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ABSTRACT

The receptivity to freestream sound of the laminar boundary

layer over a semi-infinite flat plate with an elliptic leading edge is

simulated numerically. The incompressible flow past the fiat plate is

computed by solving the full Navier-Stokes equations in general
curvilinear coordinates. A finite-difference method which is second-

order accurate in space and time is used. Spatial and temporal

developments of the the Tollmien-Schlichting wave in the boundary

layer, due to small-amplitude time-harmonic oscillations of the

freestream velocity that closely simulate a sound wave travelling

parallel to the plate, are observed. The effect of leading-edge

curvature is studied by varying the aspect ratio of the ellipse.

Boundary layer over the flat plate with a sharper leading edge is

found to be less receptive. The relative contribution of the discontinuity

in curvature at the ellipse-flat-plate juncture to receptivity is

investigated by smoothing the juncture with a polynomial. Continuous

curvature leads to less receptivity. A new geometry of the leading

edge, a modified super-ellipse, which provides continuous curvature at
the juncture with the flat plate, is used to study the effect of continuous

curvature and inherent pressure gradient on receptivity.

Nomenclature

U

L

I"n

V

Re

f2

F

freestream velocity

half-thickness of the flat plate, minor radius of the ellipse

leading-edge nose radius

kinematic viscosity
Reynolds number, UL/v

frequency of oscillations

non-dimensional frequent, parameter, f_v/U 2
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S
n

AR

a

MSE
TS
K

x,y

V '

03'

Cp

Strouhal number based on nose radius, firn/U

aspect ratio of the ellipse
amplitude of freestream oscillations
modified super-ellipse
Tollmien-Schlichting
surface curvature

Cartesian coordinates parallel and normal to the flat plate,
respectively
streamwise perturbation velocity, in x-direction
normal perturbation velocity, in y-direction
perturbation vorticity
steady-state pressure coefficient

1. Introduction

Receptivity, the process by which external disturbances lead
to instabilities in shear flows, plays a vital role in the transition from
laminar to turbulent flow. The importance of receptivity in prediction,
modelling and control of transition has been recognized [Morkovin
(1978), Reshotko (1984)] and can not be overemphasized. Substantial

progress has been made in investigating receptivity of boundary layers.
Discussions of recent developments in boundary-layer receptivity
theory may be found in Goldstein and Hultgren(1989) and Kerschen
(1990). A detailed review of some experiments on receptivity are
presented in Nishioka and Morkovin (1986).

In the prediction of boundary-layer receptivity to freestream
long-wavelength disturbances, theoretical investigations based on
high-Reynolds-number asymptotic methods have identified that the
conversion of freestream disturbances to "IS instability waves takes

place in the boundary layer where the mean flow exhibits rapid local
variations in the streamwise direction [Kerschen (1990,1991),

Goldstein (1983,1985)]. The discussions here concentrate on receptivity

to sound in the leading-edge region.
A few experiments, using fiat plates with elliptic leading

edges, have been done on boundary-layer receptivity to freestream
sound. In Leehey and Shapiro (1980) and Leehey et al. (1984) a leading
edge with AR=6 was used. Acoustic receptivity for their fiat plate was
reduced from order one to essentially nothing after tipping the plate to
obtain a zero mean-pressure gradient [Leehey el al. (1984)]. Results of
Wlezien and Parekh (1990) and Parekh et al. (1991), using AR=6 and
AR=24 (on a solid plate) indicate that the flat plate with a sharper

leading edge is less receptive to a plane sound wave. In their
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experiments mean-pressure gradients are effectively zero and junctures

between the leading edge and the flat plate are smoothed by a filler.

In terms of the computational modelling of the boundary-layer

receptivity to long-wavelength acoustic waves, Kachanov et al. (1978)

solved the incompressible flow over an infinitely thin fiat plate, using
the Navier-Stokes equations linearized for small disturbances. A
freestream vortical disturbance and a transverse acoustic wave across

the leading edge were considered. Murdock (1980) studied the

receptivity to a plane parallel sound wave of an incompressible

boundary layer over a fiat plate with no thickness, and boundary layer

over parabolic bodies (Murdock 1981). Receptivity was found to occur

near the leading edge. A sharper leading edge (smaller nose radius, r n)

was reported to be more receptive. Hammerton & Kerschen (1991) found
that the effect of nose bluntness was to decrease leading-edge

receptivity for a plane acoustic wave propagating parallel to a

parabolic body. It should be noted that these bodies have favorable

pressure gradients everywhere. Gatski and Grosch (1987) solved the

full incompressible Navier-Stokes equations for flow over an infinitely

thin, semi-infinite flat plate. No clear development of the TS wave

due to freestream oscillations was reported.

