proof of Theorem 2.4 the main steps are the concentration and accuracy improvements hereafter,
proved in the following subsections.

Proposition 6.2. Let V be €2, reqular with equilibrium density supported on a single interval [A, B], and
satisfy (2.3), (2.4). Then rigidity at scale a implies concentration at scale a/2.

Proposition 6.3. Let V be €4, reqular with equilibrium density supported on a single interval [A, B], and
satisfy (2.8), (2.4). Then rigidity at scale a implies accuracy at scale 11a/12.

Remark 6.4. Notice that the accuracy improves from scale a only to scale 11a/12 instead of 3a/4 as it was
achieved in the bulk case (see Proposition 3.13 in [8]). This weaker control is due to some difficult estimates
near the edge that have not been optimized.

Proof of Theorem 2.4. 1t is known that rigidity at scale 1 holds. More precisely, for any € > 0 there are
positive constants ¢y, co such that, for all N > 1,

P 3k € [1,N] | |\ — %] =€) < cre™ 2. (6.2)

For eigenvalues in the bulk, (6.2) follows from the large deviations for the empirical spectral measure with
speed N2, see [2,6]. For the extreme eigenvalues the large deviations principle with speed N is proved in [5]
for the GOE case, and extended in [2] Theorem 2.6.6, for the general case (up to a condition on the partition
function that follows from Theorem 1 (iii) in [50]).
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We now use Propositions 6.2 and 6.3 to obtain that concentration and accuracy hold at scale 11/12. We
just need to prove that concentration and accuracy at some scale b > 0 imply rigidity the same scale b. Then
a simple induction on scales shows that rigidity holds on scale (11/12)™ for any integer m, i.e., it holds at
any positive scale &.

To show the key part of the induction step, assume that concentration and accuracy hold at scale b. Fix
any k € [1, N]. Then for any ¢ > 0 we have

N
Bt A < BHOw) — Ny} = SRR, < BROw) - MR
=1

k=14 (V= k+ P {A < B - NI THL <

for large enough NV, independently of k, since the probability in the last line is subexponentially small
by concentration on scale b. As 'y,(cN) is defined by EH(#{\; < ’y,(fN)}) = k, this implies that fy,(CN) >

EX(Ag) — N_%“”‘%(fc)_% for some large enough N, independent of k. In the same way one can get the
upper bound, which yields
Y = Ba | < NTEEE ()

for large enough N. As we have accuracy at scale b, the same conclusion holds when replacing 'y,(cN) by Y.
We thus proved, for any € > 0, the existence of some C' > 0 such that for all N and k we have

vk — E# M| < CN“EH0+5 ()5, (6.3)
The conclusion now easily follows from
P =] > NTEE ()

1 - 1 N
< PH {m —EF | > 2N§+b+f(k>%} +1 (m —EFX| > 2N3“’+€<k)%) :

The first term can be bounded by the concentration hypothesis, the second term is 0 for large enough N,
thanks to (6.3). O
6.2 Initial estimates for non-analytic potentials

Let h be a continuous and bounded function. Consider the probability distribution on the simplex A; <
... < Ay given by
fOR) (AX) ~ e PVHNHE ) gy,

where # is defined in (1.1). We denote by my s, the Stieltjes transform for the measure p(V-"):

man(z) =B (L i ! (6.4)
NR=) = N&tz—x ) '

In the following, it will be useful to have the density supported strictly in a compact interval: for given
x> 0, define the following variant of V") conditioned to have all particles in [A — x, B + k]:

N

1 _a(n

p N (AN = T NP J[e? VOOt 1, i prgdh .. dAy.  (65)
Nk | Cicj<N k=1
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We will choose & to be small, fixed number. Let Q(N %) denote the correlation functions and m Nohor(2)

the Stieltjes transform, defined in the same way as (2.7) and (6.4), but for the underlying measure p(N:"%).
Then Lemma 1 in [10] (strictly speaking this result is given in [10] only for h = 0, but the proof works for
any fixed h) states that under condition (2.4), for some large enough « there exists some ¢ > 0, depending

only on V, such that for any «1,...,2 € [A — k, B + k], we have
Jhik h Jhik —c
Q](CN )(331,..., )—Q;N )(xl,...,a:k) SQ,(CN )(scl,...,a:k)e N (6.6)

and for x1,...,2; ¢ [A— Kk, B+ K], j41,...,2, € [A— K, B+,
QI(CN’h) (x1,...,28) < e~ eN Xl loglasl (6.7)

The estimates (6.6) and (6.7) actually also hold for arbitrarily small fixed x > 0 thanks to the large deviations
estimates (6.2), which holds not only for 4™ but also for x®*) . From now we fix this small parameter
k > 0. The following Lemma relates estimates on my j; — m and concentration of linear statistics of the
particles.

Lemma 6.5. Let V be €*, reqular such that the equilibrium density oy is supported on a single interval
[A, B] and satisfies (2.3), (2.4). Let hy,hy be €% functions such that ||h1leo, | |lso, [P ]|ec < 00, and the
same for hy. Let a € (0,1/2) and & > 0. Assume that for any S(z) =n € (N"Y2 N~ and s € (—f3, B) we
have

NE
|msyn (2) = m(2)| < Cl(z oG BN (6.8)
Then there is a constant ¢ > 0 such that, for any N > 1, we have
pre (th (Ar) = N / ha(s)o(s)ds| > N2“+2E> <e N (6.9)

Proof. Let k > 0 be a small constant and C' > 0 be chosen such that for any F € I, := [A — k, B + K|,
n € (0,N~%), and s € (—f3, 8) we have

(log N)*/2

(6.10)
]\71/277

‘mN,(1+s)h1 (2) — m(z)‘ S

This inequality was proved in [46], Theorem 2.3 (ii) Let x be a smooth nonnegative cutoff function; y = 1
on [0,N7%/2], x = 0 on [N™%,00), [IX'lec = O(N®). Let hy be €2, compactly supported on I, such that
ha = hy on I, /5, for some x > 0. From the large deviations estimate (6.2) we have, for any € > 0,

(Nh) _ nC©
1( >N€><€N.

for some ¢ > 0. As a consequence, to prove (6.9), we can assume that hy is supported on I,. By the
Helffer-Sjostrand formula (see formula (B.13) in [22]),

N
> (ha(Ak) = ha(Mk))

/hg (MM () —o(u))du = O (// (mx(n) + X)) [y, sy (2 + 1) — (x+i77)|d$d77>-
x€l.,n>0
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The term involving x’ can be evaluated using (6.8), and is bounded by N =722 For the x term, we bound
M, (145)hs (2) — m(2) by (6.8) if n > N~1/2 and by (6.10) if n € (0, N~1/2). We obtain

[ @ ) - gtunau =0 ()

The remainder of the proof is a classical argument: using the above estimate we get

N
di log EX " (eS(E{LI hz(’\’“)_thZ(“)g(")d")) A (Z ha(Ar) — N/hz(u)g(u)du) = O(N?).
s
k=1

This yields

Eu(szl) (esz:l hz()\k)—thg(s)g(s)ds) n IEH(N-,iq) (e_(zivzl hz()\k)—thg(s)g(s)ds)) < €CN2“

)

and one concludes by the exponential Markov inequality. O

The following lemma provides almost optimal estimates for my , — m for n = $(z) till order 1. For
non-analytic V, it improves previous estimates by Pastur and Shcherbina by a factor +/ N, and relies on their
initial estimates proved in [46].

Lemma 6.6. Let V be €*, regular such that the equilibrium density oy is supported on a single interval
[A, B] and satisfy (2.3), (2.4). Let h be a €2 function with |||, ||F'||oc, [P ||ec < 00. Then for any e > 0
there exists a constant C = C(V, e, ||l ||oo) such that, for any E € [A — k, B + k], n € (0, N=¢), we have

g
(2= A)z = BYY? () —m(z)| < € 1y
n
Proof. Let I, = [A — K, B + k] and d(§) = infser, |€ — s|. Thanks to the estimates (6.6) and (6.7), we just
need to prove the lemma for the Stieltjes transform my p . instead of my p.
For any a € (0,1), let P(a) be the following property: for any € > 0 there exists a constant C' =
C(V,a,e, ||l ) such that, for any E € [A — k, B + k], we have

S

[(z — A)(z = B)|["? Imy . (2) — m(2)| < C N for n € (0, N77), (6.11)
N2a+5
|(,27A)(sz)|1/2 Imunne(z) —m(z)] < C ~ forn € [N 1]. (6.12)

We will prove that P(a) implies P(a/2), which concludes the proof of the lemma by induction, as P(1/2)
holds: Pastur and Shcherbina (see [46]! Theorem 2.3 (ii)): proved that

B (log N)1/2 1 AR B log N
mhe(§) —m(§) =0 <Nl/2d(§)) " N2 Var ,(vn.x) (kz_l 5—)%) =0 (W) ) (6.13)

the second estimate being useful later along the proof. Here we used that n|(z — A)(z — B)|*/? < d(z).

IStrictly speaking these estimates were proved for h = 0, but the analysis in [46] extends to our context in a straightforward
way, when |[h]|oc, [|F[|oo, | [leo < o0
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Assume that P(a) holds. To prove P(a/2), we will need the quasi-analytic extension of V' of order three:
V(z)=V(E)+inV'(E) — EVH(E)' (6.14)

Note that V = V on the real axis. One easily checks that
805V (2) = — Ly@(p). (6.15)

2

The first loop equation and its limit are (see [31,36,50] for various proofs), for any & ¢ R,

/ s 71hl S N
ma ()2 +/ V/( )JgiVS ( )QgN’h)(s)ds = % (; - 1) miy (&) + %Varum,m (Z 5_&}{) , (6.16)
k=1

R

m(e? + [ 1 ats)s =0, (6.17)

Here Var, X := E*X? — (E#X)?, in particular Var,, X may be complex. We choose to write the difference
of both equations in the following way:

OV (&) = V'(s)
&E—s

1 [N 1 /2 1 N
i N/Rff)gggzv,h)(s)ds i (ﬁ - 1) miy (€) — N Var ,(v.n) <;€_ )\k> =0.

Thanks to the estimates (6.6) and (6.7), the above equation also holds when all considered quantities are

with respect to the measure p(N-"%) instead of V"), up to an exponentially small error term which is
uniform in {d(¢) > N—10}:

(M (€) — m(€)? + (2m(€) — DV (€)) (mu(€) — m(€)) + / (0" (s) - o(s))ds

(M (§) — m(&)) + (2m(€) = 95V (€)) (mnnw(€) —=m(€)) +bn (&) —en(§) = O (e7N), (6.18)
/R PEVIE) V) (6 5) g5y, (6.19)

W (s - 1 /2 ) 1 N
CN(&) = — N ¥ E ngNh )(S)ds + N (5 — 1> mN,hﬁ(@ + ﬁVarum‘h,N) <Z [ )\k> . (620)
k=1

Take z such that Sz = n € (N7%,1), let 6 € (N~%/4,n/2) be chosen later, and consider the domain
Os ={& | d(&) < b}, and 095 its boundary, encircling I, but not z. We also use the notation, for £ & I,

(A= ©)(B - )"
2m(€) ~ OpV (&)

r(§) =

)

where the branch of the numerator is chosen so that ((A — &)(B — &))Y/2 ~ € as |¢| — oco. One can check
that 7 is continuous in C: thanks to the equilibrium equation m(s) = 3V'(s) (s € [A, B]) the real part of

2m(&) — 8E\7(§) vanishes on [A, B], and the imaginary parts of the numerator and the denominator both
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change signs across [A, B]. Moreover, thanks to the square root singularity of p at A~ and BT, the following
bounds easily hold:
c<r@)| et (6.21)

uniformly in ,,, for some ¢ > 0. Multiplying (6.18) by r({) and integrating counterclockwise, one can write

/ (v n(&) = mENA- OB =N [ mvnnl® —m@P +en(®) 4 (5.22)
Qs z—=¢ Qs z—=¢&
- [ 28 g+ o), (6.23)
oa; 2 —§
Since my .. (§) and m(§) are both Stieltjes transforms of a probability measure, we have |my 5. (§)—m(§)| =
O(|¢]72), thus (my.p.. (&) —m(€))((A—&)(B — ENY2 =0(¢]71) as |€] = co. So the left hand side of (6.22)
1/2

is 271'1((A 2)(B—2))
and the trivial bounds

brbnco=0(sds). [ £ om=o( k)

. - . . . . log N)?
Together with (6.13), this implies that the right hand side of (6.22) is O (%

Finally, to estimate (6.23), we will use the induction hypothesis P(a). We first introduce the notations
(for t > 0)

(mN h N( )—m(z)), by the residue theorem. Moreover, we have the estimates (6 13)

Qs = {w € Qs | S(w) > 1}, Qo = {w € Qs | S(w) < —t}.

By first using the continuity of r and by at I(§) = 0 and then Green’s formula separately in Q5, Qs ¢, we
obtain (all contour integrals being counterclockwise)

by () b (£) b (€)
/aszg 2= re)ds = f1—1>%1+ (/aszm z=§ r(€)d + /69511 z— ¢ T(§)d€>
- (// gloen (©)r(e >>|ded£>
s\R
1 . 1 )
-0 <//95\R M|5€(5N(f))d§d§> +0 <//§15\R M|bN(§)8£—r(g)|d§dg> . (6.24)

where we used (6.21). A straightforward calculation from (6.15) and (6.21) yields

O(2m(¢) aEff(s))) _ O< (3(6))*) >
-\ '

) __S(©? _ e
Ogbn (§) = VI(E)(my px(&)—m(E)), Ogr(§) =0

2 (A= &(B—9I[/? —&§)(B—¢)|/?
- (6.25)
Moreover, as V is of class €*, the functions s — R (%:V/(S)) , 8§ = (W) have their first

two derivatives on I, uniformly bounded for z in any compact set. Consequently, we can use Lemma 6.5
with hs playing the role of these functions, and we easily get, assuming P(a) (which in particular guarantees
the condition (6.8) in Lemma 6.5) that

bn(€) = O (N~1H2ete) (6.26)
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for any € > 0, uniformly for z in any compact set of C. Here we also used (6.2) to control the non-compact
regime. From (6.12) we also have

(@) = 0 (NSO

(A=(B -9/

in the integration regime in (6.24). By the estimates (6.25) and (6.26) we finally obtain that both error terms
n (6.24) are O(N~1+20+255/2) " We proved that the right hand side of (6.22) and (6.23) together have a
size bounded by CN® (N52 + Nza‘ss/z). If n € (N~%, N~%/?) we choose § = 1/2, which yields an error term

at most CN¢/(Nn?). If n € (N~%2,1) we choose 6 = N~%2 /2, which yields an error at most CN~1+a+e,
This shows that P(a/2) holds and it concludes the proof. O

An immediate consequence of Lemmas 6.5 and 6.6 is the following concentration of linear statistics.

Corollary 6.7. Let V be €*, regular such that the equilibrium density oy is supported on a single interval
[A, B] and satisfy (2.3), (2.4). Let h be a €2 function such that ||h||s, |h'||cc, |B”||cc < 00. Then for any
€ > 0 there exists a constant ¢ > 0 such that, for any N > 1, we have

P+ ( h(Ak) N/ s)ds

As we mentioned in the proof of Lemma 6.6, for fixed z, as V is €2, the functions s — R (
V'(E)-V'(s)

using Corollary 6.7 and Lemma 6.2, we have, for any £ > 0,

/ V'(E ) SV’ s) (ng(s) _ Q(S)) ds = O (%) (6.28)

uniformly for z in any compact set of C. This estimate will be useful in the Subsection 6.4.

> N5> e N, (6.27)

V' (E)-V'(s)

zZ—S8

)5

) have their first two derivatives uniformly bounded for z in any compact set. Consequently,

6.3 Proof of Proposition 6.2

For the proofs of Propositions 6.2 and 6.3 we will assume that k£ < N/2, thus k = % and we remove the hat
from the indices.

6.3.1 Convezification This paragraph modifies the original measure x™¥) into a log-concave one, without
changing the rigidity properties. This convexification first appeared in [9]. We state the main steps hereafter
for the sake of completeness, and because the explicit form of the convexified measure will be required in
the next multiscale analysis, subsection 6.3.2.

Let 6 be a continuous nonnegative function with # = 0 on [—1,1] and 6" > 1 for |z| > 1. We can take
for example 0(z) = (z — 1)*1,51 + (z + 1)?1,<_1 in the following.

