
e' 

AMES L A B Q M T m Y  

Iowa State Univer sity 

- 

-- - 
L E G A L  N O T - I C E  

e 

1 .  

EFFECT OF MASS TRANSFER O N  THE MOTION 

. . 
OF A LIQUID-LIQUID I N T E R F A C E  

by 

William Allen Scholle 
I 

' Ph. D. Thesis, February 1970 



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



'EFFECT OF MASS TRANSFER ON THE MOTION 

OF A LIQUID-LIQUID INTERFACE 

b y '  

~ { i l l i a m  Al len Scholle 

A Disser ta t ion Submitted.to the  

Graduate Faculty; i n  P a r t i a l  Fu l f i l lmen t  o f  

The Requirements f o r  the  Degree o f  

DOCTOR OF PH l LOSOPHY 

Major Subject: Chemical Engineering 

Approved : 

- 
Head o f  Major Department 

lowa State Univers i ty  
O f  Science,and Technology 

Ames, lowa 



LITERATURE REVIEW 

STATI C DROPS 

Drop Resting on a So l id  Surface 
. . 

Drop w i  t h  Non-uni form l nter fac i  a1 Tension 

Drop w i t h  an External Force 

DYNAMIC DROPS 

Qua1 i t a t i  ve Observations 

Model Development 

EXPERIMENTAL MEASUREMENTS 

RESULTS 

.CONCLUS IONS 

RECOMME NDATl ONS 

NOMENCLATURE 

L l TE RATURE C l TED 

ACKNOWLEDGMENTS 

APPEND1 X I 

. APPENDIX I I 

Page 

. . . 
I I 1  

1 

3 

11 

11 

14 

17 



iii 

' ABSTRACT 

Pressure changes induced by a change i n  i n t e r f a c i a l  tension on the  

curved i n t e r f a c e  o f  a s t a t i c  drop were used t o  determine t h e  d r i v i n g  fo rce  

and subsequent motions o f  t he  dapplet i n te r face .  At any time, the drop 

was considered s t a t i c  w i t h  dynamic pressures imposed on it. These dynamic 

pressures included t h e  i n t e r f a c i a l  tension change caused by so lu te  spread- 
' 

i n g  r a d i a l  l y  from the  apex o f  the  drop a long the  inter fa.ce and the  e f f e c t  

o f  a wave p r i p a g a t i  ng froin t h e  apex. 
. . ,  

The i n t e r f a c i a l  tens ion change was achieved experimental 1 y by i n t r o -  

ducing a t i n y  drop o f  a cyclohexanol s o l u t i o n  t o  the  apex o f  a cyc lo-  

hexane o r  carbon t e t r a c h l o r i d e  drop which was r e s t i n g  on a f l a t  p l a t e  

immersed i n  water. High speed motion p i c t u r e s  o f  t he  dynamic drops and 

o f  the  corresponding motion t h a t  occurred i n  a f l a t  i n t e r f a c e  were taken. 

The mathematical model along w i t h  t h e  boundary cond i t i ons  measured from 

the  p i c t u r e s  was used t o  c a l c u l a t e  d r o p l e t  shapes which compared favorab ly  

t o  actual  d rop le t  shapes. 



To b e t t e r  understand the mechanism o f  mass t r a n s f e r  i n  1 i qu id -1  i q u i d  

systems, a  more thorough knowledge o f  d r o p l e t  mechanics i s  necessary, s ince .- . 

mass t r a n s f e r  most o f t e n  occurs when' one phase i s  d ispersed i n  the o ther  i n  
i 

the; form i f  drops. C i r c u l a t i o n  i n  the d r o p l e t  i n t e r i o r  c a r r i e s  s o l u t e  t o  

the i n t e r f a c e  where i t  t r ans fe rs  across the i n t e r f a c e  t o  the ou ts ide  l i q u i d .  ' 

Concentrat ion grad ien ts  I n  the i n t e r f a c e  c rea te  turbulence i n  the form o f  

spontaneous i n t e r f a c i a l  movement producing a  r a p i d  change i n  d r o p l e t  shape 

and.a s i g n i f i c a n t ' i n c r e a s e  i n  the  i n t e r f a c i a l  area a v a i l a b l e  f o r  mass 

t rans fer .  Systems which exhi b i  t i n t e r f a c i a l  turbulence prov ide  h igher  

ra tes  o f  mass t r a n s f e r  &an those w l thou t  i n t e r f a c i a l  turbulence. 

Visual i n t e r f a c i a l  turbulence, the fo rmat ion  o f  small waves a t  the . . 

in ter face,  i s  caused by a  combinat ion o f  two d i f f e r e n t  eff ,ects. The . f i r s t .  . 

o f  these i s  the Marangoni e f f e c t  where a  change i n  concent ra t ion  a t  the 

i n t e r f a c e  causes a  sur face tension'  gradient.  This g rad ien t  produces r a p i d  

motion . i n  the p lane o f  the i n t e r f a c e ;  r e s u l t i n g  viscous shear s t resses 

t ransmi t  t h i s  moti,on t o  the b u l k  phases i n  the immediate v i c i n i t y  o f  the 

in te r face .  I f  the i n t e r f a c e  remains p lanar  du r ing  t h i s  movement, there i s  

no v i sua l  ' turbulence. However, i f .the- i n te r face  should become curved when 

an i n t e r f a c i a l  tension grad ien t  i s  imposed, a  second e f f e c t  w i l l  cause 

movement perpendicu1,ar t o  the i nter face.  Th i s  secondary e f f e c t  causes a  

v i o l e n t  change i n  the shape o f  the  d r o p l e t  i n t e r f a c e  due t o  the sudden 

imbalance o f  pressure across the in te r face .  When the i n t e r f a c e  i s  

i n i t i a l l y  f l a t ,  the deformation may be i n  the form o f  smal l  waves o r  

r ipp les .  



The purpose o f  t h i s  work i s  t o  develop a model t o  descr ibe the change 

i n  d rop le t  shape t h a t  occurs i n  con junc t ion  w i t h  the Marangoni e f f e c t .  

The model was developed by i n t r o d u c i n g  approximate dynamic pressures, 

based p a r t l y  on qua1 i t a t l v e  observations, i n t o  the equat ions descr ib ing  a 

s t a t i c  drop. The dynamic pressures inc lude the e f f e c t  o f  a v a r i a t i o n  o f  

i n t e r f a c i a l  tension d i s t r i b u t i o n  w i t h  t ime and the e f f e c t  o f  a wave t h a t  

propagates from the  d r o p l e t  apex. The d r o p l e t  p r o f i l e s  p red i c ted  by the 

model were compared t o  measurements ob ta ined f rom h i g h  speed motion p i c -  

tu res  o f  an ac tua l  drop o f  known i n i t i a l  curva ture  undergoing mot ion i n -  

duced by a prescr ibed concent ra t ion  change. 



L I TERATURE REV l EW 

An e x c e l l e n t  rev iew o f  the l i t e r a t u r e  on i n t e r f a c i a l  dynamics has 

been g iven by Scr iven and Stern1 i n g  ( lg),  who c i t e  a r t i c l e s  beginning 

w i t h  the f i r s t  c o r r e c t  d e s c r i p t i o n  by  James Thomson (24) o f  what has 
. . 

.become known as the Marangoni ef fect ,  t o  a r t i c l e s  pub1 ished i n  1959. 

Because Thomson's work went unnot iced f o r  .several years and because 

Marangoni con t r i bu ted  a great  deal o f  qua1 i t a t i  ve i nformat ion about sur face 

tens ion   variation,^, the e f f e c t  was g iven h i  s  name. 

Although motions d r i ven  by i n t e r f a c i a l  tension grad ien ts  were khown 

t o  ex is t ,  t h e i r  importance i n  mass t r a n s f e r  operat ions d i d  not  become 

apparent un t  i 1 the  e a r l y  1950' s. Lewis and P r a t t  (12), worki  ng a t  

B r i t a i n ' s  Atomic Energy Research Establ ishment a t  Harwell, had developed 

an emperi c a l  cor re la t io rs  r e l a t i  n,g the diameter o f  drops i n  packed col  umns 

t o  the sur face tens ion  and the d e n s i t i e s  o f  the l i q u i d s  used. .The corre-  

l a t i o n  was r e s t r i c t e d  t o  systems where the two 1 i q u i d  phases were i n  mutual 

equi 1 i br ium w i  t h  a solute.   ow ever, i n  l a t e r  experiments when the s o l u t e  

was .not equi 1 i bra  ted, ' mass t r a n s f e r  occurred and the actual  drop1 e t  s i z e  

was l a r g e r  than p red i c ted  by t h e i r  e a r l i e r  co r re la t i on .  They thought t h i s  

might  have been due t o  h igher  i n t e r f a c i a l  tension, b u t  found t h a t  the i n t e r -  

f a c i a l  tens ion  measured experimental  l y  was no t  o n l y  lower, b u t  a1 so t h a t  

the  drops were d i  sturbed by "ri pp l  i ng" o f  the  sur face and " e r r a t i c  pul sa- 

tions." Aluminum powder s p r i n k l e d  on the  sur face showed t h a t  I 1 v i o l e n t  c i r -  

cu la t i on ' '  was tak ing  place. They speculated t h a t  t h i s  was caused by ther -  

ma l .g rad ien ts  se t  up by heats o f  r e a c t i o n  o f  the t r a n s f e r r i n g  solutes, 

Garner, Nutt, and Mohtadi (5) working a t  the same laboratory, 



con t r i bu ted  a d d i t i o n a l  . q u a l i t a t i v e  in fo rmat ion  by observ ing t h a t  d r o p l e t  

motion depended upon the r a t e  o f  d r o p l e t  format ion, so l  u te  concentration, 

and nature of the l i q u i d s .  They a l s o  found t h a t  small amounts o f  a  sur- 

. , 

face  a c t i  ve compound d i  ssol  ved i n  the drop suppressed ' t h e  pul  sa t i  ng be- 

havior .  

Lewis (1 1 ) bu i  1 t a  two phase mass t r a n s f e r  c e l l  t o  o b t a i n  mass trans-. 

f e r  data f o r  t e s t i n g  the  two f i . l m  .theory. Using the f i  l m  theory, he ' ca lcu-  

l a t e d  mass t r a n s f e r  c o e f f i c i e n t s  f o r  a s i n g l e  phase us ing a  two component 

system and developed an emp i r i ca l  c o r r e l a t i o n  f o r  mass t r a n s f e r  coef f ' i -  

c i e n t s  as a  f u n c t i o n  o f  s t i r r i n g  speed and k inemat ic  v i scos i t y .  Using t h i s  

cor re la t ion ,  he c a l c u l a t e d  mass t r a n s f e r  ra tes  f o r  three component systems, 

assuming t h a t  res is tance t o  mass t r a n s f e r  a t  the i n t e r f a c e  was n e g l i g i b l e .  

O f  t h i  r t y - two  s ys tems whi tkh were used t o  compare ca l  cu l  a ted ,mess 

t r a n s f e r  ra tes  t o  experimental  mass t r a n s f e r  rates, f i f t e e n  .were i n  

reasonable agreement, e i g h t  were faster,  and n ine  were slower than pre-  

dicted. A l l  e i g h t  systems t h a t  had h igh  mass t r a n s f e r  c o e f f i c i e n t s  a l s o  

e x h i b i t e d  marked i n t e r f a c i a l  turbulence. One o f  h i s  conclusions was t h a t  

the f i l m  theory should n o t  be used t o  c o r r e l a t e  mass t r a n s f e r  data i n  

systems where i n t e r f a c i  a1 turbulence i s  present. 

Sherwood and Wei (20), us ing an apparatus s i m i l a r  t o  t h a t  o f  Lewis, 

planned t o  o b t a i n  l i q u i d - l i q u i d  e x t r a c t i o n  data t h a t  cou ld  t e s t  the 

va l  i d i  t y  .o f  the.  f i lm and pene t ra t i on  theor ies  o f  mass t rans fer .  Systems 

were chosen i n  which a  chemical r e a c t i o n  would occur and i n  which the 

k i  n e t i  cs o f  the r e a c t i o n  were known because they wanted t o  f i n d  the e f f e c t  

o f  i o n  movement as opposed t o  the d i f f u s i o n  o f  molecules. Thei r  data 



gave much h igher  o v e r a l l  mass t r a n s f e r  c o e f f i c i e n t s  than the f i lm theory 

cou ld  account f o r  and the f o l l o w i n g  poss ib le  causes were l i s t e d :  

( 1 )  f a s t e r  i o n  d i f f u s i o n  

(2) concent ra t ion  e f f e c t  on d i s t r i b u t i o n  c o e f f i c i e n t ,  
. . 

(3 ) temperature change due t o  chemical r e a c t i o n  

(4) i n t e r f a c i  a1 'turbulence. 

,They concluded, f o r  t h e i r  system, t h a t  i n t e r f a c i a l  turbulence was an im-  

p o r t a n t  f a c t o r  i n  determin ing mass t r a n s f e r  ra tes  and proceeded t o  observe 

i n t e r f a c i a l  motion f o r  several o the r  systems. I n  almost every case there  

was r i p p l i n g  o f  the sur face and a tendency toward spontaneous e m u l s i f i -  

cat ion.  

