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ABSTRACT The performance of a free space optics (FSO) transmission suffers from the atmospheric

turbulence and the attenuation in foggy environment. By employing relay nodes, the error rate and the

coverage area of the FSO communication system can be significantly improved. However, the pointing

errors, generated because of the building sway, have the potential to eradicate the benefits of the relay-based

FSO communication system. The effect of pointing errors in the presence of Gamma Gamma atmospheric

fading together with path loss attenuation is considered in this paper. To counteract the adverse affects

of the FSO link, a reliable millimeter-wave radio frequency (MMW RF) link is used as a backup. In this

context, this paper proposes a cooperative decode-and-forward (DF)-relaying-based hybrid FSO/RF system

with maximal-ratio-combining (MRC) at the destination. The system consists of FSO and RF sub-systems,

where FSO sub-system has the priority to transmit and RF sub-system serves as a back up when the FSO

sub-system is in outage. The exact and asymptotic outage probability and average symbol error rate (SER)

expressions for the proposed system are derived in closed-form and the diversity order is determined. The

effect of pointing errors on the system performance is analyzed extensively. The optimum values of transmit

beam waist and radius of receiver aperture are determined. The theoretical results, which are validated by

Monte-Carlo simulations, show that the proposed cooperative hybrid FSO/RF system drastically improves

the system performance compared to single hop (SH) hybrid FSO/RF and cooperative FSO systems

especially for large pointing errors scenario.

INDEX TERMS Hybrid FSO/RF systems, decode-and-forward relaying, pointing errors, gamma-gamma

distribution, maximal-ratio-combining.

I. INTRODUCTION

Free space optics (FSO) communication has attracted signif-

icant importance to provide gigabit capacity links owing to

its unique features: cheap installation cost with faster deploy-

ment, unlicensed spectrum, narrow laser beam enabling

numerous FSO links. However, despite of many advantages,

FSO supports high data rate only for short-range transmis-

sion and its performance is limited by the adverse effects

of the atmospheric turbulence induced fading, attenuation

due to fog, and pointing errors [1]. Therefore, to improve

the performance of FSO links, it is wise to backup with

The associate editor coordinating the review of this manuscript and
approving it for publication was Min Li.

reliable millimeter-wave radio frequency (MMW RF) links

[1], [2]. Meanwhile, FSO and MMW RF channels exhibit

complementary characteristics to fog and rain. Therefore,

these complementary characteristics pave the way for hybrid

FSO/MMWRF communication, which provides reliable high

data rate transmission [2].

Mixed RF-FSO systems, where FSO is used as a last

mile access link, use the concept of relaying technique to

enhance the coverage and to counteract atmospheric turbu-

lence induced fading and attenuation due to fog, thereby

achieving some improvement in the system performance.

In [3]–[8], a detailed performance analysis is presented

for a dual-hop mixed RF-FSO communication system. The

RF link is Nakagami-m distributed and the FSO link is
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characterized by Gamma-Gamma turbulence in [3]–[5] and

effect of pointing errors is included in [6]–[8]. Besides in [9],

the relay-destination link is a parallel FSO/RF link. It is worth

noticing that the mentioned approaches analyze the perfor-

mance of DH mixed RF-FSO systems without the presence

of direct source-destination link except [10] which considers

an RF source-destination link. Therefore, it is appropriate to

assume that in a mixed RF-FSO system, FSO link transmis-

sion is confined as the last mile transmission.

Hybrid FSO/RF systems, where the RF link is used in

parallel with the FSO link, improve the performance and

reliability, as the RF link is less susceptible to atmospheric

turbulence and attenuation due to fog. In [11], RF link is

used in parallel with the FSO link and the diversity com-

bining is employed at the receiver to combine the data from

both the links. Diversity combining is applied to the sig-

nals with same data rate, therefore the data rate of the FSO

transmission is reduced to that of the RF transmission. The

schemes in [12]–[14], support higher data rates by assigning

higher priority for FSO links and with the help of a single-bit

feedback signal, RF transmission is activated when signal-to-

noise ratio (SNR) of the FSO link is poor. It is to be noted

that the hybrid schemes in [11]–[14] are confined to a single-

hop (SH) system. To ensure coverage and reliability, we

have analyzed the performance of DF-relaying-based dual-

hop (DH) hybrid FSO/RF system considering selection com-

bining (SC) and maximal-ratio-combining (MRC) in [15]

and [16], respectively. However, the above mentioned hybrid

schemes are restricted to atmospheric turbulence induced

fading for FSO link and the effect of pointing errors has been

ignored. For a more realistic and practical scenario, the effect

of pointing errors must be considered [17].

Pointing errors is an adverse effect which greatly impacts

the performance of FSO links mainly due to misalignment

between transmit and receive apertures because of wind,

earthquake and thermal expansion. To alleviate the issue

of misalignment, optical beams with large radius can be

used but at the price of reduced power levels or increased

error rate at the receiver and less link security. Therefore,

beam width optimization is important to achieve minimum

error rate and geometric signal losses. Transmit apertures

designed for FSO channels need to have accurate control of

their beam widths, as significant gains can be made with

the proper selection of beam width. Another method is to

use MMW RF link as a backup, as they are less susceptible

to pointing errors. However, the transmission data rate is

compromised.

Gamma-Gamma atmospheric turbulence induced fading

has gained wide acceptance in the current literature [2]–[20].

The most realistic modeling of FSO transmission links is

based onGamma-Gamma distribution due to its close similar-

ity with experimental results for a wide range of atmospheric

turbulence conditions [21]. The Gamma-Gamma distribution

is represented in terms of the modified Bessel function of

the second kind, and therefore, it is very challenging to ana-

lyze the performance of a DF-relaying-based hybrid FSO/RF

system under the Gamma Gamma fading with pointing errors

and path loss attenuation. In [20], by using a power series

representation of the modified Bessel function, approximate

error rate of the binary modulation is derived for equal gain

combining (EGC) andMRC over the GammaGamma fading.

In [19], the power series representation of Gamma Gamma

fading with pointing errors is used to analyze the performance

of FSO MIMO links.

FIGURE 1. Architecture of hybrid FSO/RF system.

In this context, the present paper proposes a DF-relaying-

based hybrid FSO/RF system using MRC at the destination,

as shown in Fig. 1. We use DF-relaying protocol, where the

transmission is conditioned on successful decoding at the

relay [21]. It comprises of FSO and RF sub-systems, where

RF sub-system serves as a backup. The FSO sub-system has

higher priority to initiate and continue the transmission until

the received SNR at the optical receiver fall below the thresh-

old, γth. When the received SNR is less than γth, the FSO sub-

system gets deactivated and the backup RF sub-system gets

activated. In contrast to [3]–[10], the present work does not

restrict FSO transmission to last mile access alone. The main

objective of this work is to minimize the effect of turbulence,

pointing errors, and attenuation using backup RF links and

improve the performance of the overall system. In this context

we highlight the motivations and contributions of our work as

follows:

A. MOTIVATIONS

• To the best of our knowledge, the performance parame-

ters in the presence of atmospheric turbulence, pointing

errors, and path loss attenuation have been derived only

for relay-based FSO system and not for hybrid FSO/RF

system.

• The performance analysis of DF-relaying-based hybrid

FSO/RF system has been restricted to the atmospheric

turbulence induced fading for FSO link in our prior

work [16]. Therefore, it is essential to investigate the

importance of hybrid FSO/RF system in counteracting

the effects of atmospheric turbulence, pointing errors,

and path loss attenuation.

• To minimize the effect of pointing errors, transmit opti-

cal beam with large waist (or radius) can be used.
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However, optical beams with large waist reduce link

security and power levels at the receiver that results in

performance degradation. . Therefore, the optimization

of the transmit beam waist w0 as well as radius of

the receiver aperture aj is important to achieve mini-

mum error rate and minimum geometric signal losses.

Another method to reduce the effect of pointing errors

is to use RF links as a backup, since they are less sus-

ceptible to pointing errors. As per author’s knowledge,

the optimum values of w0 and aj and the usage of RF

links as a backup to counteract pointing errors have

never been presented in any of the prior works.

• The closed-form representation of probability density

function (PDF) of the Gamma-Gamma distribution with

pointing errors and path loss contains the Meijer-G

function of a random variable. In prior works, the exact

symbol error rate (SER) expressions solved using the

PDF of FSO link (with pointing errors and path loss)

were quiet complicated to comprehend. In case of

DF-relaying-based hybrid FSO/RF system using MRC,

it is mathematically intractable to derive the exact outage

and symbol error rate (SER) expressions from the PDF

containing multiple Meijer-G functions. Therefore, it is

important to propose a simplified power series-based

PDF for the FSO links to obtain the performance param-

eters of hybrid FSO/RF system.

