
The Effect of Inhomogeneities on the Luminosity Distance–Redshift
Relation: is Dark Energy Necessary in a Perturbed Universe?
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1. Introduction

W'XZY9[M\A]$^ZY9\`_ZXbabcMd%Y�XD]$cUe(f$Y�egc*]$h)[iXbj.h)Xlk�[ijmd%[UeG[UnUoQhgj�]$^ZY
[UXZYpY�qsrZfmY�jmjmhGXZnt]m^ZYpeG_Zd%h)Xb[ijmh!]�ouashGj"]$cUXbk+YlvDwx[M\9cyk+[ij"z
d%[UeG[UnUhgk�cUe/jm[U_bf$k�Y?hGX{]$Y�f$d%jO[U\&h)]$jOfmY�aZjm^Zh!\�]R|S}R~�XtfmY�k+Y�XD]
oUY�cMf�jF]m^Zhgj�f$Y�egc*]$h)[iX�^bcUj��;Y�YVXlY+qsrZeG[Uh)]mY�aB]m[Ld%Y�cUjm_ZfmY@]$^ZY
rZf$YVjmY�XD]��*cMeG_ZY�[M\�]m^bY<Y+qsrbcUXbj"hG[UXOf�c*]mYi����_Z�Z�ZeGYU� j(k�[UXbj"]$cUXD]V�
� h!]$^LhGXbk+f$YVcij"hGXZn?cik�k+_bf$cik+oU}>��h!]$^L]$^ZY�Y�q�rbe)[if$cM]mhG[UXQ[M\�]$^ZY
� XZhG�UYVf$jmYHcM](fmY�aZjm^Zh!\�]�j�[U\Z[Uf�asY�f�_bXZh!]�oi� � YHXZ[ � ^bc��UY�hGXs\`[Ufmz
dQc*]mhG[UX%cM�;[U_Z]/]$^ZYF]mhGd%Y�Y��U[ie)_Z]mhG[UX?[U\b]$^ZY�Y+qsrbcUXbj"hG[UX�f$cM]mY
�!��� }A��d0[Dj�]<jm_Zf$rZfmhgjmh)XZn'fmY�j"_be!]AhGj>]$^bc*]A]m^bY&]$h)d%Y.Y��i[UeG_s]mhG[UX
[M\F]m^ZYQY�qsrbcMXbjmhG[UXtf$cM]mYQas[�YVj@XZ[U]?j"YVY�d�]m[��SYLaZYVj$k+f$h)�;YVa
��o%c�dQc*]m]mY�fmz�as[Ud%hGXbc*]$YVaL�bfmhGYVasdQcUXZXsz���[U�;Y�fm]$jm[UXsz,��cMeG�UY�f
� �A�����'^Z[id%[UnUYVXZY�[i_bj8k�[ijmd0[ie)[inUhgk�cUe(d%[sasY�e/[M\<]$^ZY � XZh)z
�UYVf$jmYU}��.^ZYB_bjm_bcMe.Y�q�rbeGcUXbc*]$h)[iX�\`[Uf�]m^bY�aZhGj$k+f$Y�rbcUXbk+o�hgj
]m^bcM]']$^ZY�f$Y0hGj@cEXZY � k�[Ud%r;[UXZYVXi]@[M\H]m^ZY0Y�XZYVfmniopasY�Xbjmh)]�o
[M\�]$^ZY � XZhG�UY�f�jmYU�A��XZ[ � X�cUj0�OcMf$�t�HXZY�f$nUoi�>]$^bc*]QasY�]mY�fmz
d%h)XZY�j']m^ZY0fmY�k+YVXi]OY��i[UeG_s]mhG[UXl[U\<]m^bY�Y�q�rScMXbjmh)[iXlf�c*]mYi}9W�\
k+[i_Zf$jmYlcMeGeOh)XbaZhGkVc*]mhG[UXSjQ\`[UfB�'cUfm���<XbY�f$nUo�cUfmYphGXbashGf$YVk�]��
\`fm[id k�[ijmd0[ie)[inUhgk�cUe8aZc*]�c � Yp[iXZe)ouhGXs\`Y�f¡]m^bcM]L]m^ZY � XZh)z
�UYVf$jmY'hgj�rZf$YVjmY�XD]$e)oL_bXbasY�f$nU[ih)Xbn0c0rZ^bcij"Y@[U\Acik�k+YVe)YVf$cM]mhG[UX�}
¢sh)Xbk�Y�]$^ZYOe)_Zd%hGXZ[ijmh)]�oLashGj"]$cUXbk+Y+£Df$YVaZjm^Zh)\�]&f$Y�egc*]$h)[iXLhGj&[M\

j"_Sk�^¤\`_ZXbabcMd%Y�XD]$cUe9h)d%r;[Ufm]$cUXbk+Yi� � Y¥d�_bj�]p_ZXSasY�f�j�]�cMXba
cMX�o?r;[ij$jmh)�ZeGY�Y+¦-YVk+]$jH]m^bcM] � [U_Zega0fmY�j"_Ze)]HhGXLc@fmYVeGcM]mhG[UXQash)\�z
\`Y�f$Y�XD]Q\`f$[Ud§]$^ZYl�A���¨rZfmY�ashgk�]mhG[UXu\`[ifLc¥^b[Ud%[UniY�XZYV[U_bj
� XZhG�UYVf$jmYU}.�.^ZY?k�[Ud%rZ_s]�c*]$h)[iXp[M\A]m^ZY�e)_bd0hGXZ[Dj"h)]�o � [Uf'cUXsz
nU_ZegcMf/ashgcMd%Y+]$Y�f���ashgj�]�cMXbk�YHhGX�c�eG[sk�cUe)eGo@XZ[UXR^b[Ud%[UniY�XZYV[U_bj
_ZXZhG�UYVf$jmY � cij@©bf�j�]0cUaZasf$YVj$jmYVat��oyª;YVeGaZ[*�Dhgk�^ � «*� �+}l��oiY�f
cMXba¡��[�YVasYVf � ¬�� cUas[irs]mY�a%]m^ZY@jm[Mz�k�cMeGeGYVa0Y�d%rs]�oQ�;YVcUdcUrsz
rZf$[�q�hGdQc*]$h)[iX®]m[xaZY�f$h)�iY�cMX¯Y�°D_bc*]$h)[iX±\`[Uf¥]m^ZY�cMXbnU_ZegcMf
ashgcMd%Y+]$Y�fLashgj�]�cMXbk�YU}¤W'_Zf%]mY�k�^ZhGXZhG°D_ZY�hGXbj"]mYVcia�f$Y�eGhGYVj0[UX
]m^ZYB]$f$ciash!]$h)[iXbcMeFr;Y�fm]m_Zf$�bc*]$h)�iYEcUrZrZf$[icUk�^(��fmY�k+Y�XD]$e)o�_bjmYVa
h)Xp��Y�\:j�} � ² �S³Z�Z´ � }
~�X�]$^ZhgjQ]$cUe)� � Ylj"]m_Saso�]$^ZY{k�^bcUXZnUY�hGX�]m^ZY{e)_Zd%hGXZ[ij"z

