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SUMMARY . 

The thrust produced by a helicopter rotor hovering nea:' ground and/or ceiling 

planes is investigated experimentally and theoretically. In the experiment, the 

thrust was measured on a 0.324-m-diam rotor operating between f'loor and ceiling 
planes which were located from 6 to 0.08 diam from the rotor disk. In the first 

theoretical model studied, the incompressible and inviscid flow itiduced by a 

sequence of vortex cylinders, located above and below the rotor to simulate the 

rotor wake and its interaction with the floor and ceiling planes, was considered. 

Comparison with experiment showed that this model overpredicts the change in thrust 

caused by the proximity of the walls. Therefore, a second arrangement of vortex 

cylinders was introduced which provides a more accurate prediction of the ground and 

ceiling effects on the thrust of the rotor in hover. The applicability of these 

results to a vented wind tunnel is also discussed. 

LIST OF SYMBOLS 

Ab aspect rat,io of rotor blade = rb/c 

c chord of rotor blade, m 

L airfoil lift coefficient 

2 4 
C~ rotor thrust coefficient = thrust/pnn r 

b 

D rotor diameter = 2 rb, m 

F@') Bartky integration functicn 

h height of vortex cylinder, m 

Nb number of rotor blades 

=b radius of rotor disk = D/2, m 

v radius of vortex ring or vortex cylinder, m 

r,fJ,z cylindrical coordinate system; z perpendicular to rotor disk, m 



, . W Bartky integration parameter 

T rotor thrust, N 

u,ve,w velocity components in radial, circumferential, and axial directions, m/sec 

zc 
distance from rotor disk to ceiling plane, m 

distance from ground plane to rotor disk, m 

location of image vortex cylinder for ceiling plane, m 

vertical location of vortex ring, m 

geometric angle of attack on rotor blade, rad 

effective angle of attack on rotor blade 
= ab + Oi* 

rad 

i !uced angle of attack on rotor blade = w/ve, rad 

circulation per unit length of vortex cylinder, m/sec 

2 circulation bound in rotor blade, m /see 

rotor solidity parameter, Nb/a4$ 

2 stream function. m /sec 

rotor angular velocity, rad/sec 

INTRODUCTION 

There are substantial savings to be gained if a helicopter can be tested at 
velocities from those of hover up through maximum forward flight with a single setup 

in a wind tunnel. Unfortunately, at speeds near hover, an unknown portion of the 

energized wake of the rotor recirculates along the floor and walls of enclosed wind 

tunnels so that the wake interacts with other components of the vehicle and also 

reenters the rotor flow field. The complexity of the multienergy flow field of a 
rotor in the wind-tunnel test-section environment has not only delayed the solution 

of these flow fields, but also the development of guideline- for venting wind tunnel 

test sections to reduce such recirculation to a negligible level. 

As a step toward understanding the flow field induced by a hovering rotor in 

.i a partially confined area, the present investigation was undertaken to study 
1 



experimentally and theoretically a simpler flow field, cne that consists of a rotor 

in hover between large ground and ceiling planes. Such a configuration could be an 

approximation to a test wherein the sidewalls of the wind tunnel have been folded 

out of the way, leaving only the floor and ceiling surfaces near the rotor. 

Although the boundaries may still influence the test results, such an arrangetfient 

has some of the desirable characteristics of a vented wind tunnel, in that recircu- 

lation of the energized wake oi the lator is usually negligible. This attribute 

permits the analysis to be based on a steady-state assembly of vortices and vortex 

cylinders that represent the various flow-field components. 

Previous theoretical estimates of the loads on rotor blades with and without a 

ground plane present have progressed from the quite simple and approximate model 

suggested by Betz (ref. 1) to relatively sophisticated and detailed simulations 

(e.g., refs. 2-11). The background research most relevant to this investigation are 

the two studies conducted by Knight and Hefner (refs. 2,3) in which the characteris- 

tics of vortex cylinders were used to calculate the loading and torque on rotors iir 

free space i ref. 2 )  and in the presence of a ground plane (ref. 3). They also 

measured the thr-ust and torque on severai rotors and compared the results with 

theory. 

The research results presmted here oxtead the previous work by considering the 

effect of both a ceiling and d ground plane on the thrust of a rotor in hover. An 

experimental program, d~scribed in the appendix of this paper, was carried out to 

obtain data with which the results of theoretical methods could be compared. The 

first theoretica!. method considered here is an extension of the one used by Knight 

and Hefner (refs. 2,3) in which vortex cylinders of constant diameter were used to 

simulate the wake of the rotor. In their analysis of ground effect (ref. 3)  it was 
necessary to be quite approximate because a practical method for evaluating the 
integrals that describe the incompressible and inviscid flow field around vortex 

cylinders of finite length was not available at that time. The developwnt 

(refs. 12,13) of a rapid and accurate method for numerically evaluating integxls of 

the elliptic type made it possible to carry out the analyses described in this 

?aper . This numerical method removed 1 imitations-- imposed on Knight and Hefner --on 

the number of vortex cylinders that could be used in the flow field model and on the 
accuracy and ease with which the theoretical velocity components could be evaluated. 

Therefore, consideration can now be given to more detailed, complete, and consistent 
flow-field models for energized wakes in determining their attributes and failings. 

The first model considered here simulates the rotor wake with a set of concen- 

tric vortex cylinders each of which extends from the rotor disk down to the ground 

plane. The presence of the ground and ceiling planes is simulated by placing a 

series of images above and below the tunnel region with the same set of concentric 

vortex cylinders used to represent the wake. When comparisons with the experiments 
are made of the thrust on a rotor in hover as predicted by a theory based on such an 

incompressible and inviscid wake model, it is found that the effect on downwash of 

the proximity of ground and ceiling planes is overemphasized. A semiempirical wake 
model is then introduced that provides usable and fairly accurate predictions of 

rotor thrust with both ground and ceiling planzs nearby. The comparisons made here 



are based on rotor thrust because it is sensitive to ground and ceiling plane prox- 

. , imity and because it could be measured accurately enough to test theoretical models. 

VORTEX-CYLINDER SIMULATION OF ROTOR-WAKE FLOW FIELDS 

The lift, drag, and torques acting on the blade elements that make up a rotor 

are a consequence of the rotary motion of the blade, and of the interaction of these 

vortex systems with nearby boundaries or walls. Since the vortex wakes are often 

unstable, the wake shape (idealized in fig. 1) becomes irregular and unsteady in 

character so that an exact solution would be quite complicated. It is assumed that 

a detailed knowledge of many of the local irregularities and oscillatory load varia- 

tions is not needed for an understanding of tunnel-wall effects. The validity of 

this assumption will be verified by comparing theory and expsriment. Therefore, the 

curved wake shown in figure 1 as a solid line is approximated by the right circular 
cylinder of constant diameter and constant strength, indicated by the double-dashed 

lines in figure 1. In most rotors, the blade loading is not ideal; as a result, 

circulation is shed not just at the blade tips but also all along the rotor radius. 

