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Drainage of a partially mobile thin liquid film between two
eformed and nondeformed gas bubbles with different radii is
tudied. The lubrication approximation is used to obtain the in-
uence of soluble and insoluble surfactants on the velocity of film
hinning in the case of quasi-steady state approach. The material
roperties of the interfaces (surface viscosity, Gibbs elasticity,
urface diffusivity, and/or bulk diffusivity) are taken into account.
n the case of deformed bubbles the influence of the meniscus is
llustrated assuming simple approximated shape for the local film
hickness. Simple analytical solutions for large and small values of
he interfacial viscosity, and for deformed and nondeformed bub-
les, are derived. The correctness of the boundary conditions used
n the literature is discussed. The numerical analysis of the gov-
rning equation shows the region of transition from partially
obile to immobile interfaces. Quantitative explanation of the

ollowing effects is proposed: (i) increase of the mobility due to
ncreasing bulk and surface diffusivities; (ii) role of the surface
iscosity, comparable to that of the Gibbs elasticity; and (iii)
ignificant influence of the meniscus on the film drainage due to
he increased hydrodynamic resistance. © 1999 Academic Press

Key Words: thin liquid films; drainage velocity; influence of
urfactant; mobility of interfaces; bubbles; deformable interfaces.

1. INTRODUCTION

The stability of emulsions and foams plays a crucial rol
arious chemical technologies (1, 2). There have been nu
us attempts to formulate simple rules connecting the foam
mulsion stability with the surfactant properties: the Banc
ule (3); Griffin’s criterion (4), which introduces the concep
he hydrophilic–lipophilic balance (HLB); the phase invers
emperature (PIT) rule of Schinoda and Friberg (5); etc. N
nterpretation of the Bancroft rule, taking into account
ynamic process of film drainage between the emulsion d

ets, was given by Ivanov (6). Hence the detailed study o
urfactant influence on the velocity of film thinning is a star
oint for many publications in the literature.
Plateau (7) showed that some surfactants strongly r

rainage from foam films and significantly increase their
ime. Due to the process of film thinning the interfaces o
quilibrium surfactant solution are disturbed. The equilibr

s restored either by adsorption from the bulk phase o

1 To whom correspondence should be addressed. Fax: (359) 2 962
-mail: Krassimir.Danov@ltph.bol.bg.
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urface convection and diffusion, driven by the gradien
nterfacial tension (Marangoni effect, see Ref. 8) in interp
ith a specific interfacial viscous friction (the so-cal
oussinesq effect, see Ref. 9). In order to estimate these e
any authors consider theproblem of motion of deformab
ubbles and dropseach toward the other. In the literature t
ethods for solving this problem are available: nume

nvestigation ofdeformable drops motion,when the whole
rocess of dimple formation and growth depends on the in
ondition and interfacial properties (10, 11), and analytical
umerical investigation of almostplane-parallel film thinning

n quasi-steady state approach (12–17). All experimenta
ults showed that the complete process of drainage of a
iquid film has five stages, depending on the hydrodynamic
ntermolecular interactions (6, 18). However, the time limit
actors for coalescence or flocculation are the approac
rops as nondeformed spheres (earliest stage), and the dr
f the formed film between the drops (if it appears). When
ubbles or drops approach each other, at high distances

nterfaces slightly deform and at a given thickness (the
alled inversion thickness) the interfacial shape changes
onvex to concave: adimple is formed.All numerical models
f deformable drops motion investigated the growing of

ormation. Unfortunately, this is not a real experimental s
tion, because ofinstability of the dimple:it actually flows ou
oon after the formation and an almost plane-parallel fil
ormed (6, 19). This film, due to the action of disjoini
ressure and hydrodynamic resistance, thins down to the
ritical thickness without changing its radius,R, with a given
eometry of the meniscus (20). Therefore, models of an in
lane-parallel film describe qualitatively well most of the av
ble experimental data. This physical picture takes place
rops are relatively large (above 50–100mm for buoyancy
riven coalescence). On the contrary, due to the high cap
ressure, small drops keep their shape practically spheric

o the moment of flocculation or coalescence. Below we
nvestigate separately the influence of surfactants on the d
ge in the following two cases: (A)spherical nondeforme
rops (bubbles), at the earlier stage of the drop’s approac

or small drop sizes (see Fig. 1a and Section 3) and (B) the
tage, when the almostplane-parallel filmis already formed
ounded by the meniscusregion (see Fig. 1b and Section
e will not discuss in this paper the case of pure liquid ph

for literature review see Ref. 21).
The first solution of the problem for approaching of t

