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The effect of impurities on the level density of an electron gas in a strong magnetic 
field is investigated. An approximate closed set of equations is given for the one-particle 
Green's function of the electron gas assuming the random distribution of the impurities. The 
self-energy included is the sum of multiple scattering from each impurity where the true 
Green's function is used for the propagator. The set of equations is solved numerically in 
a self-consistent way for the level density. Discussions are given for the validity of various 
approximations proposed in the past for this system. 

§ I. Introduction 

The effect of impurities on an electron gas in an external magnetic field have 
been investigated by a number of authors. 1>~12) It has been almost two decades 
since Dingle1

> showed that the amplitude of the oscillatory part of the magnetic 
susceptibility is reduced when the assumption is made that the impurities cause 
the Lorentz-type broadening of the electronic state within the plane perpendicular 
to the magnetic field. Doman7

> and Bychkov5l treated the problem by solving 
the equations for the one-particle Green's function of the electron gas. Brails­
ford8l extended his own formalism developed for the dilute solid solutions to in­
clude an external magnetic field, and obtained the reduction of the amplitude of 
the oscillatory part of the susceptibility and the change of the period of the 
oscillation. 

The electrical conductivity of the ideal electron gas in the strong magnetic 
field shows a logarithmic divergence/3

) which is connected with the divergence 
of the level density. It has been pointed out that this divergence will be re­
moved under various assumptions, e.g., if one assumes finite level density at the 
Landau levels.6l In order to estimate the conductivity under the presence of im­
purities, Skobov,3> Bychkov,4l Kubo, Miyake and Hashitsume6l and Abrikosov10

> 

*> Present Address. 
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Effect of Impurities on the Level Density of an Electron Gas 379 

investigated the one-particle Green's function of the electron gas in the strong 
magnetic field. 

On the other hand, Hasegawa and Nakamura11
) and Saitoh, Fukuyama, Ue­

mura and Shiba12) have applied the formalism developed by Yonezawa and Matsu­
bara16) for the impurity conduction problem on the lattice to the investigation of 
the impurity band under the external magnetic field. Hasegawa and Nakamura 
solved the equations for the one-particle Green's function in the quantum limit, 
and Saitoh et al. treated the problem in the limit of weak magnetic field. 

As stated above, various authors have investigated the one-particle Green's 
function of an electron gas in the strong magnetic field and introduced various 
approximations on it. But the limits of validity of their approximations have not 
been given clearly. In the present paper, we investigate the Green's function 
where we assume that the interaction of an electron with an impurity is of short 
range and that the distribution of the impurities is completely random. The self­
energy included is the sum of multiple scattering from each impurity. We first 

assume the one-particle Green's function of an ideal gas for the propagators oc­
curring in the self-energy diagrams, and show that the approximations proposed 
in the past2)~T) are mostly applicable only to the case when the impurity density 

is of rather high density. In the next place in § 3, we use the true renormalized 
Green's function for the propagators involved in the self-energy diagrams. This 
approximation is equivalent to the approximation adopted by Hasegawa and Naka­
mura11) and Saitoh et al. 12

) for the investigation of the impurity band problem un­
der an external magnetic field. The improved approximation is considered to be 
applicable to lower densities as well. In § 4 the level density obtained by nu­
merically solving the set of equations in the improved approximation is shown, 
and discussions are given on the results. Section 5 is for conclusion. 

§ 2. Perturbation expansion 

The level density of an electron gas is calculated with the aid of the one­
particle Green's function. For an electron gas under an external magnetic field, 
we use the one-particle Green's function G (p, p'; co) defined by 

(2·1) 

where ap and av * are the annihilation and creation operators for an electron in 
the Landau state p : p represents the set of three numbers n, PY and Pz specify­
ing the Landau state. av (t) and av * (t) denote the operators in the Heisenberg 
representation and T is the time ordering operator. The spin of an electron is 
not considered. As no interaction is introduced between electrons of different 
spins, the following analysis applies to the set of electrons of each spin separa­
tely. 