• Simpler asymptotic expressions are also required to

understand the system behavior and to derive the diver-

sity order of the system in the presence of both pointing

errors and atmospheric turbulence. In our prior work,

asymptotic expressions were not derived for hybrid

FSO/RF system considering both atmospheric turbu-

lence induced fading and pointing errors.

B. CONTRIBUTIONS
• The performance of a novel DF-relaying-based hybrid

FSO/RF system with MRC combining is investigated

in the presence of atmospheric turbulence together with

pointing errors for FSO links. The system also consid-

ers the path loss due to various weather conditions for

both FSO and RF links. Note that MRC scheme is an

optimum combining scheme, where output SNR is the

weighted sum of SNRs of individual links.

• The analysis has been presented to calculate the opti-

mum beam waist at the transmitter output w0 and opti-

mum radius of the receiver aperture aj, which minimize

the average SER. The values of w0 and aj are also

calculated for different link distance Lj and weather

conditions. Transmitter and receiver apertures designed

for such FSO channels with differentLj andweather con-

ditions need to have accurate control ofw0 and aj, as sig-

nificant gains can be made with the proper selection

of beam waist at the transmitter and radius of receiver

aperture.

• A simple power series-based representation is proposed

for the PDF of Gamma-Gamma faded FSO links with

pointing errors and path loss. This series representation

becomes simple as it contains only the terms with expo-

nent of the random variable.

• The performance analysis of the proposed system has

been carried out by deriving exact closed-form and

asymptotic expressions for outage probability and aver-

age SER. The average SER analysis is investigated

by assuming sub-carrier intensity based M -ary phase-

shift keying (MPSK) signaling for FSO sub-system and

MPSK signaling for RF sub-system

• The asymptotic outage and SER expressions with lower

computational complexity are derived in closed-form

and the diversity order is determined. The proposed

asymptotic analysis demonstrates that the diversity gain

is dominated by pointing errors if they are aggressive

than the atmospheric turbulence. Note that all the exact

and asymptotic expressions are verified using Monte-

Carlo simulation results.

The rest of the paper is organized as follows. The system

and channel models of the proposed scheme are given in

section II. Statistical characteristics of FSO and RF sub-

systems are also discussed in section II. In section III and IV,

outage and average SER analyses are given for the proposed

scheme, respectively. The asymptotic outage and SER analy-

ses are given in section V and VI, respectively. Section VII

discusses the results of numerical analysis and the paper

concludes at Section VIII.

II. SYSTEM AND CHANNEL MODEL

We consider a hybrid FSO/RF system comprising of a

DF-relaying-based FSO and RF sub-systems. The sub-

systems employ MRC to combine the data at the destination.

A one-bit feedback message is required for the selection

between FSO and RF sub-systems. The proposed system

comprises of a source (S), relay (R), and destination (D).

The atmospheric turbulence induced fading channels over

FSO links S-D, S-R and R-D (ISD, ISR, and IRD) are mod-

eled using Gamma-Gamma distribution with pointing errors

and path loss. There are few recently proposed models

such as Malaga Distribution [32] and Double generalized

Gamma distribution [33], which are slightly more accu-

rate than Gamma-Gamma distribution. In our forthcoming

works, we may use the generalized fading models to analyze

the system. The corresponding norm of the flat faded RF

channel gains (hSD, hSR, and hRD) are modeled using

Nakagami-m distribution. We also consider path loss attenua-

tion in different weather conditions for both FSO and MMW

RF channels [16]. It is assumed that the channel gains of

FSO and MMW RF links are mutually independent. The

DF-relaying-based FSO and RF sub-systems works in two

transmission phases, where S transmits the signal which is

received by R andD in the first transmission phase. In the sec-

ond phase, S remains silent and R transmits the decoded

signal to D and MRC scheme is applied to retrieve the data

from the received signals.
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TABLE 1. Comprehensive list of notations used in the paper.

A. FSO CHANNEL MODEL

The channel gain I j can be expressed as follows: I j =
I
j
aI
j
l I
j
p, where I

j
a, I

j
l and I

j
p are atmospheric turbulence, atmo-

spheric path loss and pointing errors, respectively and j ∈
{SR, RD, SD}. The PDF of I

j
a is given as [2, Eq.(2)]

f
I
j
a
(Ia) =

2
(

αjβj
)

αj+βj
2 (Ia)

αj+βj
2 −1

Ŵ(αj)Ŵ(βj)
Kαj−βj

(

2
√

αjβjIa
)

, (1)

where Kv (·) is the vth-order modified Bessel function of sec-

ond kind, αj and βj are the small scale and large scale param-

eters of the scattering environment of jth link. Assuming

spherical wave propagation, these parameters can be directly

related to atmospheric conditions according to [18, Eq. (2,3)]

as follows:

αj =
[

exp

(

0.49χ2
j

(

1 + 0.56χ
12/5
j

)−7/6
)

− 1

]−1

,

βj =
[

exp

(

0.51χ2
j

(

1 + 0.69χ
12/5
j

)−5/6
)

− 1

]−1

, (2)

whereχ2
j = 0.5C2

n k
7/6L

11/6
j is the Rytov variance, Lj is the j

th

link distance in meters andC2
n is the refractive index structure

parameter and is altitude-dependent. In general, C2
n varies

from 10−13(m− 2
3 ) (for strong turbulence) to 10−16(m− 2

3 ) (for

weak turbulence). The average gain or atmospheric path loss

of the FSO link or the attenuation factor is determined by

Beers-Lambert Law as [2]

I
j
l = exp(−α1Lj), (3)

where α1 is a weather dependent attenuation coefficient

(in 1/km). The attenuation due to geometric spread with

pointing error r is expressed as [22]

I jp(r;Lj) ≈ A0exp

(

−
2r2

w2
Leqj

)

, (4)

where A
j
0 =

∣
∣erf(vj)

∣
∣
2
, vj =

√
πaj√
2wLj

and w2
Leqj

=
w2
Lj

√
πerf (vj)

2vjexp(−v2j )
.

A
j
0 is the fraction of the collected power at r = 0, erf(·) is the

error function,wLeqj is the equivalent beamwaist.We can also

relatewLeqj withGaussian laser beamwaistwLj at the distance

Lj and receiver aperture radius aj as [22]. The Gaussian beam

waist wLj can be defined as [22]

wLj ≈ w0

√

1 + 20j(λLj/πw
2
0)

2,

20j = 1 +
2w2

0

ρ2
0 (Lj)

, ρ0(Lj) = (0.55C2
n k

2Lj)
−3/5 (5)

where w0 is the beam waist at Lj = 0, k = 2π/λ is the optical

wave number, λ is the wavelength. Considering independent

identical Gaussian distributions for the elevation and the hor-

izontal displacement (sway), the radial displacement r at the

receiver is modeled by a Rayleigh distribution

fr (r) =
r

σ 2
s

exp

(
r2

2σ 2
s

)

(6)

where σ
j
s is the jitter standard deviation at the receiver. Com-

bining (5) and (6), the PDF of I
j
p can be expressed as

f
I
j
p
(Ip) =

ξ2j

A
ξ2j
0

(Ip)
ξ2j −1

(7)

where ξj is the pointing error coefficient [22], which can be

expressed in terms of jitter standard deviation σ
j
s and the

equivalent beam waist wLeqj as follows:

ξj =
wLeqj

2σ
j
s

. (8)

The PDF of I j is given as [8, Eq.(13)]

fI j (I )=
ξ2j αjβj

A
j
0I
j
lŴ(αj)Ŵ(βj)

G
3,0
1,3

(

αjβj

A
j
0I
j
l

I

∣
∣
∣
∣

ξ2j
ξ2j −1, αj−1, βj−1

)

,

(9)

The instantaneous electrical SNR at the output of the FSO

receiver is given by

γ
p
j =

∣
∣I j
∣
∣
2
P2j η

2
j

σ 2
j

, (10)

where Pj is the transmitted optical power and I j is the FSO

channel fading coefficient with E[I j] = 1, where E[.] is the
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expectation operator. The σ 2
j is the variance of additive white

Gaussian noise with zero mean, ηj is the optical-to-electrical

conversion coefficient of the jth link. The average SNR of any

given FSO link is given by

γ̄
p
j =

P2j η
2
j

σ 2
j

κ2
j (A

j
0)

2I2l , (11)

where κj = ξ2j /(ξ2j + 1). In Table 1, the list of constants

that are used throughout the paper are defined. Using power

transformation of random variables, the PDF of instantaneous

SNR of FSO link is given by

fγ pj
(γ ) = K

j
1γ

−1G
3,0
1,3




αjβjκj
√

γ̄
p
j

√
γ

∣
∣
∣
∣

ξ2j + 1

N
j
1



, (12)

where K
j
1 andN

j
1 are given in Table 1. Using (12) and utiliz-

ing [23, Eq.(07.34.21.0084.01)], the cumulative distribution

function (CDF) of γ
p
j is

Fγ
p
j
(γ ) = 2K

j
1G

3,1
2,4




αjβjκj
√

γ̄
p
j

√
γ

∣
∣
∣
∣

1, ξ2j + 1

N
j
1, 0



. (13)

It is noticed from (12) that the PDF of the FSO channel with

pointing errors and path loss contains Meijer-G function of

γ . It is infeasible to derive the exact outage and average

SER expressions for the proposed system with MRC, as it

is required to deal with multiple such Meijer-G functions.