Zui derweg and Harmens (26) found i n t e r f a c i  a1 e f f e c t s  i n  d i  s t i  11  a t i o n  

o f  b i n a r y  systems i n  var ious  types o f  equipment. I n t e r f a c i a l  tens ion  

v a r i a t i o n s  seemed t o  have a s i g n i f i c a n t  e f f e c t  on the contact  area between 

the  l i q u i d  and gas phases and a l s o  on the mass t r a n s f e r  rates, e s p e c i a l l y  

i n  equipment where bubbles o r  drops were involved. They suggested t h a t  

sur face tension v a r i a t i o n s  have a greater  e f f e c t  than density, v iscos i ty ,  

o r  d i f f u s i v i t y  var ia t ions .  

Haydon (7) i n j e c t e d  acetone toward pendant water drops immersed i n  

to luene and no t i ced  t h a t  they l1kickedl1 v i o l e n t l y  i n  the d i r e c t i o n  o f  the 

c a p i l l a r y  from which the  acetone was introduced. S i m i l a r  r e s u l t s  were 

found f o r  an a i  r '  bubble i n to1 uene. 

I n  a r e l a t e d  experiment, when a water drop was immersed i n  a un i fo rm 

so l  u t  i o n  o f  acetone i n to1 uene, the water drop osc i  11 ated e r r a t  i c a l l  y. 

However, when an a i r  bubble was used i n  p l a c e ' o f  the water drop, there  



were no signs o f  movement. Since the amount o f  acetone t ransferred t o  the 

a i r  bubble was negl igible, there was no loca l  concentrat ion change a t  the 

in te r face  o f  the a i r  bubble. 'Thus, he concl uded tha t  an essent ia l  con- . . 

d i ' t i on  f o r  o s c i l l a t i o n  was a non-uniform so lu te  d i s t r i b u t i o n  around the 

drop. . . 

Haydon and Davies (8) continued. the inves t iga t ion  w i  th  a more quant i -  

t a t i v e  approach. For a model they used spherical pendant drops tha t  would 
. . 

. . 

move as a pendul um' ra ther  than ,deform under the i n f  1 uence o f  mass trans- 

fer .  They modif ied Laplacens equation t o  include the e f f e c t  o f  an i n te r -  

f ac i  a1 tension change over the :area i n f l  uenced by the concentrat ion f 1 uctu- , 

a t i o n  a t  the inter face.  The modi f iedequat ion was. Pi - Po = ~ ( C T  - po)/r. 

The AD term i s  equivalent  t o  tncreasing the pressure ins ide the drop, thus 

caus.I'ng the drop. t o  k i c k  i n  the d i  r e c t i  on observed experimental 1 y. .They 

a lso  noted the p o s s i b i l i t y  o f  a change i n  curvature i n  add i t i on  t o  a l1kick1l 

but t h i s  'was not  observed experimental ly. 

An expression was derived t o  ca lcu la te  the maximum energy tha t  could 

be instanteously imparted t o  a u n i t  area o f  the drop due t o  a known change 

i n  i nte r fac i  a1 tension. They assumed tha t  a1 1 t h i s  energy was d iss ipated 

during subsequent osc i  1 l a t i ons  o f  the pendant drop. This energy d i  ss i  - 
pat ion was mathematically descr'ibed by assuming tha t  the drop behaved as 

a sphere moving through a viscous f l  uid. From the resul  t i  ng mathematical 

expression along w i  t h  drop le t  veloci  t y  and displacement measurements, the 

energy d iss ipa t ion  due t o  v i scos i t y  was calculated. Then the energy im- 

parted t o  the drop was compared t o  the energy dissipated and they agreed 

t o  the extent  t ha t  the basic assumptions i n  t h e i r  ca lcu la t ions were 



conf  i rmed. 
C 

a 
I n  an experimental  apparatus devised by Pdtr6 and schayer-pol i schuk 

. . 

(IS)' two 1 iqui.d drops were connected .by a tube so thit the  average pressure 

was. the same i n  both drops.  h hey were bo th  placed i n  a chamber f i l l e d  w i t h  
. . I 

1 iquid, b u t  the chamber was d i v ided  by a p a r t i  t ion.  . A so l  Ute was then 

: ' added t o  t h a t  p a r t  o f  the system cor i ta in ing o n l y  one: o f  the drops. The 

' 
correspondi ng pressure change a f f e c t e d  the  s i z e  o f  the 04her drop w i  thout  

, 

d i s t u r b i n g  i t s  i n t e r f a ' c i a l  tension. A t  kqu i * l  i br ium the curvatures o f  two 

such drops are r e l a t e d  by oA/og = RA/RB. 
. . 

O f  spec ia l  I n t e r e s t  i n  t h i s  work were the  cond i t i ons  t h a t  caused an 

i n s t a b i l i t y  where one o f  the drops broke away. Measurements were made so 

t h a t  the r a t i o  o f  the  curvatures cou ld  be p l o t t e d  aga ins t  t he  r a t i o  o f  the 

he igh ts  of  the two drops. When the. p ro jec ted  e q u i l i b r i u m  f o r  a prescr ibed .. 

i n t e r f a c i a l  tension change represented a p o i n t  on the p l o t  where the slope 

was posi t i  ve, the system was unstable. Physical 1 y, ' th i  s represented t h e  

c o n d i t i o n  where, the rad ius  o f  curva ture  was less than the rad ius  o f  the . 
t'  

tube connect ing the drops. This type o f  equipment might a l s o  be usefu l  

i n  . i s o l a t i n g  the e f f e c t  o f  a concent ra t ion  change on the i n t e r f a c i a l  

. pressure drop. 

With a qua1 i t a t i  ve p i c t u r e  o f  i n t e r f a c i a l  turbulence i n  mind, Stern- 

1 i n g  and Scr i  ven (21 ). analyzed the problem mathematical l y  t o  p r e d i c t  what 

condi t i o n s  were necessary f o r  i n t e r f a c i  a 1 turbulence ' t o  occur. They con- 

s idered a f l a t ,  s'emidi n f  i n i  t e  i n t e r f a c e  w i  t h  two dimensional disturbances. 

The d i f f u s i o n  equation, a long w i  t h  1 i neahzed equat ions o f  motion, enabled 

them t o  sol  ve f o r  a dimensionless wave number. and a dimensionless growth 



constant. The signs o f  these numbersj which are func t ions  o f  physical  
. .. 

constants, determine s tab i  11 t y  o r  i n s t a b i  1 i ty. The importance o f  t h e i r  

work i s  tha t  they have shown t h a t  i n t e r ' f a c i a l  . tu rbu lence i s  a  r e s u l t  o f  

hydrodynamic i nstabi  1  i t y  wh,ich creates condi t i ons  requ i red  f o r  the 

Marangoni e f fec t .  

O r e l l  and Westwater (13) t r i e d  t o  v e r i f y  exper imenta l ly  the theory o f  

S tern l  i n g  and Scriven. They used a  Schl i e ren  apparatus t o  view a  - 1  i qu id -  . .  

l i q u i d  i n t e r f a c e  under the i n f l uence  o f  mass t r a n s f e r  and reasoned t h a t  

t he  same types o f  c e l l u l a r  pa t te rns  t h a t  develop a t  the i n t e r f a c e  i n  thermal 

i n s t a b i l i t y  shou'ld also.appear dur ing  i n t e r f a c i a l  mass t rans fer .  These are 

the  pat te rns  viewed by Bdnard when he spread small p a r t i c l e s  on the sur face 

o f  a  1 i q u i d  heated from below. Rayleigh (16) expla ined these pat te rns  

mathemat ical ly  on the basis o f  hydrodynamic i n s t a b i l i t y  due t o  dens i t y  

var i a t  i'ons. (Recent 1 y  i t has been shown t h a t  BBnardl s  hexagonal c e l l  s  were 

a l s o  a  r e s u l t  o f  surface tension v a r i a t i o n s  (2, 14)). 

As expected, O r e l l  and Westwater found t h a t  ploygonal c e l l s  having 

from three t o  seven sides formed a t  the in ter face.  They a l s o  encountered 

st r ipes--e longated bands l y i n g  p a r a l l e l  t o  each o the r  and s lowly  propaga- 

t i  ng across the in ter face.  S t r i pes  d i d  no t  occur u n t i  1 the i n t e r f a c i a l  

contac t  had exceeded f i f t e e n  hours. They a l so  no t i ced  r i p p l e s  conf ined by 

c e l l  o r  s  t r i  pe boundari es. 

They measured the c e l l  diameters, which are equ iva lent  t o  the wave 

lengths described by S te rn l  i ng and Scr i  ven. The wave lengths ca l cu la ted  

from the theory were approximately an order  o f  magnitude smaller than those 

found exper imenta l ly  and,observed phenomena was concluded t o  be much more 



complex than the  present  theory suggests. 

Sawistowski and Go1 t z  (17) a l s o  used a Sch l ie ren  arrangement t o  

determine the onset o f  i n t e r f a c i . a l  turbulence. The i r  i n t e r f a c e  was t h a t  o f  

a drop formed and withdrawn by the same nozzle. ' They c o r r e l a t e d  the mass 

t r a n s f e r  c o e f f i c i e n t  f o r  cases o f  v i sua l  and non-visual turbulence and . 

found t h a t  i n  t he  t u r b u l e n t  regime, the r a t e  o f  mass t r a n s f e r  was a 

f u n c t i o n  of the s o l u t e  concent ra t ion  and increased almost l i n e a r l y  w i t h  

the  e q u i l i b r i u m  i n t e r f a c i a l  tension changes t h a t  might  occur due t o  con- 

c e n t r a t i o n  changes. 

I n  a sho r t  communication, E l l  i s  and Biddulph (3) discussed the mecha- 

nism f o r  wave fo rmat ion  on a f l a t  in te r face .  They s a i d  t h a t  the i n t e r -  

a c t i o n  between the sur face tens ion  v a r i a t i o n  and the r a t e  o f  sur face 

movement i 11 the plane o f  the i n t e f a c e  se ts  up b u l k  phase motions which 

tend t o  move the i n t e r f a c e  when the i n t e r f a c e  i s  most vu lnerable t o  a 

change i n  shape. 

Va len t i  ne, Sather, and Heideger (25) presented a more quant i  t a t  i ve 

ana lys is  o f  the motion o f  an i n te r face .  They coalesced a f r e e  stream drop 

w i t h  a small drop o f  sur face a c t i v e  ma te r ia l  and observed the r e s u l t a n t  

changes i n  shape. They ca l cu la ted  the i n t e r n a l  energy change due t o  d i s -  

placement, wave motion, and o s c i l l a t i o n ,  and l e t  the remainder be due t o  

"unassigned c i r c u l a t o r y  flow.ll They found t h a t  19 t o  61 percent  o f  the 

t o t a l  energy d i s s i p a t i o n  was accounted f o r  by motions o the r  than I1un- 

assigned c i r c u l a t o r y  flow." Fur ther  developing a t reatment by Lamb on 

osc i  11  a t i  ng 1 i q u i  d spheres f o r  two 1 i q u i  d phases, they compared calcu-  

l a t e d  values f o r  o s c i l l a t i o n  frequency and ampli tude decay constant  t o  



those o b t a i  ned experimental  1 y. The ca l  cul 'ated f requencies agreed w i  t h i n  

3 5  percent bu t  the  decay constants were nea r l y  an order  o f  magni tude too  

high. Thd assumptions used i n  the development were very l imit ing,.  however, 

and l a rge  e r r o r s  were n o t  unexpected. 

Most, recent ly,  Suciu, Smi  gelschi, and ~ u c k e n s t e i  n (23') s tud ied  the 

phenomenon o f  spreadi ng o f  t h i  n, so l  uble, sur face f i lms. They f e d ,  so l  Ute 

on to  a surface, a l l ow ing  i t  t o  spread r a d i a l l y  a t  steady . s t a t e  and obser- 

v i n g  the r e s u l t i n g  f l o w  pa t te rns  w i t h  a Sch l ie ren  apparatus. They used 

several  systems and ' repor ted qua1 i t a t i  v e l y  the r e s u l t s  i n  terms o f  wave 

fo rmat ion  and the type o f  f i l m  formation. 

I n  a more recent  a r t i c l e  (22) the same authors repor ted  on cont inued 

work w i  t h  the  same experimental  apparatus, b u t  i n addi t ion, a photog rap hi.^ 

system had been devised t o  measure' f i l m  ve loc i  t i e s  as a f u n c t i o n  o f  rad i  us. 

The contac t  angle o f  the f i lm w i  t h  the b u l k  1 i q u i d  was measured and found 

t o  be smal le r  than f o r  e q u i l i b r i u m  contac t  o f  the same two l i qu ids .  This 

d i f f e r e n c e  was a t t r i b u t e d  t o  what was c a l l e d  dynamic values o f  i n t e r -  

f a c i a l  tens ion  which were d i f f e r e n t  f rom those obta ined i n  s t a t i c  i n t e r -  

f a c i  a1 tens ion  measurements and t o  sur face ve loc i  t i e s  which produced 

fo rces  t h a t  must be balanced by i n t e r f a c i a l  tension forces. 



STAT1 C DROPS 

This sec t i on  prov ides 'the background f o r  understanding the  mathe- 

mat ica l  d e s c r i p t i o n  o f  three forms o f  s t a t i c  drops: 

1) a drop i n  s t a t i c  e q u i l i b r i u m  r e s t i n g  on a f l a t  sur face 

2 )  a hypo the t i ca l  s t a t i c  drop w i t h  a non-uniform i n t e r f a c i a l  tension 

3 )  a drop having an upward f o r c e  app l i ed  i n  the reg ion  o f  the apex. 

