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Effect of Hard Cores on the Binding Energies of H® and Heé’
Corrected Values
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(Received March 11, 1959)

There was a slight error in the kinetic energy formula of the paper I by Ohmura
(formely Kikuta), Morita, and Yamada. The binding energy of H® as well as the
Coulomb energy of He3 are recalculated as described in I by using the correct value of the
kinetic energy. The results obtained are, however, almost the same as in I and II.

In the previous papers,”” (referred to as I, II respectivly hereafter), the
binding energy of H® has been calculated by assuming two-body central forces with
hard cores of various sizes. It has been shown that the binding energy is reduced
considerably with the increase of the hard core radius, and that the binding energy
is not very sensitive to the shape of the potential if the hard core radius is quite
large (for example, 0.6 X107 cm). The observed energy difference between He®
and H® (~0.76 Mev) is much smaller than the Coulomb energies calculated by
many authors®, which are about 1 Mev or more. However, if the two-body nuclear
force has a strong repulsive core in it, the two protons of He’ may be pushed
away from one another so that the Coulomb energy can be expected to be reduced.
In T and II we found this to be the case. Such an effect of the hard core on
the binding energy of H® and on the Coulomb energy of He’ are assumed to
be valid even when the two-body potential has the tensor force included in it.

Meanwhile Dr. G. Derrick of the University of Sydney used some numerical
values of I as a check on his coding for SILLIAC, and found a small difference
(~1 Mev) between his kinetic energy values and ours. Then he checked the
cumbersome formulae for kinetic energy given in I, and has kindly informed me in the
fall of 1957 that the term -+ (D*—16D/x—8/2*)C,(x) in the expression on the
second line of page 232 of I should be replaced by -+ (D*—14D/x—8/2%) C,(x).
Thus we decided to recalculate the binding energy of H® and the Coulomb energy
of He® by using the correct values of kinetic energy, though the corrections were
expected to be rather small. The same assumptions, the same notation and the
same method of calculations as those in I and II are used. We use the same

potentials as in I and II ; namely, (1), (2), Table I in I and (1), Table I in II. The
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Effect of Hard Cores on the Binding Energies of H® and He® 35

trial function is the same as (4) in I. The binding energy and the values of parameters
¢ and v determined with variational method in this way are given in Tables I and II.

Table I. Variationally computed binding energy of H3.

B. E. (H3) in Mev
Hardincolrg_lxéacd;lus D 795 == 2.7X 107 B cm 79s == 2.4X 10718 cm
Yukawa pot. ‘ Exponential pot. Yukawa pot. Exponential pot.

0.0 12.49 10.26 | 15.97 | 11.38

0.2 9.15 8.81 | 10.0 ; 9.98

0.4 7.52 | 8.85

0.6 6.43 | 5.79 | 7.41 | 7.38
Experimental Value 8.49

Table II. Adjusted values of 4 and v in 101 cm™1

Fos = 2.7X 10~ cm ros = 24X 10718 cm

|
|
Din107Bcm “ y o ’ y
Yukawa : Expon. - Yukawa i Expon. | Yukawa =@ Expon. Yukawa | Expon.
0.0 0.605 0479 | o o | 0659 0503 oo | oo
0.2 0.447 0.462 | - 5.93 503 . 0489 . 0479 61 | 520
0.4 0457 4.09 0500 427
0.6 0.452 0.450 | 4.28 420 | 0498 | 0494 447 451

