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The anomalous ultrasonic attenuation and velocity variation caused by the critical fluc
tuation of spins near the Curie and N~el temperatures are theoretically investigated and found 
to be stronglY:. affected by an application of magnetic field. In the random phase approxima
tion, the attenuation coefficient is expressed in terms of a sum of the two terms; a cross term 
of the static spin polarizatlpn and th~ two-spin correlation function, and a product of the 
-tw.O~spin correlation functions. In the :tnagnetic field, the former term has a positive contribu
tion. to the attel\uation, since this term has a finite value only when the static spin polariza
tion exists. The'-latter term decreases in the field, owing to the suppression of spin thermal 
fluctu;ations due to the magnetic field. The magnitude of the contributions from these terms 
depends upon temperature, the strength of magnetic field and the nature of the exchange 
interaction in magnetic materials. The theory explains various types of the field dependence 
of the attenuation observed in magnetic materials including MnP, Dy and MnF2• A new 
attenuation peak found recently by Hirahara et al. in the paramagnetic phase of MnP under 
a magJ~etic field is explained on the basis of the present theory. 

§ I. Introduction 

1 

When the ultrasonic attenuation in magnetic materials is measured as a func

tion of temperature, a sharp peak is usually observed at the Curie and Neel tem

peratures.1l If a magnetic field is applied, the critical attenuation increases in 

some magnetic materials and decreases in some other magnetic materials. For 

example, Neighbours et al.2l have observed a decrease of the attenuation in MnF:r 

in magnetic fields; whereas Lee and Levy have found a large increase of the at~ 

tenuation in Dy8l and Ho4l in magnetic fields. Whether the attenuation increases 

or decreases is also dependent on temperature. Recently, Hirahara et al.6l have 

observed that the attenuation in MnP decreases in magnetic fields when temperc 

ature is extremely near the Curl.e point. However, the attenuation increases above 

a certain temperature. When temperature is fixed at some temperature above 

that temperature and magnetic field is applied, the attenuation starts to increase 

proportionally to the square of the magnetic field, attains a maximum anCl de

creases with further increasing magnetic field. The following phenomenon which 

they have observed in MnP seems to be more striking. When a magnetic field 

is applied along the hard axis of magnetization, the Curie temperature shifts 

toward. the lower temperature. In this case,' in addition to the attenuation peak 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/5

1
/1

/1
/1

8
4
1
1
7
1
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



2 M. Tachiki and S. Maekawa 

at this shifted Curie temperature, they found a new broad peak in the temperature 
region where it has been considered to be a uniformly paramagnetic region. 

It has been observed in magnetic materials such as Gd/l Dy,6l Ho6l and MnP5l 
that the longitudinal sound velocity has a sharp dip at the critical temperature. 
This anomalous variation of the velocity is also strongly affected by an applica
tion of magnetic field. The aim of the present .investigation is to construct a 
theory for the ultrasonic attenuation and the velocity change due to the spin-phonon 
interaction in the presence of magnetic field, and tb explain systematically various 
types of the field effect mentioned above. 

The spin-phonon interaction responsible for the critical attenuation and the 
change in the velocity of longitudinal sound arises in most cases from the strain 
modulation of the exchange interaction. 7l-Hl Via this interaction, the spin thermal 
fluctuation causes random forces to act on the acoustic normal modes. Accord
ing to Mori's theory12l for irreversible processes, the sound attenuation coefficient 
is expressed as the time-correlation function of these random forces and is pro
portional to the spin correlation function. In a magnetic field, the spin correla
tion function is divided into two parts: One is the cross product of the static 
spin-polarization induced by the magnetic field and the two-spin correlation func
tion, and the other is the correlation function of four spins. The latter part cor-

. responds to the usual mechanism7l-lll which has been considered for the critical 
attenuation in the absence of magnetic field. If a magnetic field is applied, the 
spin fluctuation i!l suppressed and the magnitude of the spin correlation function. 
is decreased. Consequently, this part contributes to a decrease of the attenua
tion in the magnetic field. The first part appears only when the static spin po
larization exists. Therefore, this term has a positive ~ontribution in the presence 
of magnetic field in the paramagnetic phase and below the Curie temperature. 
This mechanism has first been introduced by Lee, Levy and one of the authors 
(M.T.)'l to explain the increase of the critical attenuation in Ho in magnetic fields. 
The combination of the two effects mentioned above can explain various types 
of the field effect on the ultrasonic attenuation observed in many magnetic mate
rials. The sound velocity as a function of temperature has a sharp dip at the 
Curie and Neel temperatures.1l This anomalous variation of the velocity is also 

. ' 

strongly affected by an application of magnetic field. 1),o),O) This field effect IS 

explained from a mechanism similar to that of the att~nuation. 
In §§ 2 and 3, expressions for the ultrasonic attenuation and the change in 

the sound velocity due to the spin-phonon interaction in the presence of magnetic 
field are obtained, using the random phase approximation. These expressions 
include the staggered susceptibilities. The susceptibilities in magnetic fields are 
calculated and inserted into these expressions, and explicit formulae for the at
tenuation and the velocity are obtained in § 4. The increase of the attenuati,on 
from the first mechanism mentioned above compensates the decrease from the 
second mechanism at a certain temperature. In § 5, it is suggested how the 
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Sound Propagatio;,_ near Magnetic Phase Transition Temperatures 3 

compensation temperature is related to the nature of the exchange interaction. 
In § 6, the theory is applied to MnP, and the attenuation coefficient and the veloc
ity change are calculated. The calculated results explain the experimental results 
obtained by Hirahara et al.5l In § 7, the theory is also applied to Dy and the 

calculated attenuation coefficient is compared with the experimental one obtained 

by Lee and Levy.8l 

§ 2. Ultrasonic attenuation coefficient 

For the spin-phonon interaction responsible for the critical attenuation of 

longitudinal sound, the strain modulations of the exchange interaction . and the 
magnetostrictive coupling of one ion type are considered. However, in., most of 

the magnetic materials in which the exchange energy is larger than the anisotropy 

energy, the contribution to the spin-phonon interaction from the exchange interac
tion dominates. Thus, we include only the exchange contribution in our Hamiltonian. 

The total Hamiltonian for a spin and acoustic phonon system is written as8l 

,f}(:;:: .!JCo + .!JC1 + .!JC2 , . 