A l l  o f  the drops w i l l  be considered surfaces o f  r e v o l u t i o n  and w i l l  be 

a f f e c t e d  on1 y by fo rces  which are  symmetrical w i t h  respect to. the a x i s  o f  

rev01 ut lon.  The p r i  nc i  p les  formul ated here w i  1 1 be ex,tended and appl i e d  

l a t e r  i n  the d e s c r i p t i o n  o f  dynamic drops. 

Drop Rest ing on a Sol i d  Sur face 

I n  general, the shape o f  any l i q u i d - l i q u i d  i n t e r f a c e  o f  un i fo rm i n t e r -  

f a c i a l  tension may be described by the equat ion o f  Young and Laplace, 

The i n t e r f a c i a l  tension, 0, i s  a phys lca l  constant  f o r  a given s t a t i c  

system. To c a l c u l a t e  the coordinates o f  the  in ter face,  a func t i ona l  re -  

l a t i o n s h i p  i s  necessary t o  r e l a t e  AP, the pressure drop across the i n t e r -  

face and the two r a d i i  o f  curvature, R1 and R i ,  i n  terms o f  the coord i -  

nates. Bashfor th and Adams (1)  present  the equat ions and show how a 

Runge-Kutta i n t e g r a t i o n  may be used t o  solve f o r  the i n t e r f a c i a l  coord i -  

nates. 

They loca ted the o r i g i n  o f  t h e i r  coord ina te  system a t  the  apex o f  

the drop as i n  F igure  1. The pressure drop a t  any p o i n t  i s  the  pressure 



Figure 1 .  Droplet  geometry f o r  a surface o f  revo lut ion .  



drop a t  the o r i g i n  p lus  the pressure drop due t o  h y d r o s t a t i c  head, 

However, a t  the o r i g i n  (z = 0), R 1  and R2 are  equal f o r  a  sur face o f  

rev01 u t i o n  and t h e i r  common value i s  se t  equal t o  b, the rad ius  o f  curva- 

t u r e  a t  the o r i g i n .  Equation (2) now becomes 

dPo = 2o/b 

I 

and substituting t h i s  r e s u l t  back i n t o  (2) g ives 

The geometry o f  the sur face p rov i  des the-  re1 a t  ions  : 

1 - -  - s i n  @ 

R2 
X 

3 

- dx = cosm., and 
d  s  

dz - -  
d  s  

- s i n  4 

S u b s t i t u t i n g  the e q u a l i t y  i n  (6) f o r  R2 and s o l v i n g  f o r  1 i n  Equations 

(4) and (5)  y i e l d s  
d 4 - = - 2  s i n  . @  +: A n  qz + - 
ds x B b  



Now there are th ree d i f f e r e n t i a l  equations (7), (8), and (9) i n  terms o f  

the  dependent va r iab les  x, z, and Qand t h e  dependent var iable,  s. These 

equations may be in tegra ted numer ica l ly  f o r  g iven values o f  t h e  parameter, 

b, whose value f o r  a g iven drop i's un ique ly  determined when the  boundary 

cond i t ions  a r e  s a t i s f i e d .  

Suppose the  volume o f  t he  drop and i t s  angle o f  contact  w i t h  a s o l i d  

surface a t  i t s  base are  known.. These are the  boundary cond i t ions  i n  the 

sense t h a t  t he  numerical i n t e g r a t i o n  i s  terminated when @ reaches a pre-  

scr ibed value; then the  volume under the  sur face o f  r e v o l u t i o n  def ined by 

the  s o l u t i o n  t o  t h e  th ree  d i f f e r e n t i a 1 , e q u a t i o n s  i s  ca lcu la ted.  The value 

o f  b i s  cor rec ted and t h e  equation solved again u n t i l  t he  contac t  angle 

i s  s a t i s f i e d  and simultaneously the  ca l cu la ted  volume agrees w i t h  the  

known d r o p l e t  volume. ' .  

Drop w i t h  Non-un'iform I n t e r f a c i a l  Tension 

This procedure can a l s o  be used t o  consider  the  shape a drop w i t h  a 

non-uniform i n t e r f a c i a l  tension would assume i f  i t  were poss ib le  f o r  such 

a drop t o  e x i s t  i n  a s t a t i c  cond i t ion .  I n  the  s t r i c t e s t  sense, an i n t e r -  

f a c i a l  tension grad ient  can on ly  e x i s t  when v e l o c i t y  g rad ients  a t  the  

i n t e r f a c e  produce st resses which tend t o  balance the i n t e r f a c i a l  i m -  

balance (~andau  and L i f s c h  i t z  (10)). However, once an i n t e r f a c i a l  tens ion 

grad ient  i s  establ ished, i t  may be balanced t o  some ex tent  by an a l t e r a t i o n  

i n  curvature. To determine the e q u i l i b r i u m  shape tendency o f  a drop under 

these cond i t ions  a l i m i t i n g  case i s  considered where the imbalance o f  

i n t e r f a c i a l  tens ion fo rces  i s  completely balanced by a change i n  -5: 



curvature a n d h y d r o s t a t i c  head. Equation ( ] ) i s  no longer v a l i d  under 

t h i s  hypothesis and a new development must be considered. 

Let  $ be the average pressure drop across the  element o f  i n t e r f a c e  

described by revo lv ing  AS i n  F igure 1 .' The v e r t i c a l  fo rce  r e s u l t i n g  from 

t h e  pressure drop i s  2rrx ax. Th is  fo rce  must balance the  v e r t i c a l  

component o f  the. sur face tens ion 'forces, 

where 

- G x o  s i n  4 + 2n(x + Ax)(a + 00) s i n  ( @  + A@) 

A x = x .  - x  
I +1 i J  

- no = Oi ai , and 

A4 = @i+l - Qi : 

Equating these two opposing forces, d i v i d i n g  by AX and t a k i n g  t h e  l i m i t  as 

Ax approaches zero g ives 

AP a x  = a x ,  cos @ - 
dx 

s i n  @ d @  s i n  4 + a x  dx (1 1 )  

D i v i d i n g  by 2rrx and employing Equations (5) through. (8) t o  e l i m i n a t e  x 

g i  ves 

which w i l l  be used i n  p lace o f  Equation (1 ) .  

Experiments i n v o l v i n g  t h e  a p p l i c a t i o n  o f  so lu te  a t  the  apex o f  a drop 

show t h a t  both p o s i t i v e -  and negative-beta drops move upward when do/ds 

i s  p o s i t i v e  i n  the  region o f  t h e  apex.  h he s ign  o f  beta i s  determined by 

t h e  s ign  o f  the  dens i t y  d i f ference,  - p .) Linear forms o f  a(s) over 
Pd c 

the  p o r t i o n  o f  the drop near t h e  apex were chosen t o  s imulate the  contact  

o f  so lute.  The i n t e r f a c i a l  tension d i s t r i b u t i o n s  i n  F igure 2 were used t o  
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Figure 2. Hypothetical i n t e r f a c i a l  tension d i s t r i b u t i o n  over drople t  surface.  



ca lcu la te  the drop le t  shapes i n  Figures 3 and 4.. Both sets o f  drops are 

compared on the bas1 s ' o f  same volume and contact angle. These theore t i ca l  

equi 1 i b.riuni shapes are i n  accord, w i t h  the movement o f  actual drops whose 

i ili t i  a1 movements must be towar'd a new equi 1 i b r i  h shape. 

The negative-beta drops i" Figure 3 show the p r o f i  l e  o f  the drop w i t h  

non-uniform i n t e r f a c i a l  tension t o  l i e  between the p r o f i l e s  o f  drops w i t h  

uniform i n t e r f a c i a l  tension. This might be expected since the p r o f i l e  

should approach tha t  o f  the s t a t i c  drop w i t h  an i n t e r f a c i a l  tension o f  

30.7 dynes/cm. as da/ds becomes smaller and the gradient  covers a larger  

po r t i on  o f  the interface. 

For the posi t i  ve-beta system, the pro f  i l e  o f  the drop w i t h  non-uniform 

i n t e r f a c i a l  tension does not  l i e  between the o ther  two p ro f i l es .  From a 

s t a t i c  po in t  o f  view, t h i s  r e s u l t  i s  unexpec'ted, but  the new shape agrees 

w i t h  the dynamic tendency. Unfortunately, the analysis may not be tes ted 

by a1 lowing an i n t e r f a c i a l  tension gradient  t o  e x i s t  over the e n t i  r e  drop 

since .Equation (1 2.) becomes unbounded a t  ) = 7d2. A t  @ = d2 ,  the 

v e r t i c a l  force con t r ibu t ion  from the pressure drop i s  zero and on ly  shear 

stresses may balance the forces. . T h i s  ,is i n  complete opposi t ion t o  the 

1 i m i  t i n g  cond i t i on  being analyzed. 

Drop w i t h  an External Force 

The ihape o'f a drop acted on by an external  v e r t i c a l  force i s  a1 so o f  

interest .  The magnitude o f  the ve r t i ca l  force w i  11 be, 

where F i s  the magnitude o f  the inherent force exerted by the po r t i on  o f  
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Figure 3. Compar.ison o f  a s t a t i c  drop o f  non-uniform i n t e r f a c i a l  tension t o  s t a t i c  drops 

o f  uniform i n t e r f a c i  a1 tension f o r  negat ive-beta system. 
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Figure 4. Comparison .of a static drop of non-uni form interfacial tension 
to static drops of uniform interfacial tension for positive- 
beta system. 



the drop from the o r i g i n  t o  some a r b i t r a r y  height, h. 'This in tegra l  can 

be evaluated t o  g ive a re la t ionsh ip  necessary f o r  the so lu t ion  o f  the .  

necessary d i  f f e ren t  i al, equations. 

As g iven  by Eskinazi (4) the force on a body immersed i n  another f l u i d  

where the f i r s t  term on the r i g h t  i s . t h e  buoyant force and the second term 

i s  the weight o f  the drop. Subst i tu t ing f o r  Po i n  the f i r s t  in tegra l  and 

applying the divergence theorem i n  the second integral,  gives, 

The combination o f  the two in tegra ls  produces, 

The term i n  parentheses i s  equivalent t o  AP and the on ly  area component 

t ha t  contr ibutes t o  the force i s  the v e r t i c a l  component so the above equa- 

t i o n  may be w r i t t e n  i n  terms o f  the magnitude o f  the v e r t i c a l  force, . . 

This establ ishes the r e s u l t  i n  Equation (13) which may be integrated f o r  a 

drop by subs t i t u t i ng  Equation (1) f o r  AP: 



Xh 
dP d x  + 

Xh 
sin ' ) x dx =, i h o  j' x cos P d P + s i n  P dx ' 

= Z o S  (dx d s .  x 

0 0 

Xh 
. . . . 

= j' d ( & x o s i n  P) = b x h o  s i n  Ph 

0 

Therefore, t he  v e r t i c a l  f o rce  On any s t a t i c  drop a t  an a r b i t r a r y  height, 

z = h, i s ,  

F = &xho s i n  P,, . 

Suppose a drop i s  acted upon by a v e r t i c a l  ex terna l  force, Fe, exer- 

t e d  by a g lass tube o f  rad ius  xo as i n  F igure 5. . A t  e q u i l i b r i u m  t h e  t o t a l  

f o rce  a t  any point,  z = h, i s  

Xo 1 1 1 1 
Xh 

= j' D(- + - ) b x d x  + J' o (-ij-- + -1 b x d x  

0 
R~ 0 R20 1 2 

X 
0 

1 
FT = A ~ O ( -  

1 + - ) + & o  [xh s i n  P~ - x s i n  PJ 
R1 0 R20 0 

The f i r s t  term on the  r i g h t  s ide  o f  Equation (1 5) represents the  magnitude 

o f  t he  ex terna l  force, 



Figure 5. Negative-beta drop w i t h  an upward force  exer ted  by a round glass tube. 



, 

l f  F and xo were measured, the coordinates o f  the p r o f i l e  could be . . 
e 

calculated d i rec t l y .  F i s  d i s t r i bu ted  over the area, A0,$ where A. i s  
e 

"r 

given by 

f o r  a round glass tube. The pressure drop a t  z = 0 i s  

The re la t ionsh ip  i n  Equation (14) permits ca lcu la t ion  o f  O, by 
! 

- 1 
@o = s i n  (F e /2nxoo) . 

Knowledge o f  the parameter, b; i s  now unnecessary since A P  i s  known 
0 

and Equation (9) becomes 

dQ s i n  @ 
- = -  

A p g z  Ap0 

d s 
+ -+-  

X CT o 

which can be solved along w i  t h  Equations (7) and (8), as before, with. the 

i n i t i a l  conditions, 

1 )  z = O  

2)  x = x  
0 

3 )  @ = 0, 

and a s i ng 1 e boundary condi t i  on such as drop le t  vol ume, con t ac t  ahgl e, 

d rop le t  height, o r  base diameter. 



The force Fe i s  d i f f i c u l t  t o  measure, p a r t i c u l a r l y  i n  a dynamic drop, 

b u t  the development can be extended t o  ca lcu la te  the magnitude o f  the 

force if the radius of  the glass tube which appl ies the force i s  known. 

The i n i t i a l  angle, e0, cannot be calculated from Equation (19) since Fe 

i s  unknown and 1 i ke b, go i s  d i f f i c u l t  t o  measure accurately. So, i n 

so lv ing Equations (4), (5), and (20), $, w i l l  be a parameter tha t  must be 

determined by a boundary condition. Suppose the two boundary condi t ions 

measured from the drop r e s t r i c t  the 'drop t o  a known volume and contact 

angle. 