When no impurities are introduced, the Green's function G (p, p'; co) reduces 
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380 S. Tanaka and T. Morita 

G(O) (p, r») = 1 
w-s(p) 

(2·2) 

and 

( 
1 )eH Pz2 

s(p) = n+ -- -+-. 
2 me 2m 

(2·3) 

Here H is the intensity of an external magnetic field, m and e are the electro­
nic mass and charge, respectively, and c is the velocity of light (h being set 
equal to unity). The level density of the ideal system is given by 

p(O) (r_u) = :E 0 (r_u- c (p)) 
p 

= _!_ :E lim Im c<o> (p, r»- is). 
7C p S->0 

(s>O) 

(2·4) 

For the system including impurities, the level density p (a>) Is calculated by 

where 

p (r») = _!_ :E lim Im G (p, r»- ie), 
rc ., s .... o 

Cs>o) 

G(p, w) =G(p,p; w). 

(2·5) 

(2·6) 

Following Edwards/4
> one can develop the perturbation expansion for the Green's 

function. For the present case one obtains 

G (p, p'; w) = c<o> (p, w) [a p,p' + ~ .s (p, p"; w) G CP", p'; w) J, (2·7) 
pH 

where .S (p, p"; r») denotes the self-energy. G (p, p'; r») and .S (p, p'; a>) in (2 · 7) 
depend on the distribution of the impurities in the system. We consider those 
quantities averaged over the random distribution of the impurities in the continu­
ous space and denote them by the same notation. After averaging, the equation 
for G (p, p'; r») takes the same form as (2 · 7) where p, p' and p" have the same 
values of Pv and Pz but may take different values of n. As a starting approxi­
mation, we shall consider the sum of the diagrams shown in Fig. 1 (a) for the 
self-energy part. 

In a recent work, Abrikosov10
> investigated .S (p, p'; r») for the case when 

the interaction potential of an electron with impurities is described by the delta­
function. In the corresponding analysis, Hasegawa and Nakamura12

> assumed that 
the matrix element of the interaction potential taken by two Landau states is a 
slowly varying function of the parameters describing the Landau states. They 
showed that, for such a case, Eq. (2 · 7) with (2 · 2) is reduced to 

G (p, p'; w) = G (p, w) o p,p' (2·8) 
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(b) 
Fig. 1. Diagrams for the self-energy part I (p, w). (a) Considered diagrams, (b) an example of 

ignored diagrams. 

and 

1 G(p, w) = , 
w-e(p) -I(p, w) 

(2·9) 

where I (p, w) = S (p, p; w). When the self-energy diagrams shown in Fig. 1 (a) 
are considered and the other "crossed diagrams" such as shown in Fig. 1 (b) 

are neglected, S (p, w) is a sum of contributions from each impurity. The self­
energy part I(p, w) is then expressed as 

I(p, w) =p[v+vF<0>(w)v+ ···] 

pv ___ _:_____ __ 
1- vF<o> (w) ' 

(2·10) 

F<o> (w) = ~ G (p, w), 
p 

where v is the magnitude of the interaction potential, the volume of the system 
is taken as unity and p is the total number or number density of the impurities 
in the system. It should be noted that this simple form (2 · 9) is achieved under 
the assumption that the interaction potential with an impurity is described by the 
delta-function. (2 ·10) shows that I (p, w) is now independent of p. We denote 
the real part of F<0>(w-ie) as FR<0>(w). The imaginary part is rcp<0>(w) as 
described by (2 · 4). Then one has 

S(p, w) =Ll(w) +iT((})), (2·11) 

LJ(w) = pv[1-vFR<0>(w)] 
[1- vF R(O) (w) ]2 + V27C2P(O) (W)2 

(2 ·12) 

pv2rcp<o) (w) r c(J)) = ~~~-=-----'--------'---'---~-
[1- vF R(O) ((})) J2 + V27C2p(O) ((}))2 

(2 ·13) 

Kahn2
) obtained a finite result for the conductivity by using (2 ·13) for the self­

energy part where he has omitted F R<o) ((})). Abrikosov10
) mentioned the renor-
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382 S. Tanaka and T. Morita 

malization discussed in the following section but argued that it is not important 

for the problem of his interest in that work and adopted the same approximation 

as Kahn. 
VVe define t(w) by 

v (2·14) 
1-vFR<O>(w). 