These results from experiments, computations and theories

indicate that differences in not only parameters such as F and Re, but

also details of leading-edge curvature, local and freestream

steady/unsteady pressure gradients can affect receptivity greatly. In

an attempt to investigate boundary-layer receptivity mechanisms to

different freestream disturbances, a numerical code has been developed

to compute the unsteady incompressible flow over a semi-infinite flat

plate with an elliptic leading edge solving the full unsteady Navier-

Stokes equations (Lin 1989). The use of a body-fitted curvilinear grid in

this work enables us to perform direct simulations with a variety of

leading-edge geometries.

2. Numerical Formulation

The governing equations are the two-dimensional unsteady

incompressible Navier-Stokes equations with vorticity and stream

function as dependent variables. A C-type orthogonal grid is generated

around the leading edge and the flat plate (Fig. 1). The boundary

conditions are the usual no-slip and no-penetration conditions at the
wall, inviscid freestream velocities at the farfield boundary, and

numerical boundary conditions downstream (Fasel 1976). The equations

and boundary conditions are written in general curvilinear coordinates

and discretized in space and time, using second-order accurate finite
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differences. The resulting system of equations is solved using a

modified strongly implicit procedure of Schneider and Zedan (1981).

Further details of the numerical formulation may be found in Lin
(1989).

First, a basic-state solution is computed by solving the

governing equations for steady, incompressible flow with a uniform

freestream, using a transient approach and spatially varying time

steps. Then the steady flow is disturbed by applying forced

perturbations about the steady basic flow at the freestream as

unsteady boundary conditions. The resulting unsteady flow and the

temporal and spatial development of the perturbations are calculated

by solving the unsteady governing equations time accurately. Here,

time-harmonic small-amplitude oscillations of the freestream

streamwise velocity about the steady flow, which closely simulate a

sound wave travelling parallel to the flat plate in the incompressible
limit, are used as freestream perturbations.

3. Results and Discussions

3.1. Steady-state solutions

Steady-state solutions are obtained for three different values

of the aspect ratio (AR) of the semi-ellipse, i.e. AR =3, 6 and 9. In all

cases, the Reynolds number, based on half-thickness of the fiat plate or

the minor radius of the semi-ellipse L and the freestream velocity U, is
chosen to be 2400. In modelling the semi-infinite fiat plate the

downstream computational boundary is located such that the branch I

of the neutral stability curve for Blasius flow (according to linear

parallel theory) is well within the computational domain. The

farfieid computational boundary is located at about _ to 30 Blasius-

boundary-layer thicknesses at the downstream region. The grid-point

distribution in the streamwise direction is determined not only to

ensure high resolution of the leading-edge region where the curvature

is changing rapidly, and at the ellipse-flat-plate juncture, but also to

have at least 10 to 20 grid points in one expected TS wavelength for

unsteady calculations. The stretching in the normal direction is done to

pack more grid points near the wall to resolve the boundary laver and

the Stokes viscous layer of the unsteady solution. Numerical studies

have been made to insure the adequacy of grid resolution and

computationa] boundary locations.

Typica} steady-state solutions are presented in Figures 2 and 3.

The wall vorticity (Fig. 2) differs appreciably from that of the Blasius

solution near the leading edge. The sharper leading edges exhibit a

peak vorticity closer to the singular behavior of the Blasius vorticity,
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as expected. Velocity vector profiles accordingly differ from Blasius

profiles, having overshoots above the freestream velocity at the

leading-edge region. The surface pressure coefficient distributions (Fig.

3) of the sharper leading edges have smaller pressure minima after

acceleration around the leading edge, hence smaller magnitudes of

adverse pressure gradient in the pressure-recovery region. After this

recovery, the pressure coefficient is very close to the inviscid solution,

with a very small and almost constant adverse pressure gradient

downstream. The square of the displacement thickness varies linearly

with x, after some distance from the leading edge (Lin et ai.1991). The

virtual leading edges are located upstream of the actual ones, due to
rapid thickening of the boundary layer in the pressure-recovery region.

3.2. Unsteady solutions

Unsteady calculations are carried out at different values of the

nondimensional frequency parameter, i.e. F=333x10 -6 and 230x10 -6 for a

leading edge with AR=3 (Lin 1989) and F=230x10 "6. and 110x10 "6 for

AR=6 and 9 (Lin et al. 1991). The amplitude of the freestream

oscillations (or the amplitude of the sound wave, a) used in these
calculations is either 10"4U or 2x10"4U. Detailed discussions of the

temporal and spatial development of perturbations in the boundary

layer are given in the above references. After the theoretical Stokes-

wave solution is subtracted from the total perturbation obtained from

the Navier-Stokes solution, the amplitude profiles of the remaining

disturbance can be calculated. These profiles are found to gradually

develop into typical TS-wave amplitude profiles (Fig. 4) after some

distance from the ellipse-fiat-plate juncture and are zero after the TS
wave front.

