PHYSICAL REVIEW E, VOLUME 63, 021503
Effect of nonzero chain diameter on “DNA” condensation
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We present a simple model to investigate the effect of chain diameter on multivalent-counterion-induced
attractions between two charged chains. In our minimal model, the chains are rigid rods of diamétiera
uniform charge density on the surface, and the counterions are point ions. As a function of the separation
between two rods, we find a repulsive barrier in the free energy whose height increasBs Wiehhave also
explored the effect of counterion valengyon the interaction. For parameters characteristic of DNA, we find
that a minimum valency oZ=3 is required to produce condensation. We also find that the shape of the
potential is fairly insensitive t& for Z=3. These results are consistent with experimental observations of
DNA condensation.
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[. INTRODUCTION because we consider the interaction between two parallel cyl-
inders, and because we treat the case of nonzero net charge,

- . o where there is a repulsion between the cylinders as well as a
Polymer physicists typically treat polymers as infinitely correlation attraction

thin objects. Microscopic details such as monomer size and
shape are usually subsumed into a single parameter, the per-
sistence length, because they do not otherwise affect large-
length-scale properties. Even for polyelectrolytes in solution |n order to treat two-dimensional charge fluctuations on
with counterions, it has proven useful to model the polyelecthe surface of a cylindrical rod, we define each monomer to
trolyte chains as line charges. This simplification has proveme a circular ring oN sites, where each site has length and
to be particularly useful at high temperatures or for weaklywidth b that can carry charges. The cylindrical rod is a stack
charged polyelectrolyteldl |. of M such monomers. Thus, the length of the cylindevlis,

Here we show that the approximation of treating a poly-the circumference of the cylinder b, and there aréAN
electrolyte as a line charge can lead to gross quantitativeites on the cylinder that can carry a charge. Each site carries
errors in treating DNA condensation. This electrostatic phebase negative backbone charge-oé/N, so that the total
nomenon occurs when salts with multivalent cations arecharge per monomer is e. In addition, the charge of a site
added to DNA solutiofi2] and the chains self-assemble into can be modified if there is a counterion present. We allow for
concentrated bundles. DNA chains are highly negativelyff'Wo kinds of cations, monovalent cations and multivalent
charged in aqueous solution. Some fraction of the cation§ations of valence. Both valencies of cations are subdi-
stay near the chain; these are known as condensed countef{ded into two classes, condensed and free. The average
ons, and they are distributed nonuniformly along the length&@UmPer of condensed monovalent cations per site is denoted
of the chains. Charge distributions on different chains car@S f1/N and the average number of condensed multivalent

become correlated when the chains are close together; th t|ons(wlthh the \éalenc()j/Z) Per site is denotec;:i taSZ/Nd. "
leads to the attraction responsible for drawing the DNA ecause the condensed cations are assumed to modify the

chains together into concentrated bundles. There is also Igc_al chgrge, the dlme_n5|onless c_harge onjsd_iamono_mer
. . . . S (in units of electronic charge) is a fluctuating variable
repulsion between chains, which arises because not all of the
. . . and can assume the values
backbone charge is neutralized by condensed counterions, so
the chains still carry a net negative charge.
The balance of the attractive and repulsive interactions

depends sensitively on the radius of the chain, especiall

Whﬁ?:)tg; cr|1arge is at the surrf]ace of thg chaim 'S;,h? dc?js_e monovalent and multivalent cations, respectively, that are
wit ). In our approach, the counterions are divide N0 hsest to the site. The random variablag and m, then

two classes, free and condensed, and the chains are mOde@&isfy<mi)=fi IN.

as cylinders of diametel. Within our approximation, con- Note that all sites on the surface of a cylindrical rod are

densed counterions merely modify the local charge at thgquivalent in our model. We have neglected the fact that the

surface of a cylinder, giving rise to charge fluctuations on thehegative charges are localized on phosphate groups at spe-

two-dimensional surface of each cylinder. cific sites on double-stranded DNA, and that positive ions
Lau and Pincug3] recently used a similar model, in the may also tend to be localized at specific sites along the helix.