Therefore, we need a simple power series representation

of (12), which can render simplified analysis.

B. POWER SERIES REPRESENTATION

Using [24], the Meijer G function in (12) can be written in

terms of simple hypergeometric functions and the PDF fγ pj
(γ )

is given by

fγ pj
(γ ) = K

j
1

π2

γ

[

C
j
1

(

v
p
j

√
γ
)ξ2

1F̃2(0; 1 − α + ξ2,

1 − β + ξ2; vpj
√

γ )

+C
j
2

(

v
p
j

√
γ
)α

1F̃2

(

α − ξ2; 1 − ξ2 + α,

1 − β + α; vpj
√

γ
)

+C
j
3

(

v
p
j

√
γ
)β

1F̃2

(

β − ξ2; 1 − ξ2 + β,

1 − α + β; vpj
√

γ
)
]

(14)

where pF̃q
(

a1,...,ap; b1,...,bq; z
)

is a regularized generalized

hypergeometric function [23, Eq.(07.32.02.0001.01)], C
j
1,

C
j
2, and C

j
3 are given in Table 1. The regularized generalized

hypergeometric function is given by

pF̃q
(

a1 . . . ap; b1, . . . , bq; z
)

=
∞
∑

n=0

∏p
j=1(aj)nz

n

n!
∏q

j=1 Ŵ(n+bj)
, (15)

where (a1)n is the Pochhammer symbol

[23, Eq.(06.10.02. 0001.01)]. Finally, the PDF of instanta-

neous SNR of FSO link in terms of power series is given by

fγ pj
(γ ) = K

j
1π

2
∞
∑

n=0

3
∑

g=1

X jg,nγ
Ω
j
g,n−1, (16)

where X
j
g,n and Ω

j
g,n are given in Table 1. It is to be noted

that the series in (16) contains summation terms with only

exponents of γ . Therefore, it is easy to calculate an integral

containing the proposed series representation as compared to

a Meijer G function-based representation in (12).

C. MMW RF CHANNEL MODELING

The instantaneous received SNR (γ rj ) and average SNR (γ rj )

of any givenMMWRF link can be expressed, respectively, as

γ rj = γ rj

∣
∣hj
∣
∣
2
, γ rj =

Prj g
r
j

σ 2
rj

(17)

where Prj is the transmitted power, hj is the RF channel

fading with E[|hj|2] = 1. The norm of the fading channel

gain i.e. |hj| is modeled as Nakagami-m distribution, where

m indicates the fading severity parameter and it represents

a wide variety of realistic line-of-sight (LOS) (with high

values for m [12], [14]–[16]) and non-LOS fading channels

encountered in practice. The σ 2
rj is the variance of additive

white Gaussian noise with zero mean and grj is the path loss

of RF link, which is given by [2]

grj [dB]=Gt + Gr−20 log10(4πLj/λr ) − (αoxy + αrain)Lj,

(18)

where Lj is the j
th
link distance in meters, Gt and Gr denote

the transmit and receive antenna gains, respectively, λr is the

wavelength of the RF system, and αoxy and αrain are the atten-

uation caused by oxygen absorption and rain, respectively.

The noise variance in the RF link is given by σ 2
rj [dBm] =

B+No +NF [2], where B is the RF bandwidth (in dBMHz),

No is the noise power spectral density (in dBm/MHz), and

NF is the noise figure of the receiver. The PDF of γ rj , which

follows Gamma distribution, is given by

fγ rj (γ ) = wmj
γmj−1

Ŵ(mj)
e−wjγ . (19)

where wj is given in Table 1. By using [25, Eq. (3.351.1)], the

CDF of γ rj can be expressed as

Fγ rj
(γ ) =

1

Ŵ(mj)
γ
(

mj,wjγ
)

, (20)

where γ (·, ·) is the lower incomplete gamma function

[25, Eq. (8.350.1)].

III. OUTAGE ANALYSIS

In the proposed hybrid FSO/RF system, FSO sub-system

initiates and continues to transmit until the received SNR is

above the threshold SNR γth . If the FSO SNR goes below
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γth , the FSO sub-system gets deactivated and the backup RF

sub-system gets activated. The system is declared to be in

outage, if the received SNRs of both FSO and MMW RF

sub-systems are below γth . A one-bit feedback signal is used

to activate the FSO or RF sub-system [26]. The feedback

signaling is described as follows: According to the one bit

feedback received from D, the following vectors are chosen

i.e. either vf = [a, 1 − a]T for FSO or vr = [1 − a, a]T

for RF transmission. It is assumed that there is no error in

feedback, then the best strategy is to use vf if γ p
MRC

> γth and

vr if γ p
MRC

< γth, where a = 1 and γ p
MRC

is the instantaneous

SNR of FSO sub-system after MRC [26]. The expression for

outage probability is given by

P
p
MRC = Fγ

p
MRC

(γth)Fγ rMRC
(γth), (21)

where Fγ
p
MRC

(γth) and Fγ rMRC
(γth) are the CDFs of the instan-

taneous SNRs of FSO and MMWRF links, respectively. The

output SNR at D, conditioned on the successful decoding at

R, is given by γ T
C

= γ T
SD

+ γ T
RD
, where γ T

SD
and γ T

RD
represent

the instantaneous SNRs of S–D and R–D links, respectively,

and T ∈ {p, r}. Since γ T
SD

and γ T
RD

are independent random

variables, the CDF of γ TC is given by

Fγ T
C
(γ ) =

γ∫

0

γ−γ s∫

0

fγ T
RD
(γ k )fγ T

SD
(γ s)dγ kdγ s. (22)

On the other hand, if R fails to decode in first transmission

phase, it will remain silent in the second transmission phase.

In this case, it is still possible for D to receive and decode the

data through the direct S-D link. The CDF of γ T
MRC

in case of

either FSO or RF transmission can be written as

Fγ T
MRC

(γ )=Fγ T
C
(γ )

(

1−Fγ T
SR
(γ )
)

+Fγ T
SR
(γ )Fγ T

SD
(γ ). (23)

In case of FSO transmission, the inner integral in (22) is

solved using [27, Eq. (2.24.2.2)]. The resultant expression

is further simplified using [27, Eq.(6.11.1.1)]. Finally, the

integral is solved using [27, Eq. (2.24.2.2)] to get the exact

expression as

Fγ
p
C
(γ ) =

∞
∑

n1=0

Kn1
G
6,1
3,7



vRDγ

∣
∣
∣
∣

N
RD

2

N
RD

5,n1
, 0





×G
6,1
3,7



vSDγ

∣
∣
∣
∣

N
SD

4,n1

N
SD

3 , −(
ξ2
RD
2

+ n1)



, (24)

where Kn1
, N

j
2, N

j
3, N

j
4,n1

, and N
j
5,n1

are given in Table 1.

In case of RF transmission, we solve (22) as in [28] to get the

exact expression as

Fγ r
C
(γ ) =

∞
∑

n2=0

m
RD

+n2
∑

k1=0

C
k1

n2
γ
C
m

n2,k1γ
(

C
m

k1
,wSDγ

)

, (25)

where C
k1

n2
, C

m

n2,k1
and C

m

k1
are given in Table 1. By substi-

tuting (13) and (24) into (23), we obtain Fγ
p
MRC

(γth) and by

substituting (20) and (25) into (23), we obtain Fγ r
MRC

(γth ). By

substituting Fγ
p
MRC

(γth ) and Fγ r
MRC

(γth ) into (21), the outage

probability of the proposed system is obtained.

