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EDGEWORTH EXPANSIONS FOR INTEGER VALUED ADDITIVE
FUNCTIONALS OF UNIFORMLY ELLIPTIC MARKOV CHAINS

DMITRY DOLGOPYAT AND YEOR HAFOUTA

ABSTRACT. We obtain asymptotic expansions for probabilities P(Sy = k) of partial
N

sums of uniformly bounded integer-valued functionals Sy = Z fn(X,) of uniformly

n=1
elliptic inhomogeneous Markov chains. The expansions involve products of polyno-

mials and trigonometric polynomials, and they hold without additional assumptions.
As an application of the explicit formulas of the trigonometric polynomials, we show
that for every r > 1, Sy obeys the standard Edgeworth expansions of order r in a
conditionally stable way if and only if for every m, and every ¢ the conditional distri-
bution of Sy given Xj,, ..., X;, mod m is 0,(cy ") close to uniform, uniformly in the

choice of j1, ..., j¢, where oy = /Var(Sy).

1. INTRODUCTION

Let Y1,Y5, ... be a sequence of integer-valued random variables. Let Sy =Y, +---+
Yy and suppose that Vy = V(Sy) = Var(Sy) — co. Recall that the local central limit
theorem (LLT) states that, uniformly in & we have

1 2
P(Sy = k) = e~ BBV 4 oo h).
( N ) \/%UN ( N )
where oy = +/Vy. For independent random variables, the stable local central limit
theorem (SLLT) states that the LLT holds true for any integer-valued square integrable
independent sequence Y/,Y7,... which differs from Y3,Y5,... by a finite number of
elements. We recall a classical result due to Prokhorov]j

1. Theorem. [19] IfY,, are independent and bounded then the SLLT holds true iff for
each integer h > 1,

(1) ZP(Yn # m, mod h) = o0

where m,, = my,(h) is the most likely residue of X, modulo h.

We refer the readers to [20], 25] for extensions of this result to the case when Y,,’s
are not necessarily bounded (for instance, the result holds true when sup ||Y,||z: < o0).
n

Related results for local convergence to more general limit laws are discussed in [2, [17].

IThe local limit theorem has origins in the de Moivre-Laplace theorem, and Prokhorov’s theorem
can be viewed as a generalization.
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The central limit theorem (CLT) for inhomogeneous Markov chains was obtained for
the first time in [3], and we refer to [23] [I§] for two modern approaches. In the past
decades local limit theorems were extended to stationary homogeneous Markov chains.
The first result in this direction was obtained in [24], and we refer to [11] for a general
approach. Despite the fact that results in the homogeneous case where already known
in the 50’s ([24]), only very recently [4] the general case of an inhomogeneous (uniformly
elliptic) Markov chains was solved (see also [16]). It turns out that the theory of the
the local limit theorem in the inhomogeneous case is far richer than the homogeneous
case. In particular, one of the main problems in the inhomogeneous setting arises from
a possibility of non-linear growth of V. We refer to [4] for a detailed discussion about
the obstructions for the LLT (in both lattice and non-lattice cases).

The local limit theorem deals with approximation of P(Sy = k) up to an error
term of order o(oy'). In this paper, for uniformly bounded integer-valued additive
functional Y,, = f,(X,) of uniformly elliptic inhomogeneous Markov chains {X,} we
will characterize a more refined type of approximations of the probabilities P(Sy = k).
Given r > 1, the Edgeworth expansion of order r holds true if there are polynomials
P, n, whose coefficients are uniformly bounded in /N and their degrees do not depend
on N, so that uniformly in k& € Z we have that

T

@) B(Sy =k =3 P*”j_—;f%(m To(oy)

where ky = (k — E(Sy)) /on and g(u) = \/Lz?e_“z/z.

During the 20th century, the work of many authors led to the development of asymp-
totic expansions in both the CLT and the LLT, see [12, [10] and references therein for
more details. Recently in [6], for bounded independent random variables Y,, we gave a
complete characterization for expansions of an arbitrary order r by means of the rate
of decay of the characteristic function of Sy — E[Sy]| and their first » — 1 derivatives
at nonzero “resonant points” of the form ¢ = %”l with 0 <m < 2K and 0 < [ < m,
where K = sup,, ||Y,||z~. The main probabilistic interpretation of these results was a

characterization of “super stable” Edgeworth expansions of an arbitrary order r using
¢

only the decay rates of the distance of the distribution of Sy — Z Yk, » modulo m from
j=1

the uniform distribution, for all m, for an arbitrary choice of indexes k; n, ..., ke n. In
this paper we will characterize a certain type of super stable Edgeworth expansions of
an arbitrary order r (see the precise definition below). That is, we will generalize [0
Theorem 1.8] to integer valued additive functionals of uniformly elliptic Markov chains.

We say that the Edgeworth expansion of order r holds true in a conditionally stabld]
way if the usual Edgeworth expansion of order r holds true under conditioning by finite

2Note that for independent summands X, in the case when X,, = Y, the conditionally stable
expansions are equivalent to the super stable expansions defined in [6]. However, in general these two
types of expansions do not coincide, which is why we decided to introduce the notion of “conditionally
stable expansions”.
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elements Xj, , ..., Xj,, with error terms which depend only on ¢ and polynomials whose
coefficients are bounded by some constants which depend only on /.

We begin from a quantitative version of Prokhorov theorem which is a direct conse-
quence of the general asymptotic expansion which will be described in Section [2]

2. Theorem. Let ¢y > 0 be so that for every measurable set A,
coP(Xpi1 € A) < P(Xp1 € AIX, =2) <g)'P(X,41 € A)

for each n and a.e. x. Let'Y, = f,(X,) with sup,, |Y,||r~ < K. For each r € N there
is a constant R=R(r, K,eq) such that the conditionally stable Edgeworth expansion of
order r holds if for all N we have

N
My ;= min P(Y,, # mn(h) mod h) > RlnVy.

2<h<2K

n=1

In particular, Sy obeys Edgeworth expansions of all orders if

N=ooInVy

This theorem is a quantitative version of Prokhorov’s Theorem [II We observe that
logarithmic in Vy growth of various non-periodicity characteristics of individual sum-
mands are often used in the theory of local limit theorems (see e.g. [13 [14] [16]).
However, to justify the optimality we need to understand the conditions necessary for
the validity of the Edgeworth expansion.

To this end we obtain an expansion for the probabilities P(Sy = k) which holds true
without additional assumptionsﬁ. In order to not to overload the exposition we will
formulate the general trigonometric expansion later (see Theorem [7]). Our generalized
expansion is a key step in proving a complete characterization of the conditionally
stable expansions of an arbitrary order which extends [6, Theorem 1.8] (which dealt
with independent summands).

3. Definition. Call ¢ resonant if t = %’rl with 0 <m < 2K and 0 <[ < m.

4. Theorem. For arbitrary r > 1 the following conditions are equivalent:

N
(a) Sy = Z fn(X,) obeys the conditionally stable Edgeworth expansions of order r.
j=1

) Forcacht, _sup_ [BSVX 0 X3 = o).
1<j1,0.Je<N
(c) For each 1 < ji,...,J¢ < N, and each h < 2K the conditional distribution of Sy

given X, ..., X;, mod h is op(oy ") close to uniform.