43.
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292 DANOV, VALKOVSKA, AND IVANOV
igid spherical particles was obtained by Taylor (22). Fo
ong time the Taylor formula for the velocity of thinning w
sed in order to calculate the flocculation rate of suspens

n the case of two spherical drops when the surfactant
oluble only in the continuous phase simple asymptotic ex
ion was derived by Ivanovet al. (14). It takes into account th
nfluence of Gibbs elasticity and bulk and surface diffusivit
ut the effects of the interfacial viscosity and the disjoin
ressure were not included in computations.
The model for thin liquid film drainage has been propo

y Reynolds (23), who solved the problem for the approac
wo plane-parallel circular disks with tangentially immob
urfaces. If there is a contribution of the disjoining press
he corresponding formula was derived by Scheludko (
vanov (6) discussed the effect of surface mobility on
rainage and rupture of plane-parallel thin liquid films. M
uthors (12, 13, 15, 25, 26) treat the hydrodynamics of

iquid foam films. They showed that the surface elasticity
iscosity strongly reduce the interfacial mobility. The co
ponding models foremulsionfilms, for which the surfactant
oluble only in the continuous phase are described in Re
6, 27, 28. It was shown therein that in the presenc
urfactants the energy dissipates mainly in the film region
he emulsion films behave just as foam films. These stu
ave two problems, which are not solved. The first on
onnected with influence of the meniscus on the velocit
hinning (the model of infinite film does not contain the m
iscus region). The second problem concerns the correctn

he boundary conditions at the film ring. The viscous frictio
real system is a sum of the friction in the film and in
eniscus region, and as was shown in Ref. 21, for tangen

mmobile interfaces, these two effects can be of the same
f magnitude. On the other hand, in the tangential s
oundary condition the interfacial viscous term contains
econd derivative of the velocity on the radial coordin
herefore, boundary conditions at the film center and a
lm ring are needed. However, in the models of infinite pla
arallel film the boundary conditions at the film ring
nknown. The boundary conditions used in the literature
ifferent, based on the intuition of the authors, and the
esults are not exact from the physical viewpoint (12, 13,

FIG. 1. Sketch of two bubbles of radiusRc separated at a surface-to-su
re deformed and a plane-parallel film with radiusR surrounded by a men
a
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for additional discussions, see Sections 4.2 and 4.3).
olving of the corresponding problem for the whole film th
ing and profile evolution can answer this question. Malh
nd Wasan (29) extended the applicability of the Reyn
odel by accounting for the flow in the Plateau borders

lms with tangentially immobile interfaces.
In this work we present a solution of the problem of drain

f a partially mobile thin liquid film between two deformed a
ondeformed gas bubbles with different radii. In Section
athematical model based on the lubrication approxima
nd quasi-steady state assumption is formulated to deriv
nal governing equations for surface velocity and the
rainage velocity. This is followed by a study of the prob

or two nondeformed bubbles (Section 3), when analy
ormulae in the case of large and small surface viscosity e
an be obtained. The investigation of the influence of mat
roperties on the velocity of thinning of films with a giv
eometry is presented in Section 4. Therein the influenc
urfactants and the meniscus region are dealt with, an
omparison between our model and the model of Ivanovet al.
12) and Singhet al. (13) is illustrated.