.!JCo= ~ liwk0bk*h- ~ ~ JijS,aS/+gp.BH~ S,•, 
k · a i,j i 

+ bkb'f., +b~kb-k,) U~ 2 )., , 

Uk(l) = _ ~ (eik·R1_ eik·RJ) ek, ~ f}JiJ sias,a, 
t,J · a oR, 

U~2)., = _ _!_ ~ (eik·R1 _ eik·Rt) (e-,tk'·R,_ e-ik'.R') 
2 i,J 

X ~ fj2Ji'j s as a 
eke-·k': "'-.l . i J, 

a oRif}RJ 

a=x, y,.z, 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

where p is the density of crystal, V the volume of crystal, ek the polarization 
vector of the phonon k, Ri the position vector of the i-th site, ·and s,a the a
component of spin at the i-th site. The :first term of !}{0 represents the Hamiltonian 

for the non-interacting phonons whose frequencies are indicated by (})fi0• The 

operators bk and bk* are annihilation and creation boson operators, respectively. 
The second term represents the anisotropic exchange interaction with exchange 

integral JiJ· The third term represents the Zeeman energy in a magnetic :field 
applied along the i axis. We assume an isotropic g-factor. The Hamiltonians 

.!JC1 and !JC2 represent, respectively, :first- and second-order spin-phonon interactions 
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4 M. Tachiki and S. Maekawa 

with respect to the phonon amplitude. According to Mori/2l the ultrasonic at

tenuation coefficient is expressed as a function of the time-correlation of the ran

dom force acting on the phonon bk as8l 

(7) 

with the relaxation function defined by (A, B) =HdJ..<e>..,gcAe-uB):_f3<A><B> where 

<C> = Tr e-fl,j(C/Tr e-fl,j{. In Eq. (7), v 1 is the longitudinal sound speed and the 

random force is defined by 

If the relation 

(j)k =. i (bk, bk *) / (bk, bk *) = < [bk, bk *] > /h (bk, bk *) 

= 1/h (bk, bk *) 

(8)_ 

(9) 

is used, (bk, bk *) is related to the phonon frequency (J)k. As will be discussed 

in § 3, the frequency is changed by the spin-phonon interaction. However, since 

this change is very small, (J)k and v1 appearing in Eq. (7) are replaced by those 

of non-interacting phonons. The random force fk is expressed, from Eq. (8), as 

(10) 

where the contribution from !/{2 was neglecttod, because of higher order with 

respect to phonon amplitude. Using Eqs. (7), (9) and (10), and introducing 

the Fourier amplitude of spin Sq= (1/N)l/2 .B,S,e'q·R•, we obtain ak as 

ak= (2pVvz)- 1 Re .B .B .B .B gqa*(k)g~;(k) 
q q~ a a' 

X 100 

(Sq a (t) S~q-k (t)' s~~' (0) s;:+k (0)) exp (- i(J)kt) dt ' (11) 

g a (k) = .B e£q•RJ; (e£k·RJ< -1) ek • (}JtJ • 
q , aR£ 

(12) 

Now we introduce an external magnetic field which 1s applied along one of 

the principal axes of the exchange interaction. We take the z axis in the direc

tion of the magnetic field. The magnetic field induces a uniform spin polariza

tion in the z direction, and spins fluctuate around it. We divide the component 

So• into the static spin polarization <So") and the deviation S 0 "' from it 

So"= <So")+ So.,· (13) 

If this expression 1s inserted into Eq. (11), ak 1s rewritten as 

ak= (2pVvz)- 1 Re [4go"*(k)go"(k)(So"/ 

X loo (S~k(t), Sk"(O))exp( -i(J)kt)dt+ .B .B .B .B gqa*(k)g~;(k) 
~ q ~ a ~ 
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Sound Propagation near Magnetic Phase Transition Temperatures 5 

where Ska with k=O and a=z in the last term reads So•'. The external magnetic 

field induces the spin polarization and suppresses the spin thermal fluctuations. 

The first term in the bracket of Eq. (14) does appear only when the spin po

larization exists and, thus, this term contributes to an increase of the attenuation 

in the presence of magnetic field. As discussed in §§ 5""7, this term plays an 

important role in the field dependence of the attenuation. Therefore, to elucidate 

the physical origin of this term, we give another derivation in the Appendix. 

The magnitude of the second term which is a function of four-spin correlations 

decreases owing to the suppression of spin fluctuations by an application of mag

netic field and, thus, this term causes a decrease of the attenuation in the pres

ence of magnetic field. For the cal~ulation of the second term in the bracket 

of Eq. (14), we approximate the four-spin relaxation function by a product of 

the two-spin relaxation functions with the use of the decoupling approximation 

(ab,cd)"-'8- 1 [(a,b)(c,d)+(a,c)(b,d)+(a,d)(b,c)]-<ab)<cd). In §§6 and 

7, we will treat spin systems in metals such as MnP and Dy. In these systems, 

the exchange interaction is of the long range and, therefore, the above decou

pling approximation may work well except very near the transition temperature, 

where the correlation length of the spin pair correlation function becomes much 

longer than the force range of the exchange interaction, If this approximation 

is used, Eq. (14) is reduced to 

ak = (2p Vv1)-1 Re [4g0•* (k)go• (k) <So•)2 1"' (S~k (t), Sk• (0)) exp ( -iwkt)dt 

+ a-1 :E :E :E (gqa* (k)gqa' (k) + gqa* (k)g'::q-k (k)) 
q a a' 

The next step to be done is to calculatl:) the two-spin relaxation function in 

a magnetic field. For this purpose we set up the following equations of motion 

for Sq with damping terms: 

~q"'= -Aqvsqv-Tq"'Sq"', l 
sqv=Aq:r:sq:r:_rqvs/, 

s ·= -r ·s · q q q' 

(16) 

whe-re 

A Y=:=gfJ. H+2 <S.o•) (.1!-J Y) }. 
q B ../N O,q' 

A :r:=gfJ. H+2 <So•) (J!-J :r:) 
q B ../N 0 q, 

(17) 
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6 M. Ta~hiki and S. Maekawa 

(18) 

In Eq. (16)' r qa lS the damping constant for the spin component sqa and is given 
by Mori12> as 

(19) 

where Kqa is the random torque acting on the spin component Sqa; As mentioned 
above, we are considering spin systems in metals such as .. MnP and Dy. For 
these spin systems, we take a model that localized spins are immersed in conduc
tion electron sea and assume that the energy of these spin systems is dissipated 
by conduction electrons through the so-called s-d or s-f interaction. As shown 
by Kawasaki/3> (Kqa(t), K~q(O)) in this case does not have anomaly at a mag
netic phase transition temperature and this correlation function is expected to have 
a weak temperature dependence even in' the vicinity of the transition temperature. 
Furthermore, the time-correlation of the random torque may have the shor~ time 
nature and thus T q a becomes independent of the parameter z in Eq. (19). There
fore, in th.ese ~pin systems, the conventional theory for spin damping works well 
and r q a is written as 

(20) 

where B. is a constant dependent on magnetic materials but independent of tem
perature, and 'Xqa is the staggered susceptibility per ion. In deriving Eq. (20) 
from Eq. (19), a relation14> 

(21) 

was used. Hirahara et al.6> have shown experimentally that the relation (20) ac
tu<,~lly holds in the case of MnP. They have measured the temperature dependence 
of the attenuation coefficient and the sound velocity in MnP in the critical tem
perature region. If the damping constant with q~O along the c-axis in MnP is 
written as To •, this constant is related to the attenuation coefficient ak and the 

·velocity change Jv1 as1>• 11>• 16l 

To•oc _ Wk2 (£1v,jv,) . 

v,ak 
(22) 