A proper representation of such a wake then requires not one but a continuous dis- 

tribution of concentric vortex cylinders whose radii vary from the innermost lifting 

element out to the blade tip. This continuous distribution is approximated here by 

as few as 10 and as many as 80 concentric vortex cylinders. 

I 
i 'Wen neither a ground nor ceiling plane is present, the vortex cylinders are 

1 semi-infinite in length, which gives them the characteristic of inducing at the 
1 
i rotor disk a constant downwash inside and a zero downwash outside tne cylinder. 
)I 
I This feature permits an easy solution for the blade loading when no boundaries are 

i nearby, because the load on outboard blade elements is independent of inboard ele- 
1 ments (refs. 2 , j ) .  If, however, the rotor is near a large surface, the velocity 

1 field induced by an image-vortex system couples the inboard and outboard blade 
segments because bcth inboard and outboard image-vortex cylinders then contribute to 

the downwash velocity at the rotor disk. A computation of the downwash field 
through the rotor disk then requires an iterative process between blade loading and ! 
wake structure. 

The stream function $ and the radial and axial velocity components are con- 

structed from the incompressible and inviscid flow solutions for a vortex ring 

ref. 1 4  Summation of a continuous distribution of vortex rings of constant 
diameter and strength along the length of the cylinder leads to the following double 

integrals 



rr cos 29 d$ dzv 
v 

[(z - z ~ ) ~  + r2 + r2 - 2rrv cos E+J 1 /2 
v 

rV(z - zV)cos 29 d( dz,, 

[(z - zVl2 + r2 + r2 - 2rrv cos 291 312 
v 

where rv is the radius of the rings and of the cylinder. The numerical effort is 
considerably reduced when the integration over zv, the vertical location of the 
vortex ring element, is carried out analytically over the length of the cylinder. 

If this operation is followed by an integration by ;lrts, the indeterminate form of 
the solutions at r = 0 is removed, and the integrals for a finite-length vortex 

cylinder may be written as 

r cos 241 dg 
v 

n [(z - h12 + r2 + rt - 2rrv cos 241 1 /2 

n/2 rv(r cos 2( - rV) 
w = l / n  R 2 z - h  

[r2 + r - 2rrv cos 2411 - h)' + r2 + r2 - 2rrV cos 291 1 /2 
v v 

- 2 

[z2 + r2 + r2 - 2rrV cos 291 

where the lower end of the cylinder is centered at x = y = z = 0. When the length 

of the cylinder h is increased indefinitely, the solutions for a semi-infinite 
vortex cylinder of uniform strength along its length becomes 



n/2 
r r  cos  29 m +G2 + r2 + r2 - 2 r r  cos 29 d9 

v v -1 
v 

n/2 rv cos 29 d9 

u = : J o  2 2 2  
[z + r + r - 2 r r v  cos  291 

1 /2  
v 

~ / 2  r ( r  cos  29 - 
v 2 

1 /2  d9 ( 3 c )  
[ r 2  + r2 - 2 r r y  cos 20 1 

v 
[z2 + r2 + r 2  - 2 r r V  cos 241 

v 

Along t h e  a x i s  o f  t h e  vor tex c y l i n d e r ,  t h e  f low-f ie ld  parameters may be w r i t t e n  

i n  c losed form as 

Evaluat ion of t h e  i n t e g r a l s  i n  e q u a t i o n s  ( 2 )  can be c a r r i e d  o u t  a c c u r a t e l y  by 

us ing a modified form of  Bar tky 's  method (refs. 12,131. In o rder  t o  app ly  t h e  
method, t h e  i n t e g r a l s  a r e  f i r s t  r e w r i t t e n  i n  terms o f  an i n t e g r a t i o n  p a r a m e t e r s  

and an in tegrand f u n c t i o n ,  F(B), s o  t h a t  t h e  i n t e g r a l  f o r  t h e  s t ream f u n c t i o n ,  f o r  
example, becomes 

In  t h e  computations c a r r i e d  o u t  h e r e ,  t h e  i n t e g r a t i o r  parameter t h a t  was used is 

9 = [z2 + r2 + r2 - 2 r r v  cos 241 
1 / 2  

v (6a  

which l e a d s  t o  

2 2 
cos  29 = (z + r2 + r2 -8 ) / 2 r r V  

v 

The integrand f u n c t i o n s  f o r  t h e  t h r e e  f low-f ie ld  parameters i n  equa t ions  ( 2 )  a r e  

then 



S i n c e  t h e  c h o i c e  o f  3 is n o t  un ique ,  o t h e r  forms o f  9 and F(3) cou ld  have 

been used  t o  a c h i e v e  t h e  same numer i ca l  r e s u l t .  I t  s h o u l d  a l s o  be noted  t h a t  t h e  
co r re spond ing  r e l a t i o n s h i p s  f o r  a  v o r t e x  c y l i n d e r  t h a t  is s e m i - i n f i n i t e  i n  l e n g t h  

are d e r i v e d  from e q u a t i o n s  ( 3 ) ,  o r  by f i n d i n g  t h e  l i m i t i n g  forms o f  e q u a t i o n s  ( 7 )  
as  h + a .  

EXAMPLES OF STREAMLINE PATTERNS INDUCED BY VORTEX CYLINDERS 

Before  p roceed ing  w i t h  t h e  computa t ion  o f  t h e  t h r u s t  on a r o t o r  i n  hove r ,  
s e v e r a l  s t r e a m l i n e  p a t t e r n s  a r e  p r e s e n t e d  t o  i l l u s t r a t e  t h e  f low f i e l d s  g e n e r a t e d  by 
v o r t e x  c y l i n d e r s  and t h e i r  s u p e r p o s i t i o n .  S i n c e  bo th  t h e  s t r e a m  f u n c t i o n  and 

t h e  v e l o c i t y  components are e a s i l y  c a l c u l a b l e ,  both  are used  i n  a p r e d i c t o r /  

c o r r e c t o r  t y p e  o f  c a l c u l a t i o n  t o  f i n d  s t r e a m l i n e  p a t h s  t h a t  f o l l o w  l i n e s  o f  c o n s t a n t  

s t r e a m  f u n c t i o n .  The s t r e a m l i n e s  shown i n  f i g u r e s  2-6 were s t a r t e d  a t  e q u a l  r a d i a l  

increments  a c r o s s  t h e  v o r t e x  c y l i n d e r  halfway a l o n g  its l e n g t h  o r  where t h e  c y l i n d e r  
c r o s s e s  t h e  edge  o f  t h e  f i g u r e .  