2. MATHEMATICAL MODEL

We consider a thin viscous liquid layer between two
ubbles, which flows out due to their approach under the a

FIG. 2. Schematic picture of a thin liquid film between two deform
ubbles. The cylindrical coordinate system isOrz. The surfactant bulk an
urface diffusion fluxes are respectivelyjd and jsd. The convection surfacta
ux at the interface isjc.

e distanceh. (a) For largeh the bubbles are spherical; (b) for smallh the bubble
s appears.
rfac
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293EFFECT OF SURFACTANTS ON THE FILM DRAINAGE
f the external force,F (see Fig. 2). The problem is describ
n a cylindrical coordinate system,Orz, where the bubbl
nterfaces are defined asz 5 7Hk(r , t), k 5 1, 2, andt is the
ime. In the literature (12–14, 19, 29) the lubrication appr
ation is used for the solution of the governing equation.
eneral frame for this approximation is given by: (i)small
eynolds number,(ii) small Peclet number,(iii) small film

hicknesscompared to the characteristic bubble radius, and
mall slope of the interfaces.In the lubrication approximatio
he pressure in the continuous phase depends only on the
oordinate,r , and time,t: P 5 P(r , t). The distribution of the
adial component of the velocity,vr, was calculated (14) to b

vr 5
~ z 1 H1!~ z 2 H2!

2h

P

r
1

H2 2 z

H
U1 1

z 1 H1

H
U2, [1]

hereH 5 H2 1 H1 is the local thickness of the film,h is the
ynamic viscosity, andUk is the component of the surfa
elocity, respectively, at the film interfacez 5 7Hk(r , t), k 5
, 2 (see Fig. 2).
From (14) the integrated bulk continuity equation can
ritten in the following form:

H

t
1

1

r



r
~rHUa! 5 0. [2]

n Eq. [2] the average velocityUa is a sum of the Couette a
he Poiseuille average velocities

Ua 5
1

H E
2H1

H2

vr dz5
U1 1 U2

2
2

H2

12h

P

r
. [3]

The boundary condition for the balance of surface ex
inear momentum takes into account the influence of the
ace tension gradients (capillary and Marangoni effects)
he surface viscosity (Boussinesq effect). In the lubrica
pproximation the tangential stress boundary conditions a
lm interfaces are simplified to

~21!kh
vr

z
5

s

r
1 hs



r F1

r



r
~rUk!G at z5 7Hk, [4]

heres is the interfacial tension,hs 5 hsh 1 hdil is the tota
urface viscosity, defined as a sum of the interfacial shearhsh,
nd dilatational,hdil, viscosities, andk 5 1, 2. We assum
lso that (v)the interfacial properties of the two surfaces

he same,because of the uniform distribution of the surfac
oncentration along thez coordinate (the leading order
urfactant concentration depends on ther coordinate and time
-
e

)

dial

e

ss
r-
d
n
he

t

ee Eqs. [6] and [7] below). If we substitute the gen
olution [1] into the boundary conditions [4] and add
esulting relationships we can derive the following condit

H

2

P

r
5

1

2

s

r
1 hs



r F1

r



r
~rU !G , [5]

here the mean surface velocity isU 5 (U1 1 U2)/ 2.
In order to close the system [2], [3], and [5] one has to s

he diffusion problem. For thin liquid films the Peclet num
s a small parameter and the bulk surfactant concentratc
epends weakly on the vertical coordinatez: c 5 cs(r , t) 1

d( z, r , t), wherecs @ cd. Therefore, in a first order appro
mation with respect to the Peclet number the diffusion e
ion in the film phase can be written in the following form

cs

t
1 vr

cs

r
2

D

r



r S r
cs

r D 5 D
2cd

 z2 , [6]

hereD is the bulk diffusion coefficient and the leading or
f the surfactant concentration iscs(r , t). It was proved in th

iterature (19) that for the film thinning the diffusion-control
dsorption processes are more important than the adso
nder barrier control. Therefore, we will consider here o
vi) diffusion-controlled adsorptionand cs(r , t) will be as-
umed equal to the subsurface concentration at both inter
hen after integrating the diffusion equation [6] overz from
H1 to H2 the leading order of the diffusion fluxes at

nterfaces reads

H
cs

t
1 HUa

cs

r
2

DH

r



r Sr
cs

r D 5 DScd

zUz5H2

2
cd

zUz52H1
D.