5. Remark. It will follow from our proofs in the case r = 1 that the conditionally stable
local limit theorem (namely the LLT after conditioning on a finite number number of

3Expansions in the CLT for additive functionals of uniformly elliptic Markov chains were considered
in [8 and [5].
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elements) is equivalent to the conditionally stable Edgeworth expansion of order 1.
Thus we see that the conditionally stable local limit theorem holds true iff for ¢,

sup HE[@“J’S’WX]-U "vXJ'z]HLl = 0y(1)

1<71,-,JeSN

that is iff (¢) holds with r = 1, namely, for each integers h and L if we are given a
sequence (Jin, ..., Jey.n) of tuples with ¢ < L then the conditional distributions of

(Sn| Xy, - - -5 X, ) mod h converge to uniform as N — oo. Equivalently for each m € Z
J\}i—{nooE[eimSN/ﬂva ! Xj ] = 0.
6. Remark. Note that if
N
My(h) =Y P(Y, # my(h)) < R(r, K, &) Inoy
n=1

then for most n, the distributions of Y,, are sufficiently close to being concentrated on
a single point modulo h. Our arguments also show that if this closeness holds for all
n, then the Edgeworth expansions of order r is valid iff E[e?5] = o(o ") for every
nonzero resonant point ¢. This is a particular case of Theorem [Q formulated in Section [2]
which shows that the condition E[e?N] = O(UJ_V(T_l)) is always necessary for the usual
expansions to hold, and that a certain weaker version of condition (b) is sufficient.

We also note that if the distribution of Y,, mod m is not approximately concentrated
on a single point the condition E[e?N] = o(a]:,(r_l)) does not imply that the Edgeworth
expansion holds even in the independent case, see [6, Example 10.2]. In fact, in the
independent case if one of the Y,’s is uniformly distributed modulo m then E[e?S¥] = 0
for all N large enough and for every nonzero resonant point of the form t = %
However, this does not imply that the derivatives of the characteristic function of Sy —
E[Sy] vanish at ¢, and hence by [6 Theorem 1.5] expansions of an arbitrary order r
might not hold.

2. MAIN RESULTS

Let {X,} be a Markov chain and assume that each X; takes values on some countably
generated measurable space. Denote by p, the law of X,,. We assume that there is a
constant C' > 1 so that for u,-a.e. x and all measure subsets A on the state space of
X, 11 we have

(3) C'P(Xpp1 € A) < P(Xpi1 € A|X,, = 2) < CP(X,p1 € A).

The latter condition is equivalent to the following representation of the transition prob-
abilities:

(X1 € AlX, = o) = / Pl y) s ()

where the transition densities p,(z,y) take values in the interval [C~!, C]. Then {X,}
is exponentially fast ¢-mixing (see e.g. [4]), which means that there are constants
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C, > 0and § € (0,1) so that if X is a function of X1, ..., X,, and Y is a function of
Xnans Xmanti, --- for some m and n then for every relevant measurable sets A, B

4) |P(X€AYeB)-P(XeAPY €B)|<C,P(XeAPY € B)s"

Next, for each n, let f,, be a of measurable integer valued-function on the state space
of X,, and set Y,, = f,(X,,). We assume that K :=sup ||V}, L=~ < 0.

Let g,(m) denote the second largest value among P(Y,, = j mod m),
j=0,1,....,m—1. Set

= min g
2<m<2K gn(m

7. Theorem. Let Sy =Y+ Yo+...4+ Yy and oy = /V(Sn). Thereis J = J(K) < 0o
and polynomials P, n with degrees depending only on a and b, whose coefficients are
uniformly bounded in N such that, for any r > 1 uniformly in k € Z we have

J-1 r

Sy = k) ZZ Popn((k— CLN)/O'N) a((k — aN)/O.N)627riak/J = o(oy")

a=0 b=1

where ay = E(Sy) and g(u) = \/%?e‘ﬁ/?

Moreover, given K,r, there exists R = R(K,r) such that if My > RInVy then we
can choose Py, n = 0 for a # 0.
In particular, Sy obeys the Edgeworth expansion of all orders if

) N
lim = 00
N—oo an'N

Next, we say that the Edgeworth expansions of order r hold true in a conditionally
stable way if they hold true under conditioning by finite elements X, , ..., X;,, with error

Je>
(r—1)

terms oy(oy ) which depend only o] ¢,r and oy (and not on the indexes ji, ..., Jo).

8. Theorem. S, obeys the Edgeworth expansions of order v in a conditionally stable

way if and only if for every nonzero resonant point t; and every ¢,

sup HE ZthN| Jl""’Xje]HLl :Oé(o_&(r—l))‘
1<j1,-,00<N

In the course of the proof of Theorem [§ we obtain the following result.
9. Theorem. (i) The condition E[e®i*N] = O(UJ_V(T_l)) is necessary for the usual Edge-

worth expansions of order r to hold true.
(i) There is a natural number {, which depends only on r so that the condition

max sup ‘E itj SN|X117--7XJ‘¢]HL1 = oz(a;,(r_l))

E<tbr jy,....50€B

is sufficient for the usual Edgeworth expansions of order r to hold true.

4Recall that ¢ is the number of indices we are allowed to fix.
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The number ¢, in part (ii) can be recovered from the proof of the theorem (for
instance, we have {5 = 6).
The reason that Theorem [§ follows from Theorem [ is that we can apply it to the

conditional law of Sy given a finite number of X,’s, and that in part (i) the term

—(r—l))

o(oy depends only on the error term of the Edgeworth expansions.

3. BACKGROUND AND SOME PREPARATIONS

3.1. A generalized sequential Perron-Frobenius theorem. Let B; denote the
space of bounded functions of Xj, and let || - [ be the supremum norms. Let B}
denote the dual space of B;.

Let us take uniformly bounded real-valued functions U, = u,(X,) and for every

complex number z consider the operator RY . Bj — B, defined by
RYg(x) = B+ (X, 1) | X; = a].
For each 7 and n in N let
Rim = RW ... RU+n=1),
The next result serves as one of our key technical tools.

10. Theorem. There exist a number oo > 0 which depends only on the uniform bound
K of Y, and on the ellipticity constant of X,, so that the following holds. If sup ||U,|| L1+

|z| < do then for every j € Z there exists a triplet \j(z), hg»z) and VJ(»Z) consisting of a
nonzero complex number \;(2), a complex function h;z) € B; and a continuous linear

functional 1/](-2) € B; satisfying 1/](-2)(1) =1, V](-Z)(hg-z)) =1,

ROBE), =X, and (RV)w\ = \j(2)m?)

where (R,(Zj))* : B} — B}, is the dual operator of Rg-z) and B} is the dual space of Bj.
When z =t € R and U, = 0 then hgt) 15 strictly positive, I/](-t) 1S a probability measure
and there are constants a,b > 0, so that )\g»t) € [a,b] and hg-t) > a. Whent =0 we have
2(0) =1 and ¥ = 1.
Moreover, this triplet is analytic and uniformly bounded. Namely, the maps

N():U—=C, 2 U By and v} : U - B;
where U= {z € C: |z| < do} are analytic, and there exists a constant C' > 0 so that
(5) max (sup ()], sup 11 |loc, sup 117 ) < €

z€lU zelU zeU

where ||v||oo is the operator norm of a linear functional v : B; — C. In addition,

Ai(2), hj(z) and vj(z) depend continuously on U; in the sense that they converge uni-
formly to the triplets corresponding to the choice U; =0 as sup ||Uy|| 1 — 0.
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Furthermore, there exist constants C' > 0 and § € (0,1) such that for any n > 1,
JE€Z, z€U and q € Bjyp,

Rimg

v ' 5~ @) < Clall 6"
and
" H% = () vian(9)|| < Cllull - 8"

n—1
where \j ,(z) = H Nj+k(2). Here |||« are the appropriate operator norms correspond-
k=0

ing the the norms in the spaces B;.

Proof. This theorem is proved similarly to [9, Ch. 6] (which makes a stronger assump-
tion sup ||Up|lL= < do). In the course of the proof we will use several definitions and

properties of real and complex cones. In order not to overload the paper we will not
present them here, and instead we refer to the Appendix of [9] for a summary of all the
necessary background.

Let @); be the Markov operator given by

Qj9(x) = Elg(Xj1)|X; = 2] = / pi(z,y)g(y)dp1(y).