The f low f i e l d  induced by a semi - i . n f in i t e ly  l o n g  v o r t e x  c y l i n d e r  is p r e s e n t e d  
i n  f i g u r e  2 ( a ) .  Some o f  t h e  s t r e a m l i n e s  are noted  to  c r o s s  t h e  v o r t e x  s u r f a c e .  As 
is well known, t h e  a x i a l  v e l o c i t y  at  t h e  open end of t h e  c y l i n d e r  is  const:.ant and 

e q u a l  t o  one  h a l f  o f  its va lue  i n s i d e  t h e  c y l i n d e r  f a r  downstream. Hence, h a l f  o f  

t h e  f l u i d  e n t e r s  t h e  c y l i n d e r  t h rough  t h e  open end and h a l f  through t h e  s i d e  wall. 

Such is n o t  t h e  case, however, f o r  an a c t u a l  v o r t e x  wake shed  by a r o t o r ,  because  
a l l  o f  t h e  f l u i d  i n  t h e  wake e n t e r s  t h rough  t h e  r o t o r  and s t a y s  i n s i d e  t h e  curved  

wake. Hence, i n  t h e  i d e a l i z e d  wake, w i t h  o r  w i thou t  bounda r i e s ,  no  f l u i d  c r o s s e s  

t h e  v o r t e x  s h e e t  because  it c u r v e s  t o  fo l low t h e  s t r e a m l i n e .  

F i g u r e  2 ( b )  i l l u s t r a t e s  t h e  flow f i e l d  produced by s u p e r p o s i t i o n  o f  two serni- 
i n f i n i t e  v o r t e x  c y l i n d e r s  f a c i n g  e a c h  o t h e r  a c r o s s  a c e i l i n g  p l a n e .  T h i s  c o n f i g u r a -  
t i o n  p r o v i d e s  a model o f  a r o t o r  wake and its induced s t r e a m l i n e s  when a c e i l i n g  

p l a n e  is nearby.  The image-vortex c y l i n d e r  c a u s e s  t h e  downwash v e l o c i t y  a c r o s s  t h e  
c y l i n d e r  opening  t o  no l o n g e r  be  c o n s t a n t  nor  e q u a l  t o  h a l f  its v a l u e  a t  g r e a t  



d i s t a n c e s  from t h e  opening .  The change i n  downwash is, of  c o u r s e ,  r e p r e s e n t a t i v e  o f  

t h e  change i n  t h r u s t  on t h e  r o t o r  as i t  approaches  a c e i l i n g  p l a n e .  

F i g u r e  3 p r e s e n t s  t h e  s t r e a m l i n e  p a t t e r n s  induced by v o r t e x  c y l i n d e r s  o f  two 

d i f f e r e n t  l e n g t h s .  In bo th  c a s e s ,  s t r e a m l i n e s  a g a i n  c r o s s  t h e  c y l i n d r i c a l  v o r t e x  

s u r f a c e s .  Also,  t h e  a x i a l  v e l o c i t y  a t  t h e  ends  is n o t  c o n s t a n t ,  even though o t h e r  

image c y l i n d e r s  are n o t  p r e s e n t .  The p r e s e n c e  of a ground p l a n e  is s i m u l a t e d  by 

p l a c i n g  a v o r t e x  c y l i n d e r  o f  t h e  same s ize  b u t  of o p p o s i t e  s t r e n g t h  under  t h e  ground 
p l a n e  so t h a t  t h e  ground p l a n e  becomes a s t r e a m l i n e  s u r f a c e ,  as shown i n  f i g u r e  4. 
The r o t o r  d i s k  is assumed t o  be l o c a t e d  a t  t h e  t o p  o f  t h e  c y l i n d e r  used t o  r e p r e s e n t  

t h e  wake. The s t r e a m l i n e s  i n  f i g u r e  4 i n d i c a t e  t h a t  a l l  o f  t h e  f l u i d  i n  t h e  f low 

f i e l d  c o n t i n u a l l y  c i r c u l a t e s  t h rodqh  t h e  r o t o r .  The t h e o r e t i c a l  f low f i e l d  o u t s i d e  

t h e  v o r t e x  c y l i n d e r s  is t h e n  probably  not. very  r e p r e s e n t a t i v e  o f  t h e  f l i g h t  s i t u z -  

t i o n ,  even though,  as w i l l  be s e e n  i n  t h e  f o i l o w i n g  s e c t i o n s ,  t h e  downwash a t  t h e  
r o t o r  a p p e a r s  t o  be s imulat .ed w i t h  some accu racy .  

The p r e s e n c e  o f  both  a c e i l i n g  and a giquurld p l a n e  r e q u i r e s  a series o f  images 

above and below t h e  test  s e c t i o n  rakilzi- t han  a s i n g l e  image, as used  i n  f i g u r e s  2 ( b )  

and 4.  In  p r i n c i p l e ,  a n  i n f i n i t e  series o f  images is needed t o  s a t i s f y  e x a c t l y  t h e  

no-flow-through c o n d i t i o n  a t  bo th  t h e  c e i l i n g  and t h e  f l o o r .  I t  was found,  however, 
t h a t  a small number o f  images p r o v i d e s  s u f f i c i e n t  accu racy  i f  t h e  images are added 

t o  t h e  o r i g i n a l  v o r t e x  sys tem as a p a i r  above and a p a i r  below (see f i g .  5 ) .  That  

is, t h e  s e t u p  o f  t h e  f low f ' i e l d  is s t a r t e d  w i t h  a wake v o r t e x  c y l i n d e r  t h a t  e x t e n d s  

from t h e  r o t o r  d i s k  t o  t h e  ground p l a n e  and w i t h  its image j u s t  below t h e  ground 

p l ane .  T h e r e a f t e r ,  f o u r  image c y l i n d e r s  ( two above and two below t h e  test  s e c t i o n )  

are added a t  once .  S i n c e  t h e s e  c o n t r i b u t i o n s  are symmetr ica l  a b o u t  t h e  ground 

p l a n e ,  it remains  a s t r e a m  s u r f a c e .  The c o n t r i b u t i o n s  t o  t h e  v e l o c i t y  a t  t h e  ceil-  

i ng  p l a n e  appea r  t o  d e c r e a s e  as f a s t  as o r  f a s t e r  t h a n  t h e  s q u a r e  o f  t h e  d i s t a n c e  
from t h e  r o t o r  d i s k .  Hence, it was found t h a t  when t h r e e  image sys t ems  (12  v o r t e x  

c y l i n d e r s !  were added t o  t h e  o r i g i n a l  wake c y l i n d e r  and its image ( 1 4  v o r t e x  c y l i n -  

d e r s  i n  a l l ) ,  t h e  v e l o c i t y  components and t h '  s t r e a m  f u n c t i o n  were d e f i n e d  t o  a b o u t  

f i v e  s i g n i f i c a n t  f i g u r e s .  