The ca lcu la t ions proceed as follows. An appr'oximate value f o r  4 i s  
0 

chosen and nP0 i s  calculated by Equations (14) and (18). Now Equations 

(4), (5), and (20) may be integrated un t i  1 the known contact angle i s  

reached. The vol ume calculated f o r  the r e s u l t i n g  drop may not agree w i  t h  

the known volume and a,new value o f  8 i s  chosen and the i t e r a t i o n  con- 
0 

t inued un t i  1 a value o f  aQ i s  found such that  both condi t ions are sa t i s -  

f ied. Not on ly  can the external  force be calculated by 

but  the shape o f  the drop w i l l  a lso  have been determined. 

Essential 1 y, the knowledge o f  the magnitude o f  Fe has been traded f o r  

the knowledge o f  another boundary condition. If one were given a p i c t u re  

o f  a s t a t i c  drop w i  t h  an external  fo rce  applied, the magnitude o f  t ha t  

force could be determined by measuring x a representat ion o f  the dis-  
0' 

t r i b u t i o n  o f  Fe. Figure 6 shows such a drop where Fe was determined t o  be 

5.45 dynes exerted by the glass tube. 
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Figure 6. Comparison of measured and calculated profiles of static drop with an 
external force. 



DY NAM l C DROPS 

When a sol Ute i s i n j  ected exact 1 y a t  the apex o f  a drop, i t spreads 

symmetrical'ly over the surface so that  the i n t e r f a c i a l  tension. inay be 

considered t o  be a func t ion  o f  arc length, time, and solute concentration. 

An increase i n  j o l u t e  concentrat ion a t  the in te r face  lowers the i n t e r -  

faci 'a l  tension and t h i s  i n t e r f a c i a l  . tens ion change causes the d rop le t  i nter -  

face t o  move suddenly. The d i  r ec t i on  i n  which t h e  in te r face  moves and 

hence the s i  gn o f  the veloci  t y  vector i s re1 ated t o  the s i  gn o f  the curva- 

tu re  o f  the drop. The radius o f  curvature i s  posi t i  ve when i t i s ins ide 

the drop and negative when outs ide the drop. The curvature has the same 

s ign as the radius o f  curvature. The t o t a l  curvature i s the sum o f  the 

rec iproca ls  o f  the two r a d i i  o f  curvature. 

Qua1 i t a t i  ve Observations 

Experimental ly, one f inds  tha t  the d i r ec t i on  o f  movement o f  the apex 

i s  upward when s.01 Ute meets the i nterface a t  the apex. The change i n 

shape f o r .  a negative-beta drop i s  shown i n  Fiigure 7 and t h i s  i s  i n  agree- 

ment w i th  the equ i l i b r ium tendency, Figure 3. S im i l a r l y  a posi t ive-beta 

drop, shown i n Figure 8, a1 so r i ses under the same condi tions, support i  ng 

the equ i l i b r ium tendency as shown i n  Figure 4. 

The curvature i s  negative near the base o f  the negative-beta drop 

shown i n  Figure 9a. If s6 lu te  i s  added a t  t h i s  po in t  o f  negative curva- 

tu re  the motion i s  inward, o r  i n  other words, the veloci  t y  i s  negative. 

Figure 10a shows a posi t ive-beta drop pu l led  up by a glass tube. Solute 

has j u s t  been added t o  the region o f  negative curvature near the glass 



Figure 7. Motion o f  negative-beta drop under the in f luence  o f  so lu te  
a t  i t s  apex. 



Figure  8. Motion o f  pos i t i ve -be ta  drop under t h e  i n f l uence  o f  so lu te  
a t  i t s  apex. 
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tube and the initial motion is inward, but as solute spreads down the

interface where the curvature is positive, the motion is in the opposite

direction as shown in Figure 1 Ob.  The appl ication of equal amounts of

solute at two different portions of the same drop is shown in Figure 11.

The magnitude of the horizontal movement in lib is large compared to the

vertical movement in 8b shown again on the same page.  As before, the

velocity is positive and the magnitude of displacement is greater for

larger curvature.  However, the difference in interfacial displacement in

the two pictures is too large to be completely determined by difference in

curvature.  The resistance to movement caused by hydrostatic head changes

must be a resistance factor in Figure 8b.

In summary, these photographs illustrate the following points:

1)  the direction of interfacial movement is in the direction of the

radii of curvature,

2)  the magnitude of the movement is proportional to the magnitude of

the initial curvature,

3)  changes in hydrostatic pressure alter the pressure drop and

subsequent motion.

Items 2 and 3 are interrelated since the initial curvature is partly

determined by hydrostatic pressure.

Model Development

The following model applies to an initially static drop and its subse-

quent motion when dynamic pressures are imposed upon it.  From the static

drops, initial conditions such as interfacial tension, volume, denisities,

base diameter, contact angle, and the coordinates of the interface as well



Figure 1 1 .  Increased motion of positive-beta drop as solute touches 
point of greater curvature. 



as the r a d i i  o f  curvatur t i  a t  each p o i n t  are determined. 

The equati,ons developed thus f a r  deal wt t h  s t a t i c  drops and s t a t i c  

forces. The dynamic drop a t  an,y t ime w i l l  be considered a s t a t i c  drop 

w i  t h  dynamic pressures imposed on i t. The behavior o f  the drop i s  much 

the same as a wei ght osc i  11 a t i  ng on a s p r i  ng. A t  any time, the sys tern may 

be described as a s t a t i c  system where a f i c t i c i o u s  amount o f  weight i s  

necessary t o  h o l d  the sp r ing  i n  .one o f  i t s  dynamic pos i t ions .  

For example, .an equat ion descr ib ing  the mot ion o f  such a system w i t h  

no damping i s  

I f the f i r s  t term, the dynami c term, i s i gnored, . the  magn i tude o f  mg mus t 

vary so t h a t  i t  equals k~ a t  a l l  times. For t h i s  system, the value o f  kc 

w i  1 1  vary between zero and 2mg. Pursuing the  analogy fur ther ,  one f i n d s  t h a t  

the e f f e c t  o f  k and m i s  in terchangable s ince any s o l u t i o n  descr ib ing  the 

mot ion o f  t h i s  system w i l l  depend o n l y  on the ra t i o ,  k/m. 

The ac tua l  d r o p l e t  system i s  described by the pressure ob ta ined f rom 

f i g u r e  12a, 

I f  , the i n t e r f a c i a l  tens ion  i s  suddenly changed from ep t o  tyl, the curva ture  

K must change t o  K1 i n  o rder  f o r  P t o  remain constant  and 

The shape o f  a drop w i t h  a changing i n t e r f a c i a l  tens ion  i s  difficult t o  

descr ibe and the s t a t i c  equat ions are  more adaptable t o  addl t i o n a l  pressure 

terms. The dynamic pressure equi va len t  t o  an i n t e r f a c i  a1 tension change must 

produce the same d r o p l e t  shape a t  equ i l ib r ium.  I n  o ther  words, the pressure 



Figure 12. Pressure balance on a s , t a t i c  and a dynamic i n t e r f a c e .  



must change so the new equi 1 i b r i  um curvature, Kt, may be at ta ined.  

Thus, DP, the addi t i o n a l  pressure, i 4 the  d i f f e r e n c e  between the new and 

o l d  s t a t i c  system pressures, 

DP =.eK1 - aK 

where 0 does no t  change. Substi t u t  i ng equat ion (23) i n t o  equat ion (24) g i  ves 

E K  DP = - A ~ K '  = - A@ a, (25 ) 

and from a pressure balance i n  F igure  12b, the equat ion desc r ib ing  the  dynamic 

drop i n  a q u a s i - s t a t i c  case i s  

Pi = Pd + gK - DP. 

The f o r c e  a c t u a l l y  va r i es  as the he igh t  and curva ture  o f  the drop 

change, b u t  the main concern i s  the pressure d i s t r i b u t i o n  necessary t o  h o l d  

the  drop i n  a g iven shape i f  the drop were a t  equi 1 i b r i  um. The equi 1 i b r i  um 

equat ion t o  be solved I s  

where a! represents the f r a c t i o n  o f  the i n i t i a l  f o rce  necessary t o  h o l d  the 

drop a small d is tance from i t s  i n i t i a l  pos i t ion .  A t  z ' =  0, 

- 32 - a!DPo 
A P o -  b 

and s u b s t i t u t i n g  f o r  AP 
0' 



, 1 2 a (DP - D P ~ )  , ' s i n  @ - - -  - - APSZ 
+ + - 

(26 ds - 
1 

b ' Q Q x 

Now, a and b w i  11  ,be parameters subj.ect t o  'the. boundary condit ions, 

1 ) known drop 1 e t vol  ume, 

2 )  known contac t  angle o r  measured base width, and 

3 ) measured d r o p l e t  height.  

The s o l u t i o n  was s i m p l i f i e d  by us ing the measured base diameter i n  p lace  

o f  known contac t  angle. The base w id th  was found by ac tua l  measurements 

t o  remai n constant  dur ing  dynamic movement. J u s t  as i n  the s t a t i c  drop 

w i  t h  an ex te rna l  force, the ac tua l  pressure i s  n o t  known b u t  the d i s t r i -  

b u t i o n  r e l a t i v e  t o  the apex i s  known. The ac tua l  pressure and the shape 

are  determined by the t h i r d  boundary condi t ion.  

The development so f a r  would be s a t i s f a c t o r y  f o r  desc r ib ing  the shape 

o f  the drop i f  the movement were small and slow enough t h a t  i n e r t i a  terms 

might  be neglected. To extend the ana lys is  t o  l a rge  deformations o f  the 

in ter face,  the v a r i a t i o n  o f  d r i v i n g  fo rce  w i t h  so lu te  movement and the 

e f f e c t  o f  ve loc i  t y  components normal t o  the i n te r face  must be considered. 

The so lu te  spreads q u i t e  r a p i d l y  over the surface, causing both a 

v a r i a t i o n  i n  pressure drop and a change i n  area on which the pressure acts. 

Separate data were taken t o  measure the r a t e  o f  s o l u t e  spreading under the 

same cond i t ions  as those encountered by the  drops, except the i n t e r f a c e  was 

f l a t .  The i n t e r f a c i a l  v e l o c i t y  .data were r e l a t e d  t o  the i n t e r f a c i a l  

tens ion  grad ien t  by cons ider ing  the shear s t ress  caused by a known 



i n t e r f a c i a l  v e l o c i t y .  Th is  approximate re lat ion.showed t h a t  t he  i n t e r -  

f a c i a l  tension d i s t r i b u t i o n  was non-l inear. Appendix I provides many o f  

t he  d e t a i l s  o f  t h i s  ana.lyris. The d i r e c t i o n  o f  t he  dev ia t i on  from 

1 i n e a r i  ty was determined and a cjuadradi c. d i s t r i b u t i o n  was assumed. The 

spreading v e l o c i t y  data a l so  made possi.ble t h e  c a l c u l a t i o n  o f  t he  area 

inf luenced by the  i n t e r f a c i a l  tension d i s t r i b u t i o n  as a func t i on  o f  time. 

F ina l  ly, an average pressure was ca lcu la ted  t o  account f o r  the length  o f  

t ime a given area was under t h e  i n f l uence  o f  a g iven pressure change. 

The normal v e l o c i t y  movement i s  a l s o  q u i t e  rapid.  Because the  i n i t i a l  

movement o f  the  apex o f  the  drop is.upward and outward, the  constant volume 

r e s t r i c t i o n  demands t h a t  there  be a corresponding inward movement a long the  

d rop le t  surface. The p o s i t i o n  and d i s t r i b u t i o n  o f  t he  inward movement are 

unknown, bu t  the  form i s  t h a t  o f  a propagating wave. The so lv ing  o f  t he  

wave equation i nc lud ing  a v a r i a b l e  impulse spreading over a changing area 

would be q u i t e  complex and has not .been solved. Instead, t h e  s o l u t i o n  t o  

a two dimensional wave.equation as given by Lamb (g), 

6 = ~ ~ ~ ( k ' s )  cos (y t+~)  

was used as a f i r s t  approximation. At a given t ime and f o r  a known 

amp1 i tude, Bt, t he  displacement i s  

The value o f  B i s  t he  d is tance the  apex has moved over a s p e c i f i e d  t ime 
t 

i n te rva l ,  A t .  The movement o f  t h e  apex as a func t i on  o f  t ime was measured 
, . 

f o r  several drops and these data a re  i n  Appendix 1 1 .  The wave ' 



displacement is important only in its relation to the pressure distribution 

along the interface. In this regard the assumption was made that the ratio 

of displacement to pressure change was constant along the interface. Since 

the pressure change and mot.ion at the apex were known,.the pressure at any 
. . 

point was given by 

The dynamic pressure distribution is a function of time since its 

area of influence increases with time. The wave approximation is also a 

function of time since the wave is caused by the dynamic pressure. over a 

very small time interval, the apex of the drop will move a distance, B1. 