Using this relation, Hirahara et al_6> have obtained the result that Foe is propor
tional to (T- T 0)t. 1• The static susceptibility of MnP measured by Huber and 
Ridgleyl6l is proportional to (T- T 0 )-1 in the critical region. Therefore, the 
relation (20) is consistent with the experimental result obtained by Hirahara et 
at•> It should be noted that Fqa in our case is different from that for spin sys
tems in insulators where spin damping occurs within. the spin systems through 
spin diffusion. In the spin systems, when the exchange interaction is isotropic; 
(Kqa(t), K~q(O)) have anomaly at the transition temperature and the conventional 
theory cannot be used. 
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Sound Propagation near Magnetic Phase Transition Temperatures 7 

{ 

Solving the equation of motion (16), we obtain the two-spin relaxation func-
tion as follows: In the case that a quantity ITq'l defined by 1Tq""-Tq11 1 is much 
greater than the frequency of the ·collective motion of spins 

·we have 

(Sqa(t), S~q(O))= (Sqa, S~q)exp( -rqat),} 

(Sqa(t), S~~(O)) =0, (a=\=a') · 

and in the case of IT/I 4:.!Jq, we have 

(Sq""(t),S:q(O)) = (Sq"", S:q)exp( -Tqt)cos !Jqt, 

(Sq11 (t), S!q(O)) = (Sq11, S.!q)exp( -Tqt)cos !Jqt, 

(Sq' (t), S:q(O)) ·= (Sq•, S:q)exp(- Tq"t), 

(Sq""(t), S.!q(O)) =- (Sq11 , S.!q) ,j 16 exp(- Tqt) sin !Jqt,. 

(Sq11 (t), S:q(O)) = (Sq"', S:q) ~ exp( -Tqt)sin !Jqt, 
q 

(Sq"(t), S':,q(O)) = (Sq""(t), S:q(O)) = (Sq"(t), S.!q(O)) 

= (S/(t), S:q(O))=O, 

Tq= (Tq""+Tq11)12. 

(23) 

(24) 

(25) 

{26) 

Hereafter we assume that the wave number of ,applied sound is very small 
(k'"'-'0), as in usual cases. We assume also that g q 4 (k) is isotropic with respect 
to a and has a value gq(k). Inserting Eq. (24) into Eq. (15) and using the 

relation (21), we obtain ak in the case IT/I '.'J>!Jq as 

- 1 [21 (k) Ia( <S '))2 • To" ak- v ( )' . 9o 9fJ.B 0 Xo (T'Z)2 2 
P Vz g fJ.B ' , L o + Wk 

2T a 

+(3-1 ~ ~· l9q(k)I2(Xqa? (2Tqal+wk2J. (27) 

In the case ITq'l 4:.!Jq, inserting Eq.. (25) into Eq. (15), we have 

- 1 [21g (k) 12(g <S '))2 • ro• ak - ' 'v ( )' 0 fJ.B 0 Xo ( T' •)2 2 p Vz 9fJ.B L 0 +Wk 

(28) 

In deriving Eq. (28), the terms proportional to (Aq11 - Aq"') I Aq"' were neglected, 
since I (A'l11 - A'l"') I At/1 is· negligibly small in most of the magnetic materials, .. If 
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8 M. Tachiki and S. Maekawa 

this term is included, ak becomes dependent on the normal frequency of the col
lective motion of spins. 

§ 3. Sound velocity 

Using the relation (9), Kawasaki and Ikushima16) have calculated the change 
in the sound velocity due to the spin-phonon interaction in the low frequen·cy 
limit (wk«:..Tq"). They expanded (bk, bk *) in terms of the interaction Hamiltonian 
!JC1 and !JC2, and obtained the following expressions for the sound frequency shift 

AWk = (AWk)l + (AWk)2 ' 

(Awk)l=- ({3/2pVwk 0 )<Uk< 1 lU~ 1 k), 

(AWk)2 = (1/ p V Wk 0) < U}.2k) , 

(29) 

(30) 

(31) 

where Wk0 is the frequency in the absence of spin-phonon interaction. The fre
quency shift (Awk)1 is' the second order contribution from !JC1 and (Jwk)2 is the 
first order contribution from !JC2• In the case of the attenuation, the lowest order 
contribution arises only from the Hamiltonian !JC1• However, the contribution to 
the velocity change comes both from !JC1 and from !JC2• It is noticed that Eqs. 
(30) and (31) do not include the time-correlation. This is in contrast with the 
fact that the attenuation coefficient includes the time-correlation. The expressions 
(5) and (6) are respectively inserted into Eqs. (30) and (31), and the transforma
tion (13) is made. In the same way as in the case of the attenuation, the four
spin correlation function appearing in the expression of velocity change is decoupled 
into a product of the two-spin correlation functions, and these two-spin correla
tion functions are replaced by the staggered susceptibilities, using the relation 
(21). Then, the calculated result for the velocitychange is given by 

Av, = (Av,)l + (Jv,)a , 

(Jv,)l = (Jwk)l/k 

=- [p Vv, (9ttB)4k2]-1 [21 9o(k) l2 (g,aB(So")ho" 

(32) 

+ {3-l :E :E I 9q (k) 12 (Xq "/]' (33) 
q " 

(Jv,)2= (Jwk)2/k=- [2pVv,(9ttB/k2]-1 

X [ho"(k) (9ttB(So'))2 +{3-1 I; I; hq"(k)xq"], (34) 
q " 

where 9q(k) has been given by Eq. (12) and hq"(k) is defined by 

hq" (k) = ~ e-iq·RJ< (eik·RJ< -1) (e-ik·RJI -1) eke'-k; O~:Oi1J (35) 

The .sign of (Jv1)1 is always negative and the spin-phonon interaction causes a 
dip, in the sound velocity versus temperature curve at the critical point. The 
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Sound Propagation near Magnetic Phase Transition Temperatures 9 

sign of (Jv1) 2 depends on the sign of hq a (k). The velocity change (Jv1) 2 has 

no singularity at the critical point,, since this term originates from the rather 

short range correlation of spins inside the exchange interaction range. Therefore, 

as far as the critical anomaly is concerned, the contribution from (Jv1)1 dominates. 

In the presence of the magnetic field along the easy direction of 'magnetization 

of ferromagnets, the singularity in (Jv1\ disappears, as will be shown in § 6. 

In this case, the contribution from (Jv1) 2 cannot be neglected except l9q(k) j 2 )> 

jhqa(k)j. 

§ 4. Staggered susceptibilities. in an external magnetic field 

As seen from Eqs. (20), (27), (28), (33) and (34), the attenuation coef

ficient and the velocity change are expressed as functions of the staggered sus

ceptibilities and the spin polarization. In this section we calculate the suscepti

bilities and the spin polarization, using the molecular field approximation and 

derive explicit formulae for the attenuation coefficient and the velocity change. 

Using the. results calculated with the use of the formulae, we will discuss qual

itatively the temperature and field dependence of these quantities in the next sec

tion. When the calculated attenuation coefficient of MnP is quantitatively com

pared with the experimental one in § 6, a certain correction for the staggered 

susceptibilities and the spin polarization is made. 