~ Since the adjustment of the potential parameters is somewhat inaccurate in the case
of the Yukawa type potential, all the values for the Yukawa well are considered to
be about one order of magnitude less precise than those for the exponential well.
But if we assume the validity of potential parameters, all the tabulated figures in
Table I~X have validity. The exceptions are Tables II and III, where the
tabulated values contain errors of the order 19, or even up to several per cent.
If charge independence of nuclear forces is assumed, the Coulomb energy of
He® can be calculated by the perturbation method with reasonable precision. The
results are given in Table III. The detailed numerical results which appear in the
course of our calculation of kinetic energy, potential energy, etc., are given in Table
IV~X in the Appendix. By comparing with Tables in references I and II, we
see that: 1) The kinetic energies are reduced by an amount of the order of magni-
tude of 1 Mev in case of D#0. Consequently, the binding energies increase by a
similar amount. 2) Adjusted values of /¢ increase somewhat, but v practically remains
unchanged. 3) The results for D=0 remain correct, because the corrected term
contains a factor . 4) Some gqualitaive conclusions stated in I and II are not
altered, namely, a) Hard cores push out the wave functions of H® and He’,
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36 T. Ohmura

Table III. Coulomb energy of He3

C. E. of He? in Mev

Hard core radius D | ros =2.7%x10"Bem Fos = 2.4 % 10715 cm
| Yukawa pot. Exponential pot. Yukawa pot. Exponential pot.
0.0 } 1.246 0.986 1.358 : 1.037
0.2 i 0.830 0.836 0.896 0.861
04 ‘ 0.746 0.798
0.6 } 0.688 0.686 0.736 0.733
|
Experimental Value ‘ 0.764

so that the Coulomb energy of He®, which is too large without the hard cores, is
brought into agreement with the experimental value of the difference between the
binding energies of H® and He®, b) Hard cores reduce the binding energies of H®
and He® considerably, ¢) The hard core effects are slightly more enhanced for the
Yukawa potential than for the exponential, especially near D=0, possibly because
of the rapid change of the potential form in this region, d) Discussions in I and
II about the approximations can be applied also to the present case, and so the
values of B.E. (I’) are expected to be about 1 Mev larger than the values in
Table I, while the Coulomb energies may be several per cent smaller than the
values in Table III. :

If we take the hard core radius D as 0.3~0.4X10"%cm for 7,,=2.7X 10 %cm
or D=0.4~0.6 X10""cm for 7,,=2.4X10""%cm, reasonable fit to the experimental
values is obtained. '

Since the binding energy thus calculated is rather sensitive to unestablished
details of the nuclear force, and since the tensor potential must be taken into
account, the absolute value of the binding energies of H*® should not be considered
literally. The inclusion of the tensor force reduces the binding energy” of H? to
some extent. On the contrary, we can clearly see from Table III the general
trend of the effect of hard cores on the Coulomb energy of He’. Because, in the
case of the exponential potential, it is inferred from Table II that the diminution of
the Coulomb energy for the exponential potential is not due to the behavior of the
wave function at large distances, which is mainly specified by the parameter g,
but due to the vanishing of the wave function at short distances.

The inclusion of the tensor potential in the two-body force may decrease the
Coulomb energy. This fact will be understood by comparing the calculated values
of Pease and Feshbach® with Table III of the present paper. Using the Yukawa well
for both central and tensor parts, Pease and Feshbach obtained 1.01~1.04 Mev for
the Coulomb energy, while Table III gives 1.245 Mev (assuming 7,,=:2.7 X 10~ *cm)
and 1.358 Mev (assuming 7,,=2.4X107%cm) for the Yukawa well. The reason
may be as follows: The tensor potential mixes D-states (and P-states) in H?

220z 1snbny |z uo1senb Aq 89€GZ6 L/vE/L/zz/e1onie/did/woo-dnoolwspede)/:sdyy woly pspeojumoq



Effect of Hard Cores on the Binding Energies of H* and Heé 37

state. These states are pushed away outside by the centrifugal forces, so that the

Coulomb energy arising from these mixed parts of the wave function decreases
considerably. There is also another reason that the inclusion of tensor force reduces
the binding energy so that the nucleus has a larger extension.