The streamwise variation of Fourier amplitude and phase

(obtained by performing temporal Fast Fourier Transforms) for the u'

disturbance velocities (along the j=9 grid line) are shown in Figures 5

and 6. These amplitude and phase variations are typical of a TS wave

linearly super'posed on a long-wavelength disturbance (Stokes wave).

In the fiat-plate region, the v' component of the disturbance response is

mostly contributed by the TS wave. Therefore wavenumber information

of the TS wave present in unsteady solutions is extracted by
differentiating the Fourier phase of the v' in the streamwise direction.

These wavenumbers are shown together with wavenumbers obtained by

linear stability analysis of the Navier-Stokes basic-state solution in

Figure 7. The locations of the branch I neutral stability curve predicted

by the unsteady Navier-Stokes solution and by the linear stability
analysis of the Navier-Stokes basic-state solution are close and occur
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well upstream of the branch I based on the Blasius boundary layer. In

Figure 8, a typical result of grid-refinement studies is shown. It is clear

that 200x80 grid points are adequate (for F=230x10 "6) to get accurate

solutions in the leading-edge region and further downstream except the

TS-wavefront region. A finer grid than 280x90 would be required to

resolve smaller scales present in the leading wave-packet, which is

beyond the scope of this work.

3.3. Effect of leading-edge geometry

The effect of leading-edge curvature on receptivity is

investigated by varying the AR of the ellipse while keeping the half-

thickness L (hence Re) the same. The amplitude of the TS wave is

smaller for sharper leading edges. This can be seen clearly in surface
plots of instantaneous streamwise disturbance velocity, u', after 4

cycles of forcing and after subtracting the Stokes wave (Fig. 9 and 10).

The magnitude of receptivity, as defined by the maximum (in y)

amplitude of u' (of the TS wave only) in the boundary, layer to the
amplitude of the freestream sound, a, is found to be about 0.8, i.e. order

one, for the AR=3 leading edge at F=230x10 "6, while the magnitude of

receptivity is found to be of order (10 "1) for the AR=9 leading edge. For

the AR=6 plate, the magnitude is of the same order but approximately

twice as large as the AR=9 plate. A sharper leading edge has a larger

curvature at the nose, has a smaller (in magnitude) local adverse

pressure gradient in the leading-edge region, and also has a smaller

magnitude of discontinuity in curvature at the ellipse-fiat-plate
juncture. It is a combination of these factors that may contribute to

reduced receptivity.

As for the effect of frequency parameter F (for the same AR), a

lower value of F is found to give a larger amplitude of u' near the

juncture. This trend is in qualitative agreement with the theory of
Goldstein (1985, 1989). It should be mentioned that for a fixed nose

radius r n, lower F means lower Strouha] number, S n, hence the

contribution from the nose bluntness should be higher according to

results of Hammerton and Kerschen (1991) based on parabolic bodies.

Farther downstream, the TS wave amplitude is smaller for a lower F

since damping rates before the first neutral-stability point are

stronger.

The wavelength conversion process necessary for receptivity to

freestream long-wavelength disturbances is illustrated in plots of

instantaneous disturbance streamlines (Fig.ll and 12). A disturbance
structure which has a larger length scale than the 'IS wavelength and

extends well beyond the boundary, layer in the normal direction can be
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observed at the leading edge. This structure has about twice the TS

wavelength in the case of F=ll0xl0 "6 (see also Fig. 6). At the edge of

the steady boundary layer, it can be considered as unsteady pressure

gradient A(x) input to the boundary layer, in light of discussions given

by Nishioka and Morkovin (1986). One may relate it to eigen-solutions

of the unsteady boundary layer as described in Goldstein (1983).

The asymptotic theories of Goldstein and Hultgren (1989), in

comparison with the experiments of Leehey and Shapiro (1980)
predicted that discontinuity in curvature at the juncture contributes

more to order-one receptivity, while the disturbances incepted due to

leading-edge adjustment of the boundary layer (Goldstein 1983) have a

much smaller contribution due to their rapid decay. To determine the

effect of the discontinuity in surface curvature, a portion of the surface

at the juncture region of the AR=6 leading edge is replaced by a

polynomial, making the curvature continuous everywhere. Figure 13
illustrates the surface-curvature variation before and after this

smoothing. The inherent change in the pressure gradient due to

smoothing along the surface is small and an enlarged view of the

pressure gradient near the juncture is given in Figure 14. Then steady

and unsteady results are obtained at F-_230x10 "6, using the same grid

resolution and time-step size. The two solutions obtained with

continuous and discontinuous curvature are compared in Figure 15. It is

clear that discontinuous curvature enhances receptivity.