[7]

f we multiply Eq. [2] with cs and add the result to Eq. [7], w
btain



t
~Hcs! 1

1

r



r
~rHUacs! 2

DH

r



r S r
cs

r D
5 DScd

 zU z5H2

2
cd

 zU z52H1
D . [8]

The balance of surfactant species in the case of diffu
ontrolled adsorption at the film interfaces reads

G

t
1

1

r



r
~rUkG! 2

1

r



r S rDs

G

r D
5 D~21!k11

cd

 z
U

z57Hk

1 D
Hk

r

cs

r
, [9]
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294 DANOV, VALKOVSKA, AND IVANOV
hereG and Ds are the adsorption and the surface diffus
oefficient at the interfacez 5 7Hk (k 5 1, 2), respectively
inally, from the surfactant species balance [9] and from

ntegrated surfactant mass balance [8] one finds the total
alance equation



t
~2G 1 Hcs! 5 2

1

r



r

3 F rS2GU 1 HcsUa 2 2Ds

G

r
2 DH

cs

r DG . [10]

ere we wish to point out that the relationship [2] in Ref. 1
rroneous, because the coefficient1

2
therein must be1

3
. This

akes the comparison of most of the numerical results b
nd those obtained in Ref. 13 impossible.
The problem [2], [3], [5], and [10] has no analytical soluti

ecause of the strong nonlinear dependence of the su
ension and adsorption on the subsurface concentratio
ost of the publications in the literature (for detailed litera

eview see Ref. 19) the following assumptions are used:
mall deviation from equilibrium

cs 5 c0 1 dc, G 5 G0 1 dG, [11]

herec0 andG0 are the equilibrium values anddc anddG are
mall deviations from the equilibrium values of the subsur
oncentration and adsorption; (viii)quasi-steady-state assum
ion—all variables depend implicitly on time through the lo
lm thickness. Then from assumption (vii) and the total m
alance equation [10] the gradient of the adsorption ca
btained. After substitution into Eq. [5] the final form of t

angential stress boundary condition reads (see Refs. 1
9)

H

2

P

r
5 2EGFDs 1 D

H

2 S c

GD
0

G21

U 1 hs



r F1

r



r
~rU !G .

[12]

he Gibbs elasticity,EG, appearing in [12] is defined by th
elationshipEG [ 2G0(s/G)0. From the assumption (vii
he velocity of film thinning,V 5 2H/t, does not depen
n the radial coordinater . Hence, the integrated mass bala
quation [2], in combination with Eq. [3], has the followi
rst integral:

P

r
5

12h

H2 SU 2
Vr

2HD . [13]

inally, from [12] and [13] the following second order diffe
e
ss

w

ce
In

e
ii)

e

l
s
e

nd

e

ntial equation for the distribution of the surface velocity,U, is
btained

hs



r F1

r



r
~rU !G 2

6hU

H
2

EGU

Ds 1
D

2 S c

GD
0

H

5 2
3hVr

H2 ,

[14]

ith the boundary conditions of vanishing velocity,U, at the
lm origin, r 5 0 and atr going to infinity (the meniscu
egion).

The film between the bubbles thins due to the action o
xternal force (for example the buoyancy force),F, which in

he quasi-steady state assumption is balanced by the hyd
amic drag force and intermolecular forces. Hence, in

ubrication approximation we obtain

F 5 2p E
0

`

~P 1 P 2 Pm!rdr , [15]

hereP is the disjoining pressure andPm is the pressure
nfinity in the meniscus region. Knowing the film profile a
he type of intermolecular interactions (van der Waals, e
rostatic, steric, etc., disjoining pressure), the external force
e connected with the hydrodynamic drag force acting on
ubbles,Fhd (see Ref. 20). After substitution of [13] into [1
nd transformation of the resulting integrals, the relation
etween the velocity of film thinning,V, and the hydrody
amic drag force,Fhd, is derived:

hd ; F 2 2p E
0

`

P rdr 5 6phV E
0

` r 3

H3 dr

2 12phV E
0

` S r

HD 2 U

V
dr. [16]