Summary. This note reports the corrected values of our results in the previous
papers I and II. The correction is done by replacing (D*—16D/x—8/x%) C,(x),
the last part of the second line of p. 232 in I, by (D*—14D/x—8/z")C,(x).
Consequently, the kinetic energies decrease about 1 Mev for Ds£0. There is no
change for D=0. Otherwise the results obtained are almost the same as in I and
II. The absolute value of binding energy is relatively sensitive to wunestablished
details of the nuclear force, but we can clearly see from Table III the general trend
of the effect of hard cores on the Coulomb energy of He®. Because it is inferred
from Table II that the diminution of the Coulomb energy for the exponential
potential is not due to the behavior of the wave function at large distances, which
is mainly specified by the parameter p, but due to the vanishing of the wave
function at short distances. The Coulomb energy of He® is being calculated by
assuming an extended proton. The Coulomb energy may be reduced further.

Table IV. No hard core. Exponential potential. (v=00).

—U, in Mev | B.E. (H in Mev
4 in y in —U; - — K : _
1013 cm™1! 108 cm™! | in Mev ros =2.7 Tos =2.4 in Mev Tos =27 | 7os=2.4
5 X108 em | X107Bcem X108 cem | X107Bcm
0.5 o) 33.42 21.19 22.39 44.42 *10.18 *11.38
0.4835 - o 31.67 20.12 21.19 - 4154 *10.25 *11.33
0.45 co 28.15 ‘ 17.96 18.79 ‘ 35.98 *10.12 *10.96

Table V. Hard core radius D=0.2x10"3cm. Exponential potential.