Definition 6.8. For any fized s,¢ > 0, independent of N, define the Gibbs probability measure
dp(stNoere) — =BNH, ._ 1 o PNV BN, i j—BN(WH1) 30, X

2
JACD) =1 Tedp,
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with Hamiltonian
¢ N 1
— o(8) o 2 - _ = ).
Hy =0 4D i+ (WD XT+) sV =5 Do los(y =), (6.29)
i, a=1 k=1 1<i<j<N
where

o W is the constant appearing in the lower bound (2.3);
e the function go is chosen such that ||ga|lec + ||94llcc + |94 ]lcc < 00 and, for any N and k € [1, N],

9h(Fk) = V2 cos (277 (kj — ;) ;\T) :
where 7y, is defined by fj’;o ov(s)ds = % (k—1);
o Xo=N"2%(9a(%) = 9a(3;));
o VOO = N6 (5 L 00 =502
o Ui;(N) = %0(\/aa NQij(\i — X)), where c1 is a positive constant (to be chosen large enough but
independent of N in the next Lemma 6.9) and Q;; is defined in the following way. Let the function

m(n) be defined on Z by m(n) € [-N + 1, N] and m(n) = n mod(2N); let d(k,{) = |m(k — )| and
e > 0 be a fixed small parameter; let

1 €2/3
Rk,g = ———
N d(%S)Q +52

for any k,L € [-N + 1,N]; Q = Q(¢g) is then finally defined, fori,j € [1, N], by
Qij=Rij+Riij+Ri1—j+Rii1-j.
Note that the measure v>4N-¢18) depends on all five parameters but we will take the liberty to omit some or
all of them in formulas where they are irrelevant.

Thanks to these linear statistics X, the convexity of v is improved compared to the one of u, in particular
the following result was proved as Lemma 3.5 in [9]%.

Lemma 6.9. For any C > 0 there are constants £, s,c1,€ > 0 depending only on' V' and C, such that for N
large enough v = v(3:6:Nc1:2) satisfies, for any v € RV,

(v, (V*H,)v) = C v

An important fact for the measure v(*%) is that it does not deviate much from p concerning events with
very small probability. More precisely, the following result holds.

We say that a sequence of events (An)n>1 is exponentially small for a sequence of probability measures
(mn) N1 if there are constants C, ¢ > 0 such that, for any N, we have

mN(AN) < CeiNc.

2Note that in Lemma 3.5 in [9], the constant ¢ was just required to be positive but following the reasoning in [9] it can be
made arbitrary large first by choosing M in [9, Equation (3.1)] sufficiently large.
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Lemma 6.10. For any fized choice of the parameters s, ¢, cy,e defining v'™N) | the measures (,u(N))N>1 and
(Z/(N))N21 have the same exponentially small events. In particular, for any a > 0, concentration at scale a
for (M(N))N>1 s equivalent to concentration at scale a for (Z/(N))N>1.

Proof. The first statement can be proved as Lemma 3.6 in [9], except that in that paper we used E(NX?2) <
(log N)?2, an estimate true in the context of an analytic potential V. Here we only assume that V is €*;
then by Lemma 6.5, for any € > 0 and for large enough N, we have E(NX2) < N¢. As ¢ is arbitrarily small
the remainder of the proof goes in the same way as Lemma 3.6 in [9].

Note that the second statement of the lemma is not a completely direct application of the first one: if
rigidity at scale a holds for (u")) N1, by using the first statement we obtain that for any ¢ > 0 there are
¢ > 0 and Ny such that for all N > Ny and k € [1, N|

c

pr (‘)\]~C —E’M(N)Ak| S N—§+a+6(7€\)—%) <e N, (6.30)

However, to obtain concentration for (V) we need to estimate the difference IE"(N))\k - E”(N))\k.
We know from (6.7) that for any x > 0, there is a C' > 0 such that for z & [A — &, B + &], we have

o™ () < (Ja] + 1)~ (6.31)
Similarly to Lemma 3.6 in [9], for any € > 0 there is a ¢ > 0 such that for any event A,
P,(A) < eN P, (A). (6.32)
Equations (6.31) and (6.32) imply that for some positive constants ¢ and ¢/,
o™ (@) < (Jz] + 1) N e N (6.33)

Equation (6.30) together with the large-deviation type estimate (6.33) imply that

e L)

()] = O(N~5Fate(k)=5),

(N)

[E*(A) —E

and subsequently that concentration holds for ') at scale a. That concentration for v implies concentration
for p can be proved in a similar way (it is easier because (6.32) is not needed, the necessary decay follows
directly from (6.31)). O

6.3.2 The multiscale analysis This subsection is similar to subsection 3.2 in [8], but we adapted the
arguments in the scalings to improve the rigidity scale up to the edges.

In this subsection, s, ¢, ¢;, e are chosen so that v(V) satisfies the convexity relation from Lemma 6.9 with
C = 10W. We now define the locally constrained measures, up to the edge; these measures ensure strict
convexity bounds when knowing rigidity at scale a.

Definition 6.11. Let ¢ > 0. For any given k € [1, N] and any integer 1 < M < N/2, we denote

gany _ [ [kk+M—1] if k< N/2
T\ k-M+1,k] if k=N/2

Moreover, let

) N3oR)S
P M) — Z 0 (M()\, - AJ)> :

i<j,i,jETRM)
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We define the probability measure
1 :
dew®M) . Ee—ﬂd)“‘ " dv, (6.34)

where Z = Z ). The measure w™M) will be referred to as locally constrained transform of v, around k,
with width M. The dependence of the measure on € will be suppressed in the notation.

We will also frequently use the following notation for block averages in any sequence (x;);:

s

e (kM)

The reason for introducing these locally constrained measures is that they improve the convexity in
I%:M) on the subspace orthogonal to the constants, as explained in the following lemma which is a slight
modification of Lemma 3.8 of [8].

Lemma 6.12. Write the probability measure w*M) from (6.34) as wk M) — %e‘ﬂN(Hl“‘H?)d)\, where we
denote

1

1
(kM) ).
N9 IN > loghi—nl

1<4,i,j€1k.M)

1
Ho =My + o > doglhi = Al

i<j,i,j€1k.M)

7‘[1 =

Then V?Hsa > 0 and denoting v = (vi)sertman, we also have
1 (N
(v, (V?HL)V) 2 5 <M> S (i)
i,jeIRM) i<

Proof. Note that in the modification Hs of H,,, we only removed half of the pairwise interactions® between
the X’s in I(*M) This allows us to use Lemma 6.9 (with the choice ¢ = 10W) to prove the convexity of Hs.
Denoting V = V(A) := 3 Z V(A;), we indeed have

1 1
V2Hy = V*(Hy — §V) + §v2v v H, + v2v 210W — fW

In the first inequality we used that

%—%V—% (w<>+2w” + (W +1) ZX2)

from (6.29) and each term on the right hand side is convex by their explicit definitions.
Concerning the lower bound for V2H;, a simple calculation gives

) 1 ) 1 Ni-<(i)h ) M
<V,(v H1)V>>ﬁ Z (vi—vj) (}\i—>\j)2 + ( i ) 1{|AZ_AJ|>W} R

i<j,i,j€lk.M)

which concludes the proof. O

3This minor point was not made explicit in [9].
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The above convexity bound on H; allows us to get an improved concentration for functions depending
on differences between particles, as shown in the following lemma:

Lemma 6.13 (Lemma 3.9 in [8]). Decompose the coordinates A = (A1,...,An) of a point in RN = R™ x
RN=™ as X\ = (x,y), where v € R™, y € RN"™. Let w = %e*NH be a probability measure on RN =
R™ x RN=™ sych that H = Hy +Ha, with Hy = H1(x) depending only on the x variables and Ha = Ha(z,y)
depending on all coordinates. Assume that, for any A € RN, V2Hqy(N) = 0. Assume moreover that Hi(x) is
independent of x1 + -+ + T, €., Y iy O;H1(x) =0 and that for any x,v € R™,

m

(v (TP H@)) > 5 3 o= oyl

ij=1

with some positive & > 0. Then for any function of the form f(\) = F(3_i~, viz;), where Y. v; = 0 and
F:R — R is any smooth function, we have

[ 7108 s - ( / f2dw> log ( / f2dw) < g [19IPa

A direct application of Lemmas 6.12 and 6.13 gives, by Herbst’s lemma, the following concentration
estimate.

Corollary 6.14. For any function f({\i,i € I®MY) =37 o 0y v\ with Y, v; = 0 and for any u > 0 we
have, for some constant ¢ > 0 that depends only on B and V,

2

()] > u) < 2exp <_M| (Nsaue)%)?uz) |

(k,M)

w(k'M) w
(.

M M
Ecl]_)‘gc]

When the function f is chosen of type A , we get in particular the following concentration.

Lemma 6.15. Take any € > 0. There are constants ¢ > 0, Ny such that for any N > Ny, any integers
1 <M, <M< N/2, any k € [1,N], and w®™) from Definition 6.11 associated with k, M, e, we have for
any u > 0,

) ‘) A M
e (R R e LA P
1

Proof. Relying on Corollary 6.14, writing )\LMI] — )\LM] = > wv;\; with some constants v;, one only needs to
prove |v]|? < 1/M; to conclude. An explicit computation gives |v|?> = 1/M; — 1/M. O

The following three Lemmas are slight modifications of Lemmas 3.15, 3.16 and 3.17 from [8].

Lemma 6.16. Assume that for p rigidity at scale a holds. Take arbitrary € > 0. There exist constants
¢, No > 0 such that for any N > Ny, any integer M satisfying N® < M < N/2, any k,j € [1, N] we have

(k, M)

BV (A) =BT () < e

where the measure w*™) is given by Definition 6.11 with parameters k, M, e.
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Proof. Note that 0(z) = 0if || < 1, so if the #(*M) term in the definition of w is non-zero then either |A\x —7x|
or [Ag+nr —Vk+| is greater than %MN_%JF%_U?’, where we used that 137 — 7% < %MN—ngak_l/?’. Since
rigidity at scale a holds for p, it also holds for ¥ by Lemma 6.10, so both events have exponentially small
probability (remember that M > N®). This easily implies that fe*fg‘z’(k’M)dz/ > 1/2 for large enough N,

and therefore P (A) < 2P¥(A) for any event A. Consequently (6.33) holds when replacing v by w:
o™ (@) < 2(fa] + 1) 7N e o5 V) (6.35)

for some constants ¢, ¢’. The total variation norm is bounded by the square root of the entropy (defined for
a probability measure v and a probability density f (w.r.t. v), by S,(f) = [ flog fdv); moreover, by (6.33)
and (6.35) the particles are bounded with very high probability, both for the measure v and w®™). We
therefore have

‘EV()\J) . IEW(kJW) ()\j)| < C\/Sw(k,M) (dl//dw(k’M)) + O(ech)

for some ¢, C' > 0 independent of N, k,j. In order to bound this entropy, note that the measure v satisfies a
logarithmic Sobolev inequality with constant of order N (this follows from the convexity estimate obtained
in Lemma 6.9 and an application of the Bakry-Emery criterion [4]): for any smooth f > 0 with [ fdv =0,
we have

/flogfdz/ < CLN/W\/ﬂ?du, (6.36)

for some small fixed ¢ > 0. We therefore obtain, for some large fixed C' > 0,

(6.37)

2_o,ov1\ 2
S, enn (dv/dw®M)) < NCE | 0 ((/\k+M — A\p)N3 (k‘)s>

M

We claim that the above expectation can be bounded by e for some fixed ¢ > 0 if N is large. To prove
this exponential bound, we assume k < N/2 for simplicity. As we saw at the beginning of this proof, if the
above 6’ term is non-zero then either |Ag — x| or [Agrar — Yrt+as| is greater than %MN_%"‘sk_l/?’, and both
events have exponentially small probability. Together with ¢’ (z)? < 422 and (6.33), this proves the desired
estimate (6.37). O

Lemma 6.17. Assume that for p rigidity at scale a holds. Take arbitrary e > 0. There are constants ¢ > 0
and Ny such that for any N > Ny, any integers N* < M < N/2, 1 < My < M, and k € [1, N], we have

2 a1 M c
Pv (‘/\LMl] _ /\ECM] _E¥ ()\Eclbh] _ ALM])‘ > (Ng—s(k)g)—l M) <e N
1

Proof. By Lemma 6.15 we know that the result holds when considering w®**) instead of v. Moreover, by

Lemma 6.16 the difference _—
EY ()\LMIJ o )\LM]> _ et ()\LMl] o )\LM]>‘

is exponentially small. So we just need to prove that

v w(k,]w) My M v My M 2_c N1 M
@ - P )(\AL B (- > vy )

is bounded by e~N°. This is true because |P¥(4) — P*“" (4)| is bounded by (S, w.an (dv/dw®M)))1/2,
which is exponentially small, as proved below (6.37). O

37



Lemma 6.18. Assume that for p rigidity at scale a holds. For any € > 0, there are constants ¢, Ng > 0
such that for any N > Ny and k € [1, N, we have

P (‘Ak AN gy - ALN/zJ)‘ > N—%%w@y%) <e N
Proof. Note first that
A — )\LN/2] “EY (Mg — )\LN/Z])‘ < ))\k _ )\LN“] “EY (Mg — )\LN‘I])‘ + ‘)\ECN“] _ )\[N/2] ED()\[NG] )\EﬂN/2]) )
By the choice M7 = 1, M = N® in Lemma 6.17, the v-probability that the first term is greater than

N *%+%+E(E)*% is exponentially small, uniformly in k, as desired. Concerning the second term, given some
r > 0 and g € N defined by 1 —r < a + ¢r < 1, it is bounded by

—

Q

k
0

Na+tE+Dr Nater . NotE+Dr Nater atar N/2 » Noatar N/2

~
I

By Lemma 6.17, for any € > 0, each one of these ¢+ 1 terms has an exponentially small probability of being
greater than N—3+¢+5(k)~3. Consequently, choosing any ¢ and r (and therefore ¢) such that e +5<a/2
concludes the proof. O

Proof of Proposition 6.2. Obviously,
Ak = EZ Q)] < e = A =B O = AL+ WY — B ).

By Lemma 6.18, the first term has exponentially small probability to be greater than N‘§+%+5(IA€)"
Moreover, as v satisfies (6.36), by the classical Herbst’s lemma (see e.g. [2]), the second term has exponentially
small probability to be greater than N~17¢. This concludes the proof of concentration at scale a/2 for the
measure V.

Consequently, by Lemma 6.10, for any € > 0, there are constants ¢, Ny > 0 such that for any N > Ny
and k € [1, N] we have

c

P+ (m CEV M| > N*§+%+€(E)*%> < e N
This probability bound together with (6.31) implies that
[EY Ay, — B M| = O(N~3+8+5(k)~5)
uniformly in N and k, and concludes the proof of concentration at scale a/2 for p. O

6.4 Proof of Proposition 6.3

We aim at improving the accuracy from scale a to scale 11a/12, now that we know concentration at scale
a/2 from the proven Proposition 6.2. In [8] and [9] we proved that, in the bulk of the spectrum,

1 Yoo
mpy(z) — m(z) ~ Vary(z), Vary(2) := N2 Var,, v <Z )

el zZ— )\k
Concentration at scale a/2 then allowed us to properly bound the above variance term, which yielded good

estimates on my — m and therefore an improved accuracy. In these previous works analyticity of V was
essential, as it was in [36] and [50].
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We first explain the method for the accuracy improvement, for non-analytic V. The following modification
of the loop equation will be useful: from the difference of (6.16) (with h = 0) and (6.17) we obtain (noting
z=FE+in)

(i (2) = () + (2m(2) = V(D ma(2) — (o) + [ =D (60005) - o
2
- % (5 - 1) v(z) — Vary(z) =0. (6.38)

In the above equation, the integral term can be neglected thanks to ((6.28)). The (my —m)? and N~'m/y
terms are easily shown to be of negligible order too, so for z close to [A, B] we have

(2m(z) — V'(E))(my(2) —m(2)) ~ Vary(2).

For z close to the bulk of the spectrum, 2m(z) — V/(E) is bounded away from 0, so this equation yields an
accurate upper bound on my — m.

The rest of the proof of accuracy improvement involves a major technical difficulty: optimal estimates
up to the edge are difficult to obtain, because 2m(z) — V'(E) vanishes when z is close to A or B. As
a main difference from the accuracy improvement in [8], our current use of the loop equation will allow
finer estimates, improving accuracy of one given particle (the first one), in Lemma 6.25. The accuracy
improvement for both extreme particles together with the amelioration for A\;’s with k> N3a/4 will imply
improvement for all particles. The following series of lemmas makes these heuristics rigorous.

For any A < F < B we define

kg = min(|E — A|,|E — B|)
the distance of F from the edges of the support of the equilibrium measure. Also, in this section, a(N) < b(N)
means a(N) = o(b(N)) as N — co. We will finally use the notations
S (u,7) = {z=E+in:A§E<B, N1 V2 o g }

Int
Z,(E]Zt)(% T):= {z =E+in:Ec[A- 2N—2/3+u7A _ N—2/3+u}7 N=2/3+u < < T}.

Lemma 6.19. Assume that
Vary (z) < max(kg, ) (6.39)

as N — oo, uniformly in E%nt)( T), for some fixzed u > 0 and small 7 > 0. Then for any € > 0 there are

constants C, 0 < § < 7 such that for any z € ng)(u 0) we have

() =) < O (T + o )

The same statement holds when replacing EEnt) everywhere by EgEJZt)

Proof. We first note that

VAP O 1
N|mN(z)|* N2 E ;(2—)\])2

1 1 1 1 C
<—S < — — — < — — —
< Nn\smN(z) < N77|mN(Z) m(z)| + Nn Sm(z2)| < Nu mpy(z) — m(z)| + Nn max(v/Kg, V1),
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where we used Qm(z) < Cmax{\/kg,/n}, an easy estimate due to the square root singularity of the
equilibrium measure g on the edges. Equation (6.38) therefore implies

(mn(2) = m(2))* +b(2)(mar (2) = m(2)) +e(2) = 0, (6.40)
b(z) :=2m(z) — V'(E) + Cl(;’nN),
c(z) = CZ(;’;V) max(y/kz, /1) + c3(z, N)N°™1 — Vary(2),

where there is a constant C' > 0 such that for any for any N and z, |c1(2z, N)|, |c2(z, N)|, |es(N, z)| < C (we
used (6.28) to bound the integral term in (6.38)).