Then Eqs. (2 ·12) and (2 ·13) for the real and imaginary parts, Ll (w) and T (w), 

of the self-energy part .S (p, w) are expressed as follows: 

Ll(w) = pt(w) ' 
1 + t (w)2n2p<0

> (w)2 
(2·15) 

pt (w) 2np<o> (w) 
T(w) = . 

1 + t (w)2n2p<0> (w)2 
(2·16) 

The above-mentioned approximation adopted by Kahn2
> may be said to be the one 

where t (w) in (2 ·16) is replaced simply by the magnitude of the impurity po­

tential v. For the two extreme cases t(w)np<0>(w)~1 and t(w)np<0>(w)~1, T(w) 

is evaluated as 

T(w) rvpjnp(O) (w) 

r (w) rvp[ (w)27rp(O) (w) 

if t (w) np<o> (w) ~ 1 , 

if t (w) np<0> (w) ~1 . 

Thus Im .S (p, w) is zero when p<0
> (w) "'--' oo in (2 ·17 a) and hence the infinity of 

the level density for such is not removed by the present approximation (2 ·10). 

§ 3. Renormalization 

Next we shall take account of the effect of the renormalization of the solid 

lines between dotted lines of Fig. 1, from c<o> (p, w) to G (p, w). VV e proceed 

as in the preceding section, obtaining 

.S(p, w) =p[v+vF(w)v+ ... ] 

pv - _ ______:__ __ 
1-vF(w) 

in place of (2 ·10), where 

F(w) = :E G (p, w). 
p 

Equation (3 ·1) Is written as 

.S(p, w) =LI(w) +iT(w), 

J(w) = pv[1-vFR(w)] , 
[1- vF R (w) ]2 + v 2n2p (w)2 

(3 ·1) 

(3·2) 

(3 ·3) 

(3·4) 
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Effect of Impurities on the Level Density of an Electron Gas 383 

T(w) = pv
2
-;rp(w) (3·5) 

[1-vFR(w)]2+v2-;r2p(o))2 ' 

lim F(w- is) = F R(w) + inp (w). (3 · 6) 
e->0 

Ce>O) 

Substituting (2 · 9) into (3 · 2) and comparing with (3 · 6), one sees that 

FR(w)=L: w-s(p)-.J(w) , 
11 [w-s(p) -J(w)]2 +T(w)2 

(3 ·7) 

P (w) = _!_ :E F({J)) 
n 11 [w-s(p) -.d(w)]2 +T({J))2 

(3 ·8) 

Now the problem is to solve the set of Eqs. (3 · 4), (3 · 5), (3 · 7) and (3 · 8) for 
J(w), T(w), FR(w) and p(w). We introduce t'(w) by 

t'(w) =v+vFR({J))v+ ··· 

v (3·9) 
1- vFR(oJ) 

Then Eqs. (3·4) and (3·5) for .d(w) and T((J)) are expressed as follows: 

.d ({J)) = pt' (w) , 
1 + t' ({J)Yre2P (w/ 

T(w) - pt' (w)2-;rp (w) 
1 + t' CwYre2P (wY 

By (3 ·11) the imaginary part T ({J)) 1s estimated as 

r (w) r-vp/rep (w) 

T(w) r'-/pt' (wYrep(w) 

if t' (w) rep (w) ~ 1 , 

if t' (w) -;rp (w) <I . 