When a static magnetic field H and a staggered magnetic field H/ are ap

plied along the z- and a-axes, respectively, the Hamiltonian for a spin system 

is written as 

From this Hamiltonian the molecular field Hamiltonian for the i-th spin is re

duced to 

.3-Cmt(i) = ( -2Jo• ssz +9/f.BH)S/ 

+ ( -2Jqa~s:;: +9/f.BHqa )siae-iq·R•. 

The value of <So") is determined by· solvmg the self-consistency e51uation 

<So")/JN=SCJ= -SB8 ({3Sa), 

(37) 

(38) 

(39) 

where B8 (x) is the Brillouin functio11_ and (J is the spin polarization normalized by 

S. For the calculation of (Sq a), we consider the density matrix corresponding 

to the Hamiltonian (37) and expand it in terms of the last term of Eq. (37). 

Using this density matrix, we set up the self-consistency equation for (Sqa), and 

by solving this equation we obtain the staggered spin-polarization. If this stag-
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10 M. T achiki and S. Maekawa 

gered spin-polarization is inserted into the relation 

'Xqa= -gt-tB<Sqa>l ( v' NHqa), (40) 

the diagonal elements of the staggered susceptibility are obtained as 

• _ (gt-tBYS 2 Bs' ({3Sa) 
'Xq - {3- 1 - 2Jq'S 2 Bs' ({3Sa) ' 

(41) 

a_ (gt-tBYS Bs({3Sa) 
'Xq - a-2Jqas B 8 ({3Sa) ' 

(a=x, y) (42) 

where Bs'(x) = (d/dx)B8 (x). In numerical calculations, we expand the Brillouin 
function and retain terms up to third order, since the magnitude of the normalized 
spin-polarization (J is less than 0.3 at the temperature and the field which we are 
concerned with. In this case, the susceptibilities (41} and (42) are reduced to 

'Xq' C(l-b) 
T-Tq'(1-b) ' 

(43) 

a_ C(1- (b/3)) 
'Xq - T- Tqa(1- (b/3)) ' 

(a~x, y) (44) 

C being the Curie constant (gt-tBYS(S+1)/3kB. In Eqs. (43) and (44),'Tqa i~ 
the ordering temperature for sqa and is given by 

·a 2JqaS(S+1). 
Tq = 3kB ' (45) 

and b is a constant defined by 

(46) 

The maximum,- value of Tqa with respect to q and a, T Qa, corresponds to the, 
ordering temperature at which the sinusoidal spin ordering with the wave number 
Q actually occurs. The ferromagnetic and antiferromagnetic spin-orderings are 
included in this scheme as special cases. The value T q a is expanded around 
T 9 a as 

T qa =T Qa- D, (q, -·Q,? -l)y (qy- QyY -D. (q.- Q.)2'-

Da=- S(S+1) 82J:-/ 
3kB 8qa q~Q 

= S(S+1) :L;J,1 (R/-R/)V!J·(R,-R,>, 
3kB i 

fJ=x, y, z, 

(47) 

(48) 

where the a-dependence of J,1 was neglected in Eq. ( 48). The quantities D 8 

are more sensitive to the exchange interaction. range than t! ( Q), since it include$ 
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Sound Propagation near Magnetic Phase Transition Temperatures 11 

(R/- R/? in the sum. 

In the case JT9 'J ~!2 9 , inserting Eqs. (20), (43), (44) and (47) into Eq. 
(27) and making the summation in Eq. (27} with respect to q, we obtain 

ak=S4(S+l)BNT.[4Jgo(k)J2( 0"(1-b) )2 
18pVv1B kB T-T0'(1-b) 

+(l+(l/S))Jgq(k)l 2 t~oT{( 1-b ) 312 

967C:jD.,DvD• T._Tq•(I-b) 

( 1- (b/3) )S/2}·] 
+ ~. T-T9"(1- (b/'&)) ' 

(49) 

v 0 being the volume per spin, V/N. In deriving Eq. (49), Wk in the denominator 
of Eq. (27) was neglected. In the same way, we obtain ak for the case JT9 'J 
~!2 9 as 

·ak=S4(S+ l)aNT[4Jgo(k) 12(. 0"(1-b) )·a 
· 18pVvz B kB T-To•(I-b) 

+ (1 + (1/S))Jg9 (k) J
2v 0T {.( 1-b )sf2 

967CVD.,DvD• T-T9 •(I-b) 

16 
. + (1- (b/3))1f2(T9"'-T9 Y)8 

x( {[T-Tq"'(l-(b/3))]112 - [T- ((Tg"'+T!/)/2)(1- (b/3))]112}2 

[T-Tq"'(l- (b/3))]112 

+ {[T-TgY(l- (b/3))]112-[T- ((Tq"'+TqY)/2)(1- (b/3))]112}2 )}]· 

' [T-T9Y(l- (b/3)))112 

(50) 

If Eqs., ( 43), (44) and ( 47) are inserted into Eqs. (33) and (34), the velocity 
change due to the spin-phonon interaction is calculated as 

(Jvz)1 =_NS3 (S+1)[4Jgo(k)j 20"2 ( 1-b .) 
6pVv1k2kB T-To'(l-b) 

+(1+ (l/S))Jg9 (k)J 2v0T {( 1-:-.b rf2 
. 127CVD.,DvD• T-T9 (1-b) 

( 1-(b/3) ) 112
}] 

+ ~. T-T9"(1- (b/3)) ' 
(51)' 

(Jvz)a=- NS22 [ho'(k)0"2-::-:- (1 + (1/S))voT {hq•(k) 
2pVvzk kB 127CVD.,DvD• 

• X (T~']' 9 "(1-b) ) 112 + :E hq"(k) (T-T9"(1- (b/3))) 1
1
2
}]· 

1-b · ' a~• '1-(b/3) 

(52) 
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12 M. Tachiki and S. Maekawa 

In Eq. (52), a constant term independent of temperature and magnetic field was 

neglected. When both magnetic field and anisotropy are in absence in ferromagnets, 

the last terms in the curly brackets of Eqs. ( 49), (50) and (51), which originate 

from the fluctuations of the x- and y-components of spin, diverge below T Q· In 

this case, the correlation length of the x- and y-components of the spin correla

tion function becomes infinite. Therefore, we cannot use the decoupling approx

imation which was employed in deriving Eqs. (15) and (33). However, when 

anisotropy or magnetic field exists, the correlation length becomes finite,I7l and 

therefore the formulae may be used even below the transition temperature. 

§ 5. Weak magnetic field limit 

Let us consider the temperature dependence , of the sound attenuation in a 

constant magnetic field. When temperature is very near the phase transition 

temperature, the sound attenuation always decreases in an applied magnetic field 

because of the suppression of spin fluctuations by the field~ When the temperature 

increases, this negative contribution decreases rapidly, and is completely compen

sated by the positive contribution from the first term in Eq. (14) at a ,certain 

temperature. When the temperature increases furthermore, the positive contribu

tion from the spin polarization overcomes the negative contribution from the sup

pression of spin-fluctuations, and the at~enuation begins to increase. As shown 

below, the compensation temperature .is closely related to the nature of the ex

change interaction in magnetic materials. In ferromagnets with the long range 

exchange interaction the compensation temperature becomes extremely near to 

the transition temperature, whereas in antiferromagnets with the ~hort range in

teraction the temperature becomes very high away_ from the transition temperature. 