Then (); maps Bj;; to B; and the corresponding operator norm equals 1. Let K, 1,
L > 0 be the real Birkhoff cone which consists of the positive function g; on the range
of X so that g > 0 and g(z1) < Lg(z2) for all 1, 22. Then, since C~' < p;(z,y) < C
for all x and y, we see that for every nonnegative bounded function ¢ on the state space
of X;;1 we have Qg € K¢z ;. Let L = 2C%. Then by [9, Lemma 6.5.1] the projective
diameter of K¢z j inside Ky, ; (with respect to the real Hilbert metric associated with the
cone K 1) does not exceed dy = do(C') = 21In(2C?). We conclude that Q;K; 111 C K; 1,
and the projective diameter of the image is bounded above by dy.

Next, let us explain in what sense RY) is a small perturbation of ); with respect to
the dual of the cones K; ;. Since U; and f; are uniformly bounded and because of the
uniform ellipticity we get that for every point z and a function g € K;4, 1 we have

8) RV g(x) = Qg(x)| < CllgllEl|Ujs1 + |2l|Yisal] £ C"L(IUjsallzr + 2] K) Qg ()

for some constant C’. Next, let us recall that the dual of the cone K; is generated
by the the linear functional h — h(zy) and h — g(z;) — C~2h(xy) where xg, z1, T4 are
arbitrary points in the state space of X;. Now, using (8), by repeating the arguments
in [9, Proposition 6.6.1] we see that if s is one of the latter linear functionals then for
every g € Kg j+1 we have

|s(RYg) = s(QVg)| < AC*(|Ujal1r + |2|K)

where A is an absolute constant. By [9 Theorem A.2.4] (taking into account Theo-
rem 6.2.1 and Lemma 6.4.1 of [9]), there is a constant dy so that if ||U;j11]/z1 + |2| K < do
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then RY)g maps the canonical complexification Kr,j+1,c of Kk ; to the canonical com-
plexification Ky ¢ and the projective diameter of the image (with respect to the com-
plex Hilbert metric associated with the complex cone IC; 1 ¢) does not exceed 2dy. Once
this is established, the rest of the proof of Theorem [I0] proceeds as in [9, Ch. 6] by a
repeated application of a conic perturbation theorem due to H.H. Rugh [21] and the

explicit limiting expressions for \;(z), hgz) and I/](-Z). OJ
3.2. Behavior around 0. Let
An(h) = InE[e"ExESxD/on] 4 p2 /o,
By [5, Section 5] for every m there exist constants d,,, C,, > 0 so that for all j > 3
sup AR ()] < CunoyV .

hE[—6m0N7677L0'N]

k‘l kr
Q)= T (M52) () e

where the summation ranges over the collection of r tuples of nonnegative integers
(k1, ..., k) that are not all 0 so that Zjl{:j < r. Then

J

Set

(9) QT’N Z UN 7, N
with
kj
(10) Z CkH ( 2A(]+2 )) (Z$)3k1+ A (s42)ks :
keA; J=1

where A; is the set of all tuples of nonnegative integers k= (ky,.. k), ks # 0 for some
s = s(k) > 1 so that Zsks = 7 (note that when j < r then s < r since k; > 1).

S
Moreover

® 1
Co=]———+

11. Lemma. ([5 Section 4.3]). Let Wx = (Sy —E[Sy])/on. For everyr > 1 there are
constants 6,,C,. > 0 so that for every t € [—0,0n,d,0n] we have

E[eitWN] . 6_t2/2(1 + Qr,N(t>>’ < Ce_CtQO';f(T—H) max (‘t|, |t‘(r+3)(r+2))

where ¢ > 0 is a constant independent of r (and, by decreasing J,, it can be made
arbitrarily close to 1/2).

Lemma, [TT] will be crucial to determine the contribution of the resonant point 0. To
determine the contribution of other non-resonant points we will also need the following
more general result, whose proof proceeds exactly as the proof of [5, Proposition 23].
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12. Proposition. Fiz some integer r > 1. Let Ly : R — C be an r 4+ 2 times differen-
tiable function so that

Ly(0) = Ly(0) = L(0) =0
and that for each 3 < j <r 42 for everyt € [—9,,0,| we have

£Q)] < 4,08

where 6, and A, are constants which do not depend on t and N. Set L(t) = L(t/on).
Then there are constants 0 < ¢ < % and B,,e, > 0 depending only on 6, and A, so that
for every t € [—e,on,,0n] we have

0 — Hyg (0] < By(o)” 0 max(f] 120 )

where

P TN = Gl R ——
(11) HN,r(t) =1+ Z ]{;1‘ T 3l R m (’Lt) 1+ (r+2)kr
k ’ T ) :

and the summation runs over the collection of r tuples of nonnegative integers (ky, ..., k)

that are not all 0 so that ijj <r.
J

3.3. Mixing properties and moment estimates.

13. Lemma. For each j, let G; = g;(X;) be a real valued function of X; so that

|Glloo = sup; [|Gj|lre < 00. For every k,n € N such that k < n let ka:ZGj.
j=k
Then
(i) There are constants Cy, Cy which depend only on the ellipticity constant C' so that

C1 Y Var(G;) < Var(Gry) < Co Y Var(G))
j=k

J=k

(ii) For every p > 2 there is a constant R, depending only on p,C" and |G|/~ so that

1Grn = ElGrnlll o < Rp(1+ 4/ Var(Gy.n)).

The first part follows from [18, Proposition 13], while the harder lower bound in the
first estimate was obtained in [23| Proposition 3.2 |. We also refer to |4, Theorem 2.1],
which in the case one step elliptic Markov chains and functionals of the form G reduces
to these variance estimates of part (i).

The second result was essentially obtained in [4, Lemma 2.16] and it also follows from
[15, Theorem 6.17].

®Note that for one step uniformly elliptic chains the correlation coefficient of the chain as defined
in [I8] is strictly smaller than 1.
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14. Lemma (Proposition 1.11 (2), [4]). Let G; = g;(X;) be a real valued function of
Xj so that sup ||Gj|[r~ < co. Then there exist § € (0,1) and A > 0 which depend only

on the ellipti]city constant C' and on ||G||w so that for all n,k € N we have
‘Cov(gn(Xn), gn+k(Xn+k))‘ < A,
15. Remark. We note that by () and (I2) we can get that
|Cov(9n(Xn); Gtk (Xnsr))| < Cillgn(Xa) el gnr(Xnr) | 26"
However, this stronger estimate will not be used in this paper.
3.4. Mixing and transition densities.

16. Lemma. We have
Py € A%, =2) = [ B )iy

and the transition densities p\) (z,y) take values in [c—1.C].
Proof. We have
P(Xpix € AlX,) = E[P(Xpak € Al X i1, X0) | Xn] = E[P(Xpik € A Xnar—1)| X0
To complete the proof, note that P(X,1x € A|X,1r1) € [C71 C], as. O
In the course of the proofs will also need the following result.
17. Lemma. ess-sup, , ‘p,(f) (z,y) — 1| < C16".
Proof. Let z be fixed. Let I'(A) be the singed measure given by
[(A) =P(X,4x € A|X, = 2) — P(X,1x € A).

Then y — p{’(x,y) — 1 is the Radon-Nikodym derivative dI'/djisp. Let (9, F,P) be
a probability space. Recall that by [I, Ch.4], for every two sub-c-algebras G, H of F,

P(AN B)

PP 1‘ tA€G,BeHPAPDB) > o}

(12)  o(G.H) = sup{\

= sup {|E[2|G] — E[h]||z= : h € L'(Q,H,P), [|hlls < 1}.

Let G = 0{X,} and H = 0{X,.1}. Then by condition [@) we have ¥(G,H) < C;*.
Hence, by applying (I2) with the function h = [(X,, 1 € A)/P(X,.1r € A) we see that

IP(Xnir € AIX,) — P(Xoix € A)|| 1o < C1P(X,k € A)S".
Since the state space (X,1x, Fnixr) of X, 1 is countably generated we conclude that

sup  (P(Xpyr € A)) " P(Xpar € A|X, = 2) = P(X,up € A)| < C16%, i — as.
Ae}—nJrk

Hence dI'/dji, .. is bounded by C;6*. O
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3.5. Conditioning. Let £ = £y be the o-algebra generated by {X,, : n € B} where B
is a subset of {1,..., N}.