h!]�o%ashgj�]�cMXbk�Y�£�fmY�aZj"^bh!\�]Hf$Y�egc*]$h)[iXQas_ZY8]$[?k+[Dj"d%[ie)[inUhgk�cMesr;Y�fmz
]m_Zf$�bcM]mhG[UXbjArZf$YVjmY�XD]Ah)XQcO�bcik��Dnifm[i_ZXba9dQcM]"]mYVf"z�as[id0hGXbcM]mYVa
� XZhG�UYVf$jmY � h)]m^Bµ�YVfm[0k+[Dj"d%[UeG[UnihGkVcMebk�[UXbj"]$cUXD]V}A~�X¡rbcUf"]$hGk�_sz
eGcUfV� � Y�rZf$[*��hGaZYH]$^ZY8nUYVXZY�f$hgk&Y�qsrZfmY�jmjmhG[UXR\`[ifA]m^ZY�e)_Zd%hGXZ[ij"z
h!]�o¥ashGj"]$cUXbk+Y+£Df$YVaZjm^Zh)\�]9fmYVeGcM]mhG[UX�c*]?jmYVk+[iXba¥[Uf�asY�f@hGXtr;Y�fmz
]m_Zf$�bcM]mhG[UX�]m^ZYV[Uf$oU��\`[Uf<cUX�o9��cUe)_bYF[U\b]$^ZY�rZ^�osj"hgk�cUeDf$YVabj"^Zh)\�]
cMXba�cMX�o�ashGfmY�k�]$h)[iX�[M\'[U�bjmY�f$�*c*]mhG[UX(}y�¥Y�[UXbe)o�k�[UXbjmhGaZY�f
d%[�aZh!©SkVc*]$h)[iXbj9]$[l]m^bY¡eG_Zd%h)XZ[Dj"h)]�o�ashGj"]$cUXbk+Y+£Df$YVaZjm^Zh)\�]?f$Y+z
eGcM]mhG[UX¥[M\&cEdQc*]"]$Y�fmz,aZ[Ud%h)XSc*]mY�a � Xbh)�iY�f�j"Yi�-cUe!]$^Z[U_bnU^{[i_Zf

f$YVjm_Ze)]$j'k�cMX{�SY�YVcUjmhGe)oBY+q�]mYVXbasY�a�]m[Bc � Xbh)�iY�f�j"Y?k�[UXD]$cUh)XZz
hGXZn9c@d%h!q�]$_ZfmY�[U\;dQcM]"]mYVfHcMXSa�[U]m^ZYVfA¶b_ZhgaZjV}<W'_bfA©bXbashGXZnij
dQc�oR�;Y8_bjmYVa��M\`[UfHh)Xbj"]$cUXbk+Yi�M]$[RYVj"]mhGdQc*]mY.]$^ZY8hGXs¶b_ZYVXbk+Y�[M\
eGY�XSj"hGXZn�[iX9]m^bY&�Zf$hGnU^D]mXZY�jmj>[M\bjm_Zr;Y�f$XZ[*�*cMYHjm[U_bf$k�YVjV}���^bc*]
[i_ZfAj"Y�k+[UXSa�z�[if$aZY�f�rZf$[sk+Y�as_Zf$Y&as[�YVj/XZ[U]Acik�k�[U_ZXD](\`[ifAhGj/cMXsz
[U]m^ZYVfOk�eGcijmj'[M\H]mY�f$dQj�� � ^ZYVfmY0cL©Sf$j"]"z,[Uf�asY�fOj"dQcUe)eAasY+¶SYVk�z
]$h)[iX�h)XB]m^bY9e)hGnU^D]8f�c�oLe)Y�cUaZjF]$^ZY9nUYV[sasYVjmhGk']$[LasY+¶bY�k�]�]$[Lc
f$Y�nih)[iX � ^ZYVfmY.]$^ZY�r;Y�fm]m_Zf$�bc*]$h)[iXbj<cUfmY�jmh)µVYVcM�be)Y.f$Y�egc*]mhG�UYF]$[
]$^ZY�XZYVh)ni^D�;[U_bfm^Z[�[sa�[M\;]m^ZY�niY�[sasYVjmhgk&hGX0]m^ZY�_bXZrSYVf"]$_Zf$�SY�a
jmrbcik+Y+z�]mhGd%YU}