Over the same interval, the solute will have spread a distance, s l ;  this 

increment has an assumed Tnterfacial tension distribution, such that.the 

droplet movement is outward over the whole increment. Thus the inward 

movement and inward pressure must begin for s 2 s and J (kl Isl) must be 
1' 0 

zero at this point. Now, k l l  may be determined and Bt is known, so b 1  

may be calculated as a funct i'on of s by 

and the dynamic pressure distribution is 

DPo 
DPl = h1 x 

1 

At the end of the succeeding time interval the interfacial tension 

change will cover a greater radius, s However, an outward pressure does 3. 



not act over the whole distance since the previous distribution must be 

superimposed to get the final distribution. The distribution.over each 

time interval is muitipl ied by the 'length of the time interval it acts, 

the distributions are summed, and then they are divided by the length of 

the total time interval. A value of s will exist where 6 = 0, corre- 
2 

. . 
sponding to ~t~ x DP, + ~t x DP2 = 0 and k12 may be calculated. The 

2 . . 

dynamic pressure .distribution used for the integration of a droplet pro- 
. . 

f i le is the one corresponding to the 1 ength of time the drop has been 

moving and is the combination of several superimposed distributions. 



To compare the d r o p l e t  shapes pred ic ted by the model developed i n  the 

previous sect ions t o  ac tua l  d r o p l e t  shapes, motion p i c t u r e s  were taken o f  

drops moving under the i n f l uence  o f  an i n t e r f a c i a l  tension change. As 

seen i n  the photographs i n  the sec t ion  o f  dynamic drops, two 1  iqu id-1  i q u i d  

systems having i nverse densi t y  and w e t t i n g  c h a r a c t e r i s t i c s  were used. 

The negative-beta system consisted o f  a  cyclohexane drop and an aqueous 

continuous phase. The drop was h e l d  under water by a  f l a t  t e f  l o n  p l a t e  

which was p r e f e r e n t i a l l y  wetted by the organ ic  phase. The pos i t i ve -be ta  

system consi s ted o f  a  carbon t e t r a c h l o r i  de drop and an aqueous con t i  nuous 

phase. The drop res ted on a  glass p l a t e  which was p r e f e r e n t i a l l y  wetted 

by the! water. The so lu te  used t o  change the i n t e r f a c i a l  tension was 

cyclohexanol f o r  both drops. Each system was contained i n  a  glass chamber, 

f ou r  inches on a  side. The chamber was made from f i ve o p t i c a l  1  y  f l a t  

pieces o f  glass glued together by Eccobond-26 epoxy resin. The r e s i n  had 

l i t t l e  e f f e c t  on the i n t e r f a c i a l  tension.. Ear l ie r ,  a  p l e x i g l a s  chamber 

was used, b u t  due t o  a  su r fac tan t  mater ia l  i n  the p lex ig las,  the i n t e r -  

f a c i a l  tension o f  the l i q u i d s  i n  the chamber was lowered as much as 

10 dynes/cm. 

Before each r o l l  o f  f i l m  was taken, a1 1  p a r t s  o f  the sys tem t h a t  

contacted e i  ther  1  i q u i  d  were thoroughly cleaned w i t h  chromic a c i d  c lean i  ng 

s o l u t i o n  and r i nsed  w i t h  d i s t i  1 l e d  water. A1 1 manipulat ions were c a r r i e d  

o u t  w i t h  as l i t t l e  t ime delay as poss ib le  t o  reduce any bu i ld -up o f  i n t e r -  

f a c i a l  contami n a t i o n  which would have g r e a t l y  a f f e c t e d  the  i n t e r f a c i a l  

tension and the i n t e r f a c i  a1 response t o  sur face a c t i  ve sol utes. 



The p i c t u r e s  were taken a t  400 frames per second w i  t h  a M i  11 i ken DBMS, 

p i n  reg is te red  motion p i c t u r e  camera. L i g h t i n g  was accomplished by three 

.General E l e c t r i c  photof lood lamps, one. above and one on each s ide  o f  the 

chamber, located approximately one f o o t  from the chamber. The 1 i g h t s  were 

used o n l y  dur ing the actual  f i l m i n g ;  ten seconds are requ i red  t o  run  one 

r o l l  o f  f i l m ,  so a n e g l i g i b l e  temperature change was brought about by heat 

from the l i gh ts .  The lens opening was f/2.8 and the shu t te r  speed was 

' 1/2000th o f  a second. 

A 1.0 m i c r o l i t e r  syr inge was used t o  in t roduce so lu te  a t  the  d r o p l e t  

in ter face.  Posi t ioned e x a c t l y  above the center  o f  the drop, the syr inge 

was fastened t o  a screw d r i ven  s l i d e  which was operated by a v a r i a b l e  

speed motor. Approximately one-half  cent imeter above the apex, a drdp o f  

s o l u t e  was formed on the t i p  o f  the s y r i  nge. The drop was near ly  spher ica l  
l 

and was e i  ther  0.1 o r  0.2 micro1 i t e r s  i n vol ume. The r e s i  dence t ime o f  the 

drop i n  water was kept  as small as poss ib le  s ince the cyclohexanol would 

t rans fe r  t o  the aqueous phase t o  some ex tent  even though i t  was not  

appreciably so lub le  i n  the water. The syr inge was lowered t o  the  apex 

u n t i l  the small drop coalesced w i t h . t h e  l a rge  one (0.2 - 2.0 m i l l i t e r s ) .  

A t  the i nstant  o f  coalesence d r o p l e t  motion was i n i  ti ated. 

The motion p i c t u r e  negati  ves were pro jec ted frame by fr.ame on whi t e  

paper a t  a magn i f i ca t i on  o f  about twenty t imes ac tua l  size. F ine gr.ain 

f i l m  was used t o  make the p r o f  i l e s  o f  the drops as sharp as possible. 

These p r o f i l e s  were t raced.on the paper and measurements were taken from 

the tracing. . The p r o f i l e s  o f  . s t a t i c  drops measured before  any motion had 

occurred were f i t  t o  the s t a t i c  equat ion by a two-parameter l e a s t  squares 



technique. . The parameters were the i n t e r f a c i a l  tension and the rad ius  o f  

curva ture  a t  the o r i g i n .  This was done t o  check the degree o f  i n t e r f a c i a l  

contami na t ion  present. The vol ume was ca l cu la ted  by subdi v i  d i  ng the  drop 

i n to  several elenientk approximated by f r u s t r a  o f  r i g h t  c i  r c u l  a r  cones and 

sumrni ng the i  r volumes. 

I n  add; t i o n  t o  d r o p l e t  deformation, i t was necessary t o  measure the 

r a i e  a t  which the so lu te  spread along the plane o f  the in te r face .  Spreading 

data were taken i n  a round g lass dish, th ree  inches i n  diameter and one and 

one-hal f  inches i n  height.  The bottom o f  the d i sh  was o p t i c a l l y  f l a t  and 

the camera was posi t ioned below the dish, perpendicular  t o  the  in te r face .  

Only one 1 i ght  was used and i t was pos i t i oned  above the i n t e r f a c e  so 1 i ght  

would be r e f l e c t e d  f rom the p a r t i c l e s  i n  the i n t e r f a c e  i n t o  the  eye o f  the 

camera. Seventy-f i ve mi 11 i 1 i t e r s  o f  the  heavier  phase and f i f t y  m i  11 i 1 i t e r s  

o f  the 1 i g h t e r  1 i q u i  d were poured i n t o  the dish. Eccospheres were p laced 

on the i n t e r f a c e  and the camera was focused on the  eccospheres. Eccospheres 

are t i n y  h o l  low g lass spheres tha,t g i ve  an o v e r a l l  appearance o f  a f i n e l y  

d i v i d e d  wh i te  powder. They come i n  a mix tu re  o f  densi t i e s  b u t  a .g iven 

dens i t y  range may be separated by a1 lowing them t o  s e t t l e  i n  a 1 i q u i d  o f  

known densi ty. S i  nce , the  vol  ume o f  1 i q u i  d was known, the d i  sh cou ld  be 

cleaned and r e f i l l e d  a f t e r  each run  w i t h o u t  re focus ing  the  camera. 

For each run, a small drop o f  s o l u t e  was formed on the t i p  o f  the  

micro1 i t e r  syringe. With as 1 i t t l e  t ime lapse as poss ib le  the drop was 

moved t o  the i n t e r f a c e  u n t i  1 i t coalesced and .,the subsequent mot ion o f  the 

eccospheres was recorded by the camera. The i n t e r f a c i a l  tens ion  was 

measured.before and a f t e r  the s o l u t e  was added t o  check f o r  sur face 



contamination. A l l  i n t e r f a c i a l  tension measurements were made w i t h  a 

DuElouy R i  ng I nterface-Tensiometer. 

The spreading data were measured by the same p ro jec t i on .  technique as 

used f o r  dynamic drops. A t  each frame, the best  c i  r c l e  was constructed 

through the  r i n g  o f  eccospheres tha t  form. the ou ter  edge o f  spread; ng as 

. . 

shown i n  F igure  13. The rad ius  o f  t h i s  c i r c l e  w i  11 be r e f e r r e d  t o  as the 

r a d i  us o f  spreadi ng. 



Figure 13. Movement o f  eccospheres i n  two consecutive frames 
a t  400 framedsecond. 



The r e s u l t s  i n  t h i s  sec t ion  combine the  ana iys is  i n  the dynamic drops 

sec t ion  w i  t h  the data i n  the appendices t o  c a l c u l a t e  the  shapes o f  dynamic 

drops. The motions o f  a t y p i c a l  negative-beta drop (DD-15.2) and .a t y p i c a l  

posi ti ve-beta drop (00-18.2) a re  fo l l owed  and t h e i r  behavior discussed ' ' 

over a 25 m i  1 li second t ime in te rva l .  

Before the dynamic d r o p l e t  p r o f  i l e s  could be computed, the dynamic 

pressure d i s t r i b u t i o n s  over the sur face o f  the drop le ts  had t o  be ca l cu la -  

ted by the procedure described i n  the dynamic drops section. This calcu- 

l a t i o n  requ i red  data on the movement o f  the apex as a f u n c t i o n  o f  t ime so 

t h a t  the wave amp1 i tude, Bt, could be calculated. These data, presented 

i n  de ta i  1 i n  Appendix I I, are summarized f o r  seven drops i n  F igure 14. The 

ve loc i  t i e s  a t  which the so lu te  spreads on a f l a t  i n t e r f a c e  were. used t o  

c a l c u l a t e  . the i n t e r f a c i a l  tension d i s t r i b u t i o n .  These measurements, found 

i n  Appendix I, were used along w i  t h  the r a d i  i o f  curvature values ca lcu la-  

ted from the s t a t i c  d r o p l e t  p r o f i l e  t o  c a l c u l a t e  the  change i n  pressure 

drop across the in ter face.  

The d rop le t  p r o f i l e s  were ca l cu la ted  a t  i n t e r v a l s  o f  5 m i l l i ssconds  

and each c a l c u l a t i o n  requ i red  a d i f f e r e n t  dynamic pressure d i  s t r i  bu t  i o n  

correspondi ng t o  a s p e c i f i c  time. Four such pressure d i s t r i b u t i o n s  are  

shown i n  Figure 15. The actual  value o f  the dynamic pressure depends on 

the value o f  the c o e f f i c i e n t  a, which was a r b i t r a r i l y  se t .  equal t o  0..22 f o r  

t h i s  p lo t .  The dynamic pressure, DP, f o r  a sho r t  t ime i n t e r v a l  (5 n ~ i  11  i- 

seconds) i s  compared t o  DP f o r  a long t ime , i n te rva l  (25 m i  ll i seconds) f o r  

both drops. The shor ter  t ime i n t e r v a l s  have the smal ler  r a d i i  o f  



TIME, SEC. 

Figure 14. The increase i n  the  height  o f  a dynamic drop versus 
elapsed time. 



t --- DD - 18.2 @ 0.025 SEC. 

k, DD - 18.2 @ 0 .005  SEC. 
--- DD - 05.2 0.025 SEC. 
a*.-.. . DO - 15.2 @ 0.005 SEC. 

RADIUS, S, CM. 

Figure 15. Dynamic pressure as a funct ion of a r c  length f o r  a pos i t i ve-beta  drop (DD-18.2) 
and a negative-beta drop (DD-15.2). 



spreadi ng, t he re fo re  the  r a t e  o f  change o f  DP w i  t h  a r c  1 ength i s  r a p i  d 

s ince the t o t a l  v a r i a t i o n  i n  i n t e r f a c i a l  tens ion  covers a small distance. 

The t o t a l  i n t e r f a c i a l  tens ion  change--the d i f f e r e n c e  between the new i n t e r -  

f a c i a l  tension a t  the  apex and the unchanged value a t  the ou te r  edge o f  

spreading--was assumed constant  over the 25 m i l l i s e c o n d  time i n t e r v a l .  A t  

the l a t e r  time, the t o t a l  change i n  Q i s  unchanged, b u t  i t  extends over a 

much la rge r  distance. Thus, the  slope o f  DP i s  n o t  as steep as before. 
. . 

The fo rmat ion  o f  a sur face wave propagat ing f rom the apex o f  the 

droplet,  causes DP t o  become negat ive a t  some value o f  s less than the 

rad ius  o f  spreading. This tends t o  increase the slope o f  DP f o r  a1 1 the 

curves and causes the value of  'DP t o  osc i  11  a t e  about the h o r i z o n t a l  ax i  s. 