18. Lemma. (i) There is a constant Cy > 1 so that for any n ¢ B and all w in the
sample space we have

(13) CyV(Y,) S V(Y,]E) < CoV(Ya).

(i) For any n, let g,(m|E) be the second largest among P(Y,, = j mod m|E),
j=0,1,...,m — 1. Then there exists a constant A > 1 so that for any n € N and all
w in the sample space we have

(14) A7 ga(m) < ga(m[E) < Aga(m).

Proof. We first note that by considering iid copies of X; (which are also independent of
{X,}) we can always extend {X,} to a two sided uniformly elliptic Markov chain with
the same ellipticity constant C'.

Let us prove the first item. It is clearly enough to prove it in the case when E(Y},) = 0.
Now, for every positive integers n, k and [ we have

(15) P(X, € At = a X = 8) = [ 07" g la, b (1)
with " “
Pui(a; y)on” (y, b)
P (a.0)
and pfﬁb) is the transition density of X,,,, given X,,. Hence by Lemma [16] for every
possible value of Y,, = f,(X,,) we have
(16) CP(Y, = 2) < P(fu(Xy) = 2| X0 i, Xogr) < CPP(Y, = ).

We note that when n is smaller than the first index n, in B then we only condition on
the latter, but in this case we still get (16 from (IX) by further conditioning on Xj.
We conclude that

Pt (yla, b) =

V(Y,|E) = ZIP’ = 2|E) (z — E[Y,|E])?
> Y P(Y, =) (z - B[V, [€])* > CT*V(Y,)

since E(Y;, — a)? > V(Y,,) for any a € R. On the other hand, using again (I6]) we see
that

V(Y,|E) <E[Y?E] = ZIP’ = z]€)a® < C° ZIP’ = 1)z? = C°V(Y,)

and (3] follows.

To prove the second item we use the fact that if Z is an integer valued random
variable with || 7|/~ < K then

q(Z)

(17) — S V(2) < 8K%(2)
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where ¢(Z) is the probability that Z takes its second most likely value. Indeed let Z’
and Z” be independent copies of Z, and let i and 7 be the most likely and the second
most likely values of Z. Then

V(2)=SE[(Z' - 2")] =

_ @)1 -4?)) | 92)

P(Z = ))P(Z # 1) 5 .

O = DN =

5> PZ=RZ= )i >
[l |5 <K

since ¢(Z) < 4. On the other hand, using the above formula for V(Z) we get
V(Z) < % X QK)? xP(Z' #ior Z"#1) < (2K)? x P(Z #1) < (2K)? x 2Kq(Z).
Applying (IT) with Z =Y, mod m and using item (i) proves item (ii). O

19. Lemma (Conditional chains). After conditioning on £, for almost every realization
of € the sequence {X,, : n & E} forms a uniformly elliptic Markov chain. More precisely,
let us write B = {n; < ny < .... < ng}, where both n; and d might also depend on N.
For the sake of convenience, let us also set ng = 0 and ngr1 = oo. Then, for almost
every realization of £ we have the following:

(i) The random variables {X, : ns < n < ngy1} are conditionally independent,
namely they are independents with respect to Pe, where Pg(-) denotes P(+|E).

(ii) If n and n + 1 belong to the same block (ns,nsi1) then

Pe(Xos € ALY = 2) = [ pree0)dinsn o)
with C~ < pe ., (x,y) < C°, where dj, 11 ¢ denotes the law of X, 11 given E.

Proof. The first part follows because { X, } is a Markov chain, and it does not require
ellipticity.

To prove the second part, notice that by (I5) together with Lemmal[I@l the conditional
law of X, is equivalent to the law of X,,, and the Radon-Nikodym derivative is bounded
above by C? and below by C~3. Note that if n < n; then we can still use (I5]) by taking
n — [ = 0 and setting Xy to be an independent copy of X; which is independent of
{Xa}.

Next, since {X, : ny < n < ngy1} are conditionally independent it is enough to
show that each {X, : ny < n < ngy} forms uniformly elliptic Markov chain after
conditioning by £. To show that, let n satisfy that ny, <n <n+1 < ngyy for some s.
If 0 < ng and ngyq < oo then

]P)g(Xn_H S A‘Xn) = P(Xn_H c A|Xn,Xn
and so it follows from (I3]) that

Pe(Xoi1 € AIX) = [ o0 01X X )i 0)

s+1 )

where the densities are bounded above by C® and below by C~3. Now the result follows
since fi,4+1 and ji,, 11 ¢ are equivalent with Radon-Nikodym derivatives bounded between
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C~3 and and C3. The proof when n, = 1 is similar, and the case n,,; = oo reduces to
the unconditioned chain. O

4. CLASSICAL ESTIMATES.

Recall Definition Bl Let R = {t;} be the set of all resonant points. Divide T into
intervals I; of small size 0 such that each interval contains at most one resonant point
and this point is strictly inside I;. We call an interval resonant if it contains a resonant
point inside. Then

(18) 2rP(Sy = k) = Z/ e MR (N dt.

In the case of sums of independent identically distributed integer valued random vari-
ables the Edgeworth expansion comes from the expansion of the characteristic function
near zero while the other intervals give negligible contributions. In this section we ob-
tain a similar estimates for the integer valued additive functionals of uniformly elliptic
Markov chains. However, in contrast to the iid case, in order to be able to disregard
the contribution of an interval I; we need to assume that this interval is either non-
resonant, or it is resonant but the value of My (m) is large (where m is the denominator
of the corresponding resonant point).

4.1. The contribution a neighborhood of 0. In this section we will estimate the
integral [ 9 e "FE(e5V)dt when t; = 0. Namely, we will expand the integral

é oo
/ E(eitsN)dt — 0&1/ " eitE[SN]/UNE(eit(SN—E[SND/UN)dt

-4 —don

for a sufficiently small § = §,.. First, by Lemma [I1] if § is small enough then

do 00
/ N eit]E[SN}E(eit(sN—E[SND/O'N)dt :/ eitE[SN]/O'Ne—tz/Q (1 + QT7N(t))dt+ 0(0,1:7’!‘—1)‘

—donN —00

Second, recall that for every real o we have

/ e~ e P2k an = (—1)* Hy(a) ().

oo

where Hj, is the k-th Hermite polynomial. Applying this formula with o = —E[Sx]/on
and taking into account (@) and (I0) we get the following result.

20. Proposition. There are polynomials Py n with uniformly bounded coefficients so
that for t; = 0, for every r > 1 we have the following: if the length of the resonant
interval I; around 0 is small enough then

[ ey = 3 P BN g1y o)+ ooy

I b=1 IN

The above Proposition shows that the contribution of the neighborhood of 0 corre-
sponds to the polynomials I, y and the choice a = 0 (in the notations of Theorem [T).
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4.2. The negligible contribution: non-resonant intervals and resonant points
with My(m) > Rlnoy and the proof of Theorem [2. For the sake of simplicity,
[N/2]

R1
assume that Z Gon(m) > LN

(otherwise we will work with odd indexes instead).

n=1
Let us condition on X7, X3, X5,.... Then X, X, Xg,... are independent after such a
conditioning. Moreover, by Lemma [I8 the ratio between ¢o,(m) and their conditioned
versions is uniformly bounded and bounded away from 0. Therefore, we can assume
[n/2]
that, after the conditioning, we still have Z Gan(m) > Rolnoy with Ry large enough.

n=1
This reduces the problem to the case of independent variables which was considered in

[6, Lemma 3.4] and it shows that the contribution of the integrals over such resonant
intervals is o(oy"). Note also that similar arguments show that the contribution coming
from non-resonant intervals is O(e™ ") for some ¢ > 0. Indeed, we assume that the
sums of the variances of Xy,,n < N/2 is lager than the sum of corresponding sum along
the odd indexes, and then condition on the odd indexes. Now we can apply [0, Lemma
3.3].