~,]±hGj � YVe)e)z���XZ[ � X�]m^bcM]±]m^ZYeG_Zd%h)Xb[ijmh!]�o·ashGj"]$cUXbk+Y+£
f$YVabj"^Zh)\�]�fmYVeGcM]mhG[UXBcMeGe)[ � j&]m[%Y�qD]$f$cik�]F]m^ZYO]$^ZY�[ifmY�]mhgk�cMe-rZf$Y+z
aZhGk+]mhG[UXbjB\`[ifE]$^ZYyeG[�kVcMe9�8_b�Z�ZeGYyf$cM]mYt¸¹cMXSaxasY�k+YVe)YVf$cMz
]$h)[iX�rScMf�cMd%Y+]$Y�f�º8_Zr;[UX%Y�q�rScMXbashGXZn9cMf$[U_bXba9]$^ZY�[U�bjmY�f$�UYVf
r;[UhGXD]Lc*]L|u»½¼Z}�~�X�ctrSYVf"]$_Zfm�;YVa � XZh)�iY�f�j"Yi�H^Z[ � Y��iY�f��
�;[M]$^9]m^bY&�8_b�Z�ZeGYFk�[UXbj"]$cUXi]/cMXba@]$^ZY&aZYVk+YVe)YVf$cM]mhG[UX9rbcUf$cUd0z
Y�]mYVf�eG[ijmYL]$^ZY�hGf0aZY+]mYVfmd%hGXZhgj�]$hGkEXbc*]$_Zf$YU�H[iXZY¡^ScUj?]m[¥k�[UXsz
jmhgasY�fH]m^ZYOj�]�c*]mhgj"]mhgk�cMeSXbc*]$_Zf$Y8[M\�]$^ZY��*cUk�_Z_Zd¾¶b_bk+]m_bcM]mhG[UXbj
\`f$[Ud � ^Zhgk�^p]m^bY�rZf$YVjmY�XD]mz,aZc�oEnUf�c���h!]�c*]mhG[UXScMe�r;[M]$Y�XD]mhgcMe/hGj
[ifmhGnUhGXbcM]mYVa�}?�.^ZY�f$Y+\`[ifmYi�-]m^ZY0]$^ZY�[ifmY�]mhgk�cMeArZf$YVaZhGk+]mhG[UXbj'\`[Uf
]$^ZY{Y�qsrSY�k�]mY�a¤�*cMeG_ZY�j¡[U\R]m^ZY�k+[Dj"d%[ie)[inUhgk�cMe�rbcMf�cMd%Y+]$Y�f�j
cUfmYBcUkVk+[Ud%rbcUXZhGYVay��o�c¥XZ[UX��*cMXZhgjm^Zh)Xbn¥k+[Dj"d%hgk¡�*cUfmhgcMXbk�Y
hGd%rZeGoDhGXZn{cUX�h)XD]mf$hGXbj"hgk%]$^ZY�[ifmY�]mhgk�cMeHY�f$fm[ifV}B��^ZY�X�k�cMegk+_Zz
egc*]$h)XbnQ]m^ZY��*cMf$hGcUXbk+YR[U\A]m^ZY%asYVk�Y�eGY�f�c*]$h)[iXBrScMf�cMd%Y+]$Y�f�� � Y
_bXbk+[*�iY�f�cMXBh)XD]$Y�f$YVj"]mhGXZnQh)XZ\`f$cUfmY�a¡Y�¦;Y�k�]V}H�¥YR[i�bjmY�f$�UYU�scM]
jmYVk�[UXba%[if$aZY�fHhGX¡r;Y�fm]m_bfm�bcM]mhG[UXQ]$^ZY�[ifmoi�Dc?eGcUfmniY�k+[iXD]mf$h)�Z_Zz
]$h)[iXl]$[E]$^ZY%�*cMf$hGcUXbk+Y�\`fm[id¿]m^ZYQk�[ijmd0[ie)[inUhgk�cUe>r;Y�fm]m_Zf$�bcMz
]$h)[iXbj � h!]$^p]m^ZY0egcMf$nUYVj"] � c��UYVe)YVXZnM]$^bj�}�~,\<h)Xs¶;c*]mhG[UX{hGj�]m^ZY
[ifmhGnUhGX�[U\�]m^bY�k�[ijmd%[UeG[UnUhgk�cUeHr;Y�fm]m_Zf$�bcM]mhG[UXbj ��ÀV� �&]m^bYB�;Y+z
nih)XbXZh)Xbn¡[M\Fh)XZ¶Sc*]$h)[iX{rZf$[*��hGasY�j'cBk+_Z]"z,[M¦�]m[E]m^ZY%hGXs\`f�cMf$YVa
d%[sasY�j?[U\8]m^ZYB¶b_Sk�]m_Sc*]mhG[UXSj�}�W'_Zf0f$YVjm_Ze!]�j%j"_ZninUY�j�]R]$^bc*]
h)\/]m^ZYRjm_Zr;Y�fmz,��_Z�Z�ZeGY9d%[�aZYVj.^bc��iYOrb^DosjmhGkVcMe�jmh)niXZh)©Sk�cUXbk+Yi�
]$^ZY�o0k+[i_ZeGa0o�hGY�ega0c@d%[Dj�]<hGd%rS[if"]�cMXD]<d%[�aZh!©SkVc*]$h)[iX�]$[@]m^ZY
aZYVk+YVe)YVf$cM]mhG[UXxrbcMf�cMd%Y+]$Y�f�}�W'XZY�d0hGnU^D]lYV�UY�X®jmrSY�k+_Zegc*]$Y
]$^bc*]�cQk�[Ud%rZeGY+]$Y9]mf$YVcM]md%Y�XD]8[M\A]$^ZYRY+¦-YVk+]�k+[i_ZeGa�[i���Dhgc*]$Y
]$^ZY.XZY�Y�a9\`[if>]$^ZY��'cUfm�R�HXZY�f$nUoRcijmjm_Zd%rs]$h)[iX�}(~�XbaZY�YVa��UasY+z
jmrZh)]mY�]m^ZY0\:cik�]@]m^bcM]@]m^ZY%^Z[id0[inUYVXZY�[i_bj'�A�(�Ád%[sasY�e/\`[Uf
]$^ZY¡dQcM]"]mYVf"z�as[id0hGXbcM]mYVa � XZhG�UYVf$jmY¡cMXSayXZ[¥k�[ijmd%[UeG[UnUhgk�cUe
k�[UXbj"]$cUXD]'rZf$YVashgk�]�j']m^bcM]']$^ZY%eGcM]"]mYVf'dQc�opXZ[U]@aZYVk+YVe)YVf$cM]mYi�
Â:Ã�Ä�Ã º�Å{»ÇÆÈuÉ ¼Z���;YVkVcM_bjmY¡[U\8]m^ZYBegcMf$nUYL�*cMf$hgcMXbk�YU�/]m^ZY
]$fm_bY0eG[sk�cUe)eGoDz,asY�]mYVfmd%hGXZYVa¥�*cMeG_ZYQ[M\F]m^ZYEasYVk�Y�eGY�f�c*]mhG[UX¥rbc*z
f�cMd%Y�]mY�f�^ScUj8c%XZ[iXsz,µ�Y�f$[%rZf$[U�bcU�Zh)eGh)]�oL[M\��;Y�hGXZnLeGYVj$j.]m^bcUX
µVY�f$[b}¡ÊH_s]Rh)]�ash)¦;YVfmYVXi]$e)oi�(]$^ZYQ]$^ZY�[ifmY�]mhgk�cMe�rbfmY�ashGk+]mhG[UXyhGX
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c�rSYVf"]$_Zf$�SY�a�d%cM]"]$Y�fmz,as[id%h)XbcM]mY�a¥d%[sasYVeHhgjRXZ[U]?clj"hGXZnie)Y
� YVe)e)z�asY+©bXbYValk�_Zfm�iYRhGXp]m^ZY0eG_Zd%h)XZ[Dj"h)]�oDz,aZhGj"]$cUXbk+YRf$YVabj"^Zh)\�]
rZegcMXZYi�M�Z_s]�hGXbj�]$YVcia?hgjAfmYVrZf$YVjmY�XD]mY�a9��o?c8©SXZh!]$Y8k+[iXs©SasYVXbk+Y
fmYVnUhG[UX � ^Z[ijmYBjmhGµ�YBhGjQasY�]mYVfmd%hGXZYVa���oy]m^ZYpk�[ijmd0hgkE��cUfmh)z
cMXbk�YU}
�.^bY.]$cMeG�?hgj�[ifmnDcMXZhGµ�Y�a�cijA\`[UeGe)[ � jV}(~�X0]$^ZY8XZY�qD]Fj"Y�k�]mhG[UX