The temperature range in which the critical attenuation is usually measured 

is from 10-' to 10-1 of (T- T 0 ) /T Q· If the temperature is higher than the 

compensation temperature, the attenuation is observed to increase in the presence 

of magnetic field. On the other hand, if the temperature is lower than the com

pensation temperature, the attenuation is observed to decrease in the field. To 

examine the relation between the exchange interaction and the compensation tem

perature, we consider the attenuation coefficient in the weak field limit. We 

assume that the exchange interaction and the spin damping constant are isotropic. 

In this case the field-dependent part of the attenuation coefficient is obtained from 

Eq. (50) as 

Aak(H) =NS 3 (S+ IY(gfl.BHYT [4Jg0 (k) J2S(S+ 1) 

54pVv1 B kB3 3(T-T0)' 

__ __le_o_(~)j 2 vo_[S 2 +(S+V]T 2 
] 

128rrvD:cDyD.(T-ToY(T- T 0Y12 .• 
(53). 

The first and second terms in the bracket of Eq. (53) come from the first and 
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Sound Propagation near Magnetic Phase Transition Temperatures 13 

second terms in Eq. (50), respectively. We notice that the field dependent part 

of a:. starts from a term proportional to H 2 • The compensation temperature is 

determined by the condition th'at the magnitude of the first term in Eq. (53) 

becomes equal to that of the second term. We write the compensation temper

ature measured from T Q as AT. In the case that T Q and T Q- T 0 are larger 

than ;IT, AT is calculated as 

(54) 

If we indicate the phase transition temperature by Tc and the paramagnetic Curie 

temperature by 61, T Q- T 0 is equal to Tc- 61, and thus AT is proportional to 

(Tc-61)'15• The value of AT is inversely proportional to (D:cDyD.) 11\ which is 

sensitive to the exchange interaction range, as mentioned in § 4. In Dy and Ho 

which have a spin-spiral structure at high temperatures, T c- 61 is considerably 

smaller than the Neel temperature. Furthermore, the exchange interaction in 

these metals is of the long range, since the interaction comes mainly from the 

indirect coupling through conduction electrons. Consequently, we expect that 

AT is very small in the rare earth metals. 

In ferromagnets in which T c- T 0 vanishes, AT is calculated from Eq. (53) 

as 

(55) 

The value of AT in this case is inversely proportional to D:cDyD., and thus AT 

is extremely sensitive to the exchange interaction range. Since in ferromagnets 

such as Gd and MnP the exchange interaction is of the long range, the compensa

tion temperature is expected to be very near the phase transition temperatures. 

This fact is consistent with the result that the sound attenuation of these crystals 

has been observed to increase in an external magnetic field, except extremely 

near the transition temperatures.16h 5l 

Manganese fluoride is a typical antiferromagnet with the Neel temperature 

of 67 K and the paramagnetic Curie temperature of -82 K,I9J and, thus, Tc- 61 

of this crystal is 149 K, which is very large compared with the Neel temperature. 

Furthermore, the exchange interaction of this crystal is of the short range, since 

the second nearest neighbor interaction (the interaction between the corner and 

body centered s:tes in the rutile structure) dominates other interactions. The 

value of v 0Tc312 (D:cDyD.)- 112 of MnF2 is estimated as 45. If this value, the Neel 
and paramabnetic Curie temperatures, and the manganese spin value of 5/2 are 

inserted into Eq. (53), and if the relation I g0 (k) 12 =I gQ (k) 12 is assumed, we find 

that Eq. (53) does not vanish except at infinite temperature. In other words, 

the compensation temperature goes to infinity and the sign of Aak (H) is always 

negative in the paramagnetic phase. This is consistent with the fact that the 
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14 M. Tachiki and S. Maekawa 

sound attenuation of this crystal has been observed to decrease by an application 
of magnetic field in the temperature range of the paramagnetic phase.2J One 
might suspect that the relation for spin damping constant (20) may not be cor
rect for MnF2 as mentioned in § 2, because this crystal is an insulator. However, 
our essential conclusion that Aak (H) is always negative may hold, even if a 
damping constant calculated from other mechanisms proper for MnF 2 is used. 

§ 6. Manganese phosphide 

a) Attenuation 

Manganese phosphide has an orthorhombic crystal structure slightly distorted 
from the hexagonal structure of the NiAs-type. The spin structure as a func
tion of temperature and the magnetic field along the b axis is shown in Fig. 1.20> 
As seen in the figure, in the absence of magnetic field this crystal is ferromag
netic between 47 K and 290.5 K, and paramagnetic above 290.5 K. The transi
tion temperature between these phases dec1eases with increasing magnetic field. 
At low temperatures, spin-spiral and spin-fan structure phases appear, respectively, 
in low and high magnetic fields. In the ferromagnetic phase, the easy, interme
diate and hard axes of magnetization are the c, b and a axes, 'respectively. 

Hirahara et al.6> have obtained the following experimental results of the 
ultrasonic attenuation in MnP. (1) When a magnetic field is applied along the 
c ~xis, the height of the attenuation peak ~t the Curie temperature decreases 
abruptly and the width. of the peak increases, as shown in Fig. 2. At a fixed 
temperature above the compensation temperature mentioned in § 5, the attenua
tion coefficient starts to increase proportionally to the square of the magnetic 

.... 30 
CD 

0 

""' 
0 ..... .... 
ii: 20 

(.) 

ton ,. i= 
w 
2 
(!) 

<[ 10 
::;: 

100 

H//b-axis 

II 

·---::: ferro. :::::.--

150 200 

TEMPERATURE (K) 

250 

Fig. 1. Spin structure diagram as a function of temperature and the magnetic field along 
the b axis. 
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Sound Propagation near Magnetic Phase Transition Temperatures 15 

field, and attains a maximum at a cer

tain magnetic field. With further in

creasing of the field, the attenuation 

· decreases. The attenuation maximum 

shifts toward the higher magnetic field 

as temperature increases. {2) When 

a magnetic field is applied along the 

a- and b-axes, the temperature of the 

second order phase transition be

tween the ferromagnetic and para

magnetic phases shifts toward the 

lower temperature. In addition to ' 

the attenuation peak at the shifted 

transition temperature, Hirahara et 

~1.•> have Jound a new broad peak 

above the Curie temperature. 