In order to compute numerically the problem [14] and [
ppropriate scaling of the parameters is needed. We wil

he natural scales widely used in the literature (30):U 5
=RchŨ/(2h); r2 5 Rchx2; and H 5 hH̃, where the
imensionless velocity, radial coordinate, and local film th
ess areŨ, x, and H̃, respectively. In these scalesh is the
inimal distance between the surfaces andRc is the mean

alue of the radiiRc,1 andRc,2 of the nondeformed parts of t
ubbles:Rc 5 2Rc,1Rc,2/(Rc,1 1 Rc,2) (see Fig. 1). Using th
imensionless numbers introduced in Ref. 13 for describin
ependence of the thinning velocity on the physical param

s not convenient, because these numbers were defin
unctions of the thicknessh, which depends on time. Henc
hese numbers change by orders of magnitude for a given
n a process of its thinning. Here we will use the dimension
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urface viscosity and bulk diffusivity numbers,Nsv andb, and
he characteristic surface diffusion length,hs:

Nsv ;
hs

6hRc
, b ;

3hD

EG
S c

GD
0

, hs ;
6hDs

EG
. [17]

he parameters defined via Eqs. [17] do not depend o
hicknessh. They can have values which differ in seve
rders of magnitude depending on the type of surfactants

he surfactant concentration. The surface viscosity num

sv, has the following characteristic values for water solu
f ionic, nonionic, and high molecular weight surfactants c

o the critical micellar concentration (CMC): for ionic a
onionic surfactantshs ' 1026 msPa and forRc 5 2 mm we
alculateNsv 5 0.1, in contrast forRc 5 20 mm we haveNsv

10; for high molecular weight surfactants the typical va
f the surface viscosity ishs ' 5 3 1023 msPa and forRc 5
mm2 Nsv 5 500, while forRc 5 20 mm 2 Nsv 5 5 3 104.
ith decreasing of the surfactant concentration the su

iscosity decreases and the respective number,Nsv, also de
reases. In order to estimate the values of the bulk diffus
umber,b, and the characteristic surface diffusion length,hs,
e will use the common Langmuir isotherm,

G0

G`
5

c0

cL 1 c0
, SG

cD
0

5
G`cL

~cL 1 c0!
2 , EG 5

kBTG0

1 2 G0/G`
,

[18]

hereG` is the saturation adsorption,cL is a constant param
ter of the adsorption isotherm, related to the energy o
orption per molecule,T is the temperature, andkB is the
oltzmann constant. Then the corresponding relationship
and hs read

b 5
3hD

kBTG0

cL

G`
S1 2

G0

G`
D21

, hs 5
6hDs

kBTG0
S1 2

G0

G`
D . [19]

rom Eqs. [19] it is seen that for very low surfactant conc
rations both parameters have high values and when the
entration is close to CMCb is a very small parameter for a
ypes of surfactant, buths/h can drop to a final value for sma
hicknesses.

The dimensionless form of the tangential stress boun
ondition [14] and the relationship for the total force [16] h
he following final form,

Nsv



 x F1

x



 x
~ xŨ!G 2 S 1

H̃
1

h

hs 1 bhH̃D Ũ 5 2
x

H̃2 , [20a]

1 5
V

VGT F4 E
0

` x3

H̃3 dx 2 E
0

` S2x

H̃ D 2

ŨdxG , [20b]
he
l
nd
r,

n
e

ce

ty

d-

or

-
n-

ry

hereVGT 5 2hFhd/(3phRc
2) is the generalization of Ta

or’s result for the rate of thinning of a fluid layer between t
igid spheres (22), which takes into account the influence o
isjoining pressure (the hydrodynamic drag force,Fhd, is dif-

erent from the external force,F, see Eq. [16]).