special case of zero net charge and no added salt, to studiyclusion of these effects akero temperaturéeads to addi-

how charge fluctuations affect the bending rigidity of a mem-tional attractiong4]. We are interested in studying the phe-

brane. The problem we consider here is more complicatedomenon at nonzero temperatures. It is possible to include

II. MODEL AND CALCULATION

gj(s)=—1N+m;+m,Z, (1)

Where m;,m,=0,1,2 ..., are thenumbers of condensed
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the localization of charge at specific sites in our formulation,ated numerically, given the fractions of condensed counteri-
but that makes the calculation remarkably tedious and doesns and condensed catiohsandf, which determine the net
not contribute much new insight into the nature of the inter-chargeq and the variance\. We solve forf, and f, self-
actions. consistently by minimizing the total free energy of the sys-

For a given charge configuration in our model, the electem, including the entropy of mixing of the ions and the
trostatic energy is simply given by the unscreened Coulombteraction of free ions with the cylinders. To calculate this
interactions between all charges in the system, including thgee energy, we enclose the system inside a big cylinder of
mobile ions. To evaluate the free energy, we first integratg,qjys. | and length = Mb. This is a straightforward gen-
over the mobile 1ons at the' Qaussan leyel. Th.|s IS eralization of Eq(5) in Ref.[5] to two cationic species, with
equivalent to treating the mobile ions with the Debyeckiel Foy given by Eq.(4).

approxmatlon[_l]. The next step IS to integrate over the Note that we have treated the counterions as point ions in
charge fluctuations on each cylinder surface. For the pur;

poses of the calculation, it is more convenient to describe th hls”calculatlon. Thus, We.have used the_ thermal fluctua-
cylinder as a circular array dfl slabs that are one site thick lon approach to describe the attra‘(:,'tlor.u betwee”n the
andM sites long, instead of as a stackMfrings that aren  cylinders. An alternate approach, the “ionic crystal” ap-
sites in circumference and one site long. We then make thBreach, has also been proposed to describe attractions be-
continuum approximation along the length of the slabs. Thdween like-charged rod$—-9]. The discrepancy between the

resulting free energy can be expressed in terms of the folonic-crystal approach and the thermal-fluctuation approach
lowing block matrices: described above has led to considerable controVdrkyl 2.

We emphasize that there is no way to reconcile the two ap-

proaches completely, because the thermal-fluctuation ap-

o °Q, °Q B Qi (k) Qn(k) proach is a high-temperature approximation, while the ionic-
Q= °Q,, °Qu /" Q(k)= Qi (k) Qi (k) crystal approach is a low-temperature approximation, and the
2 two are separated by a phase transition, namely crystalliza-

tion. The thermal fluctuation approach neglects correlations

whose elements are defined by that are important at low temperatures because it neglects a
0 . o length scale that is important at low temperatures or high
Quarij=A" " baar 0ij+ 26K kRaar (1,])], densities, namely the ionic size. This size prevents the attrac-
tive interaction from diverging and is clearly important to
— A1 P 2 2 . . . . . .
Quarij(K) =AT"8qqr 8+ 2EKo[ Raar (i) Ve + K7, ionic crystallization because if all the ions were point

3 charges, the system would collapse onto a point at zero tem-
perature. We have shown that it is straightforward to include
this length scale within a field theoretical approach by as-
; . f . . : suming that charge is correlated over the size of theg/5n
slabj on cylindera’. The Manning parametgy is the ratio We call this approach the charge-fluctuation approach to dis-

/?/ tt)h Wc?ielre/tfi IS thne tBJﬁtrrL;Thleng}\flz/?]t ?I'r{ GKSTB Here; nt_mgwsh it from the thermal-fluctuation approach, which as-
€ IS the dielectric consta S € S,O ent. 1he DELYe SCreeny jag point ions. When the nonzero ionic size is incorpo-
ing parameter is given by“=8x/gl wherel is the ionic