To explain the experimental re

sults mentioned abov'e, we calculated 

the attenuation coefficient of MnP 

around· the Curie temperature. When 

a magnetic field is applied along the 

c axis, Eqs. (49) and (50) are, re

spectively, reduced to 

£l"CaB/cml 

17 H II C•CXiS 

16 

H• 0 IKOel 
15 

14 

13 

12 

7 

6 

5 

4 

3 

2 

280 290 Tl K) 300 310 

Fig. 2. Experimental results of the ultrasomc at, 

tenuation in MnP. obtained by Hirahara et aJ.5l · 

Magnetic fields were parallel to the c axis. The 

longitudinal sound wave of 90 MHz propagated 

along the b axis. ' 

ak"=Fkt[(0"(1-b))2 +Gt {( 1-b )s;a 
t-1+b . t-1+b 

( 1- (b/3) )S/2 ( 1- (b/3) )8/2}] 
+ t- (1-!Ca) (1- (b/3)) · + t- (1-!Cb) (1- (b/3)) ' 

(56) 

ak"=Fkt[(6.(1 -b)) 2+Gt {( 1 -b ) 312 

t-1+b .t-1+b 

where 

16 
+ (J.- (b /3) i 12 (!Ca- !Cb)2 . 

X ({[t- (1-!Ca)(1- (b/3)))112 - [t- Q--_((/Ca+!Cb)/2))(1- (b/3)))112} 2 

[t- (1- !Ca) (1- (b/3)) )112 

• 
+ {[t- (1-!Cb)(1- (b/3)))112 - [t- (1- ((!Ca+!Cb)/2))(1- (b/3))]112}2)}] 

[t- (1- !Cb) (1- (b/3) )]112 ' 

(57) 

F _ 2S'(S+ 1)~]9o(k) I2N 
k- ' ' 

9pVvl B kaTe 
(58) 
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16 M. T achiki and S. M aekawa 

G = (1+ (1/S))voTc8!2 

384n:VD:r:DyD. ' 

t=T/Tc, 

~S(S+l)Jo"-Joa, 
3 kBTc 

~S(S+1) Jo"-Job 
3 kBTc 

(59) 

(60) 

(61) 

(62) 

The \-&lue of Fk and G are considered as adjustable parameters and determined 
by comparison with experiment. The anisotropy parameters !Ca and /Cb are ex

perimentally determined as follows: The anisotropy energy of MnP is expressed 

as 

(63) 

where aa and ab are, respectively, the direction cosines of magnetization with 
respect to the a- and b-axes. From torque measurements, Huber and Ridgley16l 

have obtained the anisotropy constants Ka and Kb. Hiyamizu and Nagamiya21l 

have extrapolated their values from 47 K to absolute zero and obtained 

Ka=2.86K and Kb = 0.89 K per atom . (64) 

Since these quantities are related to J 0"-J0a and J 0"-J0b by the relations S 2 (J0° 
-J0a) =Ka and S 2 (J0"-Jub) =Kb, !Ca and /Cb are calculated- from Eqs. (61) and (62) 

as 

!Ca = 0.0131 and (65) 

We assumed that S is equal to one. 

First we calculate the attenuation coefficient when temperature is fixed and 

magnetic field is changed.*> The staggered susceptibilities for small q make dom
inant contributions to the attenuation in ferromagnetssuch as MnP. For calculat

ing the susceptibilities, we used the molecular field approximation. However, 

the uniform susceptibility calculated by this approximation is nqt in agreement 

quantitatively with the experimental values obtained by Huber and Ridgley16l in 
the critical temperature region. Therefore, for making a correction to this dis

crepancy, an effective temperature T' is introduced, which ..is given as a func

tion of T by the equation 

• X~alculated (T') = X~bserved (T) • (66) 

Between the temperature of 290.5 K and 330.5 K, the susceptibility obtained by 
Huber and Ridgley16l is expressed as 

*> Since Eq. (39) includes the g-value, the g-value for MnP is needed for calculating the spin 
polarization and the susceptibilities for a given strength of magnetic field. We used the g-value of 
2.05 which has been obtained by Kunii and Hirahara using ferromagnetic resonance technique (private 
communication). 
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Sound Propagation near Magnetic Phase Transition Temperatures 17 

E 
<.> 

' m 
"0 

2.0 

... 
1':1 

<l 

z 
~ 1.0 
1-
<( 

:::> 
z 
w 
I-
I-
<( 

H//c-axis 

- THEORETICAL VALUE 

----EXPERIMENTAL VALUE 

~295.13 K (TEMPERATURE) 

\ 

5 10 15 

MAGNETIC FIELD H (kOe) 

Fig. 3. Magnetic field dependence of the attenuation coefficient of MnP measured from that 
in zero-field; .dak (H) =ak (H) -ak (0). The magnetic field was applied along the c axis. 
Solid lines represent the calculated values and white circles show the experimental values 
obtained by Hirahara et al.5> They used the longitudinal sound wave of 90 MHz propagat
ing along ·the b axis. The two parameters F, and G appearing in Eqs. (56). and (57) 
were determined from the following experimental values for 297.32 K: (i) 6k0e at which 
the attenuation attains a maximum and (ii) the magnitude of the attenuation coefficient 
at 6k0e. 

T-Tc' 
%~bserved (T) 

C' (67) . 

with C' =C/0.5905. Therefore, Eq. (66) gives the effective temperature as 

c 
T' = T c +- (T- T c). 

.. C' 
·: (68) 

Since in MnP the condition .I[' /I <:: SJ" is expected to ~be .. fulfilled in almost the 

whole temperature and :field range of interest, Eq. (57) is used for the cal~ula-' 
tion of ak. However, the difference between the values of ak ·which are caieulated 

from Eqs. (56) and '(57) 'is ~~ery s'mall in the case of MnP. For determining 

the adjustable parameter G, we calculated ak/Fk as a function of th~ ·magnetic 

:field and the parameter G; fh:ing temperature at 297.32 K. The calculated ak/ F" 
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z 
0 

1-
<( 

100 

~50 
L1J 

I
I
<( 

M. Tachiki and S. Maekawa 

H (kOe)= H // c-axis 

0.98 J.OO 1.02 1.04 
TEMPERATURE(T/Tc) 

Fig. 4. Temperature dependence of the attenuation coefficient of MnP in magnetic fields 
applied along the c axis. Dotted lines show the coefficient in the temperature range where 
the spin polarization exceeds 0.3. 

has a maximum at a certain magnetic field whose strength depends on the mag
nitude of G and coincides with the experimental value of 6 kOe at the value of 
G of 1/240. The value of Fk is determined from the magnitude of the attenua
tion at the maximum point. Using these values of Fk and G, w:e obtain the field 
dependence of the attenuation coefficient for various temperatures, and show the 
results in Fig. 3. As seen from the :figure, agreement between theory and ex
periment is satisfactory. The temperature dependence of the attenuation for sev
eral magnetic fields is obtained using the same parameter of G and shown in 
Fig. 4. In Fig. 4, we did not use the effective temperature, since we could not 
determine the effective temperature below the Curie temperature. Therefore, the 
theoretical result may qualitatively be compared with the experimental one shown 
in Fig. 2. From Fig. 4 we see that the divergence in the attenuation at . the 
Curie temperature disappears, corresponding to disappearance of the second order 
phase transition in ferromagnets in· a magnetic field a"iong the easy direction of 
magnetization. This divergence originates from the divergence of the component 
of spin fluctuation with q = 0 at the Curie temperature. Since this fluctuation is 
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Sound Propagatzon near Magnetic Phase Transition Temperatures i9 

suppressed by a uniform magnetic field, the divergence in the attenuation disap

pears, On the other hand, in antiferromagnets and spin-spiral structures, the 

divergence in the· attenuation at phase transition temperatures originates from the 

spin fluctuation with a finite value of q. Since the divergence in this spin fluctua

tion is not suppressed by the uniform magnetic field, the divergence in the at-

tenuation does not disappear in these cases. Using this attenuation peak, Shapira 

et al.22>-25> have made intensive studies to determine phase boundaries in the mag

netic phase diagrams in many antiferromagnets. As will be discussed in the fol

lowing, the divergence in the attenuation does not disappear also when a mag

netic field is applied alqng the hard axes in ferromagnets. 