To solve the above quadratic equation (6.40), we need a priori estimates on the coefficients. As p has a
square root singularity close to the edges, there is a constant ¢ > 0 such that

cmax(y/kg, /1) < [2m(z) — V/(E)| < ¢! max(\/kg, /1) (6.41)

On the other hand, unifomly in Zg\?(u, 7) we have

Nin < max(yv/Kg, V1), (6.42)

so we obtain
|b(2)| > max(v/kg, /1) (6.43)

Moreover, from (6.39) and (6.42), the estimate
c(z) < max(kg,n) (6.44)

holds. From the estimates (6.43) and (6.44) we have b(z)? > c(z), so the quadratic equation (6.40) yields

ma(z) — m(z) = 2% b2(z>2 — 4e(z) s (—b(z) + b(2) (1 - 24;((;))2» .

For FE in the bulk and n ~ 1 we know that my(z) —m(z) — 0 and b(z) ~ 1, so the appropriate asymptotics
needs to be my(z) — m(z) ~ —c(z)/b(z). By continuity, this holds in Eﬁ\p (u,7), concluding the proof. In
the case of the domain Egit) (u, d), the proof is the same. O

The following lemma is similar to the previous one, but aims at controlling the extreme eigenvalues. For
this, we introduce the notation

O™ (d, s,7) = {z =E+in|n=N"3"A-r1<E<A- N—%+d} . (6.45)
Lemma 6.20. Assume that for some 0 < d,s < 2/3, 7 >0,
1
Vary(z) + N|m’N(z)| < |z — A (6.46)

uniformly on QW) (d, s, 7). Then for any € > 0 we have, uniformly on QW) (d, s, ), we have

prie(z) = ()] = 0 (Jz = A2 (Vo 2) + ()] + N 7)) ).
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Proof. This lemma can be proved in a way perfectly analogous to Lemma 6.19: we solve the quadratic equa-
tion (6.38), after bounding its integral term by N~'*¢. Two solutions are possible, which have asymptotics
(using (6.41) and (6.46))

Vary (2) + G mly (2)| + a2, N)N /
my(z) —m(z) ~ o (Z)N_ V) or mn(z) —m(z) ~ —2m(z) + V'(E),

where |c1(z, N)|, |c2(z, N)| < C for some C' > 0 independent of z and N. For z = A — 7 +iN"3+5 we
know that my — m — 0 (this relies on the macroscopic convergence of the spectral measure and the large
deviation estimate (6.2)). This together with the continuity of my — m and (6.46), (6.41), implies that the
proper choice is the first one uniformly in Q(N)(d, s, 7). O

The proofs of the following three technical lemmas are postponed to Appendix A.

Lemma 6.21. Assume that rigidity at scale a and concentration at scale a/2 hold. Then for any fixed
7> 0,e > 0, uniformly on E%IJX) (3a/4+e,7) one has

LVaur Z ! < N# max(,‘fl/2 1/2)
N? DY N7 gt

Lemma 6.22. Assume that rigidity at scale a holds, and moreover that the extra rigidity at scale 3a/4 holds
except for a few edge particles, in the following sense: for any e > 0, there are constants ¢, No > 0 such that
for any N > Ny and k > N+ we have

c

P (| =l > NTEFEHE()7H) < e
Let d > 2a/3 and 7 > 0 be small enough. Then uniformly in Zg}it) (d,T) one has

1 1 1 /2 1/2
ﬁVar (Z 2’)\1) < N—nmax(nE ).

Lemma 6.23. Assume that rigidity at scale a holds, and moreover that the extra rigidity at scale 3a/4 holds
except for a few edge particles, in the following sense: for any e > 0, there are constants ¢, No > 0 such that
for any N > Ny and k > N+ we have

P (| =l > NTEFEHE(R) 78 <o,

Let a > d > s> a/2. Then uniformly in QW) (d, s, 1) (defined in (6.45)) we have

1 a
iv(z) =0 (N*%%“*?S]HZ_AKN_%Ws + N - A|*1/2> , (6.47)
1 1L 1
Z _ —2 _4s42a+ —24a+ -2
ﬁVar (N 5 )\Z> - O (N 3 E]llz_A|<N—%+n,+s + N €|Z - A| ) . (648)
i=1

We will need to transfer information on the Stieltjes transform to the typical location of the points. The
following result is similar to Lemma 2.3 in [9] for example, except that this version will be suited to take
into account the weaker information on mpy — m near the edges.
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Lemma 6.24. o) Let o(s)ds be an arbitrary signed measure (depending on N) and let
S(z) ::/&ds
z—5

be its Stieltjes transform. Let T > 0 be fived, n > N, E € [A, B] and ng = ngén. Assume that for some
(possibly N -dependent) U we have

U
[S(z+1iy)| < Ny forany x € [E,E +ng] and np <y <T, (6.49)
U
|S(:c+iy)|éﬁ foranyz € R and 7/2 <y <, (6.50)
there is a constant L > 0 such that for any N and |s| > L, |a(s)| < |s| V. (6.51)

Define a function f = fgn,: R = R such that f(x ) =1 for x € (—o0, E], f(x) vanishes for x €
[E + ng,00), moreover |f'(x)| < cnp~t and |f"(z)| < enp =2, for some constant ¢ independent of N. Then
for some constant C > 0, independent of N, we have

] / f(A)@(A)dA' <c Llel),

b) The same result holds for a specific value of E below A, namely for E that is the unique solution of the
equation E = A — 2ng.

Proof. We prove a), item b) is analogous. From (B.13) in [22]:

’/ fo dA‘ <C"//yf” 3S(x + iy)dzdy

e / / (@) + W F @D ¥ @)] 1@ + i) dady,

for some universal C' > 0, where x is a smooth cutoff function with support in [—1, 1], with x(y) = 1 for
lyl| < 7/2 and with bounded derivatives. From (6.51) all integrals can actually be restricted to a compact
set. From (6.50) the second integral is O(U/N).

Concerning the first integral, we split it into the domains 0 < y < ng and g < y < 1. By symmetry we
only need to consider positive y. The integral on the domain {0 < y < ng} is easily bounded by

‘// yf" (x)x(y)3S(z + iy)dxdy’ =0 // ynE”idxdy =0 <U> :
0<y<ne |lz—E|<ng,0<y<nEe Ny N

On the domain {ng < y < 1}, we integrate by parts twice (first in z, then in y), and use the Cauchy-Riemann
equation (0,35 = —0,RS) to obtain:

1( S(x + iy)dady = RS (x + iy)dzd 6.52
//ww X(y)SS(z + iy)dady = //yME yx(y))RNS(z + iy)dzdy (6.52)
- [ F@nexneRS(@ +ine)ds. (6.53)
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The first term (6.52) can be bounded by (6.49), it is

o[ )0,

The second term, (6.53), can also be bounded thanks to (6.49), by O(¥), concluding the proof. O

Lemma 6.25. Assume that rigidity at scale a holds, and moreover that the extra rigidity at scale 3a/4 holds
except for a few edge particles, in the following sense: for any e > 0, there are constants ¢, No > 0 such that
for any N > Ny and k > N+ we have

c

pr (\)\k ol > N—%%”(l%)—%) <e M. (6.54)

Then for any d > %a and large enough N, we have

AN > 4 N3t (6.55)

Proof. To prove (6.55) we will rely on lemmas 6.20 and 6.23. From the hypothesis (6.54) the conclusions
(6.47) and (6.48) hold (our final choice for s,d will satisfy the required bounds: a > d > s > a/2). As a
consequence, to check the a priori bound (6.46) uniformly on QV)(d, s, 7), it is sufficient to prove that for e
small enough,

{ N_%+3Ta+5_28 _’_N—1+E|Z_A|—% +N—1+a = o(\z - A|)

i d > mi {—3 —2s,2a —4s, - —71 }
l1.e. min S, 44 S .
N—%—4s+2a+s N_2+a+5‘2 4|—2 N—1+5 C(|2 4|) ’ ) A ’ 7 Q)

37 3

These conditions hold trivially when s > a/2 for example, which will be true with our choice. As s > a/2,
the first two terms in the min are harmless, and d > a/3 will be satisfied in our final choice for d (we will
have d > 25a/28). The last constraint for d is trivial.

(N)

Assume that one can find arbitrarily large IV such that v,/ < A — N=3+4 We choose z = 7£N) +
iN—3+s = E + in. We have, by Lemmas 6.20 and 6.23

1 1
() = m(z) € € [z = A (Vary (2) 4 i) + N7
<Clz— A2 (N—%+b+f—28 + NIty — A|73 4 N-5dst2ate 4 Ny-2tate|, _ A1=2 4 N‘1+E) . (6.56)

On the other hand for any b (we will choose b greater and close to 3a/4), we have (in the first inequality we
use that the concentration scale of A\; around ’y%N), N _%4'%, is much smaller than the 7 scale NV _%*“"’),

1 C 1
— <-—ZE(S
Nn N (J<Z—>\1>>
C 1 1 n
<——E(S - "
e ) ot

c 1 1 1 1 0
<-ZElg _ 3 S _ SN "),
N d(z—Al 2—71>+ (J<z—)\i z—'yi) /\’g’“> +O(N|Z—A2>

2N ) <

(6.57)
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where for the last inequality we simply used that —(1/(z — X\;) — 1/(z —7i)) = 0 whenever |z — \;|1y,<,, <
|z — ’yz|]l >\ <v- The latter mequahty holds with probability 1 — O(e~N") since its complement is included in

|Xi — | >|A— ’y(N)| = N=3+4 but A, is concentrated at scale a/2 and d > a/2 in our final choice for d
(d > 25a /28).

We now want to remove the assumption 1j,<~, from (6.57) and bound the associated error term. For
any ¢ < N? such that \; > v; we have

X =il S TA=ve)| + Aoy —yiaeg| = O(N T33P 4 N=8FRemibe) = (N -3¥3%)  (6.58)

where we used b > 3a/4, and chose ¢ > 0 so small that ¢ < 3a/4 —b. We also used that |y is rigid at
scale 3a/4 and these bounds hold outside of a set of exponentially small probability. Our final choice of b
and d will satisfy 2b/3 < d (b = 3a/4 + ¢, d = 25a/28 + ¢), consequently for any i < N® such that \; > ;
we have |\; — 7| < N=34 and we can apply

1 1 n
(@3 _ — _ _
‘J (Z—A z—v)‘ A v0<|z_7|3> (6.59)

that holds for any real \,v, and z = E + in such that |\ — v| < |E — ~|. This condition is satisfied since

I\ =il < NT3+ B - A| < |E - i), (6.60)

Thus, using (6.58) and |z — A| < |z — ;| we obtain

1 1 . N-3+30,
E(S e Vs ) SE(N — il s -0 .
(‘y (Z N\ P 71) >\z>%) (| v | )\L>’Y1> P 7A|3 ( |Z 7A‘3

Consequently, from (6.57) we obtain

1 1 1 1 1 1
< & — & —
Nn = N J(Z—A1 Z—%)+- 2 (J(Z—M %—%>)

2N 4V <y
N—3+30+0
_|_O L +O # ,
N|z — Al? |z — A3

which implies

1 1 1 1 1 1 1
Nn Imn(2) m(’Z)|+N Z d(z—/\i z—%‘>+N \$<Z_)‘i Z_7i>

i>NPb 2N A >,

n N*%+§b+bn
—_— —_— |- .61
+O<NZ_A|2>+O< PEwE (6.61)

Because of accuracy at scale 3a/4(< b) and concentration at scale a/2 for particles with index i > N° we
also have (using (6.59) and (6.60))

1 1 N—3+bi— 377 1
—E 3 - < C N atbts=2d 6.62
N %ﬁ(z—&- = ¥R .
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Moreover, for 'y-(N)

;) =7 and i < N°, we have for any ¢ > 0 and large enough N, E(|\; — yi|) < N—3+3b+e
S0

1 1 1 1 N—%-i—%b-i—an N—§+§b+sn
N 3 - <= Y KNI 6.63
N Z J(z—)\i z—%) N,Z |z — ;)3 |z — A3 (6.63)
2SN 4V > L

Consequently, when comparing the exponents of N in equations (6.61), using the estimates (6.56), (6.62)
and (6.63), and using that |z — A| > N=3%d and n = N~3%5_ one of the following inequalities holds:

—sgb—Qs—g
—s< —d
—s<2a—4s—g
—s<a—%d
_S<_,_d
—s<b—|—s—2d
sggb—i—s—?)d.

For the choice b = %a +e,d= Q—Sa +e, 5= %a and ¢ > 0 small enough, one can check that none of these
equations is satisfied (these optimal constants 25/28 and 29/56 are obtained when, for b = 3a/4, the third
and fifth equations are equal). This is a contradiction concluding the proof. O

Proof of Proposition 6.3. For simplicity we will improve accuracy only for particles close to the edge A,
k < N/2, the other edge being proved in a similar way. We assume rigidity at scale a. By Proposition 6.2
concentration at scale a/2 holds. Therefore, for any € > 0, by Lemma 6.21, uniformly on Zlm (3a/4+¢e,7)

we have
3a

1
Vary (z) < N4 max(ng,n%).

This easily implies that
Vary (z) < max(kg,n) (6.64)

3a 1
N 4 §<

Ny FE . Moreover,

uniformly on Elnt (3a/4 +&,7). To see this, as n > N‘HSTGKE/z we always have

1 . 30
ifn > kg we have n > N_H'T,%Ez >N+ %p=3 son>N-5+% 50 A]r\,; n? < 1, completing the proof of

(6.64).
Consequently, the conclusion of Lemma 6.19 holds: uniformly on £(V)(3a/4 + ¢, 7), we have

m (2) = m(2)] < C(xn + |VarN(z)|maXW}TE \/ﬁ)> < cj;;;

One can therefore apply Lemma 6.24 with the choice g = ggN) -0, n= N-4% and U = N¥ (the extra
assumption (6.50) about the macroscopic behaviour of mpy — m holds thanks to Lemma 6.6 and condition
(6.51) is satisfied thanks to (6.7)): we proved that, for any b > 3a/4, we have

| / SO = o)) < € NI, (6.65)
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for any E € (A, B). Here f = frg = fg ., as defined in Lemma 6.24. We choose some E > A + N=3+5 so
that ng = n,}lmn < N™3%%, thus E — g > A. We therefore have, using (6.65),

E
/ o > /fEanggN) = /(ngv) = 0)fEB-ns +/QfE7nE =0 (N1 +/

E
o+ 0O(n),

E

/_i o™ < /nggN) = /(Qﬁm _Q)fE+/QfE =0 (N~ +/ o+ 0O(n).

— 00

The error O(n) can be included into the first error term. We first assume that k
E = W,QN) (as defined in (6.1)) in the above equations, where the condition E — ng

k> N° We get |f;’(‘}v) o = O (N='*"), hence
k

N’ and we choose
A

\VAA\Y

is satisfied when

This implies accuracy at scale 3a/4: if k > N® we have 7,‘:’/2 > cN~1*? 50 by linearizing (6.66) we obtain

N71+b

2/3
W = (37 O = <1 + 3/2> =7 +0 (N’l“’/vip) = e + O(N 50 35).

V&

We proved that accuracy at scale 3a/4 holds provided that k>N b for b arbitrarily close to 3a/4. We know
that, for such k, together with concentration at scale a/2 this implies rigidity at scale 3a/4 (by the same
reasoning as in the proof of Theorem 2.4). This allows us first to use Lemma 6.25 to obtain that, for any
€ > 0, for large enough N we have

AN > 4 - NTERe, (6.67)
It also allows us to use Lemmas 6.22 and 6.19 together to conclude that for any d > 2a/3 and 7 > 0 small

enough, we have, uniformly in Egit) d, 1),

1
_ < .
mx(2) -~ m(a)| < o
By part b) of Lemma 6.24, with n = N=1*%  F = A — 2N~3+4, this implies that there is a function f =1
on (—oo, A — 2N‘§+d], f=0on [—N_%+d, 00), such that

[ < ¢ X,

(since in this interval ¢ = 0), hence there is some ¢ > 0 such that for large enough N we have

(N) —2+d
,yl_clogNJ >A-N st :

. _2y1i, .1 242 . 3 . .
In particular, as N~3+t12%j73 = N~3735% when j = N1, the previous equation proves accuracy at scale

11a/12 for any X; with i € [C'log N, N#*<]. For the remaining i € [1,Clog N], we use (6.67), which also
gives accuracy at scale 11a/12 because 25/28 < 11/12. O
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6.5 Proof of Theorem 3.1

This proof goes along the same lines as the one of Theorem 2.4 up to two major differences that make it
easier:

e For large enough N, the Hamitonian H, will be shown to be convex, so there is no need for introducing
any convexified measure.

e In the hypothesis of Theorem 3.1 about rigidity for local measures, the definition of the good set R, (&)

already assumes a strong form of accuracy: |E% (xy) — x| < N™3+¢k~3. Therefore there will be no
need to prove an analogue of Proposition 6.3.