| . —U, in Mev | B. E (H?) in Mev
2 in y in ~-U, —— K S e N in
108 cm™1 | 108 cm™! | in Mev 795 =2.7 ! ros=2.4 | in Mev Tos =2.7 Tos =24 [(2X10718cm)s
X108 cm ‘ X 10718 cm | X108 cm 1 X108 cm
0.55 45 4192 2812 | 2079 | 6281 | *7.23 | %890 | 0.005945
05 65 4051 | 27.04 | 2879 | 60.14 741 916 | 0011827
05 5.5 3877 | 2602 | 2755 | 5651 | *827 981 | 0010975
05 5 37.63 | 2535 | 2674 | 5449 | %849 %989 | 0010723
05 | 45 3626 | 2453 | 2577 | 5228 | 851 | 075 | 0.010303
05 | 35 3253 | 2227 | 2311 | 47.06 774 858 | 0.009344
045 | 55 3261 | 2209 | 2317 | 4597 | %873 *981 | 0020033
045 | & 3170 | 2155 | 2253 | 44.49 876 974 | 0019672
045 | 45 30.60 | 2089 | 2174 | 4287 | *862 | *947 | 0019194
045 | 4 2025 | 2007 2078 | 4107 826 897 | 0018546
04 | 45 2501 | 1711 1777 | 3419 798 | 859 | 0037981
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Table VI. Hard core radius D=0.4x10"18cm. Exponential Potential.
~U, in Mev | | B. E. (H%) in Mev
o in_ y in _ ] U, e e ) K i — N_in
10Bcem™! | 108 em™ | in Mev ros=2.7 ros=2.4 in Mev | ros=2.7 ros=2.4 |(2X10718cm)6
X10™Bcm| X 10~ 8B cm J X10™8cem | X107 Bem
0.5 5.5 48.04 34.06 36.46 77.36 4.74 i 7.14 0.017722
0.5 4.5 43.73 31.42 33.21 68.14 *7.01 ]‘ *8.80 0.016515
0.5 3.5 37.64 27.70 28.75 58.07 *7.26 1‘ *8.32 0.014507
0.5 3 33.77 25.25 25.89 52.55 6.46 i 7.10 0.012975
0.45 3.5 31.65 23.58 24.24 48.07 *7.16 | *7.82 0.026619
0.4 4.5 29.72 21.93 22.70 44.39 *7.26 *8.02 0.056483
0.4 4 27.92 20.82 21.38 41.63 *7.10 ‘ *7.66 0.05462
0.4 3.5 25.73 19.47 i 19.80 38.69 *6.52 i *6.84 0.05208
0.35 4.5 23.09 17.30 } 17.70 34.03 6.37 ‘ 6.77 0.11764
Table VII. Hard core radius D=0.6X10"18cm. Exponential Potential.
‘ | | U, in Mev | | B. E. (H3) in Mev
p in y in -U, i K o e N in
108 cm™! | 10 Bem™ | in Mev ros=2.7 | ros=2.4 in Mev i ros=2.7 | 7s=2.4 \(2 X 1018¢m)6
y X107 cem| X 10718 cm ‘ X10™Bcem | X107 8 cm
0.5 i 4.5 51.18 39.70 41.89 85.70 *5.18 ‘ *7.38 0.025025
0.5 4 46.75 36.98 38.53 78.16 *¥5.56 | *7.12 0.023497
0.5 3.5 42.03 34.03 34.93 70.88 5.17 6.07 0.021423
0.5 3 36.42 30.32 30.57 62.79 3.95 i 4.21 0.018909
0.45 4.5 42.60 33.56 35.04 70.46 ¥.70 - *7.18 0.04371
0.4 5.5 39.17 30.43 32.04 64.93 4.68 6.29 0.08576
0.4 ‘ 5 36.88 . 29.07 30.33 60.63 *5.32 ‘ *6.58 0.08382
0.4 | 4.5 34.32 ! 27.05 28.38 56.25 #/.57 | *6.45 0.08132
0.4 4 31.42 2567 | 26.16 51.81 *5.29 *5.77 0.07815
0.35 4.5 26.49 21.62 3 22.03 ‘ 43.23 4.87 5.29 0.16429
03 | 55 2188 | 1765 | 1811 3576 3.78 424 0.38152
03 | 5 20.67 1692 17.20 33.70 3.88 4.17 0.37685
0.3 4.5 19.30 16.06 ‘ 16.15 31.62 3.74 3.83 0.37085
0.3 j 3.5 15.97 13.88 | 13.58 27.17 2.69 2.38 0.35203
Table VIII. No hard core. Yukawa potential. (v=00)
‘ } —U, in Mev | | B.E. (H% in Mev
e | w | [« |
1018 cm™1 | in Mev | ros=2.7 ros=2.4 } in Mev [ roe=27 | ros=2.4
| X 10718 cm X 1078 em ‘ | X10"Bcm ! X 10718 cm
055 | 3892 27.04 2056 . 5375 . *12.22 14.73
06 | 45.08 31.38 34.48 63.97 | *12.49 #1558
0.65 51.44 35.89 39.58 75.07 *12.26 *15.96
0.7 57.99 40.52 44.86 87.07 11.45 *15.79
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Table IX. Hard core radius D=0.2x10"18cm. Yukawa potential.

—U; in Mev B. E. (H3) in Mev
2 in y in -U, K e — N in
108cm™1 | 108 em™ | in Mev ros=27 | 7ros=2.4 in Mev | 7,=27 | rp=24 {(2X107Bcm)6
‘ X10"8cm | X 107 B cem X107 8B cem| X108 cem
0.55 4.5 I 41.26 28.83 29.90 62.81 | 7.29 8.36 0.005945
0.5 6.5 4047 28.25 29.44 60.14 *8.68 k9,77 0.011327
0.5 ’ 5.5 i 38.50 26.87 27.88 | 56.51 *8.86 @9 .87 0.010975
0.5 5 37.17 25.99 26.90 54.49 8.68 ®9.59 0.010723
0.5 4.5 “ 35.67 24.96 25.75 52.28 *8.34 *%9.13 0.010393
0.45 6 | 33.19 23.21 23.98 47.31 9.09 | @9.86 | 0.020312
0.45 5.5 32.33 22.72 23.32 45.97 *9.08 **g99.68 ; 0.020033
0.45 5 31.32 21.93 22.54 1 44.49 8.76 &9.37 0.019672
0.45 4.5 30.12 ¢ 2111 21.63 | 42.87 *8.35 #*8.87 0.019194
0.45 4 2868 | 2012 2053 = 41.07 773 | 814 | 0.018546
0.4 45 | 2467 1732 1761 | 3419 780 | @%48.09 | 0.037981