.Waves may a c t u a l l y  be seen i n  mot ion p i c t u r e s  o f  the dynamic drops, bu t  no 

attempt was made t o  compare these waves t o  the  ca l cu la ted  pressure d i  s t r i  - 
bution. .Later, the wave 1 i ke p o r t i o n  o f  the dynamic pressure a t  l a r g e  

values o f  s w i l l  be shown t o  have l i t t l e  e f f e c t  on the d r o p l e t  shape, 

howe ve i- . 
I n  25 m i  1 1  iseconds the sol u te  had spread 0.8 cent imeter  over the 

negat i  ve-beta drop and 1.2 cent imeters over the posi t i  ve-beta drop. I t 

should be .noted. t h a t  the a rc  length  o f  the posi t i ve-beta  drop i s  about 0.8 

cent imeter  from apex t o  base, b u t  the d i s t r i b u t i o n  was ca l cu la ted  on the 

bas is  t h a t  the ex ten t  o f  the i n t e r f a c e  was i n f i  n i  te. Again, the most 

s i g n i f i c a n t  f l u c t u a t i o n s  are those near the apex, so small e r r o r s  , i n  DP 

near the base should have 1 i t t l e  e f f e c t  on the shape o f  e i t h e r  drop. 

The t o t a l  change i n  the value o f  t h e  i n t e r f a c i a l  tension was assumed 

t o  be constant  throughout the whole t i m e ' i n t e r v a l .  Evidence v e r i f y i n g  the 



assumption comes from two sources. As shown i n  Appendix I I  the spreading 

r a t e  i s  nea r l y  independent o f  the volume of so lu te ;  the spreading r a t e  

depends o n l y  on the s o l u t e  concent ra t ion  f o r  the experiments performed. 

The graphs i n  Appendix I show the r a t e  o f  apex movement t o  be nea r l y  i nde- 

pendent o f  the  vol ume o f  solute. The 0.2 micro1 i t e r s  o f  so l  u te  must su re l y  

be able t o  h o l d  the  concentrat i ,on constar i t  f o r  a longer t ime than the 0.1 , . 

mlc ro l  i t e r s  o f  solute, b u t  both produce the same' response. This  tends t o  

j u s t i f y  the assumption t h a t  the concent ra t ion  remained constant  a t  i t s  

i n i t i a l  value a t  the apex over the 25 m i l l i s e c o n d ' t i m e  i n t e r v a l .  

~i nce the i n t e r f a c i  a1 tens ion  change i s approxi matel y the same f o r  

both drops, the magni tude o f  BP a t  the o r i  gi'n d i f f e r s  f o r  the two drops due 

t o  d i f f e rences  i n  curvature. The posi t i ve-beta  drop, having the greater  

curvature, a l so  tends t o  have a more r a p i d  decrease i n  DP w i t h  a r c  length. 

However, the h i  gher r a t e  o f  spreadi ng found i n the posi ti ve-beta sys tern 

tends t o  counteract  the e f f e c t  o f  d i f f e r e n t  curvatures when the two drops 

a re  compared a t  the same time. 

The d i s t r i b u t i o n s  were ca l cu la ted  a t  5, 10, 15, 20, and 25 m i l l  i- 

seconds f o r  each drop.. These i n t e r v a l  s a long w i  t h  the correspondi ng d r o p l e t  

he igh ts  are g iven i n  Table 1. Then the d r o p l e t  p r o f i l e s  were c a l c u l a t e d  

a t  each. t ime . i n te rva l .  The procedure invo lved a nested i t e r a t i o n  t o  sol  ve 

f o r  the parameters b and a. A value o f  a was assumed; then b was ad jus ted  

t o  s a t i s f y  the d rop le t  he igh t  and base diameter boundary condi t ions. The 

r e s u l t i n g  volume o f  r e v o l u t i o n  was ca l cu la ted  and p l o t t e d  aga ins t  a as 

shown i n Figures 16 and 17. The i n t e r s e c t i o n  o f  t h i  s curve wi th 

the l i n e  represent ing the ac tua l  d r o p l e t  volume determined the value o f  a. 
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Figure 16.: Determi nat ion o f  a f o r  the negati ve-beta' drop (DD-15. 2 )  a t .  equal 
time i n t e r v a l s  o f  5 mill isecondso 
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Figure 17. Determination o f  a f o r  the posi t ive -beta  drop (DD-18.2) 

a t  equal time i n t e r v a l s  of ,  5 mill iseconds. 



The lack  o f  smoothness o f  the p l o t t e d  poi n t s  i s  due t o .  the l a rge  to lerance 

used when s a t i s f y i n g  the boundary cond i t ions  i n  keepimg w i t h  the i n t e -  

g r a t i o n  step size. The values o f  a an.d b are  a l so  g iven i n  Table 1. 

Alpha increases from zero as the drop leaves i t s  s t a t i c  shape. 

Actual ly,  a has no meaning f o r  the o r i g i n a l  s t a t i c  drop, b u t  i f  dynamic 

pressures were present, a would be zero and the ex terna l  f o r c e  requ i red  to 

h o l d  the drop i n  i t s  present p o s i t i o n  would be zero. A t  a l a t e r  time, the 

maghi tude of the  fo rce  t o  ho ld  the drop i n  i t s  present posi t i o n  would be 

g iven by 

Table 1. Dynamic d rop le t  parameters 

- - 

Elapsed time, Droplet  height, 
Drop No. seconds cm. b, cm. alpha 

DD- 15.2 0.0 . 

Cyc 1 ohexane - 0.005 
water 

0.01 0 

DD- 18.2 0.0 

Ca rbon 0.005 
t e t r a c h l o r i d e -  01 

water ' 



To understand the e f f e c t  o f  the dynamic pressure d i  s t r i b u t i o n  on the 

shape of the ca l cu la ted  p r o f i l e ,  the d i f f e r e n t i a l  equat ion which describes 

the p r o f i l e  can'be examined: 

dQ 2 s i n  cp cx ( D P - D P ~ )  - - - -  npgz 

b 
+ + 

d s x Q , ep 
(29) 

. . 

The r a t e  o f  change o f  the slope o f  the p l o t t e d  d r o p l e t  p r o f i  l k  i s  a measure 

o f  d@/ds, the curvature o f  the .p ro f  i le.  Consi der f i r s t  the negat i  ve-beta 

drop (DD-I 5.2). F igure 18 shows the measured dynamic drop compared t o  the  

s t a t i c  drop and the ca l cu la ted  dynamic drop. The rad ius  o f  curva ture  a t  

the  apex decreases as the  drop increases i n  height. I n  order  f o r  the  

boundary cond i t ions  a t  the base t o  be met, d@/ds must decrease a t  a f a s t e r  

r a t e  than would a s t a t i c  drop. 

The second term on the  r i g h t  dominates i n  the beginning o f  the calcu- 

l a t i o n  when z = 0 and DP = DPo, bu t  as the  c a l c u l a t i o n  proceeds the t h i r d  

term q u i c k l y  dominates. Both terms are negative, however, and tend t o  

decrease the curvature. Now the f o u r t h  term determines how the drop wi 11 

dev ia te  from a s t a t i c  drop an.d i t s  magni tude must be l a rge  enough t o  be 
. 

non-neg l ig ib le  compared t o  the o the r  terms. 

The fou r th  term i n  equation (29) has the same e f f e c t  i n  the p o s i t i v e -  

beta drop as i t  does i n  the negative-beta drop except i t  must oppose the . 

t h i r d  term which i s  p o s i t i v e  and twice as l a rge  i n  magnitude f o r  the 

systems used i n  t h i s  work. F igure 18 compares the ca l cu la ted  p r o f  i l e  a t  

25 m i  1 1  i seconds t o  the measured p r o f  i l e  a t  the same time. The d e v i a t i o n  

o f  the ca l cu la ted  and measured prof  i l e s  i n ,  Figures 18 and 19 w i  11 be 
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F i g ~ r e  18. The negative-beta dynamic drop a f t e r  25 mil l iseconds.  



Figure 19. Positive-beta dynamic drop after 25 milliseconds. 



discussed i n  reference' t o  the e f f e c t  o f  DP and a. 

Figure 15 shows that  the value o f  DP a t  s = O ( D P ~ )  i s  the greatest 

value o f  DP; therefore the fou r th  term begins a t  zero and i s  negative a t  

a l l  other values o f  s. A t  the b a s  o f  the posi t ive-beta drop, the numerator 
. . 

2 
of. the second term i n  Equation (29) has a value o f  about 400 dynes/cm. , and 

. . 

f 1 uctuations i n  the numerator o f  the fou r th  term decrease qui tk r ap id l y  

such tha t  i t  has .neg l ig ib le  e f f e c t  on the drop le t  shape near the base o f  

the drop (s = 0.8 cm. ) even though the magnitude o f  the f ou r t h  term i s  

1 arge. 

The r a t e  o f  chang'e o f  the f ou r t h  term i s  not  large enough i n  e i  ther 

drop since the slope o f  the calculated p r o f i  l e  does not decrease rapi  d l y  

enough t o  al low a smaller value o f  b. An increase i n a  would s a t i s f y  

t h i s  change i n  shape tjy the increase i n  aDP, but the boundary condi t i ons  

would not be sat is f ied.  The on ly  a1 t e rna t i  ve would be t o  change the 

pressure d i s t r i b u t i o "  t o  have a more rap id  i n i t i a l  slope such as i t  had, 

f o r  example, a t .  5 m i  1 1  iseconds. This shows, then, the e r ro r  i n  the 

pressure d i s t r i b u t i o n  and how i t  should be changed o r  what changes a 

be t te r  model would provide. 

The importance o f  having the proper pressure d i  s t r i  bu t ion  was 

establ ished by t r y i n g  a l i n e a r  d i s t r i b u t i o n  and f i nd ing  that  no values o f  

b and a! woul d sa t i  s f y  the boundary - condi t ions f o r  the negat i ve-beta drop. 

S i m i  la r ly ,  f o r  the posi t ive-beta drop the comparison to  the data i n  Figure 

20 was not as good as the comparison i n  Figure 19 where the dynamic pressure 

d i s t r i b u t i o n  was predicted by the model. 

Both the r e l a t i v e  d i s t r i  bu t iqn  o f  DP and the value o f  a in f luence the 



Figure 20. Posit ive-beta dynamic drop a f t e r  25 mil l iseconds compared 

t o  a drop w i t h  a hypothet ical  dynamic pressure 

d i s t r i b u t i o n .  



r a t e  a t  which the curvature decreases r e l a t i  ve t o  the s t a t i c  drop. From 

the s p r i  ng analogy one reasons t h a t  a should increase as d r o p l e t  hei  ght 

increases ,and t h a t  i t s  maximum val ue woul d be 2.0 i f  the system were un- 

damped. As time increased, the pressure d i s t r i b u t i o n  tended t o  change less  

r a p i d l y  w i t h  a r c  length, bu t  t he  d e s c r i p t i o n  o f  a dynamic drop requ i red  the  

. . 

opposi te t rend i n  aDP. Therefore, a was forced t o  increase so the f o u r t h  

term would have i ncreasi ng e f f e c t  as the d r o p l e t  he ight  increased. ~ l p h a  

may have increased f a s t e r  i n  the beginning o f  movement since, "nl i ke the 

spring, there are two ways f o r  dynamic pressure to be absorbed i n t o  the 

system, by an increase i n  curvature and by an increase i n  h y d r o s t a t i c  

, pressure. 

I n  both drops, a in'creased w h i l e  b decreased, bu t  the value o f  b 

became almost i n v a r i a n t  'and may even have shown a tendency t o  increase f o r  

the negati  ve-beta drop a t  25 m i  1 1  i seconds. Some o f  the dynamic pressure.' 

absorbed by an increase i n  curvature may have been converted t o . h y d r o s t a t i c  

pressure and as a increased, b a l so  increased. The curvature a t  the apex 

o f  a separat i  ng drop a1 so goes through ,a m i  nimum. 

Turning again t o  Figure 14, the ve loc i  t y  a t  the apex o f  a1 1 the 

posi t i ve-beta  drops tends t o  decrease q u i t e  r a p i d l y  compared t o  the 

ve loc i  t i e s  o f  the four  negat i ve-beta drops represented by s t r a i g h t  1 i nes. . 

This d i f f e rence  i n  behavior must be due t o  the d i f f e r e n t  dens i ty  character-  

i s  t ics, s ince the pressure change a t  the apex i s  less  f o r  the negati  ve-beta 

drops than f o r  the pos i t i ve-beta  drops. The decrease i n  i n t e r f a c i a l  tension 

makes an increase i n  he igh t  the eas ies t  r e a c t i o n  f o r  the negative-beta drop 

whereas a great  deal o f  f o rce  i s  requ i red  t o  l i f t  the heavy organic o f  the 



posi t i ve-beta  drop. F igures 18 and 19 i n d i c a t e  tha t  the model ho lds  e q u a l l y  

we1 1 i n both systems, however, 

The dens i t y  d i f f e r e n c e  i s  a l s o  r e f l e c t e d  i n  the s t a t i c  curvatures. 

The curvature o f  a pos i t i ve -be ta  drop increases as a func t i on  of s, whereas 

the c u r v a t u r e ' o f  a negat ive-beta 'drop decreases as a f u n c t i o n  o f  s  and w i  11 
' 

even become negat ive be fore  the .base o f  the drop i s  reached. The pressure 

change associated w i t h  a g iven i n t e i ~ a c i a l  tens ion  change depends on the 

value o f  the curvature. . So, a f t e r  s o l u t e  has spread t o  the s ide  o f  the 

posi  t i  ve-beta drop where the curva ture  i s  l a r g e r  than a t  the apex, the 

pressure change i s  g rea ter  and the h o r i z o n t a l  f o r c e  becomes greater  than 

the v e r t i c a l  f o r c e  and the drop w i l l  -s top r i s i n g  and begin t o  f l a t t e n .  The 

negat i  ve-beta drop behaves i n an opposi t e  manner i n  t h a t  the negat ive 

curva ture  near the base w i l l '  produce a negat ive  v e l o c i t y  when an i n t e r -  

f a c i a l  tension change occurs. Thus the o r i g i n a l  upward movement o f  the 

apex i s r e i  nforced. 