By the following easy lemma, the first particle x; satisfies a strong form of rigidity concerning deviations
on the left.

Lemma 6.26. There exists a constants ¢,C > 0 depending only on 5,V,& such that for any K and 'y €
R* = R3 (&) we have, for any u > 0,

Proof. We note

Then

3- 3-c,,
Z,j— <2Z‘ 1 /e_ﬂN<’Hy(w)+%ZI@(NJ szz)“"% EIG(NS g.Ll))d.T:QZO—y.

o}
y Z@'y

In the above inequality we used P% (z; > —N~5+¢) > 1/2 (because y € R*) and O(N3 ¢z;) = 0 when
z; > —N—5%¢. We then easily get, for u > 2,

Za— _ Yo 1 275:12_
P (21 < —uN~3+€) = o ZL AN (g +k T 0N ESw) g (331 - —uN%*E) "

< 2R%v <eﬁ@<N§%1>1 (xl < uN§+5)> < 2 Blu=1)?,

This concludes the proof (bounding the probability by 1 when 0 < u < 2). O
The following notion of conditional rigidity at scale M will be useful in our proof of optimal conditional

rigidity, i.e., Theorem 3.1. It is analogous to Definition 6.1 in [25], which was in the context of bulk
eigenvalues.

Definition 6.27. Given £ > 0, we will say that the measure oy satisfies conditional rigidity at scale M if
there exists ¢ > 0 such that for large enough N we have, for anyy € R} (€), £ € I and u > 0,

P <|a:g — Y| > N=3+Hp= 5y 4 N*%E*%M> e,

The parameter £ is considered fixed in this definition.
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Following ideas from Section 6.1 in [25], we set 7 = £/3 and will consider a sequence N¢ = M; < --- <
My = CKN~%7 (for some large constant C) such that for any j € [1,A — 1] we have M;;/M; ~ N
(meaning that ¢N7 < M;41/M; < CN"). Here A is a constant bounded by O(£71). Our first task is to
prove conditional rigidity at scale M4 for oy.

Step 1: conditional rigidity at a large scale. The Hamiltonian Hg satisfies the following convexity
bound: for any v € RX,

1
(VR 2 3 | 2 i, e AW NN e
i€l \ &I J

If ;, > —N—3% we get that Z;elﬁ > cN7! Z;\Z?{(j/N)“‘/?’ > ¢(N/K)Y3 (remember that
the rigidity exponent ¢ is much smaller than the exponent ¢ in (3.1), so |z; — y;| < CN— 3 4 ly;| <
CN— 34 C(j/N)i+CN— 33 < C(j/N)3 for j > K). If &, < —N 3¢ then N~1T3-26Q" (N3~ ¢g;) >
cN1/3-26 > c(N/K)%, so in all cases we proved the inequality

V2H > ¢ (N/K)3.

The measure oy therefore satisfies a logarithmic Sobolev inequality with constant of order K 1B N3 50
we have for any ¢ € [1, K — M 4] that

(|x Mal _ oy (z M4y > v) < exp(—eMAKVEN30?), v > 0.

In particular,
2

POy (|ILMA] — RO (IEMA]” > N72/3+E€71/3u) < e , (668)
because N2¢ > K27, Moreover, using the definition (3.5), we know that

Eoy(mLMA]) _ ,ylgMA] < CN_§+£€_1/3.

We therefore proved that

2

POy (|z£MA] _ ”Y[gMA” > CN—5+¢p—3 JrAN72/3+££71/3u) e

Moreover, from easy ordering considerations we have for any £ € [M4, K — M4]

ze— e 2 (wEMa*)A fvéMf)g + (WM, =) > (xLM;}A — Ml )~ eMaNTE e

Thus

2

v (m | > ONTER R, N’2/3+5€’1/3u> <em’ (6.70)

If £ € [1, M 4], then the bound (6.69) still holds, and for concentration on the left we simply use xy — v, >
2
x —C (ZN_l) 3 which yields

e — el < [min(ar, 0)] 4 o — 7| - CMANTELS,
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Using Lemma 6.26 and (6.68), this inequality proves that the desired rigidity (6.70) also holds for £ € [1, M4].

The case { € [K — My, K] is more elementary, the boundary on the right being fixed: |xy — ¢ <
lyr+1 — Yr+1] + Y+ — Yel + \zéM}&A - ”yg Mal AR W M |, and the desired result (6. 70) follows
from the definition of R to bound |yxy1 — ’yK+1|, (6.68) and bounding of |vxt1 — Ye| and |y, — 'Ye MA| by

CMN~3¢~5. This concludes the proof of conditional rigidity at scale M4 for oy.

Step 2: induction on the scales. In order to consider smaller scales, we will need in the following version
of the locally constrained measure (6.34): for any ¢ € [1, K — M]), define the probability measure

dwy(f’M)(X) ~ exp (—ﬂgbl(f’cM) (X)> doy (x),

Nivs
o)=Y 0<sz2n($i—xj)>, (6.71)

1<j,i,5€1(M)

where 0(z) = (z — 1)* 1451 + (z + 1)?1,- 1 and I&M) = [¢, ¢ + M — 1]. Note that our definition of (;512 M)
only differs from ¢(“*) (see Definition 6.11) concerning the extra factor N27. We now present our induction
on the scales: we will show that if the following three conditions hold for the index j then they are also true
for j — 1.

(i) There exists ¢ > 0 such that for large enough N, for any ¢ € [1, K — M;] and u > 0
Py (leMJ] _ ,ythj]l > N_%+5€_%u) < e—cuz.

(ii) The following conditional rigidity at scale M; holds: there exists ¢,C' > 0 such that for large enough
N, for any ¢ € I and u > 0, we have

Py (‘xe — | > N=3tE35y + 0N7%€7%M3> < e*cuZ.

(iii) The following entropy bound holds, for large enough N and any ¢ € [1, K — M;]:

S(Uy | w([ M )) < e_CMJZNfzn.

The initial step j = A of the induction was just checked in Stepl, concerning points (i) and (ii) (see
equations (6.68) and (6.70)). Concerning (iii), it follows easily from (ii): if ¢1(f’CMA)(X) > 0 then x; <
—N"3M4N?", which has oy-probability bounded by exp(—cM3N~27) (by (ii)). The logarithmic Sobolev
inequality for o, therefore allows us to conclude:

S(oy | w(e Ma)y < C’NCEGY|V¢1€ Ma) | < CONCexp(—cM%N™27) < exp(—c MAN~21). (6.72)

We now prove that (i),(ii),(iii) with M; implies the same result with M;_;. That (i) implies (ii) is easy
and follows from the exact same argument allowing to conclude about the initial local rigidity (6.70). To
1(£CM (x) > 0 then for some i € [“Ms) we have |2; —v;| > eN~3i~35 M;N27,
From (ii) this has probability (for oy) bounded by e~ /N One then concludes similarly to (6.72). We
therefore now only need to prove (i) at scale M;_;. We have the following analogue of equation (6.12) in [25]:

prove (iii) from (ii), note that if ¢
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for any choice fj € [[1,K - Mj]] and fj_l S Hl,K — Mj_l]] such that [[Ej_hfj_l + Mj_l]] C [[Kj,gj +Mj]] we

have
(6,M;)
Py T

The proof of the above equation relies on Herbst’s argument for concentration of measure from the logarithmic
Sobolev inequality, and Lemma 3.9 in [8] to obtain a local LSI. Note that the assumptions of this Lemma
are satisfied in our case: one can decompose ’H" = Hy + Ho where

1
M) = polit 0 -+ Y logln, —

s<t,s,teltM

) ) (£,Mj) ) _1
EMJ—I] _ xzwy] — Ewy (xLMyfl] $£M ])‘ > N_%éj :15N577/2u) < e—cuz. (673)

j—1 ji—1

and Hs is convex, thanks to the confining term © which applies to all x;’s, i € I. Compared to (6.12) in [25],
we obtained N°7/2 instead of K°"/2 due to \/M;/M;_; = N"/? and the factor N2 in (6.71) instead of K?7.

Moreover, using the boundedness of the xj’s on the right and Lemma 6.26 on the left, similarly to (6.72)
we easily obtain

B (25) — B (25)| < CV/S(oy | wy™™) < exp(—cM?N~21).

We know from (3.5) that [E7vz; — ;| < N~3+873 so

‘ (£.M;)

W M) _24e. 1
E“~ (1)771<0N3 1 3.

(¢,M;

EM3) nto oy in the equation (6.73) implies an error of order y/S(oy | wy

Changing wy )) which yields

v . 1 _1
Py (‘x%{il’l] xLM i) (’yzwjl i ’y%wj])‘ > N_%Ej S NS/ 2y 4 N_%+£€j ;') < exp(—ch)—i-exp(—cM]?N_Q").
Combining this with (i) and using £ = 3n we get

o MJ M;
]P)y(‘ [ 1] _'YEFI 1]

1 1
> N—§+§€j Su+ N_%+5€j 3) < exp(—cu®) + exp(—cM;N>7).

If ¢;_1 < K — M, we can choose ¢; = £;_; in the above equation. If ¢;_, € [K — M;, K, then we choose
= |K — M,]| and we have ¢; ~ £;,_1: in any case we therefore proved
J J J y

1 1
P (‘ LM7 g 'yl[MJ s CN_%JrgEjflu—&— CN_%JrgEj_sl) < exp(—cu®) + exp(—cM; N ~7).
We therefore proved (i) on scale M;_; provided that v < ¢M;N~".
1 1
We now assume u > ¢M;N~". Note that N~ s+5€ 3 > (N 3€jf1Mj + N_%+5€jf1u), which allows

the following bounds thanks to (ii):

_1
6 —§+5€j_31u) <P0y( [M; 1] Myl

7y (|alMi1) Mo
P (‘ Ji— ~y J 0 0

(N33 M+ N30 5 )

/.2

< > P (|:w. — el > (N33 My + N73HEL S )) < Mj_qem < e,
eej(ej—lij—ﬂ

This concludes the induction. Notice that the constant ¢ in the Gaussian tail exp(cu?) deteriorates at each
step, but we perform only finitely many steps. The result (ii) at the final scale M; = N¢ finishes the proof
of Theorem 3.1.
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7 ANALYSIS OF THE LOCAL GIBBS MEASURE

Before studying oy, we remind well-known properties of the equilibrium density, at the macroscopic level:
o0 = oy can be obtained as the unique solution to the variational problem

inf{ / V(t)do(t) — / / log |t — s|do(t)de(s) : o is a probability measure}, (7.1)
R RJR
and it satisfies the following equation
1o o(y)dy
- = | ——= A, B]. 2
Ve = [2UU selan (72)

7.1 Rescaling

We now switch to the microscopic coordinates with a scaling adapted to the left edge of the spectrum at
A =0, i.e., we consider the scaling transformation \; — 3/2 N2/3)\j. In this new coordinate, the gaps of the
points at the edge are order one and the gaps in the bulk are of order N~/3. With a slight abuse of notation
we will still use the same letters x;,y; for the internal and external points, but from now on they should be
understood in the microscopic coordinates except in the Appendix A. This means that the classical location
of the k-th point and the k-th gap are

= (k)22 (1L+O((k/N*)), ypgs — i ~ (k)73 (7.3)

for any k € [[1, N], see (2.10) (here the constant is adjusted to be 1, from the choice of normalization (2.8)
and the scaling \; — 3/2 N2/3);). Recall we partition the external and internal points as

(X7Y) = (371’$27--~733K7yK+17yK+2,~-- ayN)

Given a boundary condition y, we again set Jy, = (—00,yx+1) =: (y—,¥+) to be the configuration interval,
and let oj = o (y) be (K + 1)-quantiles of the density in Jy exactly as in (3.10):

o j Y+ .
/0 o(s)ds = Ki—kl/o o(s)ds, jel (7.4)

The measure o from (3.2) in microscopic coordinate reads as

7 _
o(dx) = e 20 OW 20 1y(dx), (7.5)

o

and the local measures oy are defined analogously:

1 o
oy (dx) = ——e AN X dx,
Yy, o

with Hamiltonian

2 _ 1 1
Hy (x) = Z@(N S) + Z §Vy(xi) N Z log |z; — ;]

el icl e
2
o —2/3y _ s
Vy(z) ==V (eN~/7) I jggl log |z — y;]. (7.6)
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Here V4 (x) can be viewed as the external potential of the log-gas.
Recall the rigidity bound (4.2) for o. The definitions of the good boundary conditions (3.4), (3.5) and
(3.6) are also rescaled:

R=Ri(€):={y : lyx — | < NS(R)™V3, kg I},

R* = Ric(€) :={y € R(€) : [E™ay — | < NS(k)™5, PP(ay >m — N%) > 1/2 Vk e I},
R¥ = RIc(€) ={y € Ric(€/3) : lursr —yrcral > NTK 10},
In the new coordinates, the lower bound (5.10) on the Hessian of Hg reads as
(H3)" > cK~'3N"!, yeR. (7.7)

We also have the rescaled form of (3.14) that for any y € R

:2/3
o — ;] < NS 37 SCNEG7V3. el (7.8)

The main universality result on the local measures is the following theorem, which is essentially the
rescaled version of Theorem 3.3. We will first complete the proof of Theorem 3.3, then the rest of the paper
is devoted to the proof of Theorem 7.1 which will be completed at the end of Section 10.4.

Theorem 7.1 (Edge universality for local measures). We assume the conditions of Theorem 3.3, in par-
ticular that the parameters £,6,( and K satisfy (3.11) and (3.12). Lety € R’f} v.s(&) N Ry v 5(8) and

yeR? _ (ONR: (&) be two different boundary conditions satisfying

K,\V,3 K,\V.3
YK+1 = YK+1- (7.9)
In particular, we know that
[E%vx; — aj + [E%a; — a;| <CNS;7Y3, jel, (7.10)
and X
Po(z1 > v — N¢/2) >1/2,  P°(x; >~ — N%/2) > 1/2. (7.11)

Fiz m € N. Then there is a small x > 0 such that for any A C [1, K¢], |A| = m, and any smooth, compactly
supported observable O : R™ — R, we have

]anO((jl/S(Ij B aj))j€A> —E70 ((jl/g(xj B aj))j€A>

The main tool for proving Theorem 7.1 is the interpolating measure between p, and fiy which will be
defined in Section 7.3.

< CON™X. (7.12)

7.2 Proof of Theorem 3.3 from Theorem 7.1

In order to prove Theorem 3.3, we will need a slight extension of Theorem 7.1 result we formulate now.
We claim that Theorem 7.1 also holds if the measures are rescaled by an N-dependent factor, provided the
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rescaling factor is very close to one. More precisely, fix a small £ = ¢/ = O(K ') and define the rescaled

potential
oy T
Vi@ =V ( 1+ 6)

and the cutoff potential 3, ; ©*(z;), where
0" () = @(N—fx/u n e)).

From V* and ©*, we define the rescaled measure ¢* by the formula (2.2) and (7.5). For any observable @
we clearly have the relation

E7Q(A) = E"Q((1 + OA).

Furthermore, the equilibrium density o* for the measure o* (defined by the variational principle (7.1); notice
that it is independent of the cutoff ©) satisfies

7= eli)

Fix a boundary condition y = (yx41,.-.,Yn) € Rﬁ NR* and define the rescaled boundary condition by
(S (14 0)y; for all j > K + 1. The conditional measure oy« thus satisfies the relation

E% Q(x1,...,2x) = EYQ((1 4 Ox1,...,(1+ k) (7.13)

and we also have o = (1 + £)a;. Now we will compare the measure oy with the rescaled conditional

measure oy. assuming that they have the same configurational interval J=J ¥, ie., that y% | = yx+1 (in
applications, we will choose ¢ in order to match these boundary conditions). Therefore, we would like to
extend the validity of (7.12) to the rescaled measures, i.e., to conclude that

Notice that if y € Rﬁ w.r.t. the measure o then y* € T\’,i w.r.t. the measure ¢* by simple scaling.
Again by scaling, we have

< NX, (7.14)

B a; — af| = (14 O)[E7a; — o] < ON&™2

and thus (7.10) holds w.r.t. the measure o}.. Furthermore, we can check (7.11) holds with N¢ replaced by
N&(1+ O(K~1)). Instead of (2.8), we now have

o () = Q(t/l(:——;@) _ \/t/(lﬁ)[iieO(t/(lM))] _ ﬁ[1—e+0(t(1+0(£))]. (7.15)

In order to prove (7.14), we need to check that the following proof of (7.12) holds with (2.8) replaced by
(7.15) and the very minor change of (7.11) just mentioned. The task is straightforward and we will only
remark on a small change in the proof near the equation (7.16).

We make another small observation. Similarly to the remark after Theorem 3.3, we can replace ao; by
v = G231 + O[(j/N)2/3]) or simply by j2/3 for the purpose of proving Theorem 7.1 as long as j < K¢.