� Y�[U�s]�cMhGX]m^ZYxnUY�XbY�f$hGk�eG_Zd%hGXZ[ijmh!]�oashgj�]�cMXbk�Y�£�fmY�aZj"^bh!\�]
fmYVeGcM]mhG[UX ��cUe)hga¾c*]�cMX�o±[Uf�asYVf¥hGXrSYVf"]$_Zfm�Sc*]mhG[UX ]m^ZYV[Uf$o
cMf$[U_ZXSa{]$^ZYL^Z[id%[UnUYVXZY�[i_bj9�A��� �bcik���nUf$[U_ZXba�}L~�X�¢�Y�k�z
]mhG[UX9~m~"~ � Y<Y+qsrZf$YVj$j-]m^bYHeG_Zd%h)XZ[Dj"h)]�o@ashGj"]$cUXbk+Y+£Df$YVaZjm^Zh)\�](f$Y+z
eGcM]mhG[UXphGX�]mYVfmdQj8[U\A]m^ZYRd%Y�]mf$hGk9r;Y�fm]m_bfm�bcM]mhG[UXbj8Y+qsrbcMXSasYVa
_ZrR]$['jmYVk�[UXba9[if$aZY�f�}>¢�YVk+]mhG[UXR~ � hgj>asYV�U[U]mYVa9]m[8]$^ZYFY��*cMeG_sz
c*]$h)[iX?[M\b]m^ZYFd%YVcMX0cMXbaR]m^ZY.�*cMf$hgcMXbk�YH[M\b]m^ZY�k+[Dj"d%[ie)[inUhgk�cMe
[U�bjmY�f$�*cM�ZeGYVj(cMXba@]$[8]$^ZY&ashgj$k+_bj$j"hG[UX?[M\�]m^ZYVh)f/hGd0rbe)hgk�cM]mhG[UXbjV}
�/h)XbcUe)eGoU��¢�Y�k�]mhG[UX{~ � rZf$YVjmY�XD]�[i_ZfOk�[UXbk�e)_Sj"hG[UXbj�cMXbalk�[Ud0z
d%Y�XD]$jV}

2. The generic luminosity
distance–redshift relation
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]$h)��hgj�]$hGk�]$^ZY�[ifmoZ��}Q�egcMf$nUY0�*cMf$hGcUXbk+Y0[M\&]m^ZYLasY�k+YVe)YVf$cM]mhG[UX
rScMf�cMd%Y+]$Y�f � EDF,GIH J(KL,MON'PLRQ hgjQk�cU_bj"Y�a���o�]m^ZY�\:cik�]%]m^bcM]Q]m^ZY
k�[ijmd%[UeG[UnUhgk�cUe*rSYVf"]$_Zf$�bc*]$h)[iXbj([iXRj"_brSYVf"z��8_Z�b�Ze)Y.j$k�cMeGYVj>cMf$Y
]$h)d%Y�z,asYVrSYVXbasYVXi] � ^ZY�X%nUf�cUaZh)YVXi]�j�cMf$Y�k+[UXSj"hgj�]$Y�XD]meGo9]�cM�UYVX
hGXD]m[ycUkVk+[i_ZXD]V}�~�XbasYVYVa��.h)]LhGj%Y�cUjmoy]m[yk+[iX��DhGXbk�YB[iXZYVjmY�e)\
]$^bc*]�� � Y�f$Y8]$^ZY�hGXs\`f�cMf$YVa%rbcUf"]F[M\�]$^ZY'r;Y�fm]m_bfm�bcM]mhG[UXbj � �! � �


�! � �#" » � � « �8k�[UXbj"]$cUXi]@hGXl]mhGd%YU��]$^ZY�opd%hGnU^D]@�SY%Y�eGhGd�z
hGXbcM]mYVa¥\`f$[Ud½]m^ZY¡d0Y�]mf$hGk ��«
^ �O�Do�cpjmh)d%rZeGYLf$YVj$k�cMeGhGXZn�[M\
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]m^ZY�j"rbcM]mhgcMe�k�[D[if$aZh)XbcM]mY�j � ^ZhGk�^pcUe)eG[ � jF]m[Lf$Y�dQcUh)XBh)X�]$^ZY
j"o�Xbk�^bfm[iXZ[U_bj'nicU_ZnUYi}%¢s_bk�^tcE\`f$Y�Y�as[Ud hgj@eG[ij"]@h)\F]m^ZY%hGXsz
^Z[Ud%[inUY�XbY�h)]mhGYVj�^bc��iYRc%XZ[UXZz�]$fmhG��hGcUe�]mhGd%Y+z�asY�r;Y�XbaZY�Xbk�YR[UX
j"_brSYVf"z��8_Z�b�Ze)Y9j$k�cUe)Y�j�}��&[UXSj"hgasY�f���\`[Uf�hGXbj"]$cUXbk+Yi��]m^ZY@©bf�j"]"z
[Uf�asY�fAr;Y�fm]m_Zf$�bcM]mhG[UX � � Æ � » �� � 1�� �Æ�� 0 È �F}A~,]Hk+[UXD]$fmhG�Z_s]$YVj]m[%]$^ZY9d%Y+]mf$hgk ��«
^ �F��oEc%rZhGYVk�Y � � =¯Æ Å� ��� X ��� � ^Zhgk�^pk�cMX�SY¡fmY�jmkVcMeGYVa{]m[ X ��� ��otcB]$f$cUXbj�\`[ifmdQcM]mhG[UX{[U\.]m^ZY¡jmrbcM]mhgcMek+[�[Uf�ashGXbc*]$YVjV}B��[ � YV�UYVfV�(]m^Zhgj�k�^ScMXZniYQhGj?XZ[M]R\`[ifR\`f$Y�Yi�/h)]
nUhG�UY�jRf$hGjmYL]$[l]m^bYBk�fm_bk�hGcUe&rbh)Y�k+Y¡rbfm[irS[if"]$h)[iXbcMeH]m[ � 0 È �
c*]�jmYVk�[UXba�[if$aZY�f?cijRh)]�hgj?Y�cUjmh)eGo{f$YVcUe)hGµ�Y�a��DothGXbj"r;YVk+]mhGXZn
]m^ZY8]mf�cMXbj"\`[Uf$dQc*]mhG[UXSj>[U\S]$^ZY�r;Y�fm]m_Zf$�bc*]$h)[iXbj�eGhGj"]mY�a0h)XL��Y�\�}
�!� ¼ � }L�.^ZY0\:cUk�]9]$^bc*]9]$^ZYQ�*cMf$hGcUXbk+Y0nUY�]$j@h)]$j9egcMf$nUY�j�]9k+[iXsz
]mf$h)�b_s]mhG[UXQ\`f$[Ud c?rZh)Y�k+Y'rZfm[irS[if"]$h)[iXbcMeZ]m[ � 0 È �taZ[DY�jHXb[M]
]m^ZYVX¡k+[id%Y�cUj<c?j"_Zf$rZf$hGjmYU�ih!]&d%cUXZh)\`YVj"]$jH]m^ZY8hGd%rS[DjmjmhG�Zh)eGh)]�o
[M\AfmY�jmkVcMeGh)Xbn�[i_s].]m^ZYRjm_Zr;Y�fmz,��_Z�Z�ZeGY9d%[�aZYVjV}
~�Xt]$^ZY%\`[UeGe)[ � hGXZnS� � YLjmY+]@]m^bYQh)Xs\`f�cMf$YVatk+_Z]"z,[M¦y]m[�]$^ZY

�*cMeG_ZYA©ZqsYVa@��o8]$^ZY<�;Y�nih)XZXbh)XZn�[U\sh)Xs¶;c*]mhG[UX � ^Zhgk�^���h)X@]$_Zf$X��
asY�r;Y�XSaZjQ_Zr;[UX�]m^ZY�]$[M]�cMe�X�_Zd?�;Y�fQ[U\ � z�\`[UegaZj > [U\']$^ZY
h)XZ¶Sc*]$h)[iXbcMf$oQrSYVfmhG[sa�}
�.^bYpf$cM]mhG[ � )'��!#"*3
) ��$(% �0hgj%rZf$YVashgk�]$YVau��oy]m^ZY{h)Xs¶;c*z

]mhG[UXbcUfmo%]$^ZY�[ifmoL]m[Q�;Y � � Y@cUfmY9cias[Urs]$h)Xbn0XSc*]m_bf$cUe�_ZXZh)]$j��

) ��!#") ��$(% � � ¼ B � Å ` '��	�: $ d � < � �`²i² �

� ^ZY�f$Y ' �
� hgj&]m^ZYOf$Y�^ZY�c*]mhGXZn9]$Y�d%r;Y�f�c*]m_bfmYOc*]F]m^ZY'�SYVnUhGXsz
XZhGXZn%[M\/]m^ZY9f�cUashgc*]$h)[iX¡YVf$c%c*\�]$Y�f.]$^ZY9Y�XbaB[U\/hGXs¶ScM]mhG[UX�}
�b[UfE]m^ZYt�*cMf$hGcUXbk+Y{]m[u�SYt[M\?]m^ZYt[Uf�asY�fE[M\R]$^ZYt�bcUk��Dz