Such a sys tem o f  v o r t e x  c y l i n d e r s  was used t o  o b t a i n  t h e  s t r e a m l i n e  p a t t e r n  

induced by one  v o r t e x  c y l i n d e r  l o c a t e d  between a f l o o r  and c e i l i n g ,  as shown i n  

f i g u r e  6 ( a ) .  S i n c e  o n l y  one  v o r t e x  c y l i n d e r  was used  t o  r e p r e s e n t  t h e  wake, t h e  

s o l u t i o n  i n  f i g u r e  6 ( a )  s i m u l a t e s  a r o t o r  t h a t  s h e d s  v o r t i c e s  o n l y  a t  t h e  b l a d e  

t i p .  R e p r e s e n t a t i o n  o f  t h e  more compl ica ted  wakes o f  a c t u a l  r o t o r s ,  which shed  

v o r t i c i t y  a l l  a l o n g  t h e  b l a d e s ,  is accomplished by s u p e r p o s i t i o n  o f  a number o f  
c o n c e n t r i c  v o r t e x  c y l i n d e r s ,  as i n d i c a t e d  by t h e  c r o s s - s e c t i o n a l  view i n  f i g -  

u r e  6 ( b ) .  In  t h e  i n t e r e s t  o f  c l a r i t y ,  v o r t e x  c y l i n d e r s  were used a t  o n l y  f o u r  

r a d i a l  s t a t i o n s  t o  r e p r e s e n t  t h e  wake and t o  compute t h e  s t r e a m l i n e s .  The downwash 

induced by a r o t o r  wake, as used f o r  t h e  t h r u s t  c a l c u l a t i o n s  i n  t h e  f o l l o w i n g  sec -  

t i o n s ,  is based on v o r t e x  c y l i n d e r s  l o c a t e d  a t  10 t o  80 r a d i a l  s t a t i o n s .  Each o f  

t h e s e  wake c y l i n d e r s  is accompanied by 13 image c y l i n d e r s  s o  t h a t  t h e  f low f i e l d  is 
based on a t o t a l  o f  140 o r  more v o r t e x  c y l i n d e r s .  The u s e  o f  more image- o r  r a d i a l -  

v o r t e x  c y l i n d e r s  d i d  n o t  s i g n i f i c a n t l y  change t h e  computed r e s u l t s ,  b u t  t h e  u s e  o f  

fewer c y l i n d e r s  d i d  c a u s e  changes on occas ion .  



CALCULATION OF ROTOR THRUST 

The s o l u t i o n s  d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n  f o r  t h e  flow f i e l d  induced by 
vo r t ex  c y l i n d e r s  are now used t o  deve lop  a method f o r  p r e d i c t i n g  t h e  t h r u s t  o f  
r o t o r s  o p e r a t i n g  i n  t h e  p re sence  o f  c e i l i n g  and ground p l a n e s .  The p r e d l ~ ,  2 '  

r e s u l t s  w i l l  t h e n  be compared i n  t h e  n e x t  s e c t i o n  w i t h  d a t a  t aken  i n  t k r s  JLUL !see 
appendix)  and w i t h  t h e  d a t a  o f  Knight  and Hefner (refs.  2,3). S i n c e  t: - b l a d e  
load ing  and wake s t r u c t u r e  are d i r e c t l y  dependent  on one  a n o t h e r ,  a n  i t e r a t i v e  
procedure  is used  t o  s o l v e  f o r  both .  The first  s t e p  i n  t h e  p r o c e s s  is t o  c a l c u l a t e  
t h e  l o a d i n g  when no boundar ies  are p r e s e n t  by u s i n g  t h e  method in t roduced  by : ;night 
and Hefner  (ref. 2 ) .  T h i s  b lade- load  d i s t r i b u t i o n  y i e l d s  a first  estimate f o r  t h e  

s t r e n g t h s  o f  t h e  v o r t e x  c y l i n d e r s  used t o  r e p r e s e n t  t h e  wake of  t h e  r o t o r  ( f i g .  7 )  
when it is o p e r a t i n g  i n  a conf ined  r e g i o n .  These v o r t e x  s t r e n g t h s  are t h e n  used i n  
e q u a t i o n s  ( 1 ) - ( 7 )  t o  c a l c u l a t e  t h e  downwash o r  upwash induced by a series o f  concen- 
t r i c ,  s h o r t e n e d  ( r a t h e r  t han  i n f i n i t e - i n - l e n g t h )  v o r t e x  c y l i n d e r s  t h a t  r e p r e s e n t  t h e  
shed v o r t i c i t y  o f  t h e  b l ade  e l emen t s  and t h e  images i n  t h e  c e i l i n g  and f l o o r .  From 
t h e  new downwash d i s t r i b u t i o n  p r e d i c t e d  by t h e  sys tem o f  v o r t e x  c y l i n d e r s ,  a r e v i s e d  
b ? a d e  l o a d i n g  is c a l c u l a t e d  which i n  t u r n  y i e l d s  a new wake-vortex d i s t r i b u t i o n  for 

u s e  i n  t h e  downwash c a l c u l a t i o n .  The c y c l i c a l  p r o c e s s  is con t inued  u n t i l  t h e  change 
i n  wake s t r u c t u r e  and r o t o r  t h r u s t  between computa t ion  c y c l e s  is n e g l i g i b l e .  

The f o l l o w i n g  e q u a t i o n s  are used  t o  r e l a t e  the w r i o u s  f l o w - f i e l d  pa rame te r s  t o  
t h e  r o t o r  c o n f i g u r a t i o n .  The t h r u s t  o r  l i f t  increment  on a r a d i a l  segment o f  a 
b lade ,  c d r ,  is g iven  by 

s o  t h a t  t h e  bound c i r c u l a t i o n  on a b l a d e  a t  t h e  r a d i u s  r is g iven  by 

The c i r c u m f e r e n t i a l  v e l o c i t y  v0 o f  t h e  b l a d e  e lement  r e l a t i v e  t o  t h e  air  at  t h a t  
r a d i u s  is g i v e n  by 

where n is t h e  r o t o r  a n g u l a r  v e l o c i t y  and Nb is the number o f  r o t o r  b l a d e s  i n  
t h e  r o t o r .  The c o n t r i b u t i o n s  t o  ve and t o  o t h e r  pa rame te r s  by t h e  images i n  t h e  
c e i l i n g  and f l o o r  o f  t h e  bound c i r c u l a t i o n  i n  t h e  b l a d e s  is assumed n e g l i g i b l e  i n  
t h i s  a n a l y s i s .  In  fact,  t h e  effect o f  t h e  second term i n  e q u a t i o n  ( 9 ) ,  which r e p r e -  
s e n t s  t h e  effect of t h e  c i r c u l a t i o n  shed  a l o n g  t h e  r o t o r  a x i s ,  is u s u a l l y  small. 
The l i f t  c o e f f i c i e n t  CL on a b l a d e  e lement  is dependent  on t h e  g e o m e t r i c  b l a d e  
a n g l e  

ab' 
and t h e  induced a n g l e  ai ,  because  o f  t h e  downwash, 

- I 
ai = t a n  w/vg . w/vO 

which combine t o  g i v e  t h e  e f f e c t i v e  a n g l e  o f  a t t a c k  ae, as 