53



This follows from the smoothness of O, from (7.8) and from (7.15) that implies v; = j%/3(1+O[(j/N)?/3)] =
§2/3 4 o(jfl/g). If we are dealing with the measure o3., then for j € A there is x > 0 such that

2/3
of = (14 0a; =721+ O[(j/N)*/*)] + O(Nf 97) +OPPK™) =P +0(G PN (7.16)
Here we have used (7.8), £ = O(K~!) and ¢ in the definition of the set A satisfying ¢ < 1.

Proof of Theorem 3.3. Under the condition (7.9), Theorem 3.3 would directly follow from Theorem 7.1. We
now prove Theorem 3.3 in the general case. Suppose that y,y € ’Rﬁ MR but the boundary condition (7.9)
is not satisfied. Given these two boundary conditions, we define ¢ = ¢(y,y) by the formula

Yr+1 = (L +0O)yx+1- (7.17)

Using this ¢, we define the rescaled boundary conditions y; = (1+¢)y,;. Now we will compare the measure

y+ which now has the same configurational interval J = J*. With
the choice of £ in (7.17) and the rigidity estimate (2.11) , we can estimate ¢ by

oy with the rescaled conditional measure o7

| < NK™,

where we have also used 7j, ~ k%/3. From the rescaling identity (7.13) applied to an observable @ of special

form, we have
EU;*0<(j1/3(xj - a;))jeA> =E%0 ((j1/3(1 +0) [a:j — aj])jeA> : (7.18)

From the rigidity estimate (3.7) (notice we need to change to the microscopic coordinates), we have
‘jl/‘n’f(a:j —aj)‘ SNEK 'S NTX (7.19)

since 2¢€ + x < 4, see (3.11). We can use the smoothness of O to remove the (1 + £) factor on the right hand
side of (7.18) by Taylor expansion at a negligible error. Using (7.14), we have proved that

E”y0<<j1/3(mj — aj))j6A> - EE&O((jl/B(xj - &J’))jeA>

and this proves Theorem 3.3. O

<N (7.20)

7.8 Outline of the proof of Theorem 7.1

The basic idea to prove (7.12) is to introduce a one-parameter family of interpolating measures between any
two measures oy and oy with potentials V5, and V5 with fixed boundary conditions y and y and possible
two different external potentials V' and V. These measures are defined for any 0 < r < 1 by

r 1
r —BNH, &

w=wps~e BNHy 5. Hy 5(x) : Z@ N~z Z 5 v ( N Z log |z; —z;], (7.21)

zel iel i,j€l

1<j

with _

Vyg(@) =1 —r)Vy(z) +rV5(2). (7.22)
Notice that w! yo = oy and wy 37 = oy. Basic properties of the measure w will be established in Section 8.

Now we outling our main steps to prove (7.12).
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Step 1.

Step 2.

Interpolation. For any observable Q(x), we rewrite the difference of the expectations of Q) w.r.t. the
two different local measures by

1 1
5% Q00 ~E5 Q) = [ SEbeQuodr = [ (@sholunar,

with
ho(x) : =N > _[Vy(z;) — Vi (z;)]
JjelI
=3 [NV N2 = V(N 2%)) =23 (oglay -yl —logla; — ) | - (7.28)
Jjel kgl

So the main goal is to show that for any w = Wy 5 with good boundary conditions we have

(@ ho)w| < NTX. (7.24)

This will hold for a certain class of observables @) that depend on a few coordinates near the left edge.
The class of observables we are interested in have the form

Qx) =0 ((jl/?’m - f/?’))jeA). (7.25)

Random walk representation. For any smooth observables F(x) and Q(x) and any time T > 0 we
have the following representation formula for the time dependent correlation function (see (9.3) for the
precise statement):

T K
E*Q(x) F(x) — E*Q(x(0)) F(x(T)) = %/0 ASE* Y aQ(x(0){VF(x(S)), v"(S,x(-))).  (7.26)
b=1

Here the path x(-) is the solution of the reversible stochastic dynamics with equilibrium measure w (see
(8.1) later). We use the notation E* also for the expectation with respect to the path measure starting
from the initial distribution w and (-,-) denotes the inner product in R¥. Furthermore, for any b € I
and for any fixed path x(-), the vector v®(t) = v®(t,x()) € RX is the solution to the equation

ovh(t) = —A@)V(t), t>0, v9(0) = 6.

The matrix A(t) depends on time through the path x(t), i.e., it is of the form A(t) = A(x(t)). It will
be defined in (9.1) and it is related to the Hessian of the Hamiltonian Hy, 5 of the measure w. Using
rigidity estimates on the path x(-), we will show that with very high probability the matrix elements
of A(t) satisfy the time-independent lower bound

1 K2/3
A(t)ij > (i2/3 — j2/3)2 + i K2/3 — j2/3

(7.27)

up to irrelevant factors (see (10.14), (10.15)).

We apply the random walk representation (7.26) for T ~ K'/3 and F = hgy. This is sufficient since
the time to equilibrium for the x(¢) process is of order K'/2, which will be guaranteed by convexity
properties of the Hamiltonian of the measure w (Lemma 8.1).
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Step 3. If the coefficient matrix A(t) satisfies (7.27), then the semigroup associated with the equation
dpu(t) = —A(t)u(t) (7.28)

has good LP — L% decay estimates (Proposition 10.4) that follow from energy method and a new
Sobolev inequality (Proposition 10.5). Rigidity estimates w.r.t. w (Lemma 8.2) will ensure that the
bound (7.27) holds with very high probability. The LP — L9 decay estimates together with the bound

K1/3

<77 GI’
SExvio;

|0jho(x)

that also follows from rigidity, will allow us to reduce the upper limit in the time integration in (7.26)

from T ~ KY3 to T ~ K6 in (7.26). The necessary rigidity estimate w.r.t. w is obtained by
interpolating between the rigidity estimates for o, and oy.

Step 4. Finally, we also have a time dependent version of the L® — L, « > 1, decay estimate that follows
from a different Sobolev inequality (see Theorem 10.8). More precisely, in Lemma 10.7 we will show
that if the matrix elements A;; () satisfy (7.27), then for the M-th coordinate of the solution to (7.28)
we have for any a > 1

t
[ lus@)tds < oM B D)z, Mel >0,
0
(up to irrelevant factors). We will apply this bound with @ = 1 + € to control the remaining time

integration from 0 to T in (7.26).

8 PROPERTIES OF THE INTERPOLATING MEASURE
In this section we establish the necessary apriori results for w, defined in (7.21). We start with its speed

to equilibrium from a convexity bound on the Hessian. The measure w defines a Dirichlet form D and its
generator £* in the usual way:

U= [ 125 = D) = 5 [ 1V 1P

where

1 1
L5 = 2 Z [812 + 6{ — AN (N7Cy) = N(Vyg)' (i) + Z T — T }81}
el VE)
Note that in the context of studying the dynamics near the edge in the microscopic coordinates, the natural
Dirichlet form is defined without the 1/N prefactor in contrast to (5.5) and (5.2), where the scaling was
dictated by the bulk.
Finally, let x(¢) denote the corresponding stochastic process (local Dyson Brownian motion), given by

N 1 1
- . _ =€/ (N=S2.) — (V" Y (p: - ;
da; = dB; + ﬁ[ 2N'EO! (N Ea,) — S (Vys) (@) + Z p— xj]dt, iel, (8.1)
J#
where (By, ..., Bk) is a family of independent standard Brownian motions. With a slight abuse of notations,

when we talk about the process, we will use P“ and E“ to denote the probability and expectation w.r.t. this

56



dynamics with initial data w, i.e., in equilibrium. This dynamical point of view gives rise to a representation
for the correlation functions in terms random walks in random environment. Note that 8 > 1 is needed for
the well-posedness of (8.1). From the Hessian bound (7.7) and the Bakry-Emery criterion we have proved
the following result:

Lemma 8.1. Let & be any fized positive constant and assume K satisfies (3.1). Let y,y € R = Ri(&),
r €[0,1] and set w = wy 5 Then the measure w = wy 5 satisfies the logarithmic Sobolev inequality

S(gwlw) < CK'Y3D*(\/g)
and the time to equilibrium for the dynamics L is at most of order K'/3. ]

Next, we formulate the rigidity and level repulsion bounds for w.

Lemma 8.2 (Rigidity and level repulsion for w). Let & be any fized positive constant and assume K satisfies
(3.1). Lety,y € R = Rk(§), r € [0,1] and set w = wy, 2. Recall also the definition of a; from (7.4). Then
the following holds:

(i) [Rigidity] There is a constant ¢ > 0 such that

2

P (|2 — o > Nszi_l/Su) <e ™, iel, u>0. (8.2)

(i1) [Level repulsion] For any s > 0 we have

Plyrcin — o < sK 1% < O (K2)7 (83)
PYlyk+1 — 2x < sK_l/S] <C (Ncgs)ﬁ-irl +e NV, (8.4)
(i1i) We also have
E“|log(yx 41 — k)| < CNCE, (8.5)
e 1 < C,NCEKI/3, q<pB+1. (8.6)

[Yyr+1 — T4

The key to translate the rigidity estimate of the measures oy and oy to the measure w = w; 5 is the
following lemma.

Lemma 8.3. Let K satisfy (3.1) and y,y € Rk (€). Consider the local equilibrium measure oy defined in
(7.6) and assume that (7.10) is satisfied. Let wy o be the measure defined in (7.21). Recall that oy denote
the equidistant points in J, see (7.4). Then there exists a constant C, independent of £, such that

Ew;’f’ |.’1?j — Ozj| < CNCg. (87)
Proof of Lemma 8.3. We first recall the following estimate on the entropy from Lemma 6.9 of [25].

Lemma 8.4. Suppose uy is a probability measure and w = Z~1edduy for some function g € L*(duy) with
e9 € L'(dp1) and normalization Z. Then we can bound the entropy by

S = S(wpr) =E¥g —logEtted < E“g — Elig.
Consider two probability measures du; = Zi_le_H"'dx, 1 =1,2. Denote by g the function

g:T(HlfHQ), O0<r<l,
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and set w = Z'e9du; as above. Then we can bound the entropy by
min(S(wl), S(wlz)) < [B# — B (Hy - Ha).
We now apply this lemma with ps = oy and p1 = oy to prove that
min[S(w} 5oy), S(wy 5155)] < N (8.8)

To see this, by definition of g and the rigidity estimate (2.11), we have

e
= SB[ @) - Vo) — (Vo) — Vylan)]
iel
= g[Em ]Eul Z/ ds S(sai + (1 — s)x) — VL G(sa; + (1 — s)xi)} (z; — ;)
icl
3
- {EM * ]Em} O(;siﬁ% |sa; + (1 —Ii)xl yK+1|| al') SN (89)

In the last step we used the rigidity (3.7) to see that with a very high p;- or us-probability the numbers
sa;+(1—s)x; ~ «; are equidistant up to an additive error K¢ if i is away from the boundary, i.e., i < K—K°¢,
see (3.7). For indices near the boundary, i > K — K¢ we used |sa; + (1 — 8)z;| > cmin{l, |zx — yri1|}
and the rigidity |z; — o;| < NY$K~1/3. The bound (8.6) guarantees that the short distance singularity
lxx — yr11]~! has an E#1:2 expectation that is bounded by C NS K1/3 which gives (8.9).

We now assume that (8.8) holds with the choice of S(wy |oy) for simplicity of notation. By the entropy
inequality, we have

E“55 [y — 7] < N6 log EoveN ™ el 4 NOENEH < NOE,

This proves Lemma 8.3. O

Proof of Lemma 8.2. Given (8.7), the proof of (8.2) follows from the argument in the proof of Theorem 3.1.
Once the rigidity bound (8.2) is proved, we can follow the proof of Theorem 3.2 to obtain the repulsion

estimates (8.3)-(8.4). The only modification is that we use the potential V> of the measure w = wy o (see
(7.22)) instead of Vy. The analogue of V' (see (D.5)) can be directly defined for Vyy as
Vygl™(@) = (1= )V (2) + V5 (2). (8.10)

Formula (D.4) will be slightly modified, e.g. the factor (y— + (1 — ¢)(w; — y—) — yx)? will be replaced with
(y— + (1 — ) (w; —y-) —ye) B (y_ + (1 — p)(w; — y—) — )", but it does not change the estimates.
Similarly, the necessary bound (C.3) for the potential [V ]* easily follows from (8.10) and the same bounds
on Vi and V7. Finally, (8.5) and (8.6) are trivial consequences of (8.3) and (8.4). O
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9 RANDOM WALK REPRESENTATION FOR THE CORRELATION FUNCTION

The first step to prove (7.24) is to use the random walk representation formula from Proposition 7.1 of [25]
which we restate in Proposition 9.1 below. This formula in a lattice setting was given in Proposition 2.2 of [17]
(see also Proposition 3.1 in [33]). The random walk representation already appeared in the earlier paper of
Naddaf and Spencer [42], which was a probabilistic formulation of the idea of Helffer and Sjéstrand [35].

Fix § > 0 and x € JX = J!. Let x(s) be the solution to (8.1) with initial condition x(0) = x. Let EX
denote the expectation with respect to this path measure. With a slight abuse of notations, we will use P“
and E“ to denote the probability and expectation with respect to the path measure of the solution to (8.1)
with initial condition x distributed by w.

For any fixed path x(-) := {x(s) : s € [0,5]} we define the following operator (K x K matrix) acting
on K-vectors u € RX indexed by the set I;

Als) = A(x(s)), A=B+W, (9.1)

with actions

where we defined

—1/3 . ~ ) 1 1—r T
MV (s —2/3 V" (1 —2/3 72 : )

[(A=r)V (@ NTH) 4V (N )]+2 = [(yk - mi)2+@k —x;)?
(9.2)

Wi(x) = 2N1*25®”(N*5xi)+N

(Notice that W;(x) depends only on z;).

Proposition 9.1. For any smooth functions F : JX = R and Q : JX = R and any time T > 0 we have

1 (7 K
E“Q(x) F(x) — E*Q(x(0))F(x(T)) = / ds / w(dx) Y BQR)E*IF(x(S))vh(S,x().  (9.3)

2 0 a,b=1
Here for any S > 0 and for any path {x(s) € JK : s €[0,9]}, we define v®(t) = v®(t,x(-)) as the solution
to the equation
vl (t) = —A@)VE(t), teo,S], 02 (0) = Spa. (9.4)
The dependence of v¥ on the path x(-) is present via the dependence A(t) = A(x(t)). In other words, vt (t)
is the fundamental solution of the heat semigroup 05 + A(s).

10 PROOF OF THEOREM 7.1

From now on we assume the conditions of Theorem 7.1. In particular we are given some & > 0 and we
assume that the boundary conditions satisfy y,y € R¥(¢) and (7.10).
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10.1 First time cutoff

We now start to estimate the correlation function in (7.24). We first apply the formula (9.3) with F replaced
by ho defined in (7.23) so that

17 i
BQUolo(x) ~ EQUx(0)h(x(T)) = 5 [ a5 [wldx) 30 9QGO"0uho(x())ek(S.x().
a,b=1
We collect information on hg in the following lemma:

Lemma 10.1. Let K satisfy
N? < K < N#/579 (10.1)

for some small § >0 and let y,y € R¥(£). Then for any k < 3+ 1 we have

E“|ho(x)|" < C.K2N. (10.2)
Furthermore, if x satisfies
max j/3|z; — a;] < N3¢, (10.3)
Jjel
then )
CNCOSK!/3
Ojh ——7F, e 1. 10.4
o) € o= de (10.4)
In particular, we have the L'-bound
> 10jho(x)] < CNYEKE, (10.5)
J
Proof. The bound (10.2) follows from (8.3), while (10.4) will be proven in Appendix C. O

Since the time to equilibrium of the £~ dynamics is of order K'/3 (see Lemma 8.1), by choosing
T :=CKY3log N
with a large constant C, we have
|E“Q(x(0))ho(x(T)) — E*Q(x) E*ho(x)| < N~C. (10.6)
In proving this relation, we use a cutoff argument. Although hg is singular and it is not in L?(w), we can
write hg = h< + hs, he(z) := ho(2)1(ho(z) < N¢). By (10.2) the probability P*(hy > N¢) and hence the
contribution of h~ to (10.6) are negligible. The function h is in L?(dw), so we can use the spectral gap of

order CK'/? (Lemma 8.1) to show that the contribution of the h~ part to (10.6) is also negligible. We can
thus represent the correlation function as

1 T
@ihale =3 [ a8 (@) 32 QB DRSS X() +OW ) (07)

a,b=1



10.2 Set of good paths

We have a good control on the solution to (9.4) if the coordinates of the trajectory x(-) remain close to the
classical locations (a1, ...,ak). Setting a constant C5 > Cy (Cs is the constant in (8.2)), for any 7" we thus
define the set of “good” path as:

Gr = {OEHET f?g;(jl/s\xj(S) —aj| < ]\/'C'gf}7 (10.8)

where ¢ is given by (7.4).