We note that it is immediate from the formulation of Theorem Pl that it is enough
to prove that the usual Edgeworth expansions hold (not in a conditionally stable way)
since after conditioning by a finite number of elements ¢,(m) can only change by a
multiplicative constant, see Lemma[I8(ii). Hence, if My (m) > RInoy for large enough
R and all denominators m of nonzero resonant points, then the conditionally stable
Edgeworth expansions of order r hold true, and the proof of Theorem [2]is complete.

5. CONTRIBUTION OF NONZERO RESONANT INTERVALS WITH My(m) < Rlnoy

In this Section we prove Theorem [7l
N

Let t; = 2wl/m be a nonzero resonant point so that My (m) = Z ¢n(m) < RlnVy.
n=1

Let us fix some € > 0, and let Ny = Ny(t;, N) be the number of indexes n between
1 to N so that g,(m) > €. Then N, < er‘TVN. Let us denote the latter indexes by
ny < ng < --- <np, and set B = By = {ny,...,nn,}. Let &= Ey be the o-algebra
generated by {X,, : n € B}.

5.1. More on conditioning.

21. Lemma. There is a constant C > 0 so that

1
(19) E(Sx|€) — E(Sy)| < CNo < M
and
(20) |VCZT(SN|(€)—VN| S CIII2 VN.

Proof. In order to prove ([I9), let us take n so that n; < n < n;y; for some 7. Then

@) BB = [ (@], Xa) - 1) fa@)din 0)
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where pr ™" (2] X, X, ) is defined by
) = o (X ) X
i1/ Nit1 =N
p7(”fi7+11 )(an7 Xn
Now, by Lemmas [I6 and [I7] we have
P (Xy, x) — 1] < G0, [plree =) (2, X,

i+1)

i+1)

plrene) ()X, X,

i+1)
z‘+1) - 1‘ < Cl(smﬂ—n’
O™t < p (X, Xoyyy) < O,
We thus conclude that
‘pgm,mﬂ) (2] Xn,, X
for some constant C5. Therefore,
(22) E(Yo|E) — E(Y,)| < CoE[|Y,[Jgmntnmroni=m),
Similarly when n < n; or n > ny, we have
B(Y,|€) — E(Y,,)| < CE[|X,[]65)

where By = {ni1,na,...,nn, } and d(n, B) = min{|n — b| : b € B} for any n and a finite
set B, and we set ng = 0 and ny,+1 = N. It follows that there exists a constant C' > 0
so that for any 1,

(23) Y. [EME) -EX) <C

n;<n<n;ii1

Pgﬁiﬁl—m)(xm, X, ) — 1‘ < Oy fminn

i+1

) . 1‘ < C25min(n—ni,ni+1—n)

141

Therefore,

E(Sn|E) —E(Sn)I <Y Y [E(Yal€) —E(Ya)| < O(No+1).

1=0 n;<n<n;41

Now we prove (20). First, let A; < Ay be two sufficiently large numbers. Using (I3))
and that{X,} also satisfies (3] given £ with a deterministic constant (see Lemma [I9]),
we can divide {1,..., N} into blocks By, Bs, ..., Bay, an < Vi so that for any k& both

V(Sp,) and V(Sp,|E) lie between A; and As, where Sp = ZYn for any finite set

neB
B C N. Let us put Zj, = Sp, .

Next, let us define Sy = ZkeNN 7, where Ny is the set of indexes 1 < k < ay so

that the distance between By and By is at least Alnay, where A is a constant so large
that 3,64 < 1. We claim first that

(24)  Vn=V(Sy)+O(n?ay) and |[V(Sy|E) — V(Sy|E)||ze = O(In® ay).

Indeed, by @) we have |Cov(Z,4x, Zn)| < C6* and also |Cov(Z, 1, Z,|E)| < C6*, where
C > 0 is some constant. As a consequence, for any k we have

(25) [V(Sn) = V(Sy —Zk)| < C and |V(SN|E) = V(Sn — Zi|€)| < C.

Now (24) follows by a repeated application of (25) taking into account that Sy was
obtained by removing at most O(In® ay) individual summands.
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Next, let us show that there exists C; > 0 so that
(26) Var(Sx|€) = V(Sx)| < Cu.

Indeed, let 1 < ky < ky < ay be so that d(By,By) > Alnay for i = 1,2, where
d(A, B) denotes the distance between two finite sets. Then there are s, sy so that By,
is contained in (ng,, ns,+1), for i = 1,2. Let us first assume that sy # so. Then Z;, and
Zy, are independent given £ and

|COV(Zk1, Zk2)| S CdAaN.

Therefore, the contribution of such pairs to the left hand side of (26]) is O(1).
Next, let us assume that By,, Bk, C (ns,ns11) for some s. We will first show that,
with Wy, = {f.(X,) : n € By, } i = 1,2, for any possible values v and v of Wy, and

Wi, , respectively, for all possible values x and y of X,,, and X, ., respectively, we have

(27) P(Wk1 =, WkQ = U‘an =, an+1 = y) — P(Wk1 =, WkQ = u)

= P(Wk1 =, WkQ = U)O(éAlnaN).
Assuming that (27) holds we getl] that

(28) ‘COV(Yklv Ykz) - COV(Yklv Yk2|5>| <C \% V(Ykl)v(YkQ)(sAlnaN = O(a]_\f2>
which yields that the contribution of such pairs k; and ks to the left hand side of (26))
is also O(1).
Now let us prove 27). Let X (By,) = {X, : n € By, } and let
Iy =A{X(Bw): f;(Xj) = v}, To={X(Bx): fi(X;) = u;}.
For any n, k and = = (xy, ..., xx) let us write
k
P () =[] prsjr (o1, 25)

j=1
where we recall that y — p,(z,y) is the transition density of X, .; given X, = =x.
Denote '

T = (xj>?i+rzls+17 2V = (Ij>j€Bki7 i=1,2
and let
D={z:z% eTyi=1,2}.

Let us assume that k; < ko and write By, = [, 5;] "N. Then the difference on the left
hand side of (27]) can be written as

(a1—ns)

(ns+1—P2) B2
« _ a9 — a _ pns (‘,'U7xa )p (xﬁ 7y)
/p 1’61(35(1))]9(512 51)(%2)]3 z,ﬁz(x@)) ( 1/875 2 —1 H Ay (zy)
D

(ns+1_ns)

Dns (LU, y)

t=aq

where we recall that y — p§-k> (x,y) is the transition density of X, 4 given X; = z. The

term in the parenthesis is bounded exactly as the corresponding term from (2I)). Since
d(By,,B) > Alnay and By, C (ns,nst1), it follows that ng 1 —ns > Alnay. Therefore,
by Lemma [I7] the term in the parenthesis is O(34™aV) and (27) follows. O

5Tt is enough to prove this when E(Y;,)=0, i=1,2. In this case ([28) is a direct consequence of (7).
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5.2. The conditional cumulant generating function around nonzero resonant

points and its additive behavior. By Lemma [4, Lemma 3.4] we can find a bounded
N

sequences of integers (c,) so that E(Sy) — ch is bounded in N. Therefore, by
n=1
replacing Y,, with Y,, — ¢, we can assume that sup |[E(Sy)| < oco.
N

Now, let us fix some nonzero resonant point ¢; = 2nl/m. Let j(Y,,, m|E) be the most
likely residue of Y,, mod m given &£, and set

(29) Zn =Y, mod m — j(Y,,,m|E), Z,=Z,—E[Z,|€]
and for any n < k,
k—1
SunZ =Y Z..
Note that for every p € [1,2] we have
) k-1
(30) (18,4 2PE) <b" gy(me)

for some positive constant b. Indeed, since |z|P < |z|+|z|? for all real z and p € (1,2) it
is enough to prove ([B0) for p = 1 and 2. For p = 1 it follows from the triangle inequality
that

E[|Z,||€] < 2E[|Z,||€] < 2K*P(Z,, # 0|€) < 2K%q,(m|E).