I I 

t 
where w is taken as positive when upwash occurs. The lift coefficient CL is 

j 
based on two-dimensional theory or data at the effect!-re angle of attack 

ae 
for 

the element as given by equation ( 1 1  1. It was found convenient here to approximate 

I 
the two-dimensional experimental dnta (e.g., those of refs. 2 and 15) on the air- 

1 foils taken at the test Reynolds numbers with four fera~ ~f the power series 

i equation, 

I 
The wake-induced vertical velocity w through the rotor disk is found as L sum 

of the velocities induced at the radius r by all of the vortex cylinders 
(figs. 6,7). The strength or circulation per unit length y of the wake-vortex 

cylinder at the radius r = rv, is related to the change with radius of the bound 
circulation r(r) on the blade, and the downwash velocity w, at the radius of the 

vortex cylinder. The criterion chosen here to relate the shed vorticity and the 

downwash velocity is an extension of the one used for a rotor operating in an 

unbounded region. That is, if no boundaries are present, the vortex cylinder is 

semi-infinite in length so that the velocity induced at the rotor disk is one half 
: that inside the cylinder far below the rotor: 

I r < r r<r 
v v 

Based on the characteristics of semi-infinite vor;ex cylinders, the ver* 

velocity just outside che cylinder vanishes: 

The circulation per unit length of the vortex cylinder yields the best values of 

thrust if it is related to the shear across the vortex layer - t  infinity (and not at 
I 

the rotor disk) by 

- W  y : nirculation/unit length = (winside outside 1 z=-m (13a) 

where winside and woutside are the vertical velocity components just inside and 

just outside the vortex cylinder being considered. When the vortex cylinder that 

represents the wake extends to z = -m, the downwash velocity induced at the rotor 

disk is half that at infinity. The circulation per unit length of the cylinder is 

given by 

y = 2 .  - 1 
('inside 'outside z-0 



The idealized rotor wake depicted in figure 1 extends to infinity in a radial 

rather than a vertical direction. In both cases, the velocity vanishes outside the 

wake far from the rotor. Equation (13b) instead of equation (13a) is used to relate 

I the circulation in the vortex cylinder to the downwiash distribution in the general 
. . case when both ground and ceiling planes are nearby. Once y is known, equa- 

I 
tions ( 1 )-(4) are used to calculate the downwash velocities induced by the vortex 
cylinders. This computation -s made by relating the vorticity shed by the rotor 

blades on each revolution to the downwash velocities to obtain another tselationship 

I -  for y .  The change in the circulation bound in a mtor blade, Ar(r), over a radial 

increment Ar, can then in the general case again be related to the downwash veloc- 

.j 
ity at the rotor disk by 

where Az is the :;ertical spacing between the vortices shed by the rotor blades and 

g iven by 

AZZ-• 2n r 

"b 
ave 

i 
and 

- 1 

+ W  ) 
= ('inside outside z.0 

In the computer code for the thrust, the vortex cylinders and the other param- 

eters used in the computations were set up in arrays. Since the vertical velocity, 

winside, on the inside surface of a vortex cylinder is then also the vertical veloc- 

ity on the outside of the next inboard cylinder, woutside, a single vertical veloc- 

ity w, suffices for both, because its loca~ion relative to each vortex cylinder 

determines whether it is used as an inside or an outside velocity. 

As mentioned previously, the iterative process in the computations is begun by 

evaluh ,ng, for example, the downwash distribution, the strength of the vortex 

cylinders, and the thrust when the rotor is operating in an unbounded region. Under 

those circumstances, the downwash through the rotor may be written as (assuming a 

linear lift curve and that vg = Or) 

where the negative sign was chosen on the square raot to insure that the velocity 

w is negative so that downwash rather than upwash is predicted. From the radial 

distribution of w predicted by equation (14) for the rotor in an unbounded space, 

a first estimate for the circulation bound to the blades and shed into the wake is 

determined. The iterative procedure described p-eviously is then used to refine the 

calculations for the flow-field structure and the thrust. Thro,rghout the analysis, 

the radial velocity ur induced by the wake-vortex cylinders, is assumed to have a 

~ i :  negligible effect on the loading. 
1. 



COMPARISON OF PREDICTED AND MEASURED ROTOR THHUST 

Experimental Data Used for Comparisons 

The thrust predicted by two wake node!s is now compared with two sets of exper- 
imental data. One set of data was taken by Knight and Hefner (refs. 2,3) with a 

rotor at various distances from a ground plane and presumably with no overhead or 
side boundaries. Their rotor was 1.524 m in diameter and could be tested with two 

to four untwisted blades that had NACA 0015 airfoil sections with chords of 5.08 cm 
and angles of attack from O0 to 14O. The maximum Reynolds Number at the blade tips 
was aboct 250,000. The diameter of the circular ground plane was 2.5 times the 
djameter of the rotor (3.66 m) and could be located at distances from 0.125 to 
1.1 rotor diameters below the rotor disk. 

Since a systematic set of thrust meqsurements cn a rotor operating in both 
grollna attd ceiling effect was not available, the first part of th's investigation 

was devoted to the experiment described in the appendix. The rotor (ref. 16) used 

was 0.324 m in diameter and had two untwisted blades with chords of 2.65 cm. The 
maximum test Reynolds number at the blade tips was 167,000. The airfoil section 

tapered from a NACA 0020 section at the 0.235 rb radius where the blade became a 

rectangular nonlifting section to a NACA 0008 section at the tip. The blades were 
set at a geometric anqle of attack of ab = 11.6O +O.1° for the entire test, and 

the ground plane was from 0.08 to 1.92 rotor diameters and the ceiling ,,lane at 

distances from 6 to 0.08 rotor diameters from the rotor disk. The appendix of this 

paper describes the equipment and procedures used to conduct the test. 