) rated in this way, we find oscillatory charge correlations that
strength of the solution. The parameter=f,/N+Z2f,/N y y 9

. . : row in range as the temperature is lowered, and eventually
measures the strength of charge fluctuations per site. Finall

. o ; iverge at the spinodal for the ionic crysfdl0]. Thus, the
Ko(x) is Fhe zeroth-order modified Bessel function ‘?f theone—Ioop field-theoretical approach leads to reasonable quali-
second kind. The free energy of the two parallel cylinder

+ lenath dqi & th Stative behavior at low temperatures, even though it is un-
per unit length(measured in monomerss then likely to be quantitatively accurate there. More recently, it

respectively. Here the subscript runs over cylinders and
R, (i,]) is the distance between slalwn cylinder« and

n N has been shown for the case of two pldt€3] that at high
Fo=-02 A1S L 5i—A"20Q71 temperatures, long wavelength fluctuations in the charge
B oy Zq ;:l ij2:1 [ aa Qua "] density along the plates dominate the interaction, while at

low temperatures, short wavelength fluctuations dominate. If

n Efw %In[deQ(k)HN InA the amount of cou_nterion cond(_ansation is fixed, the_long

2 2 wavelength fluctuationgcaptured in the thermal-fluctuation
approach lead to an attraction that diminishes as tempera-
_ e [21 12 ture is lowered, while the short wavelength fluctuations

ZNA/BﬁxKO(b KH ). @ (captured below the freezing transition within the
ionic-crystal approaghead to an attraction that increases as
The first term represents the repulsion between cylinders demperature is lowered. However, it is important to note that
net chargeq=(—1+f,+2Zf,) per monomer, which is the amount of counterion condensation increases as
screened due to the condensed counterions and free ions. Tteanperature is lowered, leading to a reduction of the net
second and third terms represent counterion-mediated attracharge and an increase in the attraction. This leads to a non-
tions between cylinders and the last term is the self-energyrivial temperature dependence of the long-wavelength
which should be subtracted. The free energy can be evalattraction.

— o
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In order to establish a criterion for the validity of the 2 T T T
thermal fluctuation approach, we must use an approach th. 150 T Bj?o oal 2
can capture both the short and long wavelength physice N = |..... D=163A| 1
,namely, the charge-fluctuation approadhlote that the 1r ——-D=217A] 7
ionic crystal approach cannot produce such a criterion, be 05 ——D=271A] ]
cause it does not capture the attraction due to long wave 3 ¢ e TSI ]
length fluctuations. For the case of two charged surfacesblL O T
separated by a distance of 5 A, the charge-fluctuation af 05[] ,'/ E
proach leads to the criterion that the thermal-fluctuation ap i
proximation is valid when the Gouy-Chapman length R E
=1/2nZ0o/ s, Where 1& is the area per surface charge, sat- -5 " E
isfiesh/a>0.035 wherea is the counterion diametét3]. In I,'!jQ T
our case, the appropriate area per surface chargeois 1/ 2y 10 20 30 40 o 50 60 70 80
= Db, whereD is the cylinder diameter arlglis the length r(A)
of a monomer. For DNA in aqueous solution at room tem-
peraturep~1.7 A and/z~7.1 A. Thus we obtain the cri- FIG. 1. Free energy of interaction between two cylind€;,
terion Z<3.5D/a for the thermal-fluctuation approach to be as a function of the surface-to-surface separatitor different rod
valid. diametersD. The parameters afE=300 K, e=80, andZ=2 (di-