I n  comparing the movement o f  the posi t i  ve-beta drop t o  the negat ive- 

be ta  drop, Table 1 shows t h a t  the value o f  a! a t  25 mi 1 1  iseconds i s  g rea ter  

i n the posi t i  ve-beta system. The posi t i  ve-beta drop has a t t a i  ned a l a r g e  

f r a c t i o n  o f  i t s  maximum he igh t  i n  25 m i l l i seconds  as shown i n  F igure  14 on 

curve DD-18.2. I n  constrast, over  the same t ime in te rva l ,  the negat ive-  

beta drop shown by curve DD- 15.2 has n o t  approached i t s  maximum val  ue o f  0.6 

cent imeters. Because o f  v i  scous dampi ng, a! remai ned consi derabl y  less  than 

2.0 f o r  both drops. 

The model appl i e s  equal l y  we1 1 f o r '  both d r o p l e t  systems, bu t  the 

ca l cu la ted  p r o f  i l e s  dev ia te  s l  i ght1,y from the measured d r o p l e t  p r o f  i les. 



These devi a  t i o n s  come pr imar i 1 y  f rom the approximat ions used f o r  th ree  

s i g n i f i c a n t  e f f e c t s :  

1) the use o f  a  sur face wave t o  approximate dynamic pressures 

2 )  the' assumed i n t e r f a d i a l  tension d i s t r i b u t i o n  

3 )  exc lus ion  o f  v i s c o s i t y  e f fec ts .  

The dynamic was subs t i  t u t e d  f o r  the decrease i n  the ab i  1  i t y  o f .  a  

per tu rbed i n t e r f a c e  t o  h o l d  i t s  s t a t i c  shape. The a d d i t i o n a l  dynamic 

pressure a r i s i n g  from the propagat ing wave was opposed by the o r i g i n a l  

i n t e r f a c i a l  tension. This p a r t  o f  the dynamic pressure should have been 

opposed by smal l e r  i n t e r f a c i  a1 fo rces  s ince the  f n t e r f a c i  a1 tens ion  had 

s  i gn i  f i cant  ly decreased i n t h e  neighborhood o f  the apex: 

The wave used i n  the model was a  simple osc i  1  l a t o r y  wave, b u t  a  

propagat ing wave produced by a  vary ing  impulse wou1.d have been, used 

I .  

i f  a s o l u t i o n  were ava i lab le .  A  propagat ing wave would have a  steeper 

s lope a t  the o r i g i n  and a  smaller, b u t  longer negat ive d e v i a t i o n  from 

the o r i g i n a l  surfacd. However, bo th  waves adhere t o  t h e ' r e s t r i c t i o n  o f  

constant  volume. The propagating wave would g i ve  a  more r a p i d  v a r i a t i o n  

o f  DP w i t h  s  near the apex. , 

A more r a p i d  v a r i a t i o n  i n  i n t e r f a c i a l  tension would a l s o  improve the 

dynamic pressure d i s t r i b u t i o n .  The ana lys i s  i n  Appendix I I  shows t h a t  the  

d i s t r i b u t i o n  o f  i n t e r f a c i a l  tension i s  a t  l e a s t  quadradic, b u t  i t  may even 

be greater .  

The e f fec ts  o f  v i s c o s i t y  have n o t  b e e n . e x p l i c i t l y  included, i n  t h i s  
. . 

i nves t i ga t i on .  However, v i scos i  t y  would' be expected t o  g r e a t l y  a f f e c t  the 

r a t e  o f  d r o p l e t  movement, especi a l - l  y  a t  the apex where the ve loc i  t y  i s  . 



greatest .  The movement o f  the apex was measured and used as a boundary 

condi t i  on, thus avoi di ng the major vi scous e f f e c t s .  However, the e f f e c t s  

o f  vi scosi t y  on the dynamic pressure d i  s t r i  but ion o r  on the propagating 

wave were not considered. 



CONCLUSIONS 

~ecause  o f  the  complexi ty  o f  the problem, a  complete d e s c r i p t i o n  o f  

a  dynamic drop w i  11 requ i re  muci-I a d d i t i o n a l  work; bu t  some o f  the  bas ic  

mechanisms involved have been d u t l  i ned and s tud ied i n  t h i s  work. 

A  non-uniform i n t e r f a c i a l  tension imposed on a drop w i  1 l . ,cause i t  t o  

seek a  new equi 1  i b r i  um shape.' A t  any t ime dur ing  the i n i t i a l  motion, the 

drop may b i  considered a  s t a t i c  drop w i t h  a  dynamic pressure d i s t r i b u t i o n  

imposed on i t. t his i s  made poss ib le  by adding the  boundary c o n d i t i o n  o f  

d r o p l e t  he ight  and s o l v i n g  f o r  a, the f r a c t i o n  o f  the i n i  t i e l  pressure 

impulse needed t o  h o l d  the drop a t  the  known height.  The two most s i g n i f i -  

cant  f a c t o r s  taken i i-lto account i n. c a l c u l a t i n g  a  dynamic pressure d i  s t r i  - 
b u t i o n  are: 

1) the change o f  i n t e r f a c i a l  tension wi t h  t ime and a rc  length  

2) the fdrmat ion o f  a  wave propagating from the apex. 

  he ca lcu la ted  values o f  a and the favorable compari son o f  ca l cu la ted  

d r o p l e t  p r o f i l e s  t o  ac tua l  drops show t h a t  these two f a c t o r s  are  s i g n i f i -  

cant. The model could be improved i n  both areas, and the improvements 

were shown t o  be such t h a t  the d e s c r i p t i o n  o f  the d r o p l e t  p r o f i l e  would be 

i mproved. 

The model approaches i t s  1 i m i ' t  o f  appl i c a b i  1 i t y  a t  25 m i  11 iseconds 

/ 

since a i s  becoming too l a rge  and addi t i o n a l  mechanisms wi 11 begi n  t o  

appear. The i n t e r f a c i  a1 tension change a t  the o r i  g i  n  w i  11 decay and the  

e n t i r e  d i s t r i b u t i o n  o f  i n t e r f a c i a l  tension w i l l  change. The d i r e c t i o n  o f  

apex movement w i  11 change and the  d r o p l e t  wi 11 begi n  t o  osc i  11 ate. 



Experimental 1 y, ' i t was found t h a t  an increase i n  sol u t e  concent ra t ion  

f o r  the systems used increased the d is tance and t ime o f  spreading s i g n i f i -  

cantly, whereas an increased vol  urne o f  so lu te  had o n l y  a small e f fec t .  The 

movement of the apex under dynamic cond i t ions  f o r  a negative-beta drop was 

near ly  l i n e a r  w i t h  time. The pos i t i ve -be ta 'd rop  showed d e f i n i t e  decelera- 

t i o n . a t  the apex. The d i f f e rence  was due t o  the greater  e f f e c t  o f  hydro- 

s t a t i c  pressure e f f e c t  i n  the  pos i t i ve-beta  system. The volume o f  solute, 

again as inspreading,  had 1 i t t l e  e f f e c t  on d rop le t  motion w h i l e  the change 

i n  s o l u t e  concentrat ion had a s i g n i f i c a n t  e f fec t .  



RECOMMENDATI ONS 

An attempt has been made i n  t h i s  work t o  s imp l i f y  the analysis o f  . the 

problem as much as possib le and on ly  pressures considered s ign i f i can t ,  have 

been included. . I f  the cor rect  dynami.c pressure d i s t r i b u t i o n  and height  

. were knpwn exact1 y, then the previous anal ys i  s  would enable the ca lcu l  at ton. ,  

of  the actual  shape o f  the dynamic drop. Toward t h i s  end, the two major 

phenomena of sol ute spreading and apex movement should be i so la ted  arid 

s t u d i e d ' i n  deta i l .  

1 )  A two dimensional model could 'be developed t o  describe the motion 

o f  solute spreading on a  f l a t  i n te r face  between two 1  i qu i  ds. The model 

should r e l a t e  the i n t e r f a c i a l  ve l oc i t y  t o  the i n t e r f a c i a l  tension a t  any 

po in t  along the radius o f  spreading. Then one might study an in te r face  

tha t  has solute t rans fe r r ing  across it. A measurement o f  i n t e r f a c i a l  ' 

ve loc i t y  f l uc tua t ions  could be re la ted  t o  i n t e r f a c i a l  tension and concen- 

t r a t i o n  f l uc tua t ions  tha t  might occur i n  large scale mass t ransfer  

equi pment. 

' . 2).  . The movement o f  the apex shoul d  be predicted f rorn the know1 edge 

o f  the i n te r f ac i  a  1 tens ion  change and the curvature. The predi  c ' t i  ons 

should also be based on the physical proper t ies  such as the dens i t ies  and 

v i scos i t i es  o f  the two phases. The i n i  t i a l  approach should be an i rnptr ical  

co r re l a t i on  o f  apex ve loc i t i es  f o r  several systems having a  wide va r i a t i on  

i n  physical properties. Then perhaps a  mathematical model could be 

developed tha t  would consider the,  e f f e c t  o f  the i n te r f ac i  a1 resistance t o  .. 

motion caused by a change i n  i n t e r f a c i a l  tenqion. 



A descript. ion of the wave propagating from the apex could be found 

by solving the wave equation w i t h  the condi t i o n  o f  a prescribed impulse 

that  var ies  i n  magni tude along various port ions o f  the drop. The r e s u l t i n g  

pressure change. could be ca lcu la ted  from equations descr ibing the  wave. 



NOMENCLATURE 

2 
A v e r t i c a l  area component, cm.'. 

2 
*h 

cross sec t iona l  area o f  drop a t  z = h, cm.. 

c toss sec t iona l  area a t  z = 0, cm. 
2 

b radius o f  curvatu.re a t ' o r i  gin, cm. 

B wave amp1 i tude', cm. 

t 
wave ampl i t u d e - a t  o r i g i n  a t  a given time, cm. 

D P dynamic pressure, dynes/cm. 
2 

F. net  v e r t i c a l  f o rce  on drop, dynes 

f f o rce  vector, dynes 

bouyant force, dynes 
Fb 

Fe 
ex terna l  f o rce  imposed on drop, dynes 

F~ 
t o t a l  fo rce  on a p o r t i o n  o f  a drop, dynes 

g r a v i t a t i o n a l  constant., un./sec. 
2 

9 

h v e r t i c a l  d is tance from apex t o  an a r b i t r a r y  p o i n t  on drop, cm. 

k spr ing  constant, gm. /sec. 
2 

K t o t a l  curvature, ]/am. 

k '  wave number, l/cm. 

4 

n .  u n i t  normal vector  t o  surface, S. 

pres-sure a t  o r i g i n  (outs ide drop), dynes/un. 
2 

CI 
L 

Po 
pressure a t  o r i g i n  ( i n s i d e  drop), dynes/cm. 

Pi,Pi ' i ns ide  d r o p l e t  pressure, dynes/cm. 
2 

outs ide  drop1 e t  pressure, dynes/cm. 
2 

Po 

r radius o f  curvature o f  sphere, cm. 

1 
radius o f  curvature i n  plane o f  paper, cm. 



2 
rad ius  o f  curvature revolves around center  l ine ,  cm. 

R~ 
radius o f  ourvature o f  drop i n  p a r t i t i o n  A, cm. 

R~ 
radius o f  curva ture  o f  drop i n  p a r t i t i o n  B, cm. 

RI0,R20, radius of curva ture  a t  z = 0, cm. 

s a r c  length, cm. 

S . .  surface area, cm. 
.2 

t time, sec. 

spreading ve loc i ty ,  cm./sec.' 

weight, dynes 

ho r i zon ta l  coordinate,'cm. 

ho r i zon ta l  coordinate a t  z  = h, cm. 

ho r i zon ta l  coordinate a t  z  = 0, cm. 

v e r t i c a l  coordinate, cm. 

dimensionless c o e f f i c i e n t ,  f r a c t i o n  o f  t o t a l  f o rce  used from 
t h a t  a v a i l a b l e  from i n i t i a l  impulse on s t a t i c  drop. 

frequency, 1 /sec. 

pressure drop across inter face,  dynes/cm. 2 

average pressure drop across element o f  in ter face,  dynes/cm. 2 

change i n  i n t e r f a c i a l  tension, dynes/cm. 

E phase angl e, rad i  ans 

I-L v iscos i ty ,  poise 

.s v e r t i c a l  displacement, cm. 

dens i t y  o f  drop, gm. /cm. 3 .  
Pd 

dens i t y  o f  continuous.phase, gm./cm. 3 
PC 

0 , ~ '  i n t e r f a c i a l  tension, dynes/cm. 



Q~ 

interfacial tension between. two 1 iquids in partition A, 
dynes/cm. 

=B 
'interfacial tension between two' 1 iquids in parti tion B, 
dynes/cm. 