[**] gives B. E. =9.94 Mev with adjusted values ot £=0492, y=5.89x1018cm%, while [@]
gives B. E. =10.07 Mev with u4=0.487, y=6.36 X 10*3cm™%. Since the author does not quite under-
stand such a large difference between values of different two sets, the averaged values are tabulated
in Table I and II.

Table X. Hard core radius D=0.6x10"33cm. Yukawa potential.

: —~U, in Mev ‘ B. E. (H3 in Mev
in vin , =U, K — — N in
10Bem™1 | 1018 ¢cm™1 in Mev Tos=2.7 s = 2.4 in Mev Tos=2.7 ros=2.4 (2X10713cm)6
‘ X107Bem| X107 em X107 cem | X107 B em
05 45 | 5113 4050 | 41.97 8570 %593 | *741 | 0.025025
05 = 4 . 46.68 37.65 3855 7816 %617 *7.07  0.023497
0.5 35 . 4195 = 3458 | 3489 | 7088 | 565 *5.96 0.021423
05 3 . 36.37 30.78 3081 6279 436 3.89 0.018909
045 | 45 . 4258 3424 | 3508 | 7046 . *6.36 %720 . 0.04371
0.4 55 | 8922 | 3116 | 3220 | 6493 5.45 6.49 0.08576
0.4 5 3691 2972 | 3044 | 6063 | 6.00 6.72 0.08382
0.4 45 | 3432 28.07 | 2844 | 5625 6.14 %6.52 0.08132
0.4 4 3142 . 2616 | 2631 5181 %578 5,92 0.07815
0.35 45  26.53 22.08 ‘ 2209 4323 = 537 5.39 0.16429

Added note after completion of the manuscript.

We have come to know of a paper by J.M. Blatt and G. Derrick? entitled
“Repulsive Core Forces in the Triton”. They have concluded that the binding
energy of H® increases with increasing core radius. They use a family of central
and tensor potentials for the two-body nuclear force. The 4 adjustable parameters
in the potential for the triplet even state can probably be determined so as to give
the correct binding energy, the effective range and the electric quadrupole moment

220z 1snBny |z uo 1senb Aq 89£G5Z61/7E/1/zz/eNe/d)d/Wwoo dno-owepeoe//:sdly woly pepeojumod



40 T. Ohmura

of the deuteron, and also the binding energy of the triton, if the core radius is not
too large. Therefore, if we want to argue whether the binding energy of H*
increases or decreases with increasing core radius, one plausible extra-restriction
must be imposed on the 4 potential parameters in order to compare the binding
energies of H? for the different values of the core radii. It seems that Blatt and
Derrick assume that the well depth of the central force should be taken equal for
the different core radii when comparing the B.E. of IHH’. The author does not
quite understand the reason why they choose the above mentioned criterion. Even
if their criterion was most plausible, their conclusion could be doubtful, because the
tensor force is completely omitted in their actual calculation of the binding energy
of H®. The numerical values obtained by them may of course be useful for some
specialists as a guide.
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Appendix. Details of the resulis of calculation

In order to get the minimum of the stationary expression of energy by varying
the adjustable parameters /¢ and v, we have used the quadratic function approximation
as in I and II. In the following tables we give the detailed values which have
appeared in the course of our calculation. The values with asterisks are used to
obtain Tables I, II and III. Tables IV~VII are revised versions of Table VI in
reference I, and Tables XIII~X are revised versions of Table V in reference II.
Potential parameters were given in Table I of reference I and Table I of refe-
rence II respectively. The values of normalization are given in (2 X107 *cm)®
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