When a magnetic field is applied along the b axis, Eqs. ( 49) and (50) are 

respe~tively reduced to 

a,/ = F kt [ ( 0" (1- b) ) 2 + Gt ( 1-b ) sfl 

t- (1-tCb) (1-b) t- (1-tCb) (1-b) 

+Q +Q , ( 1-(b/3) ) 8
/
2 

( 1-(b/3) ) 812
] 

t- (1-tCa) (1- (b/3)) t-1+ (b/3) 
(69) 

akb=Fkt[( 0"(1-b) )2+Gt( 1......:b )sfll 
t- (1-tCb) (1-b) t- (1-tCb) (1-b) 

16Gt 

+ (1- (b/3) )lfll1Ca2 

X {[t- (1-ICa) (1- (b/3) )Jlf2- [t- (1- (!Ca/2)) (1- (b/3) )]11~ 2 

[t- (1-tC,.) (1- (b/3) )]112 . 

+ 16Gt { [t -1 + (b/3)]112 - [t- (1- (tCa/2)) (1- (b/3) )]lfllV]. 
(1- (b/3)) l/21Ca2 [t -1 + (b/3) Jlf2 

(70) 

The spin component along the b axis is induced by an external magnetic field 

in all the phases in the magnetic phase diagram shown in Fig. 1. On the other 

hand, the spin component along the c axis aligns cooperatively below the boundary 

critical temperature Tc* between the paramagnetic and ferromagnetic phases. 

From Eq. (44) the susceptibility along the c axis is reduced to 

e_ C(1- (b/3)) 
Xo - T-Tc(1- (b/3)) (7l) 

The denominator of Eq. (71) vanishes at Tc* and xo• diverges. Therefore; Tc* 

is determined by the equation 

(72) 

where b is a function of temperature and magnetic field, and calculated from 

Eqs. (38) ~ (39), and ( 46). The temperature Tc* calculated from Eq. (72) de-
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20 M. Tachiki and S. Maekawa 
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Fig. 5. Temperature dependence of the attenuation coefficient 
of MnP in magnetic .fields applied along the b axis. The 
dotted lines show the coefficient in the temperature range 
where the spin polarization exceeds 0.3. 

ll'ldB/cml 

2.3 

2.2 

·;; 2.1 

2.0 

.· .. .. 

H# b-axis 

f•90MHz 
H=B.OKOe 

.. ~ 
! ......... . 

'1.9 J 7 .. 
1.8 .,/ 

260 270 280 

........ , 
··. 

Tl Kl 

290 300 

creases as the magnetic :field 

increases. From Eq. (72), 

the denominators of the last 

terms of Eqs. (69) and (70) 

vanish at Tc*. Therefore, the 

divergence in the attenuation 

occurs at T c*. 

The attenuation coef

ficient was calculated from 

Eqs. (69) and (70) using the 

parameter G which has been 

determined above, and the 

result is shown in Fig. 5. As 

seen in this :figure, Tc* at 

which the attenuation coef

ficient diverges shifts toward 

the lower temperature as 

the magnetic :field increases. 

When the magnetic field is 

weak, the attenuation coef

ficient vs. temperature curve 

has a shoulder. This shoulder 

grows into a broad peak 

around T'"""Tc when the mag

netic :field is strong enough 

and Tc* .lowers ·down far 

away from Tc. This broad 

peak originates from the first 

and second terms in the brack

ets in Eqs. (69) and (70). 

This means that the spin flue-

tuation along the b axis has Fig. 6. Experimental values of the ultrasonic attenuation in 
its maximum at T'"""Tc, even MnP obtained by Hirahara et aJ.Sl Both the magnetic 

field of S.OkOe and the propagation of the longitudinal when Tc* shifts toward a 
sound wave of 90 MHz are parallel to the b axis. lower temperature in the pres-

ence of magnetic :field. As discussed above, the fluctuations of the spin components. 
along the c- and b-axes causes anomalies in the attenuation respectively at Tc* 
and T""Tc in the presence of magnetic :field. Hirahara et al.5l have made ul
trasonic measurements on MnP in the magnetic :fields, using the frequency of· 
90 MHz, and actually observed sharp peaks at T c* and broad peaks around Tc. 
As an ·example the temperature dependence of the attenuation coefficient · for 
8.0 kOe is shown in Fig. 6. ' 
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Sound Propagation near Magnetic Phase Transition Temperatures 21 

When a magnetic field 

IS applied along the a axis, 

the attenuation coefficient is 

calculated by the expressions 

in which the suffixies a and 

b in Eqs. (69) and (70) are 

interchanged. The charac

teristics of the critical atten

uation in this case is similar 

to that in the previous case. 

The ultrasonic energy is 

dissipated by conduction elec

trons through the electron

phonon interaction. We es

timate the contribution to the 

attenuation coefficient of MnP 

from this mechanism. Ac

cording to Pippard/6) when 

the wave length of longitu

dinal sound is longer than 

the mean free path of con

duction electron, the atten

uation coefficient is expressed 

(73) 

0~--------------r-------------~ 

H II c-ax is 

n 

+ 
~ -1.0 
(f) 

> 
<l 

L..l 

w 
(.!) 

z 
<t 
::c 
u 

>-
1-

0.96 0.98 1.0 1.02 1.04 

TEMPERATURE (T /Tc) 

Fig. 7. Temperature dependence of the velocity change in 

MnP in magnetic fields applied along the c 3Yis. Dotted 

lines show the velocity change in the temperature range 
where kF is the wave number where the spin polarization exceeds 0.3. 

of conduction electron at the Fermi surface, (J the conductivity, e the electronic 

charge, p the crystal density, v 1 the velocity of longitudinal sound. The experi

mental value of !J of MnP at Tc is 4.0x103 (!J·cm)-I,27l the value of pis 5.8gr·cm-3, 

and the value of v 1 is 7.1 X 105 em· sec-1, Since we. can not find the value of kF 
for MnP, we use the value of 1.4 X 108 em -I for metallic copper,28l which may be 

larger than the value of kF for MnP. Inserting these values into Eq. (73), ak 
for the sound frequency of 100 MHz is estimated to be 1.'2 X 10-4 dB/ em, which 

is negligibly small compared with the contribution from the spin-phonon interac
tion. In a magnetic field, the spins are polarized and the scattering of conduc

tion electrons by the spin fluctuations is diminished. This causes an increase of 
the conductivity29h 30l (or negative resistance) and thus an increase 'of . the 

attenuation. However, the magnitude of this increase is also negligibly iJ,Jn~ll. 