Lemma 10.2. Assume that the rigidity estimate (8.2) holds for the measure w. For the cutoff time T =
CK'Y31og N, there exists a positive constant 0, depending on &, such that

P (gs) < e . (10.9)

Proof. We first recall the following result of Kipnis-Varadhan [37]:

Lemma 10.3. For any process with a reversible measure w and Dirichlet form D*(f) = 1 [ |V f|*dw, we

2
have

P2( sup [f(x(s))] = £) <

0<s<T

113+ TD=(f). (10.10)

| =

To apply this lemma, let f(x) = g(z;) with

g(z) = N (@)t ?

From the rigidity estimate (8.2)
I£13 4+ TD=(f) < [1+T(N=C%%)?] /113 < CK (log N) / ™ du < CK.
R

From (10.10), we have for any ¢ > 0

P( sup N~(z;(s) — ;)% = N°) <P( sup_[g(a;(s))] = e ) < CK?e™ "
0<s<T 0<s<T

Similarly, we can prove
P( sup N~(a; — ;)12 > N¢) < Ce™™".
0<s<T

This proves Lemma 10.2. O

10.3 Restriction to the set Gr

Now we show that the expectation (10.7) can be restricted to the good set G := Gy with a small error. With
a slight abuse of notations we use G also to denote the characteristic function of the set G. For a fixed S and
for a fixed b € I we can estimate the contribution of the G¢ by

1 K
5 [ 1Q00] Y B[ G°10un (x(S)) (5, x() | ().
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Since A > 0 as a K x K matrix, the equation (9.4) is contraction in L?. Clearly A is a contraction in L?
as well, hence it is a contraction in any L9, 1 < ¢ < 2, by interpolation. By the Holder inequality and the
Li-contraction for some 1 < ¢ < 2, we have > [v2(S,x(-))|? < Y, [v2(0,x("))|? = 1, so we get
w e S b a/(g-1) - b a11/4
E“G°| Y 10aho(x() 04 (5. x())| < [E2G] "V [E2| D Daho(x(S)Ih(S,x()| |
a=1

a=1

< P26 "V [E0 Y ouhox(s)l]

a=1
1/ .
< CemN' K - max [E*[0,ho ()] TN’

with some 64 > 0. Here we used (10.9) for the first factor. In the second factor, after the invariance of the
dynamics, we used the explicit form of i (7.23) and the level repulsion bound (8.6):

E¥|0uho|? < CN3 + C max E® [Z L} < ON.
a kel |xa - yk‘q
Therefore, from (10.7) we conclude that
1 (T
(@i hod = 5 / ds / w(dx) Y- HQXIEX[G Duho(x(S)) vh(S,x()] + OV ), (10.11)
0

a,b=1

In the next step we will reduce the upper limit of the time integration from T ~ K/3 to T ~ K1/6. This
reduction uses effective LP — L7 bounds on the solution to (9.4) that we will obtain with energy method
and Nash-type argument.

10.4 Energy method and the evolution equation on the good set G

In order to study the evolution equation (9.4) with x(-) in the good set G, we consider the following general

evolution equation
osu(s) = —A(s)u(s), u(s) € R = RX] u(0) = up. (10.12)

Here A and B are time dependent matrices of the form

A(s) = B(s) + W(s),  with [B(s)u]; = Z Bij(s)(u; — uj), W(s)u]; = Wi(s)u;. (10.13)

For z;, z; satisfying the rigidity bound defined in the good path (10.8) we have

- 1 N—C¢
B(x)ij == CAEEAE > CEEaE (10.14)

for some constant C. Similarly, for y € R and z; satisfying the rigidity bound defined in the good path
(10.8) we have

~ 1 KY3N-C¢
2 G z dj = (K +1)*° =25, jel (10.15)

Wi(X) 2 2 = Y
ok i T ye) d;
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where we have used the definition of W in (9.2) and ©” > 0.
Denote the LP-norm of a vector u = {u; : j € I} by

1/p
lully = (3 fusl”)
jel
We have the following decay estimate.

Proposition 10.4. Let A be given in (10.13) and consider the evolution equation (10.12). Fiz S > 0.
Suppose that for some constant b the coefficients of A satisfy

b

Bji(s) = m7 0<s<S, j#kel, (10.16)
and
bK'/® 2/3  .2/3 .
Wils) > ——,  dji=(K+1) — 23 jel, 0<s<S. (10.17)
j

Then for any 1 < p < ¢ < 0o and for any small n > 0 we have the decay estimate

) 1-6
lu(s)lly < Cp.a.m [ 276G D] uO)l,,  0<s<s. (10.18)

Proof. We consider only the case b = 1, the general case follows from scaling. We follow the idea of Nash
and start from the L2-identity
Os[lu(s)[13 = —2a(s)[u(s), u(s)],

where a(s)[u, v] := >, u;[A(s)v]; is the quadratic form of A(s). For each s we can extend u(s) : I — R¥ to
a function u(s) : on Z4 by defining w;(s) = u;(s) for j < K and u,(s) = 0 for j > K. Dropping the time
argument, we have, by the estimates (10.16) and (10.17) with b =1,

(ul—’u]) -2 (@ — y)? — 252 -2 2 3
Yafwn] > e Y0 e > KUY e 2 ek PG = ekl =
i,jeZ+( i,jEZ |25 — g2/ 147
(10.19)
with some positive constant c,. In the first inequality, to estimate the W term, we have used that
1 CK'? _

to estimate the summation in (10.19) when one of the indices 7, j is bigger than K. In the second inequality

we used that
|22/3 2/3|n < K%n

for any 4, j < K which is the support of u. In the third inequality we used the discrete version of the following
Sobolev type inequality that will be proved in Appendix B.

Proposition 10.5. We will formulate our result both in the continuous and in the discrete setting.

(1) Continuous version. For any small n > 0 there exists ¢, > 0 such that for any real function f defined
on R4, we have

oo oo _ 2 oo 2/p 3
/O /O dedy > cn(/o |f(x)|pdx) ) pi= T+n (10.20)
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(i) Discrete version. For any small n > 0 there exists ¢, > 0 such that for any sequence u = (u1,us, . ..)
we have
(u; —
> W > Cn( > |Uz|”) = cyllulf}- (10.21)
1£JEL4 €Ly

We now return to the proof of Proposition 10.4. Combining (10.29), (10.19) with the simple Hoélder
estimate

> 2-an
[[ull; > lally ™ )y
we have s
7"1
Oullull3 < —ey B uly* uly E
ie.,
2n = 1 -39 -5
Aullulle < —e, K Eul, ™ ully L so — ——gg < —¢, K]l
a5 *
since |[ul|; is decreasing. Thus
()l < ()l
u < |\ —F u
2 (cangnt)3/2 01115
and by duality
I(e)loe < (—t52) ol
u o X ( nK §77t)3 Uo||1-
Thus, after interpolation we have proved (10.18). O

Now we apply Proposition 10.4 to our case.

Corollary 10.6. Fiz S < T and set A(s) = A(x(s)) as defined in (9.1). On the set G, the coefficients of
A(s) = B(s) + W(s) satisfy (10.16) and (10.17) with the constant b = cN~2¢. Consequently, the solution to

dpu(t) = —A(t)u(t)

satisfies

N25+3”>(*—*)( —6m)

la(s)llq < Clp.g, 77)( [a0)[lp, 0<s<S, 1<p<g<oo (10.22)

Proof. From the estimates on B and W proved in (10.14, 10.15), we have proved the estimates on the kernel
elements in Lemma 10.4 with b = N~¢¢. Thus (10.22) directly follows from (10.18). O

10.5 Second time cutoff

Now we specialize the observable Q(x) to be of the form (7.25). Thus @ depends only on variables with
indices in A C [1, K¢] and |A| = m with m a finite fixed number. Its derivative is bounded by

71/3(9;0) ((11/3(%- - O”)>ie/x>

0;,Q(x)| = <K, jeA (10.23)

oo
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With the help of Corollary 10.6, we can reduce the upper limit of the time integration in (10.11) from
T ~ K'Y to T ~ K. More precisely, using the L' — L bound of (10.22) with the choice n = &, the
integration from 7" to T in (10.11) is bounded by

3 [ as [ 5 AQEIEX[G duholx())] w405, ()]

a,b=1
T

< C’N§\1X|KC/3 max/
b<KS T

K
D E (G [Duho(x(S))] v2(S.x())] 45

T =

T
< ONCERI O [ (8,x() S
T

T
<0N05K<1+o/3/ g-301-6m)4g
7

< ONCERUHO/BT=2, (10.24)

where we also used (10.23) and (10.4) together with the fact that, on the set G, x(5) satisfies (10.3).
Choosing

T = CNCsEg(1+Q/6 (10.25)
with a sufficiently large constant C5, we conclude from (10.11) and (10.24) that
7K
(@] < ONKS e [ S 54[G 10uhalx())] (5. x()]aS + OV~ (10.26)
bK< Jo a=1

with the special choice of @ from (7.25).

10.6 A space-time decay estimate and completion of the proof of Theorem 7.1

Using (10.4), the first term in (10.26) is estimated by

NC£K1/3
>

K+tl—a /0 E*[Gug(9)]dS. (10.27)

T
NSRS [ BEG0uno(x(8)Iek(5.x())dS <
a 0 a
The last term can be estimated using a new space-time decay estimate for the equation (10.12). Roughly
speaking, the energy method asserts that the total dissipation is bounded by the initial L? norm. We will

apply this idea to the vector {vf‘/Q}, see (10.30), and combine it with a new Sobolev inequality to obtain a
a control on the time integral of a weighted L° norm in terms of the L* norm (the weight comes from the
fact that the dissipative term is inhomogenous in space). More precisely, we have the following estimate.

Lemma 10.7. Consider A(s) = A(x(s)) as defined in (9.1). Suppose that the coefficients A(s) = B(s)+W(s)
satisfy (10.16) and (10.17) with a constant b. Then for any exponent a > 1 there is a constant C,, such that
the solution to

ov(t) = —A(t)v(t)
satisfies, for any integer 1 < M < K and for any positive time t > 0,

t
/ loag (8)]ds < Cu M-2/3CVREM =11 4 1) [1v(0) . (10.28)
0
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Proof. With some positive constant ¢, > 0 we have the following estimate for the solution v = v(¢):

OVl = ad fuil* sgnvi)dhvs < —a > [vi|* (sgnvi)Bijlv; — v
- =

« a— a—
=-3 Z [Joi] ** (sgnvi) — [v;|* " (sgnvy) | Bislvi — vy,

N

—CQZB” 0|2 = Ju;|/2)?, (10.29)

where we dropped the potential term o ), |v;|*~*(sgnv;)W;v; > 0 and used the symmetry of B;; in the first
step. In the second step we used B;; > 0 and the straighforward calculus inequality

o— o— (e « 2
[[z]*sgn(x) — |y[*sen(y)] (x —y) >, [Jz[*? = [y|*/?]",  zy€eR,

with some ¢/, > 0. Integrating (10.29) from 0 to any ¢ > 0 we thus have
/Ot%:Bij(S)[lw(S)la/Q — [o;()|*?)” < I (O) 13 = VO < v O0)]lg- (10.30)
Using the lower bound on the coefficients of B(s), we get
/ Z ot 'i - L-Z?S)zlmfds e MOT

Now we formulate another Sobolev-type inequality which will be proved in Appendix B.

Theorem 10.8. There is a constant C > 0 such that for any M € I and u € CM we have

M
_ Toa T (ui
lun|> < M~2/3¢C logM[ Z (2/3 2/3 +Z|Uz|2
iti=1

The factor CV1°8M ig probably an artifact of our proof. The factor M~2/3 is optimal as we can take
upy = 1 and u; = 0 for all other j # M.

Using Theorem 10.8 with the choice u; = |v;|*/?

, we have for any M < K,
t t
[ ote)ieas < 2oV vy + [ v(s)gas] < VIR 4 D vO)e,

where in the last step we used that the L* norm does not increase in time by (10.29). This completes the
proof of Lemma 10.7. O

Proof of Theorem 7.1. On the set G, the coefficients of A(s) = B(s) + W(s) satisty the bounds (10.16) and
(10.17) with the constant b = ¢N ~2¢. Using a Holder inequality

/OT loas (5)|ds < Tl(/0f|vM(s)|°‘ds)l/a, (10.31)
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and then (10.28), with the choice of t = T from (10.25), we can complete the bound (10.27):

T CE1/3 i (1+0)/6
N K'°K 2
E“[Gvl(S)]dS < C, E “3& < C,NYK
/0 [gva(S)] S5 - K+1l—-a @’ ¢

_4-(4+9a
6

NC£K1/3
> (10.32)

K+1-a

a

Combining (10.26), (10.27) and (10.32) we get

4=(+Qa
6o

(O3 ho)w| < CoNC K™ + O(N—%)

with the special choice of @ from (7.25). For any ¢ < 1 there exists an « > 1 such that the exponent of K
is negative. Then, with a sufficiently small £ (depending on ¢, a and ¢) we obtain (7.24) and this completes
the proof of Theorem 7.1. O

Proof of Theorem 3.4. We follow the proof of Theorem 7.1, but instead of Q(x) and ho(x) we use the simple
observables ¢(x;), f(z;) depending on a single coordinate. Then the analogue of (10.24) gives a bound

NOET=2||¢/|| 0|l ']l and (10.26) reads

T
(@) 5@ < NG ol e [ B2[913()] 45 < CalV oSNl o [55° T 2T + T2,

where in the last step we used (10.28) with (10.31) as above and an inequality similar to (10.24) with
Oaho = do; (notice that the factor K (1+0)/3 i not needed now.) Choosing « very close to 1, we can replace
j72/3% with j72/3 at the expense of increasing the constant C' in the exponent of N, Optimizing these
two estimates yields the choice T = j2/9 and thus

(a(@); f(25)) < CaNE™20d ool f oo

Taking into account the rescaling explained in Section 7.1, which results in the additional factor N4/ due
to the derivatives, this proves (3.15) in Theorem 3.4. O

A PROOF OF LEMMAS 6.21, 6.22 AND 6.23

A.1 Proof of Lemma 6.21.

Let € > 0 be fixed and arbitrarily small as in the statement of the lemma and in the definition of Qﬁ\? (a/4+

g,7). In this proof, the notation A(N, k,j,z) < B(N,k, j, z) means that there is an absolute constant ¢ > 0

depending only on V such that for any element z € Qﬂ) (a,7) one has |A(N,k,j,2)| < ¢ |B(N,k,j,2)]. In

the same way, A ~ B means ¢ !|B| < |A| < ¢|B| for some ¢ > 0 depending only on V.
For any fixed E with A < E < B, we define the index j such that v; = min{~; : 7; > E}. For notational
simplicity, we assume without loss of generality that j < N/2 and A = 0. Note that

E~ (j/N)*? (A1)

when E > N~2/3 from the definition of j, and |E — j| < CN~2/35=1/3, Moreover, we will often use the fact
that, as a consequence of z € Qﬁ\? (3a/4 + &, 7), we have

n > N-USEtep=1/2 N3+ te - (A2)
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We define ) ) \ E(\)
o _ _ k— E(Ag
A= T T TR G—EOu)G =) (&.3)

Then for any fixed b (we will choose b close to a, a < b < a + £/10) we have

N
1 1
mvar (; S /\k> 5 Yint + ZExtRight + XExtLeft
where

2 2 2
Yt = %E > Ak, Secrign = %E > Ap| , Skeiven = %E > oA,
[k— | <N k>j+Nb k<j—Nb

(some of these summations may be empty). We use the improved concentration result, |[Ax — E(Ag)| <
N—3+5+'k=3 with very high probability for any & (Proposition 6.2) to bound the numerator in (A.3),
and the rigidity at scale a to bound the denominator, which allows us to replace Ay and aj with ~g, and
z = E +in with v; +in whenever |j — k| > N, since in this regime the error is much smaller than |y — ;.
To see this statement more precisely, first observe that we can assume that k < 2N/3, i.e., b~ k; the large
k regime is trivial since j < N/2. We make a distinction between two cases.

e We first assume that k > j/2. Notice that
B = Xl 2 [y = Ml = CNT > ey — p| = ONT2/% — ON =3 (1) 1/? (A.4)

from the choice of j and from the rigidity bound for \; with any &’ > 0. Since |j — k| > N°, we have
1v; — Y| = eN~2/3+%[max(j, k)] ~'/3. Using that b > a, one can choose &’ > 0 such that |y; — x| in
(A.4) dominates the two error terms, for k > j/2.

e Suppose now that k < j/2, then (A.4) can be improved by noticing that
Ak S Aj2 <572+ CN_%+Q+E/j_1/3

(using rigidity for A;/2), thus we can use
|E—Xe| =75 —jjp — CNTH3 — CN75F0F 5713 5 ¢y, — | - ON72/3 - ON~5+o+e’j=1/3 (A 5)

instead of (A.4). Since k < j/2, we have |y; — x| = ¢cN~=2/3t0j=1/3 which is larger than the error
term in (A.5).

To summarize, we proved the following estimates:

2

2 b 1

1 N-stz2f~s
2Int 5 m Z T )
k—j|<N®

)

1 N—3+3k~3
EExtRi ht 5 N2 N VEEVEY)
Sy | 2 7+ (e —75)?

k>j+N?
2 b 1 2
1 N-s5tz2k~3
2ExtLeft < — § 5 . /. __ N9
~ N? n? + (v —5)?
1<k<j—N?b J
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Sum over internal points. We first consider X,;. This is smaller than

N_§+b j+Nb 1 : 10 p 4 2b.—2/3 4b 10 4 3p 4.-2/3

Nogd Z 5 SNTETTANT T s e + N3 Ljene) SNT3 0T
K ¢=max(1,j—N?)