The most noteworthy characteristic of the data obtained in the experiment 
conducted for this investigation is that the thrust varied nearly linearly with the 

logarithm of the distance of the rotor disk from the ground or ceiling plane as 

shown by the lines in figure 6 made up of long dashes. This characteristic appears 

to be valid whether the ceiling or ground plane is held fixed while the other plane 

is moved inward or outward. The total scatter ir! the thrust data is indicated by 

bars on the end of a vertical line for the fixed ground plane data and by a rectan- 

gular box for the fixed ceiling data. In both cases the mean value of all of the 

data taken at each configuration is indicated by a dot. 

Thrust Predicted by Wake Model Bawd on Complete Image System 

The theoretical model described previously was used to predict the thrust 
valqes Shown in figure 8 by the short-dash lines. As mentioned in the description 

of the theory, the wake model used 14 vortex cylinders at 10 to 80 radial stations 

that were arranged so that the ceiling and ground planes were streamline surfaces. 

The computations were begun by calculating the thrust on the rotor in unconfined 

space and then moving the ground plane up to 1.92 diam below the rotor disk. Values 

used for the dashed curve labeled zc/D = 6.0 werz generated by leaving the ceiling 

far from the rotor but continual stepwise movement of the ground plane nearer the 

rotor produced the curve shown. The dashed curve labeled zg/D = 1.92 was produced 



by leaving the ground plane at its maximum distance of 1.92 d i m  below the disk (as 

occurs in the experiment) and moving the ceiling plane stepwise toward the rotor. 

Both curves are noted to have the same character exhibited by the experimental data; 

namely, the approximate linear change of thrust with the logarithm of the distance 

of the rotor to the ceiling or grouna. However, both theoretical curves lie sub- 

stantially above the experimental dats. 

Since the Reynolds number and scale of the present test were small, various 
attempts were made to find lift-curve equations that would bring the theory more in 

line with the experiment. It was found that the curves could be lowered by this 
technique so that a portion of the theoretical curves was close to the experimental 
data at values of z /D and zc/D that were less than about 0.5. However, the 

g 
thrust for larger distances was then undet-predicted. It was concluded, therefore, 

that strict adherence to the complete wake-vortex image system will overestimate the 

downwash and thrust changes caused by ground and ceiling plane proximity. Such a 

conclusion is supported by the observation that the shape of the idealized rotor 

wake as it impinges on the ground plane is bell shaped, whereas the theoretical wake 

consists of cylinders of constant radius. This difference in shape causes the theo- 

retical images to maintain a columnated or focused upwash onto the rotor disk; the 

more realistic bell-shaped image vortex system (fig. 1) would tend to disperse the 
upwash. Hence, the use of vortex cylinders for the simulation of wake elements is 

conveniect and straightforward, but suc a model appears to overpredict the effects 

of ceiling and groucd planes on upwash. 

Thrust Predicted by Wake Model Based on Two Vortex Cylinaers 

The comparisons made of the theory based on the complete image system with the 

data taken on the small 0.324-111 rotor indicate that the theory correctly represents 

the nature of the thrust change but not the magnitude of the change caused by the 

proximity of the floor and ceiling planes. Attempts were made, therefore, to find a 

wake and image system with vortex cylinders that would correctly predict the level 

of the thrust. It was first noted that as the rotor approaches the ground plane, 
the calculated downwash velocity through the rotor decreases, both because the 

vortex cylinder that represents the wake shortens (and therefore contains less 

circulation) and because the image-vortex cylinder immediately under the ground 

?lane gets nearer the rotor. One way to reduce the effect of ground proximity on 
downwaah is to eliminate the image cylinder immediately below the ground plane. It 

was found chat this simplified model of the wake with the ground plane is a good 

approximation; the thrust predict,ed on the small (0.324-111 diam) rotor as it 

approaches the ground plane is shown by the upper solid line in figure 8. The 
agreement is excellent, even though such a model violates the no-flow-through condi- 

tion at the ground plane. 

A representation of the effect of the ceiling on thrust similar to the one for 

ground effect was neither so easy nor accurate. It was reasoned that an image- 

vortex cylinder identical with the one used to represevt the wake is needed above 

the ceiling plane so that the rotor downwash is constrained as the rotor approaches 



1 

the ceiling. Not obvious was the location of the image cylinder above the ceiling 
I 

relative to the rotor position; that is, zim = f(zc), as indicated in figure 9. 
After a number of schemes were tried, the one chosen for the comparisons made here 

used the relationship 

Hence, the curves shown as solid lines in figures 8, 10, and 1 1  were calculated with 

a wake model composed of concentric vortex cylinders between the rotor disk and the 

ground plane to represent the wake, and an identical image-set above the ceiling 

plane (see fig . 9 ) . 
It should first be noted that the predictions provided by the approximate wake 

system agree with the experiment much better than the results from the complete 

image system when only one plane--either ground or - iling--is near the rotor. The 

predicted variation of thrust when both planes are present is illustrated in fig- 

ure 10. Comparison of the theory with the data generated in the present study (see 
Cppendix) for both ceiling and ground planes nearby is shown in figure 11. Gen- 

erally good agreement is noted throughout. It is noted, however, that the theoreti- 
cal result for the ceiling alone shown in figure 8 deviates considerably more from a 
straight line than the experimental data. Another semiempirical scheme that fits 

the data better could probably nave been found, but other shortcomings in the theory 

suggest that effort spent on a completely new approach would probably be more 

advisable. 

Comparison with the data of Knight and Hefner (refs. 2,3) provides a test of 

only the ground-plane simulation. Examination of the data for the two-dimensional 

flow around a NACA 0015 airfoil (refs. 2,15) at the Reynolds number of the test 

(Re 1 250,000) suggested a lift-curve equbtion as a function of effective angle of 

attack; the equation is given in the captions of figures 12 and 13. The lift equa- 

tion was first tested on the data taken when the rotor was not confined by nearby 

boundaries (i.e., no ground plane), and minor adjustments were made in the coeffi- 

cients to obtain the match presented in figure 12. The presence of the ground plane 

is noted in figure 13, again to be simulated quite accurateiy by the single image 

set of wake-vortex cylinders used in the approximate theory. 

APPLICABILITY OF RESULTS TO VENTED WIND TUNNELS 

One purpose of this investigation was to obtain theoretical and experimental 
information about rotors operating in confined regions; this information was needed 

for the development of guidelines for the design of vented wind tunnels. The objec- 

tive of tne vented wind-tunnel design is to achieve the capability to test helicop- 
ters or V/STOL aircraft at speeds from hover to maximum forward flight velocity. 

One approach to tunnel design is to have accommodating walls that conform to the 
streamlines that would occur around the vehicle if it were in free space. The 



accommodation is accomplished either by curving the wall shape or by withdrawing and 

introducing air through porous walls to simulate curved walls. 