b) Velocity change 

The velocity change due to the spin-phonon interaction is contributed from 
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the two terms (Jv1) 1 and (Jv1)2 which have been given by Eqs. (51) and (52), 
respectively. The velocity change (Jv1) 1 includes divergent terms at transition 
points, whereas (Jv1) 2 does not have any anomalous· term. Therefore, as far as 
we are concerned with the critical velocity change at the phase trari\lition points 
in the absence of magnetic field, ·we may neglect the contribution 'from (Jv1) 2• 

However, in finite magnetic fields, the divergence in the velocity change of (Jv1) 1 

disappears, similarly to the case of the attenuation, and thus the contribution 
from (Jv1) 2 is not neglected if Jgq(k) I2$Jhq"(k) J. Unfortunately, we do not have 
any information about hq"(k) of MnP. Therefore, we calculate only the contribu
tion from (Jv1) 1• When a magnetic. field is applied along the c axis, Eq. (51) 
is reduced to 

(Jv) = -F 3B [(Ja( 1-b ) 8Gt {( 1-b ) 1
12 

! I k S(S+1)k2 t-1+b + t-1+b ' 

( 1- (b/3) )1/2 ( 1-,(b/3) )If2l]·' (74) 
+ t- (1-.ta)(1- (b/3)) + t- (1-.tb) (1- (b/3)) h • 

Substituting the value of G obtained in the previous subsection into Eq. (74), 
we calculated the velocity change and show the result in Fig. 7. As seen in 
this figure, the divergence in the velocity change at the Curie temperature disap
pears in magnetic fields. In the fields, the velocity decreases above the Curie 
temperature and increases below the Curie temperature. This behavior has been 
observed by Hirahara et al.5l in MnP. The same behavior of the veloc~ty change 
in magnetic fields has also been reported in Gd, Tb, Dy and Ho by Liithi et al.1> 

§ 7. Dysprosium. 

The dysprosium metal has a spin-spiral strueture between the temperatures 
of 181 K 8> and 85 K. Its spiral axis is along the c axis and spins are in the c 
plane of the hexagonal close packed crystal structure. Lee and Levy8> have made 
the ultrasonic attenuation measurements on the dysprosium· metal under a mag- · 
netic field applied in the c plane and found that the attenuation is strongly en
hanced by an application of the magnetic field. The paramagnetic Curie temper
ature when a magnetic field is applied in the c plane is il.69 K 81l which is only 
12 K below the Neel temperature. The exchange interaction is of the long range, 
since the interaction comes mainly from the indirect coupling through conduc
tion electrons. Therefore, as discussed in § 5, the compensation temperature is 
expected to be ve:ry near the Neel temperature. Actually, Lee and Levy8> have 
observed an increase of the attenuation in the eritire temperature range of the 
paramagnetic phase. 

We calculated the attenuation coefficient in the magnetic field of 5 kOe in 
the c plane, using Eq. (50). The anisotropy of T q" which is uniaxial in this 
crystal was determined from the anisotropy of the paramagnetic Curie tempera-
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Sound Propagation near Magnetic Phase Transition Temperatures 23 

ture. In Fig. 8, we show the calcu

lated result of. the attenuation coef

ficient . for the six values of A which 

is defined by 

A= (1+ (1/S))voT0 8fllJg0 (k)l 2 

384n.J D:r:DyD,Igo(k) 12 

(75) 

In the magnetic field of 5 kOe; the 

Neel temperature shifts to the lower 

temperature by 1 K. In Fig. 8, the 

attenuation coefficient in the absence 

of magnetic field, which was calcu

lated by using Eq. ( 49), is shown by 

a dotted line. The factor jg0 (k) j2/ 

jg0 (k) j2 in Eq. (75) may be of the 

order of unity. The parameter A is 

a. measure of the range of exchange 

interaction. As the. range increases, 

D;,DuDz in Eq. (75) increases as men

tioned in § 4, and thus A decreases. 

If the result in Fig. 8 is compared 

2: 
0 4 
I-
<( 

::::> 
z 

~ 1/300 

~ 2 

1/100 

1/20 

0 0.98 

Dy (H l c-o xis) 

Fig. 8. Temperature dependence of the attenuation 

coefficient of Dy in tht magnetic field of 5k0e 

for several values of the parameter A. · This 

with the, experimental result of Lee parameter i~ defined in Eq. (75) and is a meas-

and Levy, B) the value of A is seen to ure of the exchange interaction range. 

be smaller than 1/300. This value is compared with 1/19 of A in MnF 2 which 

is a typical antiferromagnet having the short range exchange interaction. 
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Appendix 

Another derivation of the attenuation coefficient-the first term in Eq. (14) 

In the text, we 'have discussed that the cross term of the SP,in polarization 

and the two-spin relaxation function in the expression of «k plays an important 
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24 M. Tachiki and S. Maekawa 

role in the field dependence of ak. To eluCidate the physical origin of this term, 
we show another derivation in this Appendix. 

The modulation of the exchange interaction du.e to a sound wave is written 
as 

II r ~ ~ ( f)J~,'j f)J~,'j): S S ·· vt=- ..::.......::..... u~,·--+ur-- .~,a Ja, 
i, 1 a fJR, fJR1 _ ·· 

(A·1) 

where u, is the displacement of i-th atom by the sound propagation and is ex
p~essed as 

We assume the spins polarized in the direction of z axis. If the spin component 
s,• or S/ in Eq. (A ·1) "is replaced by the static spin polarization, the z compo
nent of the Hamiltonian (A·1) is reduced to 

(A·3) 

where fJo'(k) is defined by Eq. (12), and So' and Sk• are the Fou!'ier amplitudes 
of spin. The remaining terms in Eq. (A ·1) contribute. to the second term in 
Eq. (14). The Hamiltonian (A·3) is equivalent to the Hamiltonian of Sk• in 
the oscillating magnetic field Hk exp (- iwkt): 

(A·4) 

with 

(A·5) 

The en7rgy dissipation of the spin system or the energy dissipation from the 
sound wave is expressed as 

Xk H (Wk) being the imaginary part of the dynamical susceptibility. The attenua
tion coefficient for the sound amplitude is given .by 

p '. 
ak=-, (A·7) 

2Ev1 

where E is the energy of the sound wave in a: crystal and is expressed as 
Vpwk2uN2. The factor 2 in the dinominator of Eq. (A·7) comes from the fact 
that the sound energy is proportional to_ the square of the amplitude of sound 
wave. Inserting Eq. (A· 6) into Eq. (A· 7), ak . is obtained as 

ak=2lgo•(k)I 2<So')2b:(wk). (A·B) 
p Vv,wk (fJP.B) ·: 

Since Xk H (wk) is expressed as14> 
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Sound Propagation near Magnetic Phase Transition Temperatures 25 

Xk"(wk) = (glf.BfWk Re 100 (S~k(t), Sk'(O))exp( -iwkt)dt, (A·9) 

we see that the expression of. Eq. (A· 8) is equal to the first term in Eq. (14). 
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