The PDF of γ r
C
, obtained by differentiating (25) with

respect to γ using [25, Eq.(8.352.6)], is given by (26),

as shown at the bottom of this page. In order to obtain

fγ pC
(γ ), we recalculate Fγ

p
C
(γ ) and the inner integral in (22)

is solved using [27, Eq. (2.24.2.2)]. The resultant expres-

sion is further simplified using [27, Eq.(6.11.1.1)]. Finally,

the remaining integral is solved by substituting (16) and using

[29, Eq.(3.191)] to get the exact expression as

Fγ
p
C
(γ ) = K

SD

1 K
RD

2 π2
∞
∑

n1=0

1

n1!
G
6,1
3,7



vRDγ

∣
∣
∣
∣

N
RD

2

N
RD

5,n1
, 0





×
∞
∑

n=0

3
∑

g=1

X
SD

g,nB(c, c
n
n1
)γ Ω

SD

g,n , (28)

where K
j

1, K
j

2, vj, N
j

2, N
j

5,n1
, X

j

g,n, c, c
n
n1
, and Ω

j

g,n are given

in Table 1, j ∈ {SD,RD}, and B(·, ·) is the beta function

[25, Eq. (8.384.1)]. The PDF of γ
p
C , obtained by differenti-

ating (28) with respect to γ , is given by (27), as shown at the

bottom of this page.

A. ASYMPTOTIC OUTAGE ANALYSIS

At high electrical SNR of any given FSO link (γ̄
p
j ) and for

a fixed value of average SNR of RF links, the asymptotic

outage probability is given by

Pp∞
MRC

= F∞
γ
p
MRC

(γth )Fγ r
MRC

(γth ) (29)

where Fγ r
MRC

(γth ) is given by (23) and F∞
γ
p
MRC

(γth ) is given by

F∞
γ
p
MRC

(γth )=F∞
γ
p
C

(γth)
(

1−F∞
γ
p
SR

(γth)
)

+ F∞
γ
p
SR

(γth)F
∞
γ
p
SD

(γth).

(30)

fγ rC (γ ) =
∞
∑

n2=0

m
RD

+n2
∑

k1=0

C
k1

n2
(C

m

k1
− 1)!

[

C
m

n2,k1
γ
C
m

n2,k1 −
C
m

k1
−1

∑

p1=0

wp1
SD

p1!
C

m,p1

n2,k1
γ
C
m,p1
n2,k1

−1
e−wSDγ +

C
m

k1
−1

∑

p1=0

wp1+1
SD

p1!
γ
C
m,p1
n2,k1 e−wSDγ

]

(26)

fγ pC
(γ ) = K

SD

1 K
RD

2 π2
∞
∑

n1=0

∞
∑

n=0

3
∑

g=1

X
SD

g,nB(c, c
n
n1
)

n1!

[

γ Ω
SD

gn G
6,2
4,8

(

vRDγ

∣
∣
∣
∣

0,N
RD

2

N
RD

5,n1
, 1, 0

)

+ Ω
SD

g,nγ
Ω
SD

g,n−1G
6,1
3,7

(

vRDγ

∣
∣
∣
∣

N
RD

2

N
RD

5,n1
, 0

)]

(27)
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Applying [23, Eq. (07.34.06.0044.01)] in (12), the CDF of

the end-to-end SNR in the asymptotic regime is given as

F∞
γ
p
j

(γth ) ≃ 2

3
∑

k=1

K
j
13

j
1,k

[√

γ̄j

]−N
j
1,k

, (31)

where3
j

1,k is given in Table 2 and j ∈ {SD, SR}. The series in
(31) can be further simplified by taking only the k th term that

is related to the minimum value ofN1,k . Such an assumption

is justified by the fact that at γ̄
p
j → ∞, we have term

[

αjβjκj
√

γ̄
p
j

√
γth

]N1,k

→ 0 for large N
j
1,k values. Accordingly,

we get

F∞
γ
p
j

(γth ) ≃ 2

3
∑

k=1

K
j
13

j
1,k

[√

γ̄
p
j

]−vj
, (32)

where vj = min{
ξ2j
2

,
αj
2
,

βj
2
}. By applying

[23, Eq. (07.34.06.0040.01)] in (24), F∞
γ
p
C

(γth) in the asymp-

totic regime is given as

F∞
γ
p
C

(γth )≃
∞
∑

n1=0

6
∑

k=1

Kn1
3

SD,n1

2,k 3
RD,n1

3,k

[

γ̄ f
SD

]−v
SD
[

γ̄ f
RD

]−v
RD

,

(33)

where 3
j,n1

2,k and 3
j,n1

3,k are given in Table 2. By substitut-

ing (32) and (33) into (30), we obtain F∞
γ
p
MRC

(γth ). It is

inferred from (30) that the diversity order depends on

F∞
γ
p
C

(γth ) or F∞
γ
p
SR

(γth )F
∞
γ
p
SD

(γth ). To calculate the diversity

order, we assume γ̄ p
SD

= γ̄ p
SR

= γ̄ p
RD

= γ̄ p. Therefore, the

diversity order is given by Gop = vi + vj, where i ∈ {SR,RD}
and j = SD. It can be written as Gop = min{ ξ2i

2
,

αi
2
,

βi
2
} +

min{
ξ2j
2

αj
2
,

βj
2
}. Since α > β in (2), the diversity order can

be simplified as Gop = min{ ξ2i
2

,
βi
2
} + min{

ξ2j
2

,
βj
2
}. If β =

βj = βi and ξ = ξj = ξi, then the diversity order is given by

Gop = min{ξ2, β}.

IV. AVERAGE SER ANALYSIS

The average SER during non-outage period can be calculated

in terms of the average SER of individual FSO andMMWRF

TABLE 2. Notations used in asymptotic outage analysis.

links and is given by

SERMRC =
B
p
MRC (γth ) + Fγ

p
MRC

(γth)B
r
MRC (γth )

1 − PMRC
, (34)

where PMRC is given by (21), Fγ
p
MRC

(γth ) is given by (23),

BT
MRC

(γth ), when γ TMRC > γth , is given by (35), as shown at

the bottom of this page, where p(e/γ ) is the conditional SER

for MPSK signaling conditioned on the instantaneous SNR

of any given link γ and fγ T
MRC

(γ ) is the PDF of both FSO and

RF sub-systems. The detailed derivations of each term in (35)

for Bp
MRC

(γth ) and B
r
MRC

(γth ) are given in Appendix A and B,

respectively. The PDF fγ T
MRC

(γ ) is obtained by differentiating

(23) with respect to γ as

fγ T
MRC

(γ ) = fγ T
C
(γ ) − fγ T

C
(γ )Fγ T

SR
(γ ) − Fγ T

C
(γ )fγ T

SR
(γ )

+ fγ T
SR
(γ )Fγ T

SD
(γ ) + fγ T

SD
(γ )Fγ T

SR
(γ ). (36)

A. ASYMPTOTIC SER ANALYSIS

The asymptotic SER during non-outage period can be cal-

culated in terms of the average SER of individual FSO and

MMW RF links and is given by

SER
∞
MRC =

∞
B
p
MRC (γth ) + F∞

γ
p
MRC

(γth)B
r
MRC (γth )

1 −
∞

PMRC

, (37)

where
∞

PMRC , F
∞
γ
p
MRC

(γth), and B
r
MRC (γth) are given by (29),

(30), and (35), respectively. Substituting f
γ
p∞
MRC

(γ ) (i.e. (36) in

BT
MRC

(γth ) =
∞∫

γ
th

p(e|γ )fγ T
MRC

(γ )dγ =
∞∫

γ
th

p(e|γ )fγ T
C
(γ )dγ

︸ ︷︷ ︸

BT
C
(γ
th
)

−
∞∫

γ
th

p(e|γ )fγ T
C
(γ )Fγ T

SR
(γ )dγ

︸ ︷︷ ︸

BT
C,SR

(γ
th
)

−
∞∫

γ
th

p(e|γ )fγ T
SR
(γ )Fγ T

C
(γ )dγ

︸ ︷︷ ︸

BT
SR,C

(γ
th
)

+
∞∫

γ
th

p(e|γ )fγ T
SR
(γ )Fγ T

SD
(γ )dγ

︸ ︷︷ ︸

BT
SR,SD

(γ
th
)

+
∞∫

γ
th

p(e|γ )fγ T
SD
(γ )Fγ T

SR
(γ )dγ

︸ ︷︷ ︸

BT
SD,SR

(γ
th
)

(35)
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FIGURE 2. Average SER vs Beam width at the transmitter output (w0) for
different path loss attenuation.

the asymptotic regime) into (35),
∞

B
p
MRC (γth ) is given by

Bp
∞

MRC
(γth ) =

∞∫

γ
th

p(e|γ )f
γ
p∞
MRC

(γ )dγ = Bp
∞

C
(γth )

−Bp
∞

C,SR
(γth ) − Bp

∞

SR,C
(γth ) + Bp

∞

SR,SD
(γth )

+Bp
∞

SD,SR
(γth ) (38)

The detailed derivation of each term in
∞

B
p
MRC (γth) is given

in Appendix C. It is inferred from (38) that the diversity

order depends on Bp
∞

C
(γth ) or B

p∞
SR,SD

(γth ) or B
p∞
SD,SR

(γth ). Using

similar arguments while calculating Gop, the diversity order

is given by GSER = min{ξ2, β}.