For p = 2 the result follows since by Lemmata [I8 and [I9] there is a constant ¢ > 0 so
that

k—1 k—1 k—1
Var(S, 1 Z|E) < ¢ Y Var(Z,|€) < ¢ > E(Z2[€) < c(AK)* ) " qu(mlé).

where in the last inequality we have used that

E(Z2E) < Y 5P(Z, = jIE) < (AK) qu(m|E).

0<j|<4K

Recall that by Lemma [0 conditioned on &, for each s the Markov chains {X,, : ny <
n < ngyq} are uniformly elliptic with constants not depending on s and £. Moreover,
the processes {X,, : ny < n < ng1} are independent, where we set np = 0 and
nyy,+1 = 00. Consider the family of functions g,(f) = 2Y, +it;Z, = for z small enough
(recall that both Y, and Z, are functions of X,). Then, since the L?-norm of Z, is
O(v/€) (both unconditionally and conditionally on &), we can apply Theorem [0 after
conditioning on & provided that £ is small enough. This means that there is a constant
ro > 0 so that for any complex number z with |z| < ry there are complex numbers
An(2) = Ape(2), uniformly bounded functions W = hff)g and uniformly bounded

measures v = I/,SZ% (which depend on the realizations of €) so that v\ (1) = 1,
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[An(2) — 1] < 2, thf) — 1]|oo < £ and for any bounded function g, n > 1 and p > 0 we

2
have

B [l g X ) M) = ) [ W] < Aol

o

where v € (0,1) and Ay > 0 are some constants which do not depend on £ and N and
fine is the law of X, given £. Set II,,(z) =11, ¢(2) = In A, ¢(2) and

n+p—1
Hn,p = Hn,p,é‘ = Z Hs(z)
Taking the logarithms in (B31I) we get that
(32) npe(2) = Pap(2)| < C
where
(33) Fn,p(z) _ thm,p,é'(z) _ lnE[eithn,pZ"l‘ZSn,P|€:|.

Let use also set I'y(z) = I't n(2) = I'y; nve(2). Using the analyticity in z we get that
for any u there is a constant C,, > 0 so that for any complex number z with |z| < ry/2
the derivatives of I, , satisty

(34) [T(2) ~ T(:)] < C

P

5.3. Estimates on the derivatives of the conditional cumulant generating
function. We need the following result.

22. Lemma. For every p € (1,2) we have the following:
(i) T}y £(0) = E(Sy) + O ((lnaN)m(aN)P%D =0 ((lnaN)m(aN)Tf?)) and so

2 2 2 2p

I ve(0) =E(Sy) + O ((m aN)m(gN)p—fz)) ~0 ((m aN)m(aN)m)> .
(ii) We have
I} ye(0) = VN + O ((UN)p%(ln O’N)p_}rl>
and so
F:e/j,N,g(O) =Vy+0 ((UN)%(ID JN)TL) .

(iii) For any u > 3 there exist constants D, > 0 and 6, > 0 so that for any N and
all h € [=6y, 6,] we have

() £(ih)| < DuVis

and therefore there is a constant D!, such that

Fﬁi)Nf(ih)’ < D'\Vy.
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Proof. Denote II, = II;, ,, ¢. For any I we set II;(z) = Z I1,,(2).
nel
First we prove (ii). Let ey < € Then the number of n’s between 1 and N so

that g,(m|E) > ey is O(lnoy/en). We subdivide the set of n’s between 1 to N so that

¢n(m) < ey into blocks By, ..., By, so that for each k we have ey < Z n(m|E) < 2ey.
neBy

Then
(35) lN:O(ll’lO'N/&?N)
and each By, is contained in one of the blocks (ng,ny1). By ([B2) for any k& we have

E[e™i55:% 52, |€] E[ei95:Z Sp |€] ?
" (o) — | ) B ' k O(1).
Bk( ) E[ezthBka] ( E[ezthBka] ) + ( )

Loz . - 2
B E[ezthBkZS_%k‘g] B E[e”ﬂ'SBkZS_Bk\g] +o(1)
E[eitstkZ|g] E[eithBkZ|g] .

To estimate the first term on the right hand side, we first write

Ele® %5253 |€]  E[(e™%7 —1)(S3, — E[S3, |€])|E
™ - ZB,J ] _E[ )(.SB,CZ 155, 1€D)I€] L E[SE |€).
Ele"°5:7|£] Ele"°8:7|£]
To estimate the first summand on the right hand side, by (B0) we have
E[|S5,Z] €] <C Y qu(m|€) < 2Cey

neBy

and so when ey is smaller than some sufficiently small constant ¢y > 0 we have

e 1
Elesnte) - 1] < 2

which implies that

, 5 1
|E[6thsBkZ|5H > 5
Next, let us estimate the numerator. Since
(36) 587 — 1] < |1]|S5, 2]

for every p € (1,2) we have

E[(e"s57 — 1)(%, ~ EIS3,1EDIE]| < 1155, Zlluwee) (153, lunee) + [EISH €]
where L?(E) denotes the L7 norm with respect to the conditional measure and ¢ is the
conjugate exponent of p. To estimate ||SE ||Lq(e), let go = [¢] + 1. Then

E[S%°|€] = E[(Sp, + ElS5,I€])*" €] =3 (2;’0)E[Sgk|5] (E[Si, |€])20.

J=0
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Since sup |E[Sp] — E[S,]| < oo due to (23), we have that E[Sp, |€] is uniformly bounded
a<b
in k. Applying the moment estimates of Lemma [[3] to the conditioned Markov chain

we see that for every integer w > 1 there is a constant C,, > 1 so that
(37) IS5, llze(e) < Cu(1 + IS, llL2e)).
We thus conclude that
1S5, lzace) < 15B, o) = 1S, 17206y = O + (1S5, 72e))-
To estimate the term E[S% |€] we have
E[S?BJS] =V (Sp,|E) + (E[SB,|E])>.

The second term is O(1) because of (23). Combining the above estimates and using
B0) we see that

E[(e" %57 —1)(Sp, — B[S, [€])I€]
]E[eithBkZ|g]

< C(en)"P(1 + V(Sg,|E)).

We conclude that for every p € (1,2) we have

B’ 55753 [€]

Eosnzye = BSaEl T O((en)MVIS(BIIE) + O((en)™).

Next, similar arguments show that for every p € (1,2) we have

E[e"s5%: S, |€]
E[eithBkZ|g]

E[(e"%%” —1)(Sp, — ElS5,|€])I€]

38 : =
( ) E[elthBkZ‘g]

- Bfsue]| -

= O(en)"P)\/V (S(By)|E).

Now, by (23] and since each By, is contained in one of the block (ng, nsyq1) we have
B[S, |€] — B(Sp,)| < C
and therefore, since |E(Sg, )| is also bounded in k, we get that
[E[SE,|€]] = O(1).
Combining the above estimates we derive that for every p € (1,2) we have
113, (0) = V(Sg, €)1+ 0 (ex)') + O ((en)"7) \/V (S5, [€) + O(1).
Next, set s, = V(S(By)|E). Then

EN

In In 1/2
Ino
(39) E Ve < \/ZN E 5k§A< N) ON
k=1 k=1
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for some constant A. Therefore, the contribution to IIf 5 (0) coming from the terms

O ((en)"?) \/V(Sg,|€) is O (on(en)P~2\/Inay ) . Now, because of the Lemma

and exponential decay of correlation (Lemma [I4]) we have

In

V(Syl€) =) V(S5[€) + Ollx).

k=1

Since Iy = O(Inoy/ey) we conclude that
N

(40) > T0(0) =
n=1

O(an'N/EN) + (1+O((€N)1/p))(V(SN|g)+O(1HUN/€N))+O (UN(€N)1/p_1/2\/ lIIO'N )

=V(SNn|E) + O((en)?)V(Sy|E) + O(lnoy/en) + O (aN(sN)l/p—l/%/ln oN ) .

_ 2 p
This together with (20) and the choice ey = oy""" (Inoy)?** yields (i), where we
have used that, by ([I3)), V(Sn|E)/Vy is uniformly bounded and bounded away from 0.