nUf$[U_ZXSa �*cUe)_ZYxº+Å » ÆÈ �¡]m^ZYxrSYVf"]$_Zf$�bc*]$h)[iXjmr;YVk�]$fm_bd
� [i_Zega�^bc��iY{]$[�Y+q�]mYVXbax]m[�c�\:cUk�]$[Uf�[M\%Y+qsr � ´ � � ¼ Æ�� �
��� ¼ Æ���� � � z�\`[UegaZj� �¡]mhGd%YVj8]m^ZY�rZfmY�j"YVXD]'�8_Z�b�Ze)Y�f$ciashG_bj � \`[if'��	� � : $,�ph)X ]m^bY�k�cUjmY�[M\�]m^ZY��'cMf$fmhgjm[UX�£bª;Y�e�� aZ[*�Dhgk�^
j"r;YVk+]mf$_Zd�} ��[ � YV�UY�f��.h!\���\`[UfEh)Xbj"]$cUXbk+Yi�2/ � » ¼&6 ^U² [UX
j"_brSYVf"z��8_Z�b�Ze)Y�z�f�cUaZh)_bj�jmkVcMeGYVjV�/]m^ZYVX�cl�*cUfmhgcMXbk�YL[M\'[Uf�asY�f
_ZXZh)]�o@hGj>[U�s]�cMhGXZYVaRh!\Z]$^ZYHr;Y�fm]m_bfm�bcM]mhG[UX?jmr;YVk�]$fm_bd Y�q�]mY�XSaZj> � À ¼U¼ � z�\`[UegaZjL�;Y�oi[UXbau]$^ZY��8_Z�Z�be)Ytf$ciashG_bj�}¾¢�h)XSk+Y
]m^ZYOrZf$YVjmY�XD]F��_Z�Z�ZeGY@f$ciashG_bj&k�[Uf$fmY�j"r;[UXSaZj�]$[�c0jmkVcMeGY8]m^Sc*]
k+f$[ij$j"Y�a%]m^bYO��_Z�Z�ZeGY@f$ciash)_SjFcU�S[i_s]�´U¼ � z�\`[UegaZjF�SY�\`[Uf$Y�]$^ZY
Y�Xba�[M\8hGXs¶Sc*]$h)[iX���h)\�h)XZ¶Sc*]$h)[iXyeGcij�]$YVayd%[Uf$YQ]$^bcMX � À ¼U¼� z�\`[ieGaZj � h)]m^�c¥j"_brSYVf"z��8_Z�b�Ze)Y�z�f�cUaZh)_bj�j"r;YVk+]mf�cMeFh)XSasY+qy[M\/ � »�¼;6 ^M² �M]$^ZY�X¡]m^ZY'Y+¦-YVk�].[M\(jm_Zr;Y�fmz,��_Z�Z�ZeGY+z,f�cUashG_bj<r;Y�fmz
]m_Zf$�bcM]mhG[UXbj�[iXB]m^ZYReG[sk�cUe)eGo¡[i�bj"YVfm�iYVaE�*cMeG_ZYR[M\A]$^ZY?asY�k+Y�e)z
Y�f�c*]$h)[iXErbcUf$cUd%Y+]mYVf � [i_ZeGaE�;YRj"hGµ�Y�cM�ZeGYU}
��^Sc*]tcUfmY�]m^ZY�rZf$cik�]$hGkVcMeRhGd%rZe)hgk�cM]mhG[UXbj¥[M\Q[i_Zfl©bXSa�z

h)Xbnij�����^bcM]@[i�bjmY�f$��cM]mhG[UXbj�]mYVe)e�_Sj'hgj']m^bcM]@]m^ZY � Xbh)�iY�f�j"Y
hGj.rbfmY�j"YVXi]$e)o¡_ZXbasYVfmni[UhGXZn0c0rZ^ScUjmYO[U\/cik�k+YVe)YVf$cM]mY�aLY+qsrbcUXsz
j"hG[UX(� Â:Ã�ÄVÃ ]m^Sc*].]m^ZYRaZYVk+YVe)YVf$cM]mhG[UXBrbcMf�cMd%Y�]mY�f.hgj.XZY�nDc*]$h)�iYU}
~�XbasYVYVa���]m^bY<_ZXZY�q�r;YVk+]mY�aO\:cMhGXi]$XZYVj$j�[U\�^bh)ni^sz�f$YVabj"^Zh)\�](�&oDr;Y
~�c�jm_Zr;Y�f$XZ[*�*cMY � ¢ M Y9~�ci���scij&d%Y�cUjm_ZfmY�aL��o%] � [�hGXbasYVrSYVXsz
asY�XD]8]$YVcUd%j �!��� �S^bcUj��;Y�YVXph)XD]$Y�f$rZfmY�]mY�aBcij�Y���hgasY�XSk+Y@]m^Sc*]
]m^ZY¡Y+qsrbcMXSj"hG[UX�[M\.]$^ZY � Xbh)�iY�f�j"YQhgj?cik�k+YVe)YVf$cM]mhGXZnb}E~�X�cMX�CJ�HbÄqo�� �Co	��Ä�
 �A�(� � XZhG�UY�f�jmYU�s]$^ZY?asY�k+Y�eGY�f�c*]$h)[iXErScMf�cMd%Y+z
]mYVfFhgj._ZXZhg°D_ZY�eGoLasY�]mY�f$d%h)XbYVaE�Do%]$^ZY@fmYVeGcM]mhG�UY@asY�XSj"h)]mhGYVjF[M\
]m^ZY9�*cUfmhG[U_bj&¶b_bhGaZj � h!]$^E]$^ZY�hGf8[ � XBYV°D_bcM]mhG[UXB[M\/j"]$cM]mY