TABLE 3. Parameter of FSO and RF sub-systems [3], [4].

V. NUMERICAL RESULTS AND DISCUSSIONS

In the simulations, the values of FSO and RF system param-

eters and weather dependent parameters used in the simula-

tions are given in Table 3. The power series based expressions

in (16), (24), (25), (44) and the related equations using the

power series for computing the exact outage probability and

average SER values are truncated to n = 50, n1 = 10,

n2 = 50, and n3 = 50. We assume that R is in the middle

of S and D (i.e. LSR = LRD = 0.5LSD ). However, the results

TABLE 4. Optimum values of beam waist at transmitter and pointing
error parameter ξj .

can also be plotted for any other placement of R. We consider

strong turbulence conditions with C2
n = 1 × 10−13m− 2

3 and

the value of average SNR of RF links are assumed as γ̄ rj =
5 dB unless and otherwise stated. The values of Gamma-

Gamma fading parameters αj and βj are calculated using (2).

We assume mj = 5 for which Nakagami-m distribution per-

fectly models fading over MMWRF channel [12], [14]–[16].

The results are plotted for independent and non-identically

distributed scenarios. To satisfy the target SER of 10−3,

the optimal threshold SNR value for the hybrid FSO/RF

system is observed to be γth = 6.4 dB using numerical

optimization method suggested in [16]. Similarly, the optimal

threshold SNR values for the individual FSO and RF systems

to satisfy the target SER of 10−3 are observed to be 4.5 dB

and 9 dB, respectively.

A. OPTIMUM BEAM WIDTH AND RADIUS

OF RECEIVER APERTURE

Fig. 2 shows the average SER with respect to the beam waist

at the transmitter output w0 for different weather conditions

given in Table 3. It can be observed that both the FSO and

hybrid FSO/RF systems perform better for clear air scenario

compared to other scenarios. Since the attenuation α1 is very

high for foggy environment as given in Table 3, degradation

in the performance of FSO system is observed in Fig. 2.

Moreover, due to the presence of the backup RF sub-system,

the hybrid FSO/RF system outperforms FSO system in both

clear air and foggy environment. It is also observed that the

FSO link attenuation is moderate in rainy situations. Since

RF link attenuation αrain is high, the back-up RF sub-system

does not improve the performance of FSO system as shown

in Fig. 2. It is observed from the figure that the value of

average SER stabilizes for w0 greater than 80 cm. However,
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FIGURE 3. Average SER vs beam width at the transmitter output (w0) for different radius of receiver aperture (aj ) and link
distance (Lj ).

according to [30], the feasible values of w0 and radius of

receiver aperture aj should be in terms of few centimeters

for FSO transmission. It is also important to note from the

figure that there is a variation in the system performance

for a small value of w0. Therefore, we need to analyze the

performance of the system for small values of w0 in terms of

few centimeters, to obtain the optimum values.

To achieve the optimum beam width w0opt at the trans-

mitter output and optimum radius of receiver aperture ajopt ,

we have plotted average SER with respect to w0 for different

values of aj and for different link distance Lj in Fig. 3.

We have tabulated the observations from Fig. 3 in Table 4.

It is observed that to achieve minimum average SER value,

w0opt = 1.6 cm, 2 cm, 3 cm, and 4cm, and ajopt = 7 cm,

13 cm, 27 cm, and 45 cm for LSD = 500 m, 1000 m, 2000 m,

and 3000 m transmission links, respectively. Table 4 shows

the values of received beam waist (wLj ) and ξj with respect to

the values of w0. The values of pointing errors parameter ξj,

which are given in Table 4, are calculated from (8) using the

values of Lj, aj, σ
j
s and C

2
n = 1 × 10−13. It is to be noted

that high value of ξj indicates negligible pointing pointing

errors and the same is observed from Fig. 3 and tabulated

in Table 4. It is seen from Table 4 that to achieve minimum

average SER value, ξSDopt = 6.37, 6 , 3.5 , and 3.5 and

ξSRopt = ξRDopt = 10, 11.2, 13.2, and 13.2 for LSD = 500 m,

1000m, 2000m, and 3000m transmission links, respectively.

Note that any further increase in the value of ξj does not

improve the system performance.

B. RESULTS

Fig. 4 shows the outage probability and average SER perfor-

mance of the proposed system as a function of average SNR

of FSO links (γ̄ p) for different values of beam width at the

transmitter output w0. The corresponding values of pointing

errors parameter ξj for a particular value of w0 are also given

in Fig. 4. The figures are plotted assuming LSD = 1000 m,

ξSR = ξRD, aj = ajopt = 13 cm, γ̄ rj = 5dB, strong

turbulence conditions at C2
n = 1×10−13m− 2

3 . The simulated

outage probability and average SER values closely match

with the analytical values for all the SNR values as seen from

the figures. This observation justifies the correctness of the

proposed analysis. It is observed from Fig. 4 that for w0 =
w0opt = 2.5 cm, both outage probability and average SER

performances match the performances of no pointing errors

scenario. The performance of the hybrid FSO/RF system

degrades if the value of w0 is either increased or decreased

from w0opt . It is also observed that the system performance

degrades for a large beam waist (e.g., w0 = 7 cm, 15 cm,

20 cm, and 30 cm). This is because, the beam waist at the

receiver wLj is even larger compared to w0 and the receiver
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FIGURE 4. Outage Probability and Average SER vs average SNR of FSO links (γ̄ p) of a hybrid FSO/RF system for different values of wo and ξj (legends are
applicable to both the graphs).

FIGURE 5. Outage probability and Average SER as a function of average SNR of FSO links (γ̄ p) for DH FSO system with MRC, DH Hybrid FSO/RF system
with MRC and SH Hybrid FSO/RF system.

radius will be smaller to capture the beam. Therefore, when

the transmitted beam size is too large, the beam size at the

receiver is also large due to its geometric properties. However,

if the transmitted beam size is too small (e.g., w0 = 0.4 cm

and 0.5 cm), then the beam size at the receiver is large due to

significant diffraction of small beam. Moreover, the pointing

errors severity seems tolerable for smaller beam width values

compared to larger beam width values. It is noticed that

to achieve SER = 10−5 and outage probability = 10−2,

optimum beam width (i.e. w0opt = 2.5 cm) offers the SNR

gain values of more than 3 dB, 6 dB, and 15 dB compared

to w0 = 0.5 cm, 0.4 cm, and 7 cm, respectively. Hence, it is

important to transmit with the optimum beam width in order

to achieve the best performance.

Fig. 5 shows the outage probability and average SER

curves with respect to the average SNR of FSO links (γ̄ p)

for different values of w0 and corresponding values of ξj. The

plots show the performances of the DH FSO system with

MRC, DH hybrid FSO/RF system with MRC and SH hybrid

FSO/RF system. It is observed that in order to maintain the

spectral efficiency of both SH and DH hybrid FSO/RF sys-

tems equal, their corresponding switching threshold values

also should be equal for fair comparison. Thus, we set the

threshold values as γ SHth = γMRCth = 6.4 dB and compared

the performances of both the systems in Fig. 5. As mentioned

above, the optimal threshold SNR value for the individual

FSO system with MRC is chosen as 4.5 dB. In case of hybrid

systems, the average SNR of MMW RF links is given by

γ̄ rj = 10 dB. The figures are plotted for LSD = 2000 m,

aj = ajopt = 27 cm, and strong turbulence conditions.