Now we derive (i) using the estimates obtained in the proof of (ii). By ([B8) and (9]

In

I} 5 (0) = E(Sy) + O(lnoy/ex) + O ((en) ) D V/V(S(BL)IE).

k=1

By (39)

EN

noy 1/2
I, (0) = E(Sx) + O(Inoy/en) + O ((aN)l/p <1—> UN> .

p

Taking ey = <11;§N)m we get (i).
N

k—1

In order to prove (iii), let ¢y > 0 be such that for any n < k with qu(m|€) < ¢
we have o
) . - 1
() [B(ets5+ |E)] = [E(e+2g)] 2 7.

Fix some s, and decompose {ns; < n < ngyq} into blocks By, By, ..., By, Ls < R'Inoy,

so that for each k we have 0—20 < Z qn(m|E) < ¢y (this is possible if € is small enough).

neBy
Next, let us fix some large constant A. If V(Sp,|€) is larger than 24 then we subdivide
the block Sp, into smaller blocks so that the variance along each blocks is between A
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and 2{1. We conclude that there is a partition of {1,2,..., N} into blocks By, ..., BL SO
thatll L = 0%, the conditional variances along the blocks are uniformly bounded and

1

(42) [E(e%51€)] > 3.

for each block B,. Since V(S3,|E) < 2A we have
E(eit95, 755, |£) — E(eitjsél E)| < 4Alt,||h]

and thus there exists 0 < hy < 7r¢/2 so that for every h € [—hg, ho| we have

i. ~ Z ~ ]_

Next, let us decompose II; x according to the blocks Bs:

i
My =Y Hj.
s=1

Differentiating both Ilz and I', 5 . = I's u-times and using the Cauchy integral
formula together with (B2]) we see that if |h| < hg then

(44) )Hg&g(m)‘ <O+ )rgj (m)‘

where C, is a constant which depends on u but not on £, N or h. Next, let us bound
Y(h) = vu(h) = T (ih) = In E[e"%5. ¢ 5. €],
J
To ease the notation, let us abbreviate Sz , = S and W = 1;55 . Then by Faa di
Bruno’s formula, for every h € [—rg, 0] we have

u

[ ()| = Z Hu_l(??zL:!(q!)mQ) . w(h)ilf—lmq H ((i)wE[SweiW+ihS|g])mw

where (my,...,m,) range over all the w-tuples of nonnegative integers such that

(ma,e..;ma) w=1

quq = wu. By applying ([@3) (which provides lower bounds on the denominators)

q
together with Lemma [[3 (taking into account Lemma [[9) and the Holder inequality
(to bound the numerators) we see that if |h| < hg then

[ (h)] < C(u, 4)
for some constant C'(u, A) which depends only on u and A. Thus by (44)
‘H(“) g(m)) < C'(u, A)

1,Bs,
"Since L,<R'Inoy the blocks B; for which V(SB,|€)<2A only contribute O(Ny In on)=0(In’ o)

to the total variance, and so in order to estimate L we can disregard these blocks when one of the
original blocks has small variance.
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and since the number of blocks is O(c%) we conclude that if |h| < hgy then
e ()| < 0"
for some other constant C”. O

5.4. The canonical form of the generalized Edgeworth polynomials at reso-
nant points. Let

(45) Atj,N,S(hf) e th7N,€(ih/O-N) — lnE[eitjsNYeihSN/oN|g]
and set
(46) Hy ven(t) =

(3) k1 (r+2) er
1+ Z Atij,E(O) . At NE(O) (Zt)3k1+.-.+(r+2)kr
]{31 ]{7 ! 3! (7" + 2)

where the summatlon runs over the collection of r tuples of nonnegative integers
(K1, ..., k;) that are not all 0 so that 3, jk; <r. Then we can also write

(47) Hy ner(t) =1+ 0 Py eqlt)
q=1
with
k.
Pt N5q Z CkH( —2Ptj-ij-\?5 )) 7 (i$)3k1+"'+(5+2)k5
keA, Jj=1

where A, is the set of all tuples of nonnegative integers k = (ki,...,k,), for some
s = s(k) > 1 such that Zsk‘s = ¢ (note that when j < r then s < r since ks > 1).

s

: 1
Moreover Cf = _.
=g

By Lemma[22] the L> norm of the coefficients of each Pth N.£,q are uniformly bounded.
Next, set

R () = Ay ve(h) = (Mg e (0) + ] e (0) + (2 /2)A7 y o(0))
Set also ES
, 1
Ay = A o(0) — 25
ON

Then by Lemma 22] for every p € (1,2) we have

and  uy = A7 y(0) — L.

_2-p 2 —Ll 1
(48) x|l = O(on"" P2 on),  |lun|le = O(oy" " (Inon) 7).

23. Proposition. For everyr there are constants 6,., C,. > 0 so that for every realization
of & and every real h with |h| < 6,05 we have

. . _ / 2 "
E (el(tj+h/UN)SN|g) — E(ezthN|g)6 hAtj,N,S(O)+(h /2)Atj’N'S(O)Htj,N,S,r(h)“‘eNT’SO’_T 1 —h2/4
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where Oy ¢ is a random variable so that supy ||On el < 00. As a consequence,

(49) E (ei(tj-i-h/crN)SN ‘5) _ E(eithN ‘8)6_ih]E[SNVUN6_h2/2 y
(6th+h2uN/2e_hA;j’N75(0)+h2/2AQ},N,£(O)Htj,s,r(h)> +Onpeoy te M

Proof. We have

N
E (6i(tj+h/O'N)SN|g) = exp (ANf(h) + it Zj(ymm|5)> -

n=1
E(eithN |g)e_hAlN,s(0)+(h2/2)AXf,s(0) eXp(]\Ng(h)).
Notice now that /1537)5(0) =0,¢=0,1,2 and that for j > 3,

HA%?E(h)HLw — HA%?SU’)HLM _ 0(020?)

and oy = onye(1 + 0(1)). Now the proof of the proposition is completed using Propo-
sition [12] applied for every realization of €. OJ

5.5. Proof of Theorem [7l. Recall the decomposition (I8) of P(Sy = k). In this
section we will expand the integrals Y [, e " E(e"N)dt for resonant points ¢; = 21

so that My(m) < Roy for some constant R.
Recall first that

/ e~iohe=h 2k g — (Z1)F Hy (a)p(a)

o0

where Hj, is the k-th Hermite polynomial. Now, let us write

/ 6—zktE(eztSN)dt - E [e—ztjkaj—v1 / ) (el(tj+h/O'N)SN|g) dh} )

Ij —50’]\}'

Expanding the terms e" and e~"*~/2 in ([@9) and using (@) yields that the contri-
bution of ¢; up to o (UJ_V’") equals to the expectation of

00 3r—2 ;5 44 r P
oN'B(eSVIE) [ emitakthklon) {1 4 N i) (14 > MUUN N e (W) 2
N . | o jlgi ) TNE '
j=1 j=1
Next,
L "L R r
(50) (14> j,N 1+) i 5 | Hiver(h) =1+ > Ay sneh® + gna(h)
j=1 7 j=1 7 s=1

where w, = 5r — 2 and gy,.(h) is a polynomials whose coefficients are o(oy" ") in the

L* norm. Then with ky = %][VSN} the contribution is the expectation of

(51) oy E (e [E)p (k) (1 + ZAtjvs,m—l)SHs(f%N)) .
s=1
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Proof of Theorem[7. The theorem follows from (7)) and (&I and the results in Sec-
tion (showing that the contribution of nonzero resonant points is negligible when
Mpy(m) > Rlnoy with R large enough). O

6. CLASSICAL EDGEWORTH EXPANSIONS.

24. Proposition. The condition E[ei°N] = O(g&(r‘l))

pansions of order r to hold.

is necessary for the usual ex-

Proof. Let us write

(52) 1+ ) Ay ave(—1)*Hy(ky) =Y By unekly.
s=1 u=0

Using (51)) and [6, Lemma 5.1] we conclude that the expansions hold iff

B[E(e™E) By v e] = o(oy" ")
for all u. However, since Hy, is of degree k we conclude that the expansions hold iff

B[E(e"5|€) Ay v e] = o(o3" ")
Indeed, the leading coefficient on the right hand side of (52)) is Ay, ., ~.e, which yields
that

EE("[€) Aty wr.ve] = 0(oy"").
Now we can proceed by induction on s, using [0, Lemma 5.1]. This means that the
contribution is reduced to

U&leitjkE[E(eitjsN |5>] — a;{leitjkE[eithN]

and thus E[e™5V] = o(o "™ Y). O

25. Remark. The proof shows that if the conditionally stable expansions of order r
hold then for all ¢,

sup HE[eithN|le, ""ij]HLoo - Of(az_v(r_l)).