In a second approach, the tunnel test section is designed to eliminate only 

those wall-interference contributions for which a correction owing to confinement is 

not possible. One such interference is the recirculation of the rotor wake or of 

the lifting jet exhaust back into the rotor or jet intake. Such a recirculation 

appears to be reduced to a negligible level if the side walls of the tunnel are open 
or far from the test vehicle, as assumed in tilt: investigation reported here. One 

way to implement such a wind-tunnel configuration is to have the side walls of the 
tunnel made up of rotating louvers or hing~d doors so that they can be opened for 

hover and for low-speed tests and closed for high-speed tests. Ir would seem that 

opening up the entire side wall of the test section is to be preferred over a par- 

tial opening of the side walls with doors near the floor and ceiling. Not only 

would a partial opening have to be tailored to the test device, but the necessary 

corrections would be much more difficult to derive for the general case. 

When the configuration of the vented test section has been determined, it will 

be desirable to place the rotor at the location between the ceiling and ground 
planes that yields the minimum interference from the combined effects of those 

planes. This optimum height was calculated for a rotor in tunnels of different 

sizes, using the theory presented in this paper for both the 0.324-111 and the 1.524-m 

rotors with two to five blades at geometric blade angles from q0 to 12'. All of the 

data fell near the curve shown ,; a solid line in figure 14. It is to be noted that 

when the rotor is large relztive to the tunnel (i.e., zt/D z 0.4), the rotor should 

be located at a point that is about 60% of the distance between the ground and 

ceiling planes, measured rrom the ground plane. When zt/D > 1 ,  the optimum loca- 

tion increases to about 73%. Also shown in figure 14 is a vertically hatched curve 
for the predicted range of thrust change caused by interference at the optimum 

location. Since an off-optimum location usually causes no more than a 4% additional 
thrust increment, a location near z /z  = 0.6 is probably to be preferred if only 

one strut height is to be used. 
g t 

As it applies to the wind tunnel venting system, the investigation reported 

here should be extended to determine the floor and ceiling areas needed outside the 
tunnel to prevent excessive recirculation of energized wakes. In addition, correc- 

tions have to be developed for the floor and ceiling proximity as the forward veloc- 

ity increases from hover up to the velocity where the tunnel side doors can be 
closed. A more sophisticated wake model should probably be used in such an investi- 
gation, because the wake-vortex cylinders used here become unrealistic for simula- 
tion of the wake shape and the recirculation of the flow about a rotor. 

CONCLUDING REMARKS 

The experimental and theoretical investigation reported here provides informa- 
tion on the effect of ground and ceiling planes of the thrust of rotors in hover. 



Of particular significance was the finding that the thrust change caused by surface 

proximity varied approximately linearly with the logarithm of the distance of the 

ceiling or ground plane from the rotor disk. 

The theoretical part of the investigation reported here extends the theory of 

Knight and Hefner for a rotor in hover to include both a ground and ceiling effect 

by using an array of concentric vortex cylinders to simulate the wake of the rotor 

and its images above and below the tunnel test section. It was found that the 

theory properly represents the trend in thrust with surface proximity, but that it 

overpredicts the magnitude of the thrust change. A semiempirical modification of 

this basic method was then used to formulate a wake-cylinder model for the downwash; 
the wake-cylinder model consisted of a set of wake-vortex cylinders that extends 

from the rotor disk to the ground plane to represent the wake in ground effect. A 

single set of image-vortex cylinders is used to represent the ceiling effect. An 

equation for the location of the image-set of cylinders above the ceiling was 

adjusted to bring the predicted thrust in agreement with the measured thrust. This 

semiempirical model for the downwash induced by a rotor wake in hover predicts the 

thrust on the rotor tested here and on the ones tested by Knight and Hefner quite 

accurately at all of the ground-plane distances when the ceiling plane is not too 

near. The loss of some accuracy when both ground and ceiling planes are near the 
rotor is probably caused by breakdown of the flow field in the narrow space between 

the two planes. 

Extension of the investigation to rotors moving at low forward speeds will 

necessitate the accumulation of data on a variety of confinement configurations and 
the development of an improved model for the rotor wake in the presence of confining 

walls. It may then be possible to apply the researcgh results to the design of 

vented wind tunnels that are capable of testing rotorcraft from hover speeds to 

maximum foward speeds. 



APPENDIX 

EXPERIMENTAL STUDY OF 0.324-111 ROTOR IN GROUND AND CEILING EFFECT 

A description is presented here of the experimental setup and procedures used 
to study the effect of ground or ceiling planes or both on the thrust of rotors 

dur int hover. 

The two-bladed rotor used in the test is the same one used by Empey and 

Ormiston (ref. 16). The rotor is 0.324 m (12.75 in.) in diameter with two untwisted 
aluminum blades ; the blade chord is 2.65 crn ( c = 1 ,043 in. ) , and it blends into a 
nonlifting rectangular cross section at about 3.81 cm (1.5 in.) or r/rb = 0.235. 
The airfoil thickness tapers from a NACA 0020 section at the inboard radius where 

the blade section becomes rectangular to a NACA 0008 at the tip. The geometric 

angle of attack of the blades is adjusted by first loosening clamping bolts at the 

hub, aligning the b:adcs with a set of templates, and then tightening the bolts. 

The geometric angle of attack used in these tests was measured at ab = 1 1 . 6 O  +O.lO. 

The rotor shaft was mounted horizontally through a tube to help stabilize it 

against vibration. The end of the shaft opposite the rotor was attached to a vari- 

able-speed electric motor capable of speeds up to about 6,000 rpm. The entire 

assembly was suspended on two thin, flexible pieces of sheet metal and then 

restrained from horizontal motion by a 4.4N (1-lb) balance, as illustrated in 

figure 15. The rpm was detected by a magnetic pickup on the shaft and fed electron- 

ically into an analog-to-digital converter minicomputer system, along with the 

thrust force and atmospheric pressure and temperature; in this way, the thrust 
coefficient CT was calculated automatically. The average of 15 readings of CT 

was printed out five times at each experimental test condition. Data were taken at 

nominal rpm settings of 3,000 to 5,500 rpm at increments of 500 rpm. As noted in 

the text, the maximum and minimum of all of the values of CT taken during the run 

sequence are shown as short horizontal bars at the end of a vertical line; the 

arithmetic mean of all the readings is indicated by a dot. 

The floor and ceiling planes were made of plywood sheets standing on end, as 

shown in figure 15. Floor and ceiling sizes of 4 x 8 and 8 x 8 rotor diameters were 
used to be sure that both the ceiling and ground planes in the test were large 

enough to approximate an infinite size. Comparison of the measured thrust for the 

large surfaces with data for the small surfaces showed no systematic differences. 

It was concluded, therefore, that either size was adequate to approximate the 

infinite size assumed in the theory. 