3. INFLUENCE OF SURFACTANTS ON THE
APPROACHING VELOCITY OF TWO BUBBLES

In this section we present the solution of the system [20
he case of large distances between the bubbles or small
hen the bubbles are slightly deformed (case A in the In
uction). Analytical formulas are obtained in the particu
ases of small and large surface viscosity. The nume
esults are described in Section 3.3.

.1. Exact Solution of the Problem

If the capillary pressure is high enough the bubble shape
lose to spherical. In the frames of the lubrication approx
ion the local film thickness is approximated by the parab
unctionH̃ 5 1 1 x2. This profile is the leading order soluti
f the boundary condition for the pressure; therefore,
olution of the corresponding hydrodynamic problem gives
eading order of the velocity of bubble approach. The w
ange ofx from zero to infinity makes the numerical solut
f the equation [20a] with a high precision impossible.
vercome these difficulties, we will introduce a new varia
5 tan(u/2), which transforms the infinite range to the fin

nterval [0,p], where the infinity point is transformed tou 5
, and the zero point isu 5 0. With the new variable, takin

nto account the approximate film profile,H̃ 5 1/cos2(u/2), the
nal form of Eq. [20a] is reduced to

svsin2~u !
2Ũ

u2 1 Nsvsin~u !cos~u !
Ũ

u

2 FNsv 1 sin2~u/ 2! 1
h sin2~u/ 2!

hscos2~u/ 2! 1 hbG Ũ

5 2
1

2
sin~u !sin2~u/ 2!. [21]

ecause of the boundary conditions atu 5 0 andu 5 p the
olution of [21] can be presented as a Fourier series,Ũ 5 ¥k51

`

k sin(ku ), whereak are the coefficients depending implici
n time throughh. The details of the numerical procedure
alculations according to Eq. [21] are given in Appendix A
e substitute the general form of the solution into Eq. [21b
xpression for approaching velocity reads

1 5
V

VGT
F1 2 O

k50

` 2

~2k 1 1!
a2k11 1 O

k51

` 4k

4k2 2 1
a2kG . [22]

The numerical results and discussions are given in Se
.3.
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.2. Analytical Solutions in the Cases of Small and Large
Surface Viscosity Number

When the surface viscosity is very low we can neglec
erms proportional toNsv. Then directly from Eqs. [20a] an
20b] the following analytical solution can be derived:

Ũ 5
x

~1 1 x2!2 F 1

1 1 x2 1
h

hs 1 bh~1 1 x2!G
21

, [23a]

V

VGT
5

hs

2h HFh~1 1 b!

hs
1 1G lnF hs

h~1 1 b!
1 1G 2 1J21

.

[23b]

he formulae [23b] were first derived by Ivanovet al. (14).
he particular cases of large and small surface diffusion ef
ere investigated therein (see Eqs. [61] and [63] in Ref.
sing the asymptotic analysis of the problem [20] the
rder corrections of the approaching velocity proportiona

he surface viscosity numberNsv have been obtained by u
he analytical results for the next term in the expansion
iven in Appendix C.
In the opposite case of large surface viscosity effect c

ared to the bulk and surface diffusion effects (Nsv @ 1, bNsv

1, andhsNsv/h @ 1) the surfactants influence the liquid flo
nly through the surface viscosity. (It is important to note

he surface viscosity influences the process of bubbles
roach only when the interfaces are mobile, i.e., the ass

ionsbNsv @ 1 andhsNsv/h @ 1 are not valid for small value
f b andhs/h, when the interfaces are immobile because o

nfluence of Gibbs elasticity.) Therefore, in this case the da
ng effects of Gibbs elasticity and surface viscosity are cou
nd they cannot be separated. The analytical solution of

20a] and [20b] can be calculated to be

Ũ 5
1

4Nsvx
ln~1 1 x2!, [24a]

V

VGT
5

2Nsv

2Nsv 2 1
. [24b]

rom [24b] it is seen that the approaching velocity,V, is close
o the generalized Taylor velocity,VGT, and from the exper
ental results it is possible to fit the value of surface visco
he surface velocity,Ũ, is very small: it is inversely propo

ional to the surface viscosity number,Nsv. The distance a
hich the surface velocity has a maximum,xmax 5 1.9803
oes not depend on the surfactants and the maximum va

his point isŨmax 5 0.20119/Nsv. It is interesting to note th
ery long tail asymptotic of the surface velocity: at infinity
ecreases asŨ } ln( x)/x.