In addition, the performances are shown for the following

two cases: (1) w0 = w0opt = 3 cm with the corresponding

values of ξSDopt = 3.5, ξSRopt = ξRDopt = 13.2 (i.e. ins-

ginifcant pointing errors case) and (2) w0 = 20 cm and

the corresponding values of ξSD = 0.84, ξSR = ξRD =
0.97 (i.e. large pointing errors case). From the plots, it is

observed that the proposed cooperative DH hybrid FSO/RF

system with MRC outperforms the cooperative DH FSO

system with MRC for both the pointing errors scenarios due

to the backup RF sub-system. In case of large pointing errors,

hybrid FSO/RF system with MRC achieves an outage value

of 10−3 and SER value of 10−5 with the SNR gain of more

than 20 dB and 10 dB, respectively, compared to FSO system

with MRC. For insignificant pointing errors, it is observed

that the proposed hybrid FSO/RF with MRC achieves the

outage value of 10−3 and SER value of 10−5 with the SNR

gain of 8 dB and 5 dB, respectively, compared to the FSO

systemwithMRC. By comparing the coding gains in both the
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FIGURE 6. Outage probability and Average SER vs average SNR of FSO Links (γ̄ p), Analytical, asymptotic and simulated performance plots.

scenarios, it can be assessed that the backup RF sub-system

is definitely improving the system performance for the case

when the pointing error severity is high. It is also noticed

that the hybrid FSO/RF system with MRC performs well

compared to SH hybrid FSO/RF system for both the pointing

errors scenarios. Moreover, this phenomenon confirms that

by exploiting the diversity of DH scenario with MRC, we can

achieve outage and SER performance improvement.

In Fig. 6, the diversity performance of the hybrid FSO/RF

system with MRC is shown for different values of w0 and aj.

The asymptotic outage probability and average SER perfor-

mances are obtained by using (29) and (38). Table 5 shows

the parameters which are used to plot the curves for three

cases. The diversity order is also calculated for three cases

and is given in Table 5. The derived asymptotic outage prob-

ability and average SER expressions are sufficiently tight

with the exact analytical outage and SER expressions at high

SNR. It is observed from the figures that large pointing error

severity with small values of ξj adversely affect the diversity

gain. However, for small pointing errors, the value of ξj is

large enough to become less effective and the atmospheric

turbulence influences the diversity gain.

TABLE 5. Diversity performance of the hybrid FSO/RF system.

Fig 7 shows the variation of average SER with respect to

average SNR of FSO links γ̄ p for different values of link

distance Lj. We assume γ̄ r = 5 dB, w0 = 5 cm, aj = 15

cm and C2
n = 5× 10−14 m− 2

3 (i.e. moderate turbulence con-

dition). As observed from (2) and (8), the values of αj, βj and

ξj decrease with the increase in Lj, which indicates increase

in the severity of atmospheric turbulence and pointing errors.

This can also be observed from the figure that the system

achieves an average SER value of 10−5 with the SNR gain

of more than 4 dB with the decrease in the link distance LSD.

FIGURE 7. Average SER vs average SNR of FSO (γ̄ p) for different values of
Link distance Lj .

FIGURE 8. Average SER as a function of average SNR of FSO/RF links
(γ̄ p

= γ̄ r ).

In Fig. 8, we have plotted the average SER with respect

to the average SNR of FSO and RF links (γ
p
j and γ rj ),

where the values of γ
p
j and γ rj are varied simultaneously

(i.e. γ
p
j = γ rj ). We have also plotted the average SER of

the FSO and RF sub-systems with MRC as a function of γ
p
j

and γ rj , respectively. In order to compare, we have plotted

the average SER of the hybrid FSO/RF system with respect

to γ
p
j by fixing the average SNR of RF links as γ rj = 5 and

10 dB. As mentioned above, the optimal threshold SNR value

for the hybrid FSO/RF system is chosen as γth = 6.4 dB.

Similarly, the optimal threshold SNR values for the individual
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FSO and RF systems with MRC are chosen as 4.5 dB and

9 dB, respectively. In case of the hybrid FSO/RF system

assuming γ
p
j = γ rj , it is observed that at high SNR, the

average SER curves have the same slope as that of the SER

curve of FSO system. This shows that at high SNR, the hybrid

FSO/RF system completely depends on the FSO sub-system

regardless of the SNR of the RF sub-system due to priority

given to FSO transmission. Therefore, this shows that the

RF sub-system does not contribute in improving the diversity

gain of the overall system. However, RF sub-system helps in

improving the coding gain of the system. In case of hybrid

FSO/RF system with fixed value of γ rj , it is observed that

there is a significant improvement in the performance of the

hybrid FSO/RF system with increase in the value of γ rj from

5 dB to 10 dB. It is noticed that the hybrid FSO/RF system

offers the SNR gain values of 7 dB and 2 dB for γ rj = 10 dB

and γ rj = 5 dB, respectively, to achieve the average SER

value of 10−4 compared to the FSO sub-system. When the

quality of RF link is high (i.e. γ rj = 10 dB), considerable

performance improvement is observed, especially in the low-

SNR region. This is because at a very low value of γ
p
j , the

high-quality RF links (i.e. γ rj = 10 dB) are being used

frequently. Further, as the average SNR of FSO links (γ
p
j )

slightly increases, the FSO links are used more often, which

are weaker than the RF links and hence, degradation in the

SER performance is initially observed. When γ
p
j increases

further, the FSO links become stronger and improvement in

the SER performance is observed. It is important to note that

hybrid FSO/RF system performs better than the RF system

in the low SNR region, however, the RF system outperforms

hybrid FSO/RF system in the high SNR region. This is due to

the fact that with the increase in the transmit power of the RF

system, it becomes more reliable, where as FSO system suf-

fers from atmospheric turbulence induced fading and pointing

errors. In Hybrid FSO/RF system, to achieve higher data rate,

FSO sub-system transmits with higher priority and RF sub-

system is used as a backup. The reason for using RF sub-

system as a backup is to improve reliability in case of FSO

link failure.

FIGURE 9. Average SER as a function of average SNR of FSO links (γ̄
p
j

) for

different turbulence conditions.

Fig 9 shows the average SER with respect to average

SNR of FSO links (γ̄
p
j ) for different values of atmospheric

turbulence C2
n assuming LSD = 2000 m, w0 = w0opt = 3 cm,

and radius of receiver aperture aj = ajopt = 27 cm. The

curves are plotted for C2
n = 1 × 10−13, 2 × 10−14 and

4 × 10−15 m− 2
3 , which indicate strong, moderate and weak

turbulence conditions, respectively, and the corresponding

values of αj, βj and ξj are shown in the figure. The values

of αj, βj and ξj are increasing with the decreasing severity of

atmospheric turbulence. This can also be observed from the

plots that the system achieves an average SER value of 10−5

with the SNR gain of 10 dB and 14 dB for moderate and weak

turbulence, respectively, compared to strong turbulence.

VI. CONCLUSION

In this paper, we proposed a cooperative DF relaying-based

hybrid FSO/RF system with MRC at the destination. For

a realistic study of the FSO system, the effect of pointing

errors in the presence of atmospheric turbulence induced

fading together with path loss attenuation is considered in

this paper. In order to counteract the adverse affects of the

FSO links, a backup RF sub-system is used. We investigated

the performance of the proposed scheme by obtaining the

exact and asymptotic outage probability and average SER

expressions in closed-form. It is inferred from the asymptotic

expression that the diversity order of the proposed system

is equal to min{ξ2, β}. The effect of pointing errors on the

system performance is analyzed under different scenarios and

it is observed that the pointing errors significantly degrade the

diversity of the system. However, the proposed hybrid system

improves the performance significantly for the case when

pointing error severity is high due to backup RF sub-system.

In order to validate the analytical performance parameters,

an experimental measurement campaign will be carried out

using a real state-of-the-art hybrid FSO/RF-based testbed as

a part of our future work.