@ angular coordinate., radians 

ih . .  
angular coordinate at z = h, radians 

@o 
angular coordinate at z = 0, radians 

6 wave displacement, dm. 

negative-beta carbon tetrachloride drop in water 

positive-beta cyclohexane drop in.water 
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Solute spreading data repor ted  here were used t o  determine the i n t e r -  

f a c i  a1 tension d i s t r i b u t i o n  over the  sur face o f  a 1 i q u i d  drop. A l l  the 

data were taken on a f l a t  in ter face,  's ince the camera cou ld  focus o n l y  on 

a s i n g l e  plane. The data on the f l a t  i n t e r f a c e  was then assumed t o  b e '  

val  i d  on a curved in ter face,  s i  nce the curva ture  was small compared t o  the 

thickness o f  the in te r face .  Eccospheres--hol low g lass  spheres o f  small 

diameter--which had densi t i e s  between the d e n s i t i e s  o f  the two 1 i qu ids  

were assumed t o  move'at the i n t e r f a c i a l  v e l o c i t y  even though they were 

p r e f e r e n t i a l l y  wet ted by water. The o n l y  measurement t h a t  cou ld  be ob- 

ta ined from the movement o f  these p a r t i c l e s  was p o s i t i o n  a t  var ious  times; 

t h i s  enabled the c a l c u l a t i o n  o f  i n t e r f a c i a l  v e l o c i t y  which i n  t u r n  was 

assumed t o  be r e l a t e d  t o  the i n t e r f a c i a l  tension.. 

The tendency f o r  a s o l u t e  t o  spread i s  determined by the f r e e  energy 

change associated wi t h  the spread; ng. For example, consider a 1 ens o f  

benzene f l o a t i n g  on a water surface. Whether the benzene w i l l  spread o r  

no t  depends on the f r e e  energy change associated w i t h  the  fo rmat ion  o f  an 

air-benzene and.a water-benzene i n t e r f a c e  and the f r e e  energy change 

associated w i t h  the e l i m i n a t i o n  o f  an a i r -water  in te r face .  

where 

G . i s  f r e e  energy 

A~~ 
i s  area o f  a i r -water  i n t e r f a c e  



ABW 
i s area o f  benzene-water i n ter face 

i s  area o f  air-benzene i n t e r f a c e  
A~ B 

dABW = 'dAAW = 
d A ~  B 

By de f in i t i on ,  

where S i s  the spreading . c o e f f i c i e n t  o f  benzene on water. 
B/W I f  'B/W 

i s 

posi t i  ve, the spreading w i  1 1 occur spontaneous1 y. 

- - 
'B/W - BWA "BA - OBW 

where i n t e r f a c i a l  tensions are s u b s t i t u t e d  f o r  f r e e  energy per u n i t  area. 

From the development by ~ c r i v e n  (18), one f i t rds t h a t  t he  r a t e  o f  

spreading depends on the sur face tension grad ient  and the viscous r e s i  s- 

tance o f  the ,f 1 u.i ds adjacent t o  the in ter face.  The drag f o r c e  i s  equal t o  

the  sur face tension grad ient  times the area. 

With the a i d  o f  some s i m p l i f y i n g  assumptions, the drag f o r c e  may be 

r e l a t e d  t o  the i n t e r f a c i a l  ve loc i ty .  The assumptions are: 

1 ) The sur face o f  the drop may be approximated by a f 1 a t  surface. 

2) The i n t e r f a c e  i s  made up o f  several c i r c u l a r  f l a t  p l a t e s  as 

shown i n F igure  21. These move a sho r t  d is tance i n  the r a d i  a1 

d i r e c t i o n  wi thout  change i n  sur face area. 

3 )  The development by Blas ius i n  (6) f o r  the drag on a constant  

veloc i ty ,  f l a t  p l a t e  immersed i n  a l i q u i d  may be applied. He 

g ives the drag on one s ide o f  a f l a t  p l a t e  t o  be 
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~igure 21. Model used to calculate drag force from interfacial 
velocities. 



where 

Fd i s  drag fo rce  

s i s  d is tance from center  o f  spreading 

V i s  sur face v e l o c i t y  i n  the s d i r e c t i o n  
S 

i s  v i s c o s i t y  

p i s d e n s i t y  

The sur face s t ress  can be expressed as T = kL = FD/2nshs. 
AS 

Therefore, 

For a g iven system and equal increments o f  AS, then: 

Only the i n t e r f a c i a l  tens ion  a t  the o r i g i n  and a t  the edge o f  spread- 

i n g  i s  known. A t  the o r i g in ,  the i n t e r f a c i a l  tension i s  determined by the 

concent ra t ion  of s o l u t e  imposed there. Since the value o f  g va r ies  1 i t t l e  

a t  h igh  concentrat ions i t  was assumed constant  f o r  the i n i t i a l  movements. 

 h he values o f  0 versus concent ra t ion  shown i n  F igure  22 a re  e q u i l i b r i u m  

values measured w i  t h  the  r i n g  tensiometer. ) At  the edge o f  spreadi ng the  

v e l o c i t y  i s  zero, then dg/ds = 0 and the i n t e r f a c i a l  tens ion  i s  the  same as 

the i n i t i a l  s t a t i c  value. The next  problem, then, i s  t o  ' f i n d  the values 

of  e between the  two end points. 

When sol  u te  spreadj: i t c leared a1 1 the eccospheres , f rom the area o f  

the or ig in ,  thus forming a rad ius  o f  spreading as shown i n  F igure  13. 



Figure 22. Equi 1 i b r i  urn i n t e r f a c i a l '  tension versus cyclohexanol concentration 
f o r  the posi t ive-beta system and the negative-beta system. 



Since there were no p a r t i c l e s  w i  t h i n  t h i s  radius, no ve loc i  t y  measure- 

ments could be made f o r  the t'ime i n t e r v a l  and p o s i t i o n  where no p a r t i c l e s  

are  present. The $ma1 1 quant l  t y  o f  s o l u t e  (0.2 micro1 i t e r s )  and small 

diameter needle made i t  impossible t o  i n j e c t  p a r t i c l e s  along w i t h  the 

solute. However i r i  separate experiments, p a r t i c l e s  were added t o  a 

prop ion i  c ac i  d sol  Ute i n jec ted  by a. .glass tube w i  t h  a diameter o f  ,approxi - 
mately 0.1 cent imeters t o  a carbon t e t r a c h l o r i  de-water in ter face.  F igure 

23 shows t y p i c a l  resu l ts .  The i n i t i a l  increase in' V i nd i ca tes  an 
s 

acce le ra t i on  from the o r i g i n  where VS = 0. I f  V s  were constant over a 

1 arge range o f  s, dg/ds could be assumed constant, ioe., g would vary 

1 i near1 y w i  t h  s. This i s  not.  the  case and s ince V versus s showed a non- 
S 

1 i near decrease i n  V one may concl ude tha t  the v a r i a t i o n  o f  q w i  t h  s i s  
s' 

l ess  than s2/' o r  perhaps' s1l2. ' This may be a good approximation s ince i n  

2 
spreadi ng, . the area covered by the sol u t e  i ncreases as s . Actual  1 y, the 

v a r i  a t  i o n  may be greater  due t o  the non- 1 i near i t y  o f  as a f u n c t i o n  o f  , 

concentrat ion. The d i s s o l u t i o n  o f  so lu te  i n t o  the  b u l k  1 i q u i d  where the 

r a t e  o f  d i s s o l u t i o n  w i l l  depend on the concentrat ion would a l s o  be a 

fac tor .  The quadradio d i s t r i b u t i o n  w i  1 1  g ive  a good approximation s ince 

the end po in ts  are known and the d i r e c t i o n  o f  the dev ia t i on  f rom 1 i near i  t y  

i s known. 

To co inc ide  wi t h  the  condi t i b n s  on 'the dynamic drops, the  experimental 

cond i t i ons  o u t l i n e d  i n  Table 2 were imposed on a f l a t  in ter face.  The data 

taken from the cond i t ions  o f  Table 2 are shown as the radius o f  spreading 

versus time i n  Figures 24 and 25. 



I I I 
- b - 

d- t '= 0.00125 SEC. 

V t = 0.00875 SEC. 

- - 
0 t =  0.01625 SEC. 

0 
- - 

- 

L I I I 0 

0.1 0.2 0.3 

RADIAL DISTANCE, S, CM; 

Figure 23. Typical curves f o r  i n t e r f a c i  a1 veloci t y  versus rad i  a1 distance. 
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Figure 24. Solute spreading for  the negative-beta system. 
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Figure 25. Solute spreading for the posi tive-beta system. 
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Table 2. ~ x ~ e r i m e h t a l  cond i t ions  t h a t  were imposed on a f l a t  i n t e r f a c e  

Volume o f  Sol u t e  Organic ty a t  end 
code sol u te  m i  c r o l  i t e r s  concent ra t ion  phase o f  run 

% ~cyclohexanol , 

10 SS-26.2 0.1 Cycl ohexane 

SS-26.3 0.2 10 Cyc 1 ohexane 42.1 

0.1 20 Cycl ohexane 

0.2 20 Cyclohexane 41.5 

The graphs i n  Figures 24 and 25 show t h a t  the amount o f  so lu te  used 

has 1 i t t l e  e f f e c t  on the spreading rate, bu t  the l a rge r  volume o f  so lu te  

w i l l  spread f u r t h e r  and f o r  a longer per iod  o f  time. l n i  t i a l  l y  the  

spreading i s  q u i t e  r a p i d  bu t  tapers o f f  as t ime increases. This i s  

probably due t o  the dep le t i on  o f  so lu te  a t  1 arger values o f  rad ius  from 

2 
d i s s o l u t i o n  and increase i n  area propor t iona l  t o  s . The i n i t i a l  so lu te  

concentrat ion has a greater  e f f e c t  on the r a t e  o f  spreading than an 

i ncreased vol  ume o f  so l  Ute. 



Droplet Data, - 
This sect ion contains some o f  the measurements made on dynamic and 

s t a t i c  drop 'prof i les.  A l l  measurements were made from the p ro jec t ion  o f  . . 

f i l m  on whi te paper. Four negative-beta and three posi t ive-beta drops 

were filmed. The s t a t i c  drop le t  p r o f i l e s  were measured before each app l i -  

ca t ior i  o f  solute. The average q and b values were used i n  the descr ip t ion 

o f  the ' s t a t i c  drop. The b and a values were found from a two-parameter f i t  

t o  each drop le t  p ro f i  le. The l a s t  d is t ingu ishable  po in t  a t  the base o f  the 

drop was a lso measured so that .  drop le t  height  and diameter could be used as 

boundary condi t ions. The data f o r -  s t a t i c  drops are given i n Tablei  3 and 4. 

Table 3. Sta t i c  d rop le t  data 

Vol ume b Q Hei gh t ~ a s e  Sys tern . I n i t i a l  apex 
~ a b e l  cm.3 . cm. dynes/ . cm. diameter Organic pressure change, 

cm. cm. dynes/cm. 

D D- Cyc lo-  
13.1 .983 0.89 37.0 -525 1.37 hexa ne 63.0 

D D- Cyc lo-  
14.1 67 1.85 42.9 -289 1.43 hexane 36.7 

DD- Cyc lo-  
15.1 91 1.28 43.1 -414 1.40 hexane 53 2 

D D- Cyc lo -  
16.1 97 1.20 41.8 .440 1.46 hexane 54.6 

DD- 
17.1 . I16 0.47 36.2 .403 a252 CC1 115.0 

DD- 
,18.1 -211 0.66 40.3 .458 - 3 4 2  CC14 95.0 

DD- 
19.1 -054 0.29 47.1 -360 . 



Tab1 e 4. Experimental condi ti ons. imposed on the s t a t i c  drops 

Vo 1 ume of Sol u t e  Correspondi ng 
spreadi ng sol ute, concentrat ion 

Label micro1 l t e r s  ' % cyclohexanol data 

-1. 

"DD- 18.2 0.1 

DD- 18.3 0.2 

DO- 18.4 0.1 

-@. ,. 
Used f o r  comparison t o  dynamic model 



The apex movement f o r  a1 1 the cond i t ions  i n  Table 4 are  p l o t t e d  i n  

~ i ' ~ u r e s  26 'through 32. As would be expected from spreading data, each 

drop behaved the same f o r  0.1 and 0.2 micro1 i t e r s  o f  so l  ute. However, t he  

concent ra t ion  probably has an e f fec t ,  al though the  q u a n t i t y  o f  data i s  
. . 

i .ns l i f f  i c i e n t  t o  make such a conclusion. The movement . o f  the apex i s  t o  

some ex tent  r e l a t e d  t o  the i n i t i a l  apex pressure change, bu t  a d i r e c t  

c o r r e l a t i o n  i s  impossible s ince i't i s  a l s o  in f luenced by such f a c t o r s  as 

v i  scosi ty, drop volume, curvature, and mass res is tance t o  motion. 



T I M E ,  SEC. 

Figure 26. Change o f  drople t  height  f o r  negative-beta drop, 00-13. 



TIME, SEC. 

Figure 27. Change o f  droplet  height  f o r  negati ve-beta drop; DD-14. 
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Figure 28. Change of drople t  height  f o r  negative-beta drop, DD-15. 



.O 2 . 0 4  .06 .08 . I 0  . I2  

T IME,  SEC. 

Figure 29. Change o f  drople t  hei  gh t f o r  negati  ve-be t a  drop, DD- 16. 



TIME,  SEC. 

Figure 30. Change of drople t  height  f o r  posi t ive-beta drop, DD-17. 



TI M E ,  SEC. 

Figure 3 1  . Change o f  drople t  height  f-or posi. ti ve-beta drop, DD-18. 
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Figure 32. Change o f  drople t  he ight  f o r  posi ti ve-beta drop, DD-19. 