The rotor axis was about 5 diam above the floor of the test area and the whole 

assembly was located in a room about 30 diam on a side. The room was kept free of 

forced circulations from such sources as heaters, open doors, and windows during the 

data-taking process. Even though these precautions were taken, the thrust still 

varied over time periods of several seconds to several minutes. The total excur- 

sions of the thrust and the averaged values were repeatable on a given day or from 



week to ueek. It is believed that the variations in thrust were due to unsteadiness 

in the wake and in the ingested flow, because time-dependent flow variations were 

observed in the energized wake as it passed the edges of the floor plane. 

The test was conducted in approximately 1-hr increments, which were begun by 

reading the atmospheric pressure and temperature at the test site. A given ground- 
plane distance was chosen ( i .e., between 1 .92 D and 0.078 D) and the ceiling plane 
was removed from the test area. Data were taken as indicated previously at rpm 

values from about 3,000 to about 5,500 rpm in 500-rpm increments. The electric 
motor that drove the rotor was then turned off and the ceiling plane moved to a new 

desired distance. After the data-taking process was again completed, the ceiling 

plane was moved nearer the rotor disk and the process repeated. This procedure was 

continued until data had been obtained throughout a matrix of ground and ceiling 

distances which included z - 1.92 D to 0.0784 D and zc = 6.0 D to 0.0784 D. 
g - 

The thrust on the rotor in unconfined space as a function of geometric blade 

angle ab, was obtained by Empey (e.g., ref. 16), and is presented in figure 16 to 
illustrate its variation and to provide a comparison with theory. The data taken 

at ab = 11.6O in this test lie slightly below the data curve measured by Empey, 

probably because the blades are rougher than they were when tested by Empey 

(ref. 16). A theoretical curve for the thrust as a function of blade angle is also 

shown in figure 16. The thrust calculations require a lift-curve equation for the 

blade sections. Since the maximum Reynolds (based on blade chord) for the test was 

167,000, the first lift-curve equation was an approximation to the data presented in 

reference 15 for Re = 42,000, 84,000, and 169,000. The coefficients of a, in the 

equation were then adjusted slightly so that the computed thrust coefficients fit 

the unconfined data at ae = 11.6O, thereby resulting in the equation 

Other lift-curve equations could have been used with approximately the same result, 

but equation (Al) provided satisfactory results throughout the range of experimental 
conditions. 
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Figure 1.- Cross section of axially symmetric wake shapes used to a p p r o x i - l t e  
3 ,  

energized wake of rotors in presence of ground and ceiling pianes .  
! i 



(a) No nearby boundaries. 

Figure 2.- Streamlines of axially symmetric flow field induced by a semi-infinitely 

long vortex cylinder. 
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(b) With ceiling planes. 

Figure  2 .  - Concluded. 



( a )  h = 2r,. 

Figure 2 . -  Streamlines of axial ly symmetric flow f i e l d  induced by v o r t e x  cylinders 

of f i n i t e  length. 





F i g u r e  4.-  S t r e a n l i n e  p a t t e r n  o f  s x i a l l y  s y m n e t r i c  f low f i e l d  induced  by v o r t e x  

c y l i n d e r  whose l e n g t h  is e q u a l  t o  i t s  d i a m e t e r :  h = 2 r v ,  w i t h  ground p l a n e  
p r e s e n t .  
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Figure 5.- Sketch of f i r s t  part of imaging system used t o  simulate presence of both 

ground and ceiling planes on rotor flow f ie ld .  
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Figure 6.- Streamline pattern of axially symmetric flow fields induced by vortex 
wakes when ground and ceiling planes are present: (a) One vortex wake; ( 0 )  four 

vortex wakes; relative strengths of cylinders per unit length were determined by 

theoretical load on two-bladed rotor: y ,  = -1.00, y2 = +0.17, y3 = +0.20, 

yq = +0.25. 
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Figure 7.- Schematic o f  arrangement of vortex cylinders, rotor blades, etc., used 

in theory for predicting thrust. 



---- THEORY USING ALL IMAGES 

- APPROXIMATE THEORY 

-- STRAIGHT-LINE APPROXlrd4TION 

TO DATA 

DATA; zc/D = 6.0 

I DATA; zg/D = 1.92 

Figure 8. - Comparison of  various t heo r i e s  with expef inent  on 0.324-m-d iam 

(12.75-in.-dim) ro to r :  CL = G.08ae - 0.00006. ab = 11.6" k0.1'. 
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Figure 9.- Arrangement of two vortex cylinders used to represe t ake of rotor and r. 2 r  
effect of ceiling and ground plane: 

z im = 5zc 



J 

J 
Figure 10.- Thrust coefficients predicted by eory t ha t  uses approximate image Y. system: CL = 0.08ae - 0.00006a,, ab = 11.6' 50.10. 



Figure 11.- Comparison of thrust measured on 0.324-m-diam (12.75-in.) rotor with 

values predicted by theory based on approximate image system; vertical length of 

symbols indicates excursions observed in CT. 



Figure 12.- Experimental thrust data (symbols) taken with  no nearby boundaries by 

Knight and Hefner ( r e f .  2 )  on 1.5-m-diam (5-f t )  rotors that have different 
numbers of blades Nb and geometric blade angles ab; d t a  are compared w i t h  

theory (solid l ines) that assumes 
e 

fl 
CL = O.la - 0.00002a (CL = 0.8 when 

2 10') as lift-curve equation for the rotor blade sections. 



Figure 13.- Experimental thrust data (symbols) taken by Knight and Hefner (ref. 3) 

on 1.5-m-diam (5-ft) rotors in ground effect, using different gernetric blade 

angles ab and blade numbers Nb; data are compar d with approximate theory 

e 
8 (solid lines) ~ h i c h  assumes C = O.la - 0.00002ae (CL = 0.8 when ae 2 lo0) as 

lift-curve equation for the rotor blade sections : (a) Two-bladed rotor ; 
(b) three-bladed rotor; ( c )  four-bladed rotor. 

3 5 
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Figure 14.- Location of rotor d i s k  between ground and ceiling planes a t  which total 
interference is a m i n i m u m  for a range of tunnel heights: zt/D = (zg + zc)/D, 
Also shown is predicted range of thrust change due to  interference a t  optimum 
location; an off-optimum location usually causes no more than a 4% additional 
thrust increment. 
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Figure 15.- Schematic of test setup: rb = 16.2 cm (6.38 in.), c = 2.65 cm 
(1.04 in.). 



Figure 16.- Comparison of thrusS measured on small rotor [D = 0.324-m (12.75 in.)] 
when no boundaries are nearby with data of Empey and Ormiston (ref. 1 6 )  and with 

theory. Theory computcs thrust using C = 0.080 - 0.00006a: as lift-curve 
L e 

equation for the rotor-blade sections. 
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