APPENDIX A

AVERAGE SER OF FSO SUB-SYSTEM

In this appendix, we define all the terms in (35) to derive

the average SER of the FSO sub-system. B
p
MRC (γth) can be

expressed as

Bp
MRC

(γth ) =
∞∫

γ
th

p(e|γ )fγ pMRC (γ )dγ

= Bp
MRC

− Bpout
MRC

(γth), (39)

where B
p
MRC , the average SER of FSO system, is given by

B
p
MRC =

∞∫

0

p(e|γ )fγ pMRC (γ )dγ. (40)

Now the average SER of FSO sub-system during the outage

period (i.e. γ
p
MRC < γth ) is given by

B
pout
MRC (γth ) =

γ
th∫

0

p(e|γ )fγ pMRC (γ )dγ. (41)

where p(e/γ ) is the conditional SER for MPSK signaling

conditioned on the instantaneous SNR of any given link γ
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TABLE 6. Notations used in (45), (46), (48), (51), and (53).

is given by [12, Eq. 11]

p(e/γ ) =
A

2
erfc

(√
γD
)

, (42)

where A = 1 for modulation orderM = 2, A = 2 forM > 2,

D = sin
(

π
M

)

and erfc(·) is the complementary error function.

The conditional SER can be represented in terms of Meijer G

function as [20, Eq.(07.34.03.0619.01)]

p(e|γ ) =
A

2
√

π
G
2,0
1,2

(

D2γ

∣
∣
∣
∣

1
0, 12

)

, (43)

and it can also be represented using McLaurin series [25,

Eq. (3.321)] as

p(e|γ ) =
A

2



1 −
2

√
π

∞
∑

n3=0

Kn3 γ
2n3+1

2



. (44)

Each term in (35) is solved using (40) and (41). B
p
j,i(γth ) in

(35), where j ∈ {SR, SD} and i ∈ {SD, SR} is solved using

(39). We substitute (13), (16), and (43) in (40) and using [23,

Eq. (07.34.21.0013.01)], B
p
j,i is given by

B
p
j,i=

Aπ2Ki
1K

j
2

2
√

π

3
∑

g=1

∞
∑

n=0

X
j
g,n

D2Ω
j
g,n

G
6,4
6,9

(

vi

D2
|
1
2
,N

j,i
6,g,n

N
j,i
7,g,n

)

(45)

where N
j,i
6,g,n and N

j,i
7,g,n are given in Table 6. Sub-

stituting (13), (16), and (44) into (41) and using [23,

Eq. (07.34.21.0084.01)], the exact expression for B
pout
j,i (γth)

is given by

B
pout

j,i (γth) =
AK

j
1K

i
2π

2

2

∞
∑

n=0

2
∑

l=1

3
∑

g=1

q
j
l,nX

j
g,n

× G
6,3
5,9

(

viγth|
N

j,i,n
1lg

N
j,i,n
2lg

)

(46)

where q
j
l,n, N

j,i,n
1l,g , and N

j,i,n
2l,g are given in Table 6.

Substituting (27) and (43) in (40) and by using [23,

Eq. (07.34.21.0013.01)], B
p
C is given by

Bp
C

=
A

2
√

π
K

SD

1 K
RD

2 π2
∞
∑

n1=0

∞
∑

n=0

3
∑

g=1

1

n1!
X
SD

g,n

D2Ω
SD
g,n

B
(

c, cnn1

)

×
[
1

D2
G
6,4
6,9

(

vRD

D2

∣
∣
∣
∣

0,N
SD,RD

6,g,n

N
RD

5,n1
, −Ω

SD

g,n, 1, 0

)

+ Ω
SD

g,nG
6,3
5,8

(

vRD

D2

∣
∣
∣
∣

N
SD,RD

6,g,n

N
RD

5,n1
, −Ω

SD

g,n, 0

)]

(47)

Substituting (27) and (44) into (41) and by using

[23, Eq. (07.34.21.0084.01)], the exact expression for

B
pout
C (γth) is given by

B
pout
C (γth)=

AK
SD

1 K
RD

2 π2

2

∞
∑

n1=0

∞
∑

n=0

3
∑

g=1

2
∑

l=1

q
SD

l,nX
SD

g,nB
(

c, cnn1

)

n1!

×
[

γthG
6,3
5,9

(

vRD

γ −1
th

∣
∣
∣
∣

N
SD,n
3l,RD,g

N
SD,n,n1
4l,RD,g

)

+ Ω
SD

g,nG
6,2
4,8

(

vRD

γ −1
th

∣
∣
∣
∣

N
SD,n
5l,RD,g

N
SD,n,n1
6l,RD,g

)]

(48)

where N
SD,n
3l,RD,g, N

SD,n,n1
4l,RD,g , N

SD,n
5l,RD,g and N

SD,n,n1
6l,RD,g are given

in Table 6. The cumulative distribution function (CDF) of γ
p
j ,

can also be obtained by using [23, Eq.(07.34.21.0084.01)] in

(12), is given by

Fγ
p
j
(γ ) = K

j
2G

6,1
3,7

(

vjγ

∣
∣
∣
∣

N
j
2

N
j
3, 0

)

, (49)

Bp
C,SR

(γth ) in (35) is solved using (39). We substitute (42),

(61), and (49) in (40). We use [25, Eq.(9.301)] to expand

the Meijer G functions and the integral is solved using

[25, Eq. (4.1.11)]. Using [31], we obtain a generalized

Meijer G function of two variables and the final expression

for B
p
C,SR is given by (50), as shown at the top of the next

page. After substituting (61), (49), and (44) into (41). We use

[25, Eq.(9.301)] to expand the Meijer G functions and the

integral is solved using [25, Eq.(3.191.1)]. With similar

approach used in (50), the final expression for Bpout
C,SR

(γth) is

given by

Bpout
C,SR

(γth)

=
AK

SD

1 K
RD

2 K
SR

2 π2

2

∞
∑

n1=0

∞
∑

n=0

3
∑

g=1

X
SD

g,nB
(

c, cnn1

)

n1!

2
∑

l=1

q
SD

1l

[

γthG
1,0:6,2:6,1
1,1:4,8:3,7

(

N SD
7lg + 1

N SD
7lg + 2

∣
∣
∣
∣

0,N
RD

2

N
RD

5,n1
,1,0

∣
∣
∣
∣

N SR
2

N SR
3 , 0

∣
∣
∣
∣

v
RD

γ −1
th

,

v
SD

γ −1
th





+ Ω
SD

g G
1,0:6,1:6,1
1,1:3,7:3,7

(

N SD
5lg

N SD
7lg + 1

∣
∣
∣
∣

N
RD

2

N
RD

5,n1
, 0

∣
∣
∣
∣

N SR
2

N SR
3 , 0

∣
∣
∣
∣

vRDγth,

vSDγth

)]

(51)
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B
p
C,SR =

AK
SD

1 K
RD

2 K
SR

2 π2

2
√

π

∞
∑

n1=0

∞
∑

n=0

3
∑

g=1

1

n1!
X
SD

g,nB
(

c, cnn1

)

×
[G

2,0:6,2:6,1
2,1:4,8:3,7

(

Ω
SD

g,n + 3
2
, Ω

SD

g,n + 1

Ω
SD

g,n + 2

∣
∣
∣
∣

0,N
RD

2

N
RD

5,n1
, 1, 0

∣
∣
∣
∣

N SR
2

N SR
3 , 0

∣
∣
∣
∣

v
RD

D2 ,
v
SR

D2

)

D2(Ω
SD
g +1)

+
Ω

SD

g G
2,0:6,1:6,1
2,1:3,7:3,7

(

Ω
SD

g,n + 1
2
, Ω

SD

g,n

Ω
SD

g,n + 1

∣
∣
∣
∣

N
RD

2

N
RD

5,n1
, 0

∣
∣
∣
∣

N SR
2

N SR
3 , 0

∣
∣
∣
∣

v
RD

D2 ,
v
SR

D2

)

D2Ω
SD
g

]

(50)

where N
j,n
7l,g is given in Table 6. B

p
SR,C (γth) in (35) is solved

using (39). We substitute (16), (24) and (42) in (40). The

remaining expression is solved using similar approach as

in (50). The final expression for BSR,C is given by

Bp
SR,C

=
AKSR

1 π2

2
√

π

∞
∑

n=0

∞
∑

n1=0

3
∑

g=1

XSRg,nKn1

D2Ω
SR
g

G
2,0:6,1:6,1
2,1:3,7:3,7

(

Ω
SR

g,n + 1
2
, Ω

SR

g,n

Ω
SR

g,n + 1

∣
∣
∣
∣

N RD
2

N RD
5,n1

, 0

∣
∣
∣
∣

N SD
4,n1

N SD
3 ,−( ξ2RD

2
+ n1)

∣
∣
∣
∣

vRD

D2
,
vSD

D2

)

(52)

Substituting (16), (24) and (44) into (41) and similar approach

is used as in (51) to solve the remaining expression. The final

expression for Bpout
SR,C

(γth) is given by

B
pout
SR,C (γth)

=
A

2
K
SR
1 π2

∞
∑

n=0

∞
∑

n1=0

3
∑

g=1

2
∑

l=1

XSRg,nKn1
qSR1l

G
1,0:6,1:6,1
1,1:3,7:3,7

(
N SR

7lg

N SR
7lg + 1

∣
∣
∣
∣

N RD
2

N RD
5,n1

, 0

∣
∣
∣
∣

N SD
4,n1

N SD
3 ,−( ξ2RD

2
+ n1)

∣
∣
∣
∣

vRDγth,

vSDγth

)

(53)

where N
j,n
7l,g is given in Table 6.