1

This last term is, as expected, smaller than N _1'*‘37@17_ max(E% %) which holds for the following reasons.

e Case n < E. The desired inequality is N~ F30—% < \/>j3
As E ~ (j/N)?/3, the desired inequality is 1 > N_éj_iN ~%. This holds because z € Q%m (3a/4 +
7), hence n > N5 +eg=3 ~ N=3+% 43 and b < a + £/10.

e Case n > E. The desnred inequality is n7/2 > N~ 3+3b** j=2/3_ We distinguish two cases. For large
4, namely for j > N®~%, from 1 > E we have

0t > B = <ij) A

On the other hand, from (A.2) we have
Nt > N*EJ’ENz(S”*E) > N5+ =23

whenever j < N(Ta=60)+7e  Ag (2La—6b)+7c > b— %, we have either j > N°~% or j < N(Fa—6b)+Te
so in any case we have proved the expected result.

Sum over external points on the right. We now consider Ygyirignt- Note that when £ > 0
2
Vi+e — Vi = €N_%j‘%]lg<j + (%) ® 144, consequently
2 2
1

1 N-5+55-5 1 N=5+30
> e PIE
U

YExtRight < 21 + X2, X1 = N2 5], Y2 =

Nvges 24 ANTE TS

We first consider ¥;. This summation is non-empty if j > N? > N@.

e In the case £ < n < 7, we have

1 N-3+3-3 N-% N
21 < — = N .]3 < ,
N2 Z e i N ~ Vi

NP

T o
where the last step holds because 77% > E3 > (%) # N*=% j=1 where the last inequality follows from
(A.1) and the fact that j > N°.

e If y < E, we first consider the case n < N~3+9j=3. The following holds (using (A. 1))

2
3a

1 N-2/3+5 -3 (j >§ N
1< — | =(%) NP« ——VE,
N2 Nggj 2N~—%;-3 N N

because n < N™3+9j735 « N=5+% b3,
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e In the last possible case N~ 3“‘“]_% <n < E, we have
2 2
1 N-3+5-4 1 N-3+55-% Nb N
o< - ANEALY N S ING
1 X N2 Z ) 7)2 N2 Z EQN—gj_g N2772 ]\[77
3 77N3] 3<Z<J

2
NbI<nN3 ;™3

because n > N~3+%5=3 > N=5H0=% j=3 and we used (A.1).

We now consider the term Y.

e If n < E, we have

2
1 N-3+8-3 20y s N% (j\7 N%
S, < — S N AL B I LY 2R
2SN N2 ; ((/N)4/3 J Ny \N N7

where in the last inequality weused n < E ~ (j /N )2/3 and j > N b=%" | this last relation holds because

on {n < E}nQN (3a/4+¢,7) we have j>= Nite,
o If n > E, we have
2 2
1 N-3+3¢-3 1 N-3+3¢0-3 N N
Sy < ARALLILE BN AU NT ow
2SS 2 Z , 2 + N2 ) N N, < N NI
Nn2 <N

3
JUSNY 2

where in the last step we used that on the domain {n > E} N QInt , we have n > N~at2+t35¢
We now consider Ygyireft, which is non-trivial only for

Sum over external points on the left.
N’ > N@. Beginning similarly to the previous paragraph, we can write

1 N-3k 3N3 i 1 N-3j=3N i

YExtLeft < 21 + Yo, Elzﬁ Z — | EQZW Z VIN-1:

1creg M () I <h<j—NO 1+ (= k)2NTE)

Wl

wli

3a

—max(E%,n%L

A calculation yields
S, = N2 E2min(n~4, B4 <« N

where in the last step we used the following.
e If n > E, then the desired inequality is N~1T0=% E2 < n7/2 which follows from N~1+0—% < E3/2 ~

j/N, which holds since j > N¢ > N=%

o If n < E, the desired relation is N72TPE~=2 < N ki \F E which again follows from N =105 < E3/2 ~
j/N as before, since j >

We now consider the f]g term.
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. If n < E and N~ s+37+5] <n < N73t95=3 we have ig N=3j3N"" so the desired result

1 1 50
(% % is equivalent to N~ j5 N~ << ; (L) e, n< NO+HE+e Ny —2/3-1/3
which obv1ously hold by the assumption n < N~ 3+a 3
e Ifp< Eand N~ 3“‘“ -3 < n, ¥, is bounded by
1 N-%j-3iN3 21 N%j%N%Q NP N%
N2 Z (j — €)2N7§ —2 +ﬁ Z n2 = N2p2 < Np
%gzg‘y nN2/3;51/3 J J J—nN2/351/3L4Lj— NP

where in the last step we used (A.1) and that > N~3;73 N~ % from (A.2).

o If £ < n <1, we also have 22 N]¥n2 which is properly bounded, exactly as we proved it for the proof
of Y5 on the domain {n > E}.

A.2 Proof of Lemma 6.22

Let d > 2a/3 and b > 3a/4. On Q,(EIXt)(d, T), we have n > ckg, so we want to prove that uniformly in

z € Qgg (d, ) we have
L 12
> < Nnn .

N

ar E
: Z —
i=1

We know that

N
Nz Var (Z .
i=1

,S EInt + 2Exta

1
—\i

2
1 1 1 1 N*§+%z 5
Y nt — —E# - < —
t = N2 Z (z—)\i z—EN(Ai)) ~Ne | 2 )
i<NP 1§Nb
2 ) L 2
1 1 1 N—53+t%i"3
Skt = —QE” Z ( - ) S N )
N i>Nb 2=Ai 2= Er(N) N isve 2+ (|B = Al + (5)°)?

where we used concentration at scale a/2 that follows from the conditions of Lemma 6.22 using Propo-
sition 6.2. In the last equation, we additionally used accuracy at scale 3a/4 for i > N° to obtain that
|z = Xi| ~ |2z —E(\i)| ~ |z — ~]. The term Sy is therefore easily bounded by N~ % tatzby=4 and

2
—24a
< N .

i>1 772+(%)% T

7

=

_ 10
EExt < N~ ta

This concludes the proof because, for n > N_%+d, d > 2a/3, we have both

_10 _
NTsme oL e g YO L
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A.3 Proof of Lemma 6.23
Let b > 3a/4. We begin with the bound on m/y:

< 2 (=) 3 2 ()

i<ND i>NP

\Nm'

If N—5tate > |2 — Al > N34 and z € QW) (d,s,7), then the contributions of both terms are easily
bounded by

1 1 1
S NP(NTEE) TR N S SN2 L N g (A.6)

N2 N2 — <|2—A\+(ﬁ)%>

If |z — A| > N=3+ote then by rigidity at scale a we can use the second term in (A.6) to estimate all indices
1 > 1. By choosing b = 3a/4 + ¢, this gives the expected result (6.47).
We now bound the variance term, in the same way as in the previous subsection:

N
1 1
N2 Va‘r (Z Z_>\Z> /S Zlnt]lN_%+a'+E>‘z—A|>N_%+d +EEX1§7
=1
2 ) L 2
1 1 1 1 N-3t33
Yt = ~5E - S —_— |
=3B | S (25 - )| S S
i<NPY i<N?Y
2 ) . 2
1 1 1 1 N—3t5i—3
v 3t | (5o ey S (2 ;
N e z— N\ Z—E“()\i) = (|Z—A|+(ﬁ)3)2

The announced bounds then follow by a computation of the above terms.

B TwO SOBOLEV-TYPE INEQUALITIES

In this section we prove two Sobolev type inequalities. The first one has a discrete and continuous version,
the second one is valid only in the discrete setup.

Proof of Proposition 10.5. We start with the proof of (10.20). We recall the representation formula for
fractional powers of the Laplacian: for any 0 < o < 2 function f on R we have

bl f) = / / |x_ |1+a) dady (B.1)

with some explicit constant C'(«), where |p| := v/ —A.
In order to bring the left hand side of (10.20) into the form similar to (B.1), we estimate, for 0 < z < y,

Y
It = 3f2) [ s < Oy )
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(for y — z <  we have x ~ y and it follows directly, for y — z > x, i.e., y > 2z, and y — z ~ y we get
N s~ 13ds ~ y?/3 < (y — z)(zy)~/6). Thus to prove (10.20), it is bufﬁaent to show that

[y E (ag)ady > J A R e T L
|a:— \217 "\ Jo ’ 1+7n 3 6

holds for any function supported on [0, oo]

Now we symmetrize f, i.e., define f on R such that f(z) = f(x) for > 0 and f(z) = f(—z) for z < 0.
Then

/ / |2 ; |xy|qudy—// y\Q ; |xy\qd:1cdy 2/ / x_;yi];(n))|xy|qudy
(f(=) = () = (f(x) = fy)?
>/R/R—|x—yl2*” ‘J;y|qudy—2/0 /0 —|x—y|2*77 |zy|?dedy,

where we used that |z + y| > |z — y| for positive numbers. Thus

) PP L[ ) T
=R T =
= P _1 () Pda
| @z =5 [ 1@

the estimate (B.2) would follow from

Since

2/p 3
q )P 92
// y|2 ; |xy| dady > ¢, /|f )| d:L‘) ) pi= T (B.3)
Setting
o(x) = |z[?,
(B.3) is equivalent to
» 2/p
|x - |2 ) =00 42 gy)dndy > e [ 1f@)raz) (B.4)
for any function f on R (for simplicitly we dropped the tilde in f and the prime in ¢,).
We have
(f (=) — f(y))2 / /

~ Jim oy — ¢(2)f(2)¢(y)f(Y) .

3*@[ //|x—y|2 R 2// e d]
i G@I@? oy [ [ @@,
= [Z/R/W—mz—wed wez [ SRR ddy}
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. f(a)?  o(@)é(z)da
wlin2 [ [ L (0(0) — o(w)o(e)dndy

e—0

:s”i%// |x7y|2 n(yjf(y)) dxdy+€1i_1>r(1)2/ﬂ§|f(x)|2{/ﬂgmdy}cé(x)dx.

The first term is

(@f. """ f).
Since f is symmetric, we can assume x > 0 in computing the second term:

_ x4 o a_ 29 0 —)4 — x4
hm/ m dy = lim/ Ldy—i— lim (y)iz
=0 Iﬂc—yl2 THe T o0y fr—yPTr4e T 0 -yl e

00 q_ pq 0 q _ pa
=lim [ —2 2 _dy+ lim / B A —
=0Jo |lz—yP+e T 0y |z+yPite

u? —1 u? —1

— pa—14n | 3; - - H - - — q—1+4n
x th%’/o |u_1|27n+€du+glg(1)/o ‘u+1|27n+gdu} Co(n)x )

We need that Cp(n) > 0 for small 5. Since Cj is clearly continuous, it is sufficient to show that Cy(0) > 0.
This can be seen by the v = 1/u substitution for v > 1

0wt —1 by —1 L (1/w)1—1 do bud pu=9 -2
du = — d _ = —du>0
/o PESTE / fuE 12 “+/o (1/0) £ 12 02 / CESEE.
since u? + u~7 > 2. (What we really used about the weight function ¢ is that 3(¢(a) + ¢(1/a)) > ¢(1) for
any a > 0.) Once C’o( ) > 0, we can choose a sufficiently small > 0 so that C’o(n) > 0 as well. From now

on we fix such a small 7.
In summary, we have

[/ Y@ = SO a6y dady = (o1, [pl'"6£) + Coln / e
rJr [T —y[*" || o

= (&f,1pI'"""¢f) + Co(n) /R de-

So the positive term can be dropped and in order to prove (B.4), we need to prove

2/p
ool rof) = e [107)"".
R
Denote g = |10\%(1_")|9c|qf7 (recall ¢ = % — 2), we need to prove that

lgllz > e[l ~Ipl =2 ]
Recall the weighted Hardy-Littlewood-Sobolev inequality [52] in n-dimensions

_ _a 1 a+gq 1
[ttt [t = sl stas] <Cloll, L +" =140 v<g<n/p 0<a<n

In our case, a = (1+1n)/2,7 = 2,n =1, and all conditions are satisfied if we take 0 < 7 < 1. This completes
the proof of the continuous part of Proposition 10.5. Part (ii), the discrete version (10.21), follows from
(10.20) by linear interpolation exactly as in the proof of Proposition B.2 in [25]. O
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Proof of Theorem 10.8. Take 1 < £ < j < M and estimate

2

i—1 i—1
I ST L S
’ ¢ i=j—4 ’ £ i=j—4
2 (N (uy —u)? ks 2
j Wi 2/3 _ 2/3) 2
<52< Z (72/3 —i2/3)2> ( (7% / ) 7 Z ]
i—jff i=j—1 i=j—t

j—1

2

—2/3 1) Z
SOl Z 2/3 _22/3 3ty Z |ui
i=j— Z i=j—4

where we performed the summation
j—1
Z (j2/3 _ i2/3)2 < C3j203,
i=j—t

We will apply this whenever j > M/2, so j~2/3 will be replaced by CM~2/3. So for any 1 < £ < j < M,
j = M/2, we have
j—1
2 —2/3 (uj — ;) 2
|u > < CotM Z G e T Z Jui]?, (B.5)
i=j—4¢ i=j—4
with some fixed constant Cj.

Choose an increasing sequence ¢1 < o < ... < £y41 such that ;41 > 2¢; and n such that £,41 < M/2.
We use (B.5) for j = M and ¢ = {:

M—-1

-1 M—1
_ (upr — u;)? 2 _ 2
lunr]? < Coly M2/3 Z M'F? Z lu;|* < Coly M 2/3D+€* Z lu;|?,  (B.6)
i=M—t, Licm—e Licm—e
where we denote
(i — uy)?
o i J
D= Z (i2/3 — j2/3)2°
i#j=1

Now for each u; in the last sum we can use (B.5) again, but now with £ =/,

p iy 20062 ; [
2 —2/3 u;) 2
A Z [ui” < Z Z 2/3 Z2/3 Z Z Jui
j=M—t; j=M—ty i=5— Zg =M—V1i=75—4L>
M—1
20 4
SCoM™2BDZ2 4 — N ful
b b i=M—t,—¢
1= 1—42
Combining with (B.6) we get
M-1
20 4
un P < CoM2D(0+ 22 )+ = Sl
b ly
=M—t1—t;
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Continuing this procedure, after n steps we get

2, 4L 20, gn+1 =
fun? < oM~ (0 + 2+ T2+ ) 4 S P
1 2 n n+1 F=M 1l
and the recursion works since up to the last step the running index j satisfied j > M — 1 — - — 4, >
M — 4,11 = M/2 by the choice of n. Optimizing the choices we have
1 2n+1
lun* < 2"CoM2DEE + 5 fuy .
en-ﬁ—l P
We can choose 0,1 = M?/3 and n = Vvlog M, then
, M
e < CM23H (M3 42 ) (D + ulla) < M72PCVEET (D4 37 fugl?),
i=1
which completes the proof. O
C Proor or LEMMA 10.1
Let M = N with a constant C' > C3 (from the definition of G). We define
N _ 2
Vy(z) :=V(aN 2/3) -~ Z log |z — yxl, z € Jy = (—00,y4], (C.1)
E>K+M
i.e., we write
g KM
V(o) = Vi) - v > logle— il
k=K+1

where we split the external points into two sets. The nearby external points (with indices K+1 < k < K+ M)
are kept explicitly, while the far away points, yx, k > K + M are kept together with the potential in V
because there is a cancellation between them to explore. The proof of the following lemma on the derivative
of Vg is postponed to the end of this section.

Lemma C.1. For anyy € R (&) and M = N with a large constant C, we have

[(K+M)/N]*/® —14¢
*1/ 0\ — N—2/3 o(y)dy N
Vgl = v A+ (). Tl (©2)
and
V5] (2)] S CNTWEEYS we [-NO gy, (C.3)

Here we assume that the density o satisfies (2.8).
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From the definitions (7.23), (C.1) we claim that
K+M

1 1 () — Nj/x-
oml< 3 (e | NI () = 5 ) (C.4)
Cer1/3 -
< NI ) - @)

Notice that the summation over k starts from k = K +2, this is because the boundary terms |z; —yx41|™! =

|z; — Jr41] ", present both in Vi (z;) and Vy(xj), cancel out. Using |z; — yx| > |yrto — Yrs1| = N"EK/3

by the definition of y € R#, each term in the summation is bounded by N¢K'/3. So its contribution is

at most CMNEKY3 < CNYEKY/3, We will use this bound for j > K — NCE, For j < K — NCE we use

l2j —yk| = |2j — yrs1| = cly; — x| = ¢cK~Y3|K — j| and this gives the estimate on the first term in (C.4).
For the second term in (C.4) we use (C.2) to have

[(K+M)/N]?/3 [ Y 3
~ o(y) — o(y)]dy N
NIV (25) — V2] (x; <N1/3/ 0( ) C.5
|[ y](IJ) [ y](x])| 0 xjN_z/S_y + ‘(K+M)2/3—Jf]| ( )
Notice that x; ~ j/% with a precision smaller than N©3¢;5=1/3 since
| — 57 < Jay =yl + by — 3PP S NOSGTHE 4 ABNT2E NGB <K,

by the definition of G, by (7.3) and (10.1). Thus we have
(K +M)*3 —aj] > [(K+M)¥3— 23| = N j=1/3 5 K3 K+ M — j| = N 713 > K= V3| K 4+ M —j|

using that M = N > N©¢. Thus the error term in (C.5) is bounded by the r.h.s. of (10.4).