The above criterion is a very rough guide, and should novalent counterions The main effects of increasing the rod diameter
be taken too seriously at a quantitative level. The calculatiore to increase_ the repulsive barrier and to shift the attraction to
in Ref. [13] applies to the attraction between charged surSmaller separations.
faces, not charged rods, and the difference in geometry
should alter the numerical result for the criterion. In addition, We have no short-ranged repulsion because we have ne-
the charge-fluctuation approach includes the ionic size in glected hardcore interactions, so the free energy diverges to
certain way[5] but there are many other ways to do it that — as the rod separatiandecreases. As a result, we cannot

would lead to different answers because the shortexamine trends in the attractive part of the free energy by
wavelength physics is nonuniversal. measuring the free energy minimum. However, we can study

the change in the attractive part of the free energy by mea-
suring the free energy at an arbitrary, but short, separation.
We have chosen to measure the free energy at a surface-
surface separation af=6 A; we call thisF,;. The main

Given Eq.(4), we can examine the effect of rod diameter reason for choosing=6 A, rather than some other length, is
on the effective interaction between two cylinders. In thethat this is approximately the surface-to-surface spacing of
following figures, polyvalent counterions are divalentzo condensed DNA chains in a bundl2]. In Fig. 2 we have
=2, the temperature =300 K, the solvent dielectric con- plotted theF 4 (solid line), as well asFp,ie, (dotted ling, as
stant ise= 80, the size of a site is=1.7 A, and the total rod ~a function ofD. Figure 2 shows théf , becomes less nega-
length is M=300 monomers(this corresponds to a rod
length of approximately 500 A, which is the persistence 2T T T T
length of DNA). The counterion diameter is assumed to be :
a=4.2 A. The ionic strength of the solution is taken to be 50
mM (characteristic of conditions for DNA condensati@md
L, =L~500 A.

Before presenting our results, we must discuss whether
the thermal-fluctuation approach that we have used is valid.
In the discussion at the end of Sec. Il, we showed that the
approach is valid as long a<3.5D/a. For a counterion
valence ofZ=2 and counterion diameter af=4.2 A, this
implies that the approach is valid f@&>2 A.

In Fig. 1, we plot the free energ¥.,=MF, as a
function of the surface-to-surface separatiobetween the T IR B .
two cylinders. The zero of free energy is chosen to corre- 5 10 15 . 20 25
spond tor =, Each curve corresponds to a different value D(A)
of the cylinder diameteD, ranging through the value®
=0, 10.9, 16.3, 21.7, and 27.1 A from the innermost curve g 2. Free energy at=6 A (approximately the separation of
(dotted to the outermost one. The case of DNA correspondghains in a condensed DNA bunglleF,,, and barrier height,
approximately to the second-to-last curve. The effect of thes,_ ..~ as functions of the rod diamet®. We have chosei™
nonzero rod diameter is striking. As the diameter increasess300 K, e=80, andZ=2. Both F; and Fyaer increase with
the free energy develops a pronounced barrier, of heighhcreasingD. In particular, note that the attraction disappears for
Foarrier- sufficiently largeD.

IIl. DEPENDENCE ON ROD DIAMETER
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L both Faier aNd F 5 decrease with the increasing valergy
I ] This implies that the attraction grows stronger relative to the
repulsion with increasing counterion valency. The reason for
C [3F . this is twofold. First, the net charge on each macroion de-
i barrier creases WittZ (there is more counterion condensation as the
or * * 1 counterion valency increasesThis weakens the repulsive
] interaction due to the net charge. Second, the strength of the
charge fluctuations grows with increasizg(i.e., NA=f;
o BF ] +Z?f, wheref,~1/Z). This strengthens the correlation at-
i att ] traction between the chains. Most of the condensed counter-
A o ¥ ions are multivalent because there is a greater energetic gain
1 for condensation for the same entropic cost for multivalent
L counterions as compared to monovalent ones.
2 3 4 5 6 Note thatF ., is negative only foZ=3. Sincer=6 A is
7 a typical spacing of DNA in a condensed bundle, this implies
that a counterion valence @& 3 is required in order for the
FIG. 3. Free energy at=6 A, F (filled diamonds, and barrier ~ chains to _condense. This is consistent with experimental
height F yarier (OpeN diamonds as functions of the counterion va- findings[2]. _
lency Z for T=300 K, e=80, andD=21.7 A (approximately the Interestingly, Fig. 3 also shows that b, rier aNd F oy