.3. Numerical Results and Discussions

The numerical procedure used for calculations given b
s described in Appendix A. The influence of surfactants on
ll

ts
).
t
o

re

-

t
p-
p-

e
p-
d
s.

y.

at

w
e

nterfacial mobility is demonstrated in Fig. 3. If the surfa
iscosity, hs, surface diffusion coefficient,Ds, and the dis
ance between the bubbles,h, are constants, then with incre
ng of the bulk diffusivity the surface mobility increases (
ig. 3a). This fact is due to the faster saturation of the inter

rom the bulk, which leads to suppression of the Maran
ffect. The distance at which the dimensionless surface v

ty has a maximum slightly increases and the interfac
obile in a wide region. The effect of surface viscosity on

nterfacial mobility is well pronounced (see Fig. 3b, where
ulk and surface diffusivities are kept constants and only
urface viscosity numbers are varied). In contrast with Fig
he peak of the velocity distribution is narrower and at infi
he velocity decreases faster than in Fig. 3a. The maximu
he velocity is shifted to the asymptotic value ofxmax5 1.9803
ith an increase of the surface viscosity number.
In order to clarify how the approaching velocity is infl

nced by the physical parameters of the system we calc
he mobility factor,V/VGT, for different values ofb, hs/h, and

sv. In Fig. 4 we choose the value ofhs/h to be 1 and plot th
imensionless drainage velocity,V/VGT, as a function of sur

ace viscosity and bulk diffusion numbers. The increasin

FIG. 3. Dimensionless surface velocity,Ũ, distribution at a given distanc
: (a) for Nsv 5 1, hs/h 5 1, and different values of the parameterb; (b) for
5 1, hs/h 5 1, and different values of the parameterNsv.
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297EFFECT OF SURFACTANTS ON THE FILM DRAINAGE
he surface viscosity in all cases of mobile interfaces lea
decrease of the approaching velocity (see Fig. 4a). This

s more pronounced for higher values of the bulk diffusiv
here due to the faster saturation of the interfaces the su
radient of the adsorption is suppressed and the Mara
ffect is not so big; i.e., the effect of elasticity is smaller t

hat of surface viscosity. The decreasing of the velocit
chieved for lower values ofb when the surface viscosi
umber increases (compare Figs. 4a and 4b). In contra

ast approach of the film interfaces atNsv 5 0.01 andb 5 100
ay be due to the inapplicability of the lubrication appro
ation for modeling the hydrodynamic resistance of film

ween fully mobile interfaces. Then the full Stokes equat
ave to be solved (see Ref. 30). Whenb3 0 the role of bulk
iffusivity is negligible and the surfactants behave as insol
for absolutely insoluble surfactant monolayersb 5 0). Then
nly the surface diffusivity plays a role for the velocity
pproach. In Fig. 5 the mobility factor has been calcul
eeping the surface viscosity constant. The higher the di
ionless parameterhs/h the faster the bubbles approach. The
ore, for high surface diffusivity or small film thickness t
obility of interfaces increases. This conclusion is stron

FIG. 4. Variation of the mobility factor,V/VGT, with the bulk diffusion
arameterb: (a) for hs/h 5 1 and low and moderate values of the param

sv; (b) for hs/h 5 1 and high values of the parameterNsv.
to
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hen the bulk diffusion coefficient is smaller (the limiting c
eing an insoluble surfactant). Ifb is large enough all curve
erge, which corresponds to finite values of surface visc
umber without any influence of interfacial elasticity (see F
a and 5b). Such a behavior is possible only for very
urfactant concentrations when the Gibbs elasticity is so
hat it does not influence the mobility of the interfaces.