º Å » �
«�� Å 1 ¬

«�� ��� � � � � �`² ³U�

� ^bY�f$Y � Å hGj']$^ZY%rZfmY�j"YVXD]"z�aZc�oB]m[M]�cMeAY�XbY�f$nUopasY�XSj"h)]�oprbc*zf�cMd%Y�]mY�f�cMXba � � cMf$YQ]m^ZY¡fmYVeGcM]mhG�UY¡k�[UXD]mf$h)�b_s]mhG[UXbjR[M\.]m^ZY�*cUfmhG[U_bj�k�[Ud%r;[UXZYVXi]�j � h)]m^QYV°D_bcM]mhG[UX0[M\�j"]$c*]$Y � � » � � 3�� �� �¯cMXSa � cMf$Y8]$^ZY@rZf$YVj$j"_Zf$Y'cUXbaLYVXZY�f$nUoQasYVXbjmh!]�oi�sfmY�j"r;YVk+z
]$h)�iY�eGoZ��}A�.^ZY�f$Y+\`[ifmYi�M]m^bY8[U�bjmY�f$�*c*]$h)[iX0[U\�c9XZY�nDc*]$h)�iY���cUe)_bY
[U\9]m^ZY�asY�k+Y�eGY�f�c*]$h)[iX¤rbcUf$cUd0Y�]mYVfEjmY�Y�dQj¡]m[�k�cUe)e'\`[UfE]m^ZY
rbfmY�j"YVXbk+YL[U\�c��$�'cUfm���<XZYVfmnioC�pk+[Ud%r;[UXZYVXD] � h!]$^�XZYVnicMz
]$h)�iY@YV°D_bc*]$h)[iXE[U\Aj"]$cM]mY �)��²*� cUXbaBcM�Z_ZXSaZcMXbk�Y ��� � ¼;6 À }�.^ZYRXbY�YVa�[U\HcQd?osj"]mYVfmhG[U_bj��'cUfm���<XZYVfmnioQ¶b_ZhgaljmY�YVd%j
]$[y�SY¥k�^bcMeGe)YVXZnUY�au[UXbk�Y{c�fmY�cMeGhGj"]mhgk HbÄqo�� �Co	��Ä 
 � XZhG�UYVf$jmY
hgj?k�[UXbjmhgasY�f$YVa�}¥W'_bf?f$YVjm_Ze!]�j�jm^Z[ � ]m^Sc*]?]$^ZYL]$^ZY�[ifmY�]mhgk�cUe
rbfmY�ashGk+]mhG[UXbj?\`[Uf0]$^ZY�e)[sk�cUe��8_Z�Z�be)Y�f�c*]mY�cMXSay]m^bY�aZYVk+YVe!z
YVf$cM]mhG[UX�rScMf�cMd%Y+]$Y�f�cUfmYBc*¦-YVk+]mYVa���o�c¥k�[ijmd0hgkL�*cUfmhgcMXbk�Y
� ^b[ijmY�j"hGµ�Y'dQc�o��;Y'egcMf$nUYi�iasYVrSYVXbashGXZn0_ZrS[iXQ]m^bY'�*cMeG_ZY'[M\
]$^ZYHjmrSY�k�]$f$cUeMh)XSasY+q9cMXbaO]$^ZY<[*�iY�f�cMeGeMas_Zf�c*]mhG[UX@[U\�hGXs¶ScM]mhG[UX�}
¢s_ZrZr;[ijmYU�ZcUj � Y@^bc��UY9as[iXZY9j"[0\:cUfV��]$^bc*]�]$^ZY � XZhG�UYVf$jmY@hGj
nie)[i�bcMeGeGoy¶Sc*]¡cUXbaudQc*]"]$Y�fmz,aZ[Ud%h)XSc*]mY�a � h!]$^ ��� � ¼;6 ¬
cUXbaE]m^ZY � I B�� ?
oGL �CJ 
 �*cMeG_ZYRº+ÅO»¿ÆÈ É ¼b} � YVkVcM_bjmY@[M\/]m^ZYegcMf$nUYE�*cMf$hGcUXbk+Yi�H^Z[ � Y��iY�f��A]m^ZY�]$fm_ZY�eG[sk�cMeGeGoiz�asY�]mY�f$d%h)XbYVa
�*cUe)_ZYH[M\�]m^ZYFasYVk�Y�eGY�f�c*]$h)[iX9rbcMf�cMd%Y+]$Y�f�^ScUj�Xb[UXsz,µ�YVfm[�rZf$[U�Zz
cU�ZhGe)h)]�o{[U\8�SYVh)XZn{e)Y�jmjR]m^bcUXyµ�Y�f$[��~�Xy[U]m^ZYVf � [Uf�aZj��/hGX�c
r;Y�fm]m_bfm�;YVa � XZhG�UYVf$jmYU�scUkVk+YVe)YVf$cM]mhG[UXQd%h)ni^D].Xb[M].h)d%rZeGo%]m^ZY
Y�qshGj"]mYVXbk+Y%[M\.�'cUfm�¥�<XZYVfmnioU}Q�/h)nS} � nih)�iYVj@cp°D_bcMeGh)]$c*]$h)�iY
jm�UY�]$k�^�[M\�]$^ZY¡Y�¦;Y�k�]0[M\�]m^bYEk+[Dj"d%hgkQ�*cMf$hGcUXbk+Y¡rZfmY�ashgk�]mY�a
hGX�[U_Zf@]�cMeG�{cUj9\:cMfRcUjO]$^ZYQdQcMniXZh!]$_basY+£Df$YVaZjm^Zh)\�]RfmYVeGcM]mhG[UX
hgjRk�[UXbk�Y�f$XZYVaO*@]$^ZYQ]$^ZY�[ifmY�]mhgk�cMe�rbfmY�ashGk+]mhG[UX�hGX�c�dQcM]"]mYVf"z
aZ[Ud%h)XSc*]mY�aud0[sasYVe8hgjQXZ[M]¡c�jmh)XbnUeGY � YVe)e)z,aZY+©bXZY�a�k+_Zf$�UYi�
�b_s]BhGXbj"]mY�cUa¤hgjBfmYVrZf$YVjmY�XD]mY�a��Do¤c�©bXZh)]mY�f$Y�nUhG[UX � ^b[ijmY
jmhGµ�Y@hGj�aZY+]mYVfmd%hGXZYVaB��oQ]$^ZYRk+[Dj"d%hgk'�*cUfmhgcMXbk�YU}