Finally, in the main term of (C.5) we use the asymptotics (7.15). The density o(y) — o(y) is a C*-function
of size of order y*/?2 < C(K/N) on the integration domain. Thus a simple analysis, similar to the proof of
(C.9) in the Appendix shows that

[(K+M)/NJ?/? — 5l

o(y) —oly)|dy

N2 / [x_ N ]y < CN'3(K/N)(log N)
J

which is smaller than the r.h.s. of (10.4) by (10.1). This proves (10.4). The proof of (10.5) trivially follows
from (10.4). This completes the proof of Lemma 10.1.

Proof of Lemma C.1. For any fixed x € [0,y4] we have

1, . o 1. _ 1 1
5(vy () = 5N 23y (e NT23) — ¥ > p— (C.6)
k>K+M
_a/3 o(y)dy 1 1
=N /xN*2/3—y_N T =y z € [0p],
k>K+M

where we have used the equation (7.2). Thanks to rigidity, y € Rk (&), we can replace yx’s with ;s at an
error

1 1 1 1 [yr — Y|
&l=v > | - <% ¥ 2%
N kKM LT Yk Tk N k>K M (@ = k)
CN¢ 1 CN-1+¢
S N Z 1/3 72/3)2 < |(K + M)2/3 — g (C.7)
kK K (z — k2/3) ) x
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where we also used that for any © < y+ < yx41 + CNf(K + 1)_1/3 and k > K + M we have v, —x >
c(k — YK 41) since vi — Vi 41 = cMEK /3 is larger than the rigidity error CN$K~'/3. For the purpose of
the estimates, we can thus replace ~; with k%/3. The last step in (C.7) is a simple estimate.

After replacement, we have to control

1 1 | 1 _ o(y)dy
= =N S 7—_N2/3/7+82
_ —2/3 _ —-2/3 _
N poaar Wk N ot TN—2/3 —T o xN=2/3 —y

with Q := [N"2/3yk pr41, B]. The error & can be written as

2/3 Mt /NP 1 1
E =N" — d
’ k>;i-M /vk/Nm eN=23 —y  xN-2/3 - N-2/3 ol)dy

using

Y41 /N3
/ 0o=1/N.
Vi /N2/3

Thus for z € [0, y4] the error is bounded by

CN¢ 1 1 CN—1H
[&2] < N5/3 Z (E1/3N2/3) [xN-2/3 — (E/N)2/3]2 S |(K + M)2/3 — |
k> K+M

using |y — N=2/34;| < CNSE=Y3N=2/3 for y € [Ve/N?/3 441 /N?/3] and that v, /N?/3 ~ (k/N)?/3. The
calculation in the last line is the same as in (C.7). Thus

2/3
| SN gy [N o(y)dy N~IF¢
(@) =N /0 xN*2/3—y+O(|(K+M)2/3—z|)’ z e [0,y4]. (C.8)
Moreover, we have
| [N o)y c T = oA )
/[(K+M)/N]2/3 eN=2/3 —y| = [(K + M)2/3 — x| Jxsany/njers o)y = (K + M)2/3 — x|/

Here we used that |z — N?/3y| is comparable with |z — (K + M)?/3| and o(y) < C/y < C(K/N)Y/? on the
integration domain and that |yxyar41/N2/3 — [(K + M)/NJ?/3| < C[K/N]*/3, see (7.3). Finally we used
(10.1). Thus from (C.8) we obtained (C.2).

To obtain the bound in (C.3), we first notice in the error term in (C.2) we have |(K + M)?/3 — x| >
(K + M)?/3 —yy| > |(K + M)*? — (K +1)?/3| = CNSK /3 > ¢K~Y/3M since M > CN¥. So this can be
bounded by the r.h.s. of (C.3).

The singular integral in (C.2), up to logarithmic factors, is bounded by the size of g on this interval,
which is at most C(K/N)'/?, so this term is also bounded by the r.h.s. of (C.3). More precisely, for any
0 < b <wu< aand for density g satisfying (2.8), we claim that

’/ M‘<C’|u\1/2max{log|u—b\,log|a—u|}. (C.9)
b Uy
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Since in our case, by the choice of M, u := 2N ~2/3 and a := [(K + M)/N]?/? are separated by at least N1,
we indeed get (with b = 0)

[(K+M)/NJ?/®
2/3/ Q(y)dy < CN—2/3(K/N)1/3(10gN)

‘N_ 0 rN—2/3 —

Finally, we need to consider the case z < 0. The only difference from the proof for z > 0 is that the
equilibrium relation (7.2) holds with an error term:

%V’(:ﬂ) /"gfy_)dyy+0(N1/3+Cﬁ), € [-N75C 0],

that can be easily seen by comparing it with the x = 0 case and using that V' is smooth and

’/Q(y)dy_/ dy‘ < |/ < Cla|/2 < ON-1/3+CE
T =y Iw\+y

by o(y) < Cy/y. This error term in (C.6) yields an error of size N1 in the final result, which is smaller
than the r.h.s. of (C.3). We thus proved Lemma C.1. O

D LEVEL REPULSION FOR THE LOCAL MEASURE: PROOF OF THEOREM 3.2

The proof in this section uses ideas similar to those in [8,25]. Before we start the actual proof of Theorem 3.2,
we need some Lemmas. We first introduce an auxiliary measure which is a slightly modified version of the
local equilibrium measures:

gg -— Z*(y[{+1 — J)K)_ﬂUy,
where Z* is chosen for normalization. In other words, we drop the term (yx41 — K)'@ from the measure oy
in 0g. We first prove estimates weaker than (3.8)-(3.9) for oy and oy.

Lemma D.1. Lety € R = Rk (§). We have for any s >0

SK_1/3)

< CK?s, (D.1)
SKfl/S) g

Ns 4 e N, (D.2)

P (yrp1 — C
C

NN

K

P (yr41 — K

The very same estimates hold if oy is replaced with oy.

Proof. We set 3, :=yx41 and y_ =y, — a with a := N K~Y/3. By y € R we know that
YK+1 2 VK41 — Ng(K + 1)_1/3 > cK?/3,

thus
0<y- <ys,  yp,y- ~ K75

We decompose the configurational space according to the number of the particles in [y_, y ], which we denote
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by n. For any 0 < ¢ < ¢ (with a small constant smaller than 1/2) we consider

® Pt oo \ J o J J i

j=K—n+1 biel
K y_. K-—n Yy K
=Sy [ (Law) o/ (CT] duy)
n=0 T j=1 Y- j=K-n+1
K
| I || T ]| T st
i<j<K-n K—n<i<j<K i<K—nj=K—n+1

e NE [ ko Ve @)+ ok Vo ly—+(1=0) (w5 —y-))] —2azj<K,ne(N*€wj)’

where in the n particle sector we changed variables to
wj=z; for j<K—n, wji=y-+1—p) z;—y) for K—-n+1<j<K.

We also exploited the fact that for z; > y_ > 0 we have O(N~z;) = 0.
Now we compare Z, with Z,—o. We fix n and we work in each sector separately. The mixed interaction
terms can be estimated by

[y + (1= @) (w; —y) —w]” = [(1 = ) (w; —w;)])” (D.3)

for any w; < y— < w;. To estimate the effect of the scaling in the potential term Vi, we fix a parameter M
with CN¢ < M < K. For j > K —n, i.e w; € [y—,y], we write

e NEVy (- +(1=@)(wj—y-)) _ o=NEVy (y—+(1-)(w;—y-)) (D.4)
< JI -y — 0 —p)(w;—y-))".
K+1<k<K+M

with the definition

N _ 2
Vy(z):=V(zN 2/3) -5 Z log |z — yx|, x € [y—,y+]- (D.5)
k>K+M

Notice that the index k is always between 1 and N, so any limits of summations automatically include this
condition as well.
For the potential V7 we have

Vi (y- + (1—-¢)(w; —y-)) — V;(wj)’ < Er[zlai ] |(V;(m))/‘ ap < CN~HC, (D.6)
T — Y+

where we have used |w; —y_| < a = NEK~Y3 and j > K — n. The derivative of Vy will be estimated in
(C.3). In summary, from (D.6) we have the lower bound

e NEV -+ (=) (wy =y ) NV (w)) 5 =CeNTE S e
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For the other factors in (D.4), we use y, —y— — (1 —p)(w; —y—) = (1 — ¢)(yp —w;) if k > K + 1, thus

[T -y -0-9w—y)"20-" I e—wy)”.

K+1<h<K+M KA1<k<K+M
Choose M = NC&. After multiplying these estimates for all j € I we thus have the bound
K e e gy K-n v K
Z, > Z(l _ )81 /24 (K —n)+nNCE  ~CipnN / . / ( H dwj) / . / ( H dwj)
=0 =1 Y- j=K-n+1

(wj _ wz)5‘| e_Ng ngx Vy(w;)—28 ngKf'n. G(Nigwj) .

Since n < K, we can estimate
(1— (p)n+,6’n(n—1)/2+6n(K—n)+ﬂnNo€e—CganNcg > (1- (p)CKz’ (D.7)
and after bringing this factor out of the summation, the remaining sum is just Z,—o. We thus have
Z 2
22> (1— )K",
Zo ~ ( )
Now we choose ¢ := sK~1/3a1 = sN~¢. Therefore the oy-probability of yri1 —zx = sK~'/3 = ap can

be estimated by
Z
P (ygy1 — i > sK™Y3) = Z—*" >1-CsK>.
0

This proves (D.1).
For the proof of (D.2), we first insert the characteristic function of the set

Go = {x ey — oy <CN§j_1/37jEI}.

into the integral defining Z, and denote the new quantity by Zg. Clearly Z, > Zg and by the rigidity
bound (3.7) we know that

Zy— 7§

Zo - = PG < e

thus (with ¢ = sN~¢ as above)

PO ( > sK1/3) = Zs - Z; (1-Ce™™) > Z Ce N (D.8)
YK+1 TK = S - o = Zog € = Zog € .

since Zg < Zog .
To estimate Zg /Zg , we follow the previous proof with two modifications. First we notice that the

summation over n in the definition of Z, is restricted to n < N 2¢ on the set Gy, since no more than N ce
particles can fall into the interval [y_,y] if they are approximately regularly spaced.

81



The other change concerns the estimate of the mixed terms (D.3) which will be improved to
8 E s plw; —y-)\1?
M I b-+0-aw-v)-wl’> T TI [ow-w- 28]

w; — W;
i<K-—nj=K—-n+1 i<K—nj=K—-n+1 J v
« (w; —y.) ’
pP\w; — Y-
S (e 2 ) T e
j=K—-n+1 i<K—n J i i<K—n

for any w; < y— < w;. Here we used that Hz(l —a;) = (1 — ZZ ai)+ for any numbers 0 < a; < 1. On the
set Go we have, by definitions of z; and wj, that

o(w; —y-) Tp—y_
AT 797 <9 it Ry

i<K-n i<K-n

Recall that z; < y— < x; and thus Zjiyrf < 1. For indices i < K — CN¢ with a sufficiently large C' we

can replace x; with oy ~ i2/3 with replacement error CN$i~'/3 which is smaller than y_ — a; < Tj — Ty
Together with ; — z; > ¢(K?/% — i?/3), we have

o 1
Z MgCgoNf—i—CapN&K_l/‘? Z < CoN¢log N. (D.9)

i<K-n J v i<K—CNE¢

The bound (D.9) will be used n-times, for all j > K —n.
Collecting these new estimates, instead of (D.7) we have the following prefactor depending on :
(1 _ (p)n+ﬁn(n71)/2+ﬁnNC§(1 _ O(pNg log N)iengpnNcg >1-— CNCE()D
using n < N2¢. This gives
79
—£ >1-CNC°t ©
zg

which, together with (D.8) and with the choice ¢ := sK /3¢~ = sN~¢ gives (D.2).
The proof of (D.1)—(D.2) for oy is very similar, just the k = K + 1 factor is missing from (D.4) in case of
4 = K. This modification does not alter the basic estimates. This concludes the proof of Lemma D.1. O

Proof of Theorem 3.2. Recalling the definition of g and setting X := yx 41 — xx for brevity, we have

Eoo[1(X < sK~1/3)X7]
Eoo[ X 5]

POy [X < sK~1/3) = (D.10)

From (D.1) with o9 we have
E%[1(X < sK~ Y3 XA < C(sK~Y3)PK2s,

and with the choice s = cK~2 in (D.1) (with 0¢) we also have

(X2 i) 2 12
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with some positive constant c. This implies that
1 c B
1513 } b
E°°[XP] > 5 \FisRe)
We have thus proved from (D.10) that
Py [X < sK3) < C(sK3) P25 (KK = © (K2s)°

i.e., we obtained (3.8). The bound (3.9) follows similarly from (D.2) but with the choice s = N ~2¢¢ (where
C' is the constant in the exponent in (D.2)), and this completes the proof of Theorem 3.2. O

E  HEURISTICS FOR THE CORRELATION DECAY IN GUE

In this section we give a quick heuristic argument to justify the estimate (3.17), for a covariance w.r.t. the
GUE measure. More precisely, for V(z) = 22/2, 8 = 2, we have

N\ 3

(N33 (N = 32); N2 3 (0N — ) ~ <Z> :

J
for all N° < i < j < N/2, where § > 0 is a small constant (i > N° is just a technical hypothesis allowing an
easier use of Hermite polynomials asymptotics hereafter, the result should hold true without this condition).
In the following, all but the first step can be made easily rigorous by following the method in [34]: formula
(E.1) was easier in the context of diverging covariances (this divergence holds when |i—j| < j, i.e., §; < d with
the notations of Corollary 2.3), for polynomially vanishing ones it would require a new rigorous argument.
In this section A ~ B means that ¢cB < A < ¢ !B for some constant ¢ > 0 independent of N.

(i) Let M(z) = [{¢: A¢ < z}|. Then asymptotic covariances of A;’s are related to those of N'(v;)'s (y; is
the typical location, defined in (2.6)) by the following formula:

(N B NG b~ V) N () (EL)

This relies on the idea that eigenvalues with close enough indexes move together, so for any x and y
the events {\; — v < z(vit1 — %), Aj — % < y(y41 — )} and {N () —i > 2, N (y;) — j > y} have
very close probability. To be made rigorous, this step would require that for € > 0 small enough and
any i1 € [i — N°,i4+ N¢], j1 € [j — N¢,j + N¢]| we have

max((Ai = Ay Aj)ps (Ais A = X)) < (A A

This is expected to be true since (Ag;\p) ~ (a/b)}/3 for a < b should imply that (A, — Aar; Ap) ~
N¢9,(a/b)'/? if b — a < N¢, therefore

max(N=0;(i/5)"/3, N°0;(i/5)"/3) ~ N max(i2/3j71/3 i1/374/3) < (i/5)"/3.

(ii) For B8 = 2, the spectral measure is a determinantal point process (with kernel Ky normalized such
that N"'Ky(z,z) — (2m)~1/(4 — 22), ), and an elementary calculation gives

Wea N = [ sy (.2
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(iii) Via the Christoffel-Darboux formula, the correlation kernel can be expressed in terms of two successive

Hermite polynomials. The Plancherel-Rotach asymptotics then allow us to prove that in the above
integral, the main contribution comes from the domain I x J = [~2 + N™2/3%¢ ~] x [v;,0] where
€ > 0 is small enough. In this domain one can prove (see (5.4) in [34]) that Ky (x,y) is asymptotically
equivalent to

Ai(=(nF (2))**)Al' (= (nF(y))*/?) — A'(= (nF(2))*/*)Ai(=(nF ())*/*)
z—y

where Ai is the Airy function and F'(z) ~ (z + 2)3/2 o5 2 decreases to —2. Thanks to the estimates
Al(—?") ~ T'_l/4 (COS(2/3 7,,3/2 _ g) + O(’I"_3/2)) 7
Ai/(—’l") . ,,,1/4 (Sin(2/37‘3/2 _ %) + O(T73/2)> 7

as r — 00, we can approximate Ky (x,y) by

<2+y)u4ma%ﬁﬂ@+z»—Dﬁm§#“@+W>—1> (E.3)

2+z T—y
by noting that in I x J we have 2 +y > 2 + .

(iv) The end of these heuristics consists in the following calculation, where we use that the square of the

oscillating term in (E.3) averages to 1/2 (note that the frequencies go to 00), and we note U x V' =
[NE,iQ/?’] % [j2/3,N2/3]:

v 1/2 1 ) ; 1/3
I mx@apaa~ [[(2) saudv~ [ [ wvaes (1)
IxJ Uxv U (U—U) U \% J

One concludes using the above equation, (E.1) and (E.2).
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