(3 ·10) 

(3 ·11) 

(3 ·12a) 

(3 ·12b) 

If the w-dependence of FR(w) and hence that of t'(w) related with FR(w) 
by (3 · 9) could be ignored, p (w) would be now obtained by solving (3 · 8) with 
(3 ·10) and (3 ·11). In fact, Bychkov5

) assumed this and gave an argument to 
show that Im J;(p, w) may be estimated by the value for the case when no ex­
ternal field is applied. A detailed argument on this problem was given by Kubo 
et al. 6

) Kubo et al.6
) and Doman7

) solved by taking pt' (w)2np (w) for T (w). Equ­
ation (3 ·12b) shows that their result applies to the case t' (w) -;rp (w) <L For 
sufficiently large p, the resulting rep (w) is expressed to be always smaller than 
l/t', and the assumption is consistent. However for a small p, rep(w) will be­
come larger than 1/t', and we have estimateT(w)rvp/rep(w) by (3·12a). Since 
p (w) is expected to be finite, T(w) becomes finite and we expect to have a con­
sistent finite result for p (w) even for small p; cf. (2 ·17a) where T(w) is zero 
at the w where pC0

> (w) = oo. In order to obtain reasonable results for all p, 
we calculate the level density by using the full expression (3. 5) for r (w) in the 
subsequent section. 
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384 S. Tanaka and T. Morita 

§ 4. Calculation of the level density 

In the approximation proposed in the preceding section, the level density of 

the electron gas in the strong magnetic field in the presence of impurities is ob­

tained by solving the following set of coupled equations: 

FR((J))=:E {J)-c-S(p)-A((J)) ' 
'P [(J)-s(p) -A((J))]2+T((J))2 (4·1) 

p((J)) = l_ :E T((J)) ' 
7C p [(J)-s(p) -J((J))J2+T((J))2 

(4·2) 

A({))) = pt' ({))) 
1 + t' ((J))2-;r2p ({)))2 ' 

(4·3) 

T((J)) = pt'((J))2np((J)) 
1 + t' ((J))2-;r2p ({)))2 ' 

(4·4) 

t'((J))- v . 
1-vFR((J)) 

(4·5) 

The summation with respet to py and Pz are performed in ( 4 ·1) and ( 4 · 2). Then 

they are reduced to 

_ eHm1;2 co { E((J)) + [E((J))2+T((J))2JI2 }112 
F R ( (J)) - :E ---'------'--------'=--'----'-------'---'--=--

2-;rc n=O E ({)))2 + r ({)))2 
' 

x {E((J))- [E((J))2+T((J))2JI2}/T((J)), 

eHm112 co {E((J)) + [E((J))2 + T((J))2J!2p!2 
p((J)) = 2-;r2c n~ [E((J))2+T((J))2JI2 

E((J)) ={))-- n+- -J((J)). eH( 1) 
me 2 

(4·6) 

(4·7) 

(4·8) 

We shall ignore the {))-dependence of t' ({))) In the first set of calculations, 

In order to save computer time. Then we have 

. t' 
J((J)) = p ' 

1 + t'2-;r2p ({)))2 
(4·9) 

T((J)) = pt'2-;rp((J)) 
1 + t' 2n2P C(J)Y 

(4 ·10) 

in place of (4·3) and (4·4). We have now solved the set of Eqs. (4·7), (4·8), 

(4·9) and (4·10) in a self-consistent way. The procedure we used is as follows: 
For a given {)), we choose a value of p ({))) and evaluated the right-hand side of 

(4·7) with the aid of (4·8), (4·9) and (4·10) and check whether it gives the 
assumed value. We continue this trial until a consistent result is achieved. This 

procedure is repeated for a number of values of {)). The calculation was per~ 

formed by using IBM 7040/1401 system in College of Science and Engineering, 
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Fig. 2. (Figure captions are printed on the next page below.) 
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Fig. 2. (a) Curves for the level density p(w), (b) curves for the shift .d (w) and (c) curves for 

the width r(w). The parameters are t'=l.OxlQ-22eV and the impurity density p=0.5X1020 

(curve 1), l.Ox 1020 (curve 2), 2.0x 1020 (curve 3) and 3.0X 1020 (curve 4) per unit volume, re­

spectively. Broken line represents the level density of the electron gas in the magnetic field 

without impurities. 

Aoyama Gakuin University. In calculation of FR(())) and p(())) by (4·6) and 

(4 · 7), we have summed up to n = 100. This arbitrary cut-off is required by our 

unrealistic choice of the delta-function type potential. The curves obtained for 

p (())), L1 (())) and T(())) are shown in Figs. 2~5. 