diameter of double-stranded DNA; our model only allows values ofo€Come nearly independent of valency ¥o¥ 3. This is also
D quantized in units of the monomer length. Both quantities ~COnsistent with experimental findingg] that the character-

decrease with increasing, but beyondZ=3, both quantities are iStics of condensed DNA bundles appear to be independent
roughly independent oZ. Note that counterions wittZ=3 are  Of counterion valency fo£=3. The reason for this puzzling

required for two cylinders of this diameter to attract each other at £€havior can be understood quite simply. Althougbn-
surface-to-surface spacing of6 A. densedcounterions of higher valency induce stronger attrac-

tions, free counterions of higher valency screen electrostatic
tive as D increases, implying that the attraction grows interactions more efficiently. These two effects tend to can-

weaker. The dotted line shows th&t, becomes more cel each other out, leading to a nearly flat dependence of the

positive asD increases, also implying that the attraction free energy orZ for sufficiently highZ.

grows weaker relative to the repulsion. These trends can be

understood by considering the nature of counterion-mediated V. SUMMARY

S o PaEi oS 5 n previous papers, w assumed tht the charge on a o

surface of each cylinder is involved,in the attraction as th %nd the_ charge fluctuations resulting from counterion density

cylinder diameter increases. On the other hand, the toﬁtmtuaﬂons al_ong the length of the rod, are positioned along

number of condensed countérions remains rou hf constant. center axis. Herg, we have generah;ed our approach to
. : ougnly Igﬁlow for two-dimensional charge fluctuations on the surface

as the diameter increases, so the net chasdréch controls

L ; ) of a cylindrical rod with nonzero diameter. The resulting
the repulsive interaction betw_een_the_ r’?”ib“a'”s abqut the balance between attractive and repulsion interactions be-
same. As a result, the attraction is diminished relative to th

. . : Sween two rods is significantly altered. In particular, we find
repulsion as the diameter increases.

Note that the curves in Fig. 2 were calculated for the casthat for sufficiently thick rods, there is no attraction at all. If
. 9. : e denote the diameter at which the attraction disappears as
where the multivalent counterions are divaledt-2. For

. ) ; . X D we find thatD 5 increases with increasing counterion
this case, we find that the attraction disappears, thdtjs, e max : : )
changes sign, ab~20 A. This is approximately the diam- valency, and thab ,,,, increases with decreasing rod separa

. : tion r in a bundle.
e_terlolf dosjlt\)llpe\-stragded D.NA' TR.US’ dlvaler:jt 'IO”TShf"“e. mar - one puzzling experimental observation has been that the
gg]:d aogrreemen(:'[OvI?/itﬁn;?;frri]mv(\e"r:t;rgglrﬁﬂrgo €L TS IS N hature of DNA pundles(i.e., the spacing of _chains in a
bundle and the size of bund)eappears nearly independent
of the bundling agent as long as the valency satidies3.
This is surprising for an effect that is believed to be mostly
IV. DEPENDENCE ON COUNTERION VALENCY electrostatic in origin. Here, we have shown that increasing

We have also examined the dependence of the barriépe_ counterion valency has relatively little e_ffect Be=3.
height Fyarer and the free energy at=6 A, F.q, on the This remarkable result occurs because the increased valency
arrier 1 atts

counterion valencyZ. Here we have chosen a cylinder diam- leads to stronger screening as well as stronger attra(_:tions.
eter of D=21.7 A, close to that of DNA(The actual diam- Thus, our model of DNA condensation appears consistent
eter of double-stranded DNA is 20 A, but our model requiresith the known facts.

D=Nb, whereN is an integer and is the monomer length.
As a result, our values dD are quantized in units of the
monomer length.For this value oD, the approximations we We gratefully acknowledge the support of the National
have adopted should be valid fBk<17. As shown in Fig. 3, Science Foundation through Grant No. DMR-9619277.
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