APPENDIX B

AVERAGE SER OF RF SUB-SYSTEM

In this appendix, we define all the terms in (35) to derive the

average SER of the RF sub-system. In order to derive (35),

we define the following functions, as given by

N (λ, Ω, φ, a) =
∞∫

φ

erfc(a
√
Y )Y λ−1e−�Y dY

= erfc(a
√

φ)
Ŵ(λ, Ωφ)

Ωλ

−
a

√
π

λ−1
∑

r=0

Ωr

r !

Ŵ
(

r+ 1
2
, (a2+Ω)φ

)

(a2 + Ω)r+
1
2 ,

(54)

where the expression in (54) is solved using integration

by parts as in [12, Eq.(18)] using [25, Eq. (2.33.10) and

(2.33.11)], Ŵ (·, ·) is the upper incomplete gamma function

[25, Eq. (8.350.2)] and

P (λ, φ, a) =
∞∫

φ

erfc(a
√
Y )Y λ−1dY

=
(−φ)λ

λ
erfc(a

√

φ)

+
a−2λ

λ
√

π
Ŵ

(

λ +
1

2
, a2φ

)

(55)

The integral in (55) is solved using MATHEMATICA.

To solve Brj,i(γ
r
th), where j ∈ {SD, SR} and i ∈

{SR, SD}, we substitute (19), (20), and (42) in (35). Using

[25, Eq.(8.352.6)] and (54), Brj,i(γ
r
th) is given by

Brj,i(γ
r
th
) =

Aw
mj
j

2Ŵ(mj)

[

N
(

mj,wj, γ
r
th,D

)

−
mi−1
∑

k2=0

w
k2
i

k2!
N
(

mj + k2,wj,i, γ
r
th,D

)
]

(56)

wherewj,i , wj+wi. To solve B
r
C
(γ r

th
), we substitute (26) and

(42) in (35). Using (54) and (55), Br
C
(γ r

th
) is given by

Br
C
(γ r

th
)=

A

2

∞
∑

n2=0

m
RD

+n2
∑

k1=0

C
k1

n2
(C

m

k1
− 1)!

[

P(C
m

n2,k1
, γ rth,D)

×C
m

n2,k1
−

C
m

k1
−1

∑

p1=0

wp1
SD

p1!
C

m,p1

n2,k1
N (C

m,p1

n2,k1
,wSD, γ rth,D)

+
C
m

k1
−1

∑

p1=0

wp1+1
SD

p1!
N (C

m,p1

n2,k1
+ 1,wSD, γ rth,D)

]

, (57)

To solve Br
C,SR

(γ r
th
), we substitute (26) and (20) in (35). Using

[29, Eq.(8.352.6)], (54) and (55), Br
C,SR

(γ r
th
) is given by (58),

as shown at the bottom of the next page.

To solve Br
SR,C

(γ rth), we substitute (25) and (19) in

(35). Using [29, Eq.(8.352.6)], (54) and (55), Br
SR,C

(γ rth) is

given by (59), as shown at the bottom of the next page.

VOLUME 7, 2019 131431



S. Sharma et al.: Effect of Pointing Errors on the Performance of Hybrid FSO/RF Networks

APPENDIX C

ASYMPTOTIC SER ANALYSIS OF FSO SUB-SYSTEM

In this appendix, we define the terms in (38) to derive

the asymptotic average SER of the hybrid system.

By applying [23, Eq. (07.34.06.0040.01)] in (12) and

(13), the resultant expression along with (43) are substi-

tuted into (38). The remaining integral is solved using

[23, Eq. (07.34.21.0085.01)]. Finally, the closed-form expres-

sion of B
∞p
j,i (γth), where j ∈ {SR, SD} and i ∈ {SD, SR},

is given by

B
∞p
j,i (γth) =

3
∑

k=1

3
∑

k3=1

AK
j
1K

i
13x1,k3,k

Λ
j

4,k3
3i

1,k

2
√

π

×
(

γ̄
p
j

)−vj (
γ̄
p
i

)−vi
, (60)

where 3x1,k3,k
and x1,k3,k are given in Table 7. In order

to obtain simple expressions for B∞p
C

(γth ) and B∞p
C,SR

(γth ),

we recalculate fγ pC
(γ ) by differentiating (24) with respect to

γ to obtain

fγ pC
(γ ) =

∞
∑

n1=0

Kn1
γ −1

[

G
6,2
4,8

(

vRDγ

∣
∣
∣
∣

0,N
RD

2

N
RD

5,n1
, 1, 0

)

×G
6,1
3,7

(

vSDγ

∣
∣
∣
∣

N
SD

4

N
SD

3 , −(
ξ2
SD
2

+ n1)

)

+G
6,1
3,7

(

vRDγ

∣
∣
∣
∣

N
RD

2

N
RD

5,n1
, 0

)

×G
6,2
4,8

(

vSDγ

∣
∣
∣
∣

0,N
SD

4

N
SD

5,n1
, −(

ξ2
SD
2

+ n1), 1

)]

(61)

The procedure to solve B∞p
C

(γth ) is similar to that of solv-

ing (60). Finally, the closed-form expression of B∞p
C

(γth ) is

given by

B∞p
C

(γth ) =
∞
∑

n1=0

6
∑

k=1

AKn1
Λx2,n1,k

2
√

π

[

3
RD,n1

2,k Λ
SD,n1

6,k

+ 3
SD,n1

3,k Λ
RD,n1

5,k

]
[

γ̄ p
SD

]−v
SD
[

γ̄ p
RD

]−v
RD , (62)

TABLE 7. Notations used in asymptotic SER analysis.

where Λ
j,n1
5,k , Λ

j,n1
6,k , Λx2,n1,k

, and x2,n1,k are given in Table 7.

Using a similar approach as in (60), a closed-form expression

of B∞p
C,SR

(γth) is given by

B∞p
C,SR

(γth )=
∞
∑

n1=0

6
∑

k=1

AKn1
K

SR

1 Λx3,n1,k
3SR

1,k

2
√

π

[

3
RD,n1

2,k Λ
SD,n1

6,k

+ 3
SD,n1

3,k Λ
RD,n1

5,k

]
[

γ̄ p
SR

]−v
SR
[

γ̄ p
RD

]−v
RD
[

γ̄ p
SD

]−v
SD ,

(63)

where Λx3,n1,k
and x3,n1,k are given in Table 7. The

closed-form expression for B∞p
SR,C

(γth ) can be obtained with

a similar approach used in (60) and the expression is

given by

B∞p
SR,C

(γth ) =
∞
∑

n1=0

6
∑

k=1

3
∑

k3=1

AKn1K
SR

1 3SR
4,k3

3
RD,n1

3,k 3
SD,n1

2,k

2
√

π

× Λx4,n1,k,k3
×
[

γ̄ p
SR

]−v
SR
[

γ̄ p
RD

]−v
RD
[

γ̄ p
SD

]−v
SD ,

(64)

Λx4,n1,k,k3
and x4,n1,k,k3 are given in Table 7.

Br
C,SR

(γ r
th
) =

A

2

∞
∑

n2=0

m
RD

+n2
∑

k1=0

C
k1

n2
(C

m

k1
− 1)!

[

C
m

n2,k1

{

P(C
m

n2,k1
, γ rth,D) −

mSR−1
∑

k2=0

wk2
SR

k2!
N (C

m

n2,k1
+ k2 + 1,wSD , γ rth,D)

}

−
C
m

k1
−1

∑

p1=0

wp1
SD

p1!
(C

m

n2,k1
+ p1)

{

N (C
m,p1

n2,k1
,wSD , γ rth,D) −

mSR−1
∑

k2=0

wk2
SR

k2!
N (C

m,p1

n2,k1
+ k2,wSD,SR , γ
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−
m
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r
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