Figure 2 represents the curves for t' = 1.0 X 10-22 e V and p = 0.5 X 1020
, 1.0 

X 1020, 2.0 X 1020 and 3.0 X 1020 per unit volume, respectively. 

Figure 3 represents the curves for p = 1.0 X 1020 per unit volume and t' = 0.5 

X 10-22
, 1.0 X 10-22 and 2.0 X 10-22 e V, respectively. 

In these calculations, the following numerical values are used for the ex­

ternal field H and the electronic mass m: 

eH/mc=1.1576x 10-1 eV, (H=107G) 

m = 9.1091 X 10-28g . (free electron mass) 

Figures 2 (a) and 3 (a) show that the level density p (())) obtained in the 

present approximation is finite at the Landau levels which are shifted by L1 (())), 
and that the heights of the peaks decrease with increasing the impurity density 

or increasing the magnitude of t'. L1 (())) and T(())) are obtained as a function 

of ()). These curves must be compared with the assumption of constant L1 and 

T, which had been sometimes adopted: See e.g., references 5) and 6). From 
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Effect of Impurities on the Level Density of an Electron Gas 387 

Figs. 2 (b) and 3 (b), one sees that L1 ((1)) has minima at (1) which corresponds to 

the peaks of p((l)). A sharp drop in T((l)) is observed at the same (1) in Figs. 

2 (c) and 3 (c). It should be noted that this behavior is connected with the esti­

mate (3 ·12a) at the peaks of p ((1)). 

The results for the case with a rather high density of impurities are shown 

I 
X1021 /eV 

25.0 

20.0 

15.0 

10.0 

5.0-

0 

20.0 
XI0-3 eV 

15.0 

10.0 

5.0 

0.5 1.0 1.5 

0.5 1.0 1.5 

2.0 

w x mc/eH 

(a) 

2.0 

w x me /eH 

(b) 

P = 1.0 x 1020 Jerri" 

'' f'=0.5xla"'ev 
2 ' f' = 1.0 x 10-22 ev 

3: t'=2.0 x 10-22 ev 

I 

2.5 3.0 3.5 

3.0 

Fig. 3. (Figure captions are printed on the next page below.) 
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15.0 

-a 
c:.... 

10.0 

5.0 

05 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

wxmc/eH 

(c) 

Fig. 3. (a) Curves for the level density p((J)), (b) curves for the shift .J((JJ) and (c) curves for the 
width r((JJ). The parameters are p=l.Ox1020 per unit volume and t1 =0.5xlQ-22eV (curve 1), 1.0 
Xl0-22eV (curve 2), and 2.0x10-22 (curve 3)eV, respectively. 

in Fig. 4 where p = 5.0 X 1020 per unit volume and t' = 1.0 X I0-22 e V. In Fig. 5 

the results for rather small t' are given where p = 1.0 X 1020 per unit volume and 

t' = 1.0 X I0- 23 e V. For these cases, F (w) roughly follows the behavior of p (w). 

In particular, for the case of rather high impurity density (Fig. 4 (a)), the esti­

mate (3 ·12b) t'rcp (w) <I is valid even at the peaks of p (w). As the impurity 

density is reduced, this inequality becomes invalid near the top of the peaks 

(se~ Fig. 2 (a), curve 1). 
Finally we present a set of curves obtained by solving the set of Eqs. ( 4 ·1) 

""-" ( 4 · 5) self-consistently, for p (w) and t' (w). The parameters chosen are v = 1.0 

X I0-22 e V and p = 1.0 X 1020 and 3.0 X 1020 per unit volume. The curves for p (w), 

t'(w), J(w) and F(w) are given in Figs. 6(a)"""-'6(d). Figure 6(b) shows that 

t' (w) is nearly constant and has dips at the ()) corresponding to the positions of 

the peaks of p (w). 