5. Conclusions and comments
� Y�]{_bjtk+eG[ijmY � h!]$^ jm[Ud%Y�k+[id%d0YVXD]$jV} �>hGf�j�]t[M\LcMeGe��

eGY+]E_bjLXZ[U]mhgk+Yp]$^bc*]Eh)X¤cyr;Y�fm]m_bfm�;YVa � XZh)�iY�f�j"Y�]$^ZYl]$^ZY+z
[ifmo�hgj�_ZXbcU�Ze)Y¥]m[�rZf$[*��hGaZYl]m^bYtY�qsrSY�k�]mY�a��*cUe)_ZY�[U\R]m^ZY
��_Z�Z�ZeGY�k+[iXbj�]�cMXD] �:¬ ³U�/cMXba�asYVk�Y�eGY�f�c*]$h)[iX?rbcUf$cUd0Y�]mYVf ��¬ ´D�
jmhGXbk+Y&]m^ZYVoRasY�r;Y�XSa?_Zr;[UX?]m^ZYU�m�bcMf$Y ��_bXZ[U�bjmY�f$�*cM�ZeGY.�8_Z�sz
�be)Y�k+[iXbj�]�cMXD]¥¸pÅU}Ç�.^ZY�f$Y+\`[ifmYi�?hGX [Uf�asYVf{]$[ k�[Ud%rZ_s]$Y
]$^ZY%rZf$[U�bcU�Zh)eGh)]�oE]$^bc*]Rc¡]�o�rZhGkVcMeA[U�Sj"YVfm�iY�fOd0Y�cUjm_Zf$YVj'��cUe!z
_bYVjR[U\.]m^ZYB�8_Z�Z�be)YBk+[UXSj�]�cMXD]�cMXSayasYVk�Y�eGY�f�c*]mhG[UX�rbcUf$cUd0z
Y�]mYVf?hGX�cMnUf$Y�YVd%Y�XD] � h!]$^y]m^bY¡[U�Sj"YVfm�*c*]$h)[iXbjV�/clk�[Ud%rZeGY+]$Y
rbfm[sk+Y�as_Zf$Y � [U_beGatf$YV°D_ZhGfmY0dQcMf$nUhGXbcMeGh)µVh)XbnE[*�iY�fO]m^ZY¡�bcMf$Y
��_Z�Z�ZeGY%k+[UXSj�]�cMXD]O¸ Å � h!]$^tjm[Ud%Y?rb^DosjmhGkVcMeArZf$h)[ifV}9��[ � z
YV�UYVfV��rbfmY�ashGk+]mhGXZnlc�egcMf$nUY%�*cMf$hGcUXbk+Y0\`[Uf@]$^ZY¡asY�k+YVe)YVf$cM]mhG[UX
rScMf�cMd%Y+]$Y�f�kVcMX��SY�cMeGfmY�cUaso�f$Y�nDcMf�asYVaycij�cUX�hGXbashgk�c*]$h)[iX
]$^bc*]?]m^ZY¡]mf$Y�Y+z,eGY��UYVeH�*cMeG_ZY¡º�Å�» ÆÈ d%c�o¥XZ[M]0�SYEh)X�k�[UXsz¶ShGk+] � h)]m^ [U�bjmY�f$��h)Xbn�c�e)[sk�cUe)eGo�cUkVk+Y�eGY�f�c*]$h)Xbn � Xbh)�iY�f�j"Yi}
�·egcMf$nUYt�*cMf$hGcUXbk+Y�as[�YVj�XZ[U]ph)d%rZeGo¤]$^ZY��ZfmY�cM�sas[ � Xx[M\
r;Y�fm]m_bfm�bcM]mhG[UX¥]m^ZYV[Uf$olY�h)]m^bY�f�}Q~�XbasY�Y�a��>]m^ZYLasYVXbjmh!]�o{k�[UXsz
]$f$cij�] X ��3�� � � � 0 È � 3  È ¸ È � � �*cMeGhgaEhGXE]m^ZYRjmo�Xbk�^Zf$[UXZ[i_bj
nDcM_ZniY<\`[if I A A jmkVcMeGYVj���hgj�c*]Ad%[ij"]�[M\S[if$aZY�f/_ZXZh)]�oU}A�¥Y.^bc��iY
k�^bYVk��UY�aL]$^bc*]�c%Xb[UXZr;Y�fm]m_Zf$�bcM]mhG�UY9cMrZrbfm[DcUk�^¡£LcUe)[iXZn0]m^ZY
eGhGXZYVj�[M\'�8Y+\�} �)�V¬�� £�eGYVciaZj?]m[¥jmhGd0hGegcMf%k+[UXSk+eG_bj"hG[UXSj�cUXba
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]$^ZYpcMXZni_ZegcMfQashgcMd%Y+]$Y�fLashgj�]�cMXbk�Ypv�� j"_Z�Z]mY�XSasYVa���oy]m^ZY
jm[U_bXbau^Z[Uf$h)µV[UXu[UXu]m^bYleGcij�]¡j$k�cM]"]$Y�f$h)XZnyjm_Zfm\:cUk+Yi}x��[ � z
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c�]�cUjm�;}&�Z_Zfm]m^ZYVfmd%[ifmYi�ZY+q�]mYVXbashGXZnQ[U_bf8k+[Ud%rZ_Z]$c*]$h)[iX � \`[Uf
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]$^ZY�[ifmY�]mhgk�cUesrZfmY�ashgk�]mhG[UXSj�[M\�c@fmY�cMeZr;Y�fm]m_bfm�;YVa � Xbh)�iY�f�j"Y.]$[
[U]m^ZYVfQrZ^�osj"hgk�cUeF[i�bjmY�f$��cU�ZeGYVj%j"_brZrS[if"]$h)Xbn¥]$^ZYl�OcMf$���<Xsz
YVfmnioyrZhgk�]m_bfmY�hGX�]$^ZYp_ZXZr;Y�fm]m_bfm�;YVa�k+[Dj"d%[ie)[inUoU�&j"_bk�^�cUj
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the Integrated Sachs-Wolfe (ISW) effect and the tran-
sition from the decelerating to the accelerating phase
at redshifts of order unity [16]. In this respect we no-
tice that the contribution to the variance of physical

observables, as
√

Var[〈q̃〉Ω]
q0

, increases with time and
therefore both the ISW effect and the transition from
the decelerating to the accelerating phase might well
be consistent with a perturbed flat matter-dominated
Universe. We also point out that the generic expres-
sion (??) may be used to estimate the influence of lens-
ing on the brightness of supernovae sources. Finally,
let us reiterate once more that a deeper understanding
of the physical significance of long wavelength pertur-
bations is certainly needed.
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