In order to investigate the effect of continuous curvature and

inherent pressure gradient of the leading-edge, a new leading-edge

geometry based on a super-ellipse is considered. The shape of this

modified super-ellipse (MSE) is given by the following formula.

[ 1 - x/(AR L) Im°° + [y/L] n = 1, 0 < x/L < AR

re(x) = 2 + [ x/(AR L ) ]2 and n = 2

For a usual super-ellipse, both m and n are constants. Several

leading-edge geometries can be designed by using different constant

values for m and n. These super-ellipses will have the advantage of a
continuous curvature (zero) at the juncture with the flat plate as long as

m is greater than or equal to 3 at x/L=AR. The MSE, with re(x) given

above, has the further advantage of having a nose radius and geometry

(hence a pressure distribution) close to that of an ordinary ellipse with

m=2 and n=2 (Fig. 16).

Variation of steady wall pressure gradient for the AR=6 MSE

is given in Figure 14. See Figure 12.b for contours of instantaneous
disturbance streamlines. Plots of instantaneous wall disturbance

vorticity at F=230x10 -6 (Fig. 17) show that the MSE geometry is as
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receptive as an ellipse (with a discontinuous curvature) of the same

AR. The MSE has a steeper adverse pressure gradient near the juncture,
although the curvature is continuous. This indicates that a rapid

(continuous) change in this adverse pressure gradient region is as

important as the discontinuity in curvature.
Further calculations at different Re, F, AR and different

leading-edge geometries, comparisons with results of different

numerical schemes and grid generation methods, local comparisons

with available theories and direct comparisons with experimental

results, should be carried out in the near future.

4. Conclusions

The receptivity of the laminar boundary layer over a semi-

infinite flat plate at the leading-edge region is investigated by direct

numerical solution of the full Navier-Stokes equations. The leading-

edge curvature and finite thickness of the fiat plate are included by

using body-fitted coordinates.

We are able to observe both temporal and spatial initial

developments of the TS wave in the boundary layer due to time-

harmonic oscillations of the freestream streamwise velocity. The

receptivity occurs in the leading-edge region where rapid adiustments

of the basic flow exist. In this region the variation of curvature, the

adjustment of the growing boundary layer, the discontinui_ in surface

curvature and the inherent local pressure gradients introduce length

scales to the thin layer of oscillating vorticity imposed by the long-

wavelength freestream disturbances. This leads to the development of
a "IS wave in the boundary layer and its propagation downstream.

The magnitude of total receptivity (measured after the
leading-edge-fiat-plate juncture) depends on the leading-edge radius

of curvature, with sharper leading edges being less receptive to plane
parallel sound waves. This is not in conflict with the results of

Hammerton and Kerschen (1991) (based on a parabolic body) since the

nose radius r n considered here is relatively large so that contribution

from nose bluntness alone will be very small. Hence effects of change of

curvature and adverse pressure gradient near the ellipse-flat-plate

juncture will dominate the total disturbance response. The contribution

from the discontinuity in curvature to receptivity is found to be

substantial, making up almost 50 percent of the total receptivity for

the AR=6 leading edge at F=230x10 "6. A new leading-edge geometry for

fiat plates, based on a modified super ellipse, is proposed to eliminate

discontinuous curvature as a source of receptivity so that we can
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concentrate on the effects of continuous leading-edge curvature and the

associated adverse pressure gradient.
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Figure 1. Generated C-type grid; AR=6, Re=2400.
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Figure 10. Surface plots of u'/a after 4 cyc]es of forcing, after the Stokes

wave is subtracted; F=l'10xl0 "6, AR= 6 and 9.

Figure "}1. Contours of instantaneous disturbance streamlines after 4

cyc}es of forc/ng; AR=9, F='230x10 "6 and 110x]0"6..
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Figure 12.a. Contours of instantaneous disturbance str_mlines after 4

_vcies of forcing; AR=6, F=230xl 0 -6 and 110x104'..
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Figure _2.b. Contours of instantaneous disturbance streamlines after 5

cycles at P=/30x'l 0 -6 and after 4 cycles at ]:=110x'l 0"6; MSE, AR=6.
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Figure ]3. Variation of curvature of the AR=6 leading edge near the

)uncn_rc.
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Figure ]4. Enlarged view of the steady pressure gradient along the

surface, near the juncture; AR---6, Re=2400.
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Figure 15. Amplitude and phase o[ disturbance wall vorticit T to'L/U

taken after 6 cycles of forcing; AR=6, F=230x10 4, a/U= 10"4.
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Figure 16. Shapes of the super-ellipse with m=3, n=2 and the modified

super-ellipse, AR=6.
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Figure 17. Instantaneous disturbance vorticity to'L/U along the wall,

after 4 cycles of forcing; AR=6, F=230x10 "6, a/U= 10 _.