The behavior of t' (w) for two curves of Fig. 6(b) are almost the same ex­
cept for the dips at ()) corresponding to the peaks of p (w), and it seems that 

t' (w) is not sensitive to the impurity density. 
As seen from Fig. 6 (b), the magnitude of t' (w) is of order of l0-23 e V 

where parameters are chosen as v = 1.0 X l0-22 e V and p = 1.0 X 1020 per unit vol­

ume for curve 1. This result may be compared with that shown in Fig. 5 

where t' is set to be constant and t' = 1.0 X l0- 23 e V and with the same impurity 

density as the one above. The comparison is represented in Fig. 7. In Fig. 7, 

the both curves for p (w) are almost coincident, but the behavior of L1 (w) and 
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Fig. 4. (a) Curve for p(ro) and (b) curves for .J(ro) and r(ro). The parameters are the impurity 
density p=5.0xl020 per unit volume and t'=l.Oxl0-22eV. 
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Fig. 5. (a) Curve for p(w) and (b) curves for A(w) and T(w). The parameters are p=l.OxlQ20 
per unit volume and t'=l.Oxl0-28 eV. 

T((J)) are rather different. Apart from L1 ({))) and T((J)), it is expected that the 
level density p ({))) may be replaced by that obtained by setting t' =constant. 

When we approximate t' ({))) by t' =constant, it is necessary to evaluate the 
values of t' from the magnitude of the impurity potential v. From Eq. ( 4 · 5), 
t' ({))) is reduced from v by a factor of denominator which is positive and gre­
ater than 1. Hence, as adopted by Kahn2

), Doman7
) and Kubo et al., 6

) the ap-
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Fig. 7 .. Comparison of curves for constant t1 (Fig. 5) and curves obtained for an w-dependent t

1 (w) 
(Fig. 6 curve 1) for p(w) (b) curves for .J(w) and F(w). 

proximation in which t' (w) is replaced by v could overestimate the effect of Im­
purities on the level density. 
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§ 5. Conclusion 

The approximations discussed in the preceding sections are summarized in 

Fig. 8 and Table I for the self-energy part 1: or its imaginary part T. In the 

approximation of Bychkov,5
) f is the scattering matrix of an electron gas when 

no external field is applied. Bychkov replaced f by a constant and hence the 

Table I. Comparison of various approximations for the self-energy part. 

Kahn 

Bychkov 

Ku bo, Miyake and Hashitsume 
Doman 

Abrikosov (....._..Kahn) 

Hasegawa and Nakamura, Saitoh 
et al., Present work 

a) Under the condition w<{_pz 2/2m, p(O) .......... p0 (0). 

Kahn 

Abrikosov 

Bychkov 

Kubo et al. 

Doman 

Hasegawa 
and 
Nakamura 
Saitoh et al. 
Present work 
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Fig. 8. Self-energy diagrams taken 

pv a) 
};""-' ···-~-- ·····-· 

1-inpo(O)v 

1: ""-' __ ()'{) __ ... 
1-Gv 

approximation is equivalent to Kubo 

et al. 6
) and Doman's7

) approximation, 

except for the fact that an effective 

constant f occurs in place of v. 

It is pointed out at the end of 

§ 2 that the divergence of the level 

density at the Landau levels will not 

be removed by Kahn's2
) approxima­

tion. In § 3 Kubo et al. 6
) and 

Doman's7
) approximation is found to 

be applicable only when the impurity 

density is large. The situation is 

the same also for Bychkov's appro-
into account in the approxima­
tion proposed by various au­
thors. ximation. 5

) The present approxima­

tion which takes into account the renormalization of the one-particle Green's 

function in the self-energy part will be reasonable even at the peaks of the 

Landau levels for the system of low impurity density as well as for high impurity 

density. Hasegawa and Nakamura12
) solved analytically the set of equations 

analogous to (2 · 9) and (3 ·1) with (3 · 2) in the quantum limit and investigated 

the behavior of roots for the impurity band. 

Further calculation of p (u)) is in progress by taking account of the w-depend­

ence of t' (w), and the relation between v and t' (w) will be investigated in more 
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detail. Application of our results to the electrical conductivity m the strong 
magnetic field and to the de Haas-van Alphen effect are now under consideration. 
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