Indeed we can just replace the chain by the chain conditioned on Xj,, ..., X, and use
that the error term in the definition of the conditionally stable expansion depends only
on r,oy and the number of conditioned variables £.

26. Proposition. The condition

59) maxsup B[V |, X1 = ofoy )

k<8r—4 j, . jweB

is sufficient for the usual expansions of order r to hold. Similarly, the condition that
for each ¢

sup B[V X5, o X ] = ooy )

ARTERD) Je
is is sufficient for the conditionally stable expansions of order r to hold.
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Proof. Since the variables X; coming from different blocks (ny, nj41) are conditionally
independent (under &) we hav

Ft Ng E Ft MM 41, g

Thus recalling (45]) we have

No
(54) (i) oAy e (0) =D T e (0),

k=0
For s > 3, let

Grs = Gy se = (0)T L (0).
Then G}, ; are functions of (X,,,, X,, ). Arguing similarly to the proof of Lemma P2[(iii)
we get
|Gr.sll Lo < ank e S 23

For 5 = 1,2 we need to estimate dy and uy and not only the cumulants. To estimate
dy, note that

No
(55) ONdN =1 Z L5, Mt 1, 5 ) - ZE[Snkynk+1]) = Z Gk,l‘
k=0
Notice also that Gy, depend only on (X, , X, ,,). Arguing as in the proof of Lemma 22]
we see that, for every p € (1,2)
2p 2
(56) ||Gk71 ||Loo = O <(O-nk:7nk+1)p+2 (ln o-nk7nk:+1)p+2> + O(]')

where the O(1) term is only needed when oy, 1, ., = v/ Var(Sy, n,,,) is small.
To estimate uy, by applying Lemma 21] we see that

oy = T4 (0) — 0% = T,y s(0) — V(Sx[€) + O’ ox)
in L*°. Observe now that

SN‘S Zv ng, nk+1‘g

because the blocks between two bad times are conditionally independent. Thus,

(5T) = odun =T4(0) = 0% = 3 (0 . 6(0) = VSumy [€)) + Ol o).
k

Let

(58) G27k - F;/J N MN+1, 8(0) - V(Snk:ynk+1)'

8Recall that T is defined by (33).
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Then arguing] as in the proof of Lemmata 2T and B2 we see that for every p € (1,2)
we have . X
1Gopllze = O1) + O((Onmpss) 7 (0 Oy ) 7T)
where the O(1) term is needed to cover the case when oy, p, ., is small.
Next, by using the explicit formula (E1) of the generalized Edgeworth polynomials and
the above formulas we see that their coefficients are linear combinations of expressions
of the form

(59) ANE[ﬁ’ithN] + Z Ckl,...,keTE [E[eithN|Xkl, ooy XkeT]Gkh---ke,N}

1<k1,..,ke,. <No

where ¢, = 4r — 2, with X, = (X, Xngyy ), and Ay s cither™ 0 or 1, Cky.. ks are
combinatorial coefficients bounded by some constant C' = C,., and
3r—2

. —Jk
(60) le,...,k(,r,N - H JN Sijsvks
s=1

for appropriate 0 < ji. < m, (for some m, which depend only on r), where for j = 0
we set G, = 0. Before we proceed with the proof let us give more detailed explanation
of [@0). First, the coefficient of the polynomials defined on the right hand side of (52)
are linear combinations of A;; s v, s < w,. Next, by (B0) and (46) each A s n¢ has
the form

Atj,s,N,c‘f = Ps <dNa Un, AE?,)Nf(O)’ seey AE:,&]{Q(‘,’(O))

for some polynomial P, whose degree does not exceed 4s — 2, where v, is some positive
integer. Indeed, the term of the smallest order in the brackets on the left hand side of
(B0) is dy, and the largest relevant power of dy is 3s — 2. On the other hand, the term
Hy, ne.(t) contributes at most s variables among AE?}MO to Ay, s n.e, where there is an
actual contribution only if u < s+ 2 since in the computation of A;, s xe we need only
to take into account the partial term Hy, ne ().

Overall we get at most 4s—2 appearances of variables of the form (X,,,, Xy, ,,) which
amounts in at most 2(4r —2) = 8r —4 appearances of variables of the form X, , which is
the maximal number of conditioned variables in (53]). Now we arrive at (60) by taking
expectation of the expression in (51l), using (54]) and (53), and the fact that for every
function Q = Q(X,, .., Xin,) with m, € B we have

E [E(e*V|E)Q] =E [Q - E [E(e™™N|E)| Xy, oo, X, ]| = E[Q - E("°Y | Xy, ooy Xin,)] -

To prove that the contribution coming from the nonzero resonant point is negligible
it is enough to show that the above coefficients are o(a]:,(r_l)).

We claim that
(61) G = > Gk .k nllz= < C

k1,5 ke,

2

ey, 2810 Lemma 2] and then approximate

9We first approximate the conditional variance by o
the second derivative as in Lemma
104 is 1 only in the coefficients of the polynomial multiplied by U;[l, but for the proof to work we

actually only need Ay to be bounded.
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for some C which depends only on r. Note that (61I]) implies that

> E[E[EYN Xy, o X Grok, )| SC sup B[V X, Xy, ]

B ) a22»,«
kly"'ykfr 15--,02¢,. €

Ll

and so the first condition is indeed sufficient.
In order to prove (61]), let us first consider the case where one of ji, = j is larger
than 2. In this case we have

N G = 03 |0(02, 1) + O] ke = kg

NksMk+1

while the other terms are bounded. Thus the contribution to ||G|| of such terms is
O(N§ Yoyt = o(1). Otherwise, ji, is either 1 or 2. If one of them is 1, then, since the
other terms in the product are bounded we see that the contribution to ||G|| of such

terms is dominated by
No

Ng Y o Gl

k=0

However, by (B6), if p is close enough to 1 then |Gy ||z~ = O <O’?V/4> and so

No
NE Y ot Gl = 0 (N§H o) = o1)
k=0

where we have used that Ny = O(lnoy).
It remains to consider (ky, ..., kg, ) so that ji, = 2 for all s. In this case the contribution
to ||G|| from such terms is at most

No
ke, _
Ny oyl Ganllies
k=0

Note that by (58], if p is close enough to 1 then
HGQJCHLOO = O(ll’l O'N(O'N)3/2)

where we have again used that oy, 5, , = O(oy). Hence

N> " 032 Galle < Coy PN Inoy = o(1).
k
The proof that the second condition is sufficient for the stable expansions is similar, we
first condition on a finite number of variables, and then repeat the arguments above. [J

Proof of Theorem[8. The theorem follows now by Remark 25 and Proposition 26] (note
that the case when My (m) > Rlnoy was already treated in §4.2)). O

Proof of Theorem [ The theorem follows from Theorem [ together with the standard
fact that a sequence of probability measures on {uy} on Z/mZ satisfies uy(a) =
L+ O(qy) for some sequence vy and all a € Z/mZ iff in(b) = O(yw) for all b €
(Z/mZ) \ {0} where i is the Fourier transform of u (see e.g. [6, Lemma 6.2]). O
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