4. EFFECT OF THE SURFACE PROPERTIES AND
THE MENISCUS ON THE FILM DRAINAGE

In the case (B) of well-defined plane-parallel film w
eniscus the solution of the problem [20] is described be
he analytical formulas obtained in Section 4.2 help u
stimate the influence of physical parameters in the parti
ases of small or large surface viscosity. The numerical
sis is described in Section 4.3.

.1. Exact Solution of the Problem

Most of the experimental and theoretical investigat
howed that after the film formation due to the disjoining

r

FIG. 5. Dimensionless approaching velocity,V/VGT, as a function of th
ulk diffusion parameterb: (a) for Nsv 5 1 and low and moderate surfa
iffusivities; (b) for Nsv 5 1 and high surface diffusivity.
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298 DANOV, VALKOVSKA, AND IVANOV
apillary pressure the film drains without significant chang
f its radius and shape of the interfaces (19, 20, 25, 31).

he local film thickness can be approximated with a h
recision as corresponding to the gap between two sph
egments separated by a planar region (see Fig. 1b):H̃ 5 1
hen 0# x # Nrf, andH̃ 5 1 2 N rf

2 1 x2 whenx $ Nrf,
here the dimensionless parameterNrf [ R/=Rch character

zes the film radius,R. It is not convenient to calculate t
olution of [20] in terms of the variablex, because of th
nfinity point (see discussions in the previous section). Th
ore, we introduce a new variablex 5 Nrf tan(z/2) in which the
lanar and meniscus regions transform into numerical dom
ith one and the same length: 0# z # p/2, the planar region
ndp/2 # z # p, the meniscus region. Then the computat

n the new variable account for both regions in a compar
ay. Equation [20a] can be written in the new variable a

svsin2~z!
2Ũ

z2 1 Nsvsin~z!cos~z!
Ũ

z

2 FNsv 1 S 1

H̃
1

h

hs 1 hbH̃DN rf
2 tan2S z

2DG Ũ

5 2
1

H̃2FNrf tanS z

2DG
3

. [25]

ollowing the idea of Section 3.1, it is convenient to repre
he solution of [25] as a Fourier seriesŨ 5 ¥k51

` bk sin(kz),
hich obeys the boundary conditions at the film center an

nfinity: Ũ(t, 0) 5 0 and Ũ(t, x) 3 0 at x 3 `. The
oefficients,bk, depend implicitly on time. The description
he numerical procedure for equation [25] is given in Appen
. After the computation of the coefficients, the Fourier
ansion is substituted in [20b] and the final value of
rainage velocity is calculated numerically.

.2. Analytical Solutions in the Cases of Small and Large
Surface Viscosity Number

When the surface viscosity is very low we can neglec
erms proportional toNsv. The problem [20] has the followin
nalytical solution

Ũ 5
x

H̃ 2 S 1

H̃
1

h

hs 1 hbH̃D
21

, [26a]

VGR

V
5

1

1 1 b 1 hs/h
1

2h

N rf
4 hs

3 HF h

hs
~1 1 b!~1 2 N rf

2! 1 1G
3 lnS1 1

hs

h~1 1 b!D 1 N rf
2 2 1J , [26b]
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hereVGR 5 2h3Fhd/(3phR4) is the generalized Reynold
esult for the rate of thinning of a fluid layer between two ri
lane-parallel circular disks with radiiR (6), which takes into
ccount the influence of the disjoining pressure. The first o
orrection of the velocity of film thinning proportional to t
urface viscosity numberNsv is given in Appendix C.
When the surfactants are insoluble then in [26a] the

iffusion parameter is replaced by zero. In the particular
f infinite plane-parallel film,Nrf @ 1, when the influence o
eniscus can be neglected, the relationship [26b] is simp

o the result of Radoevet al. (15): V/VGR 5 1 1 b 1 hs/h.
n the other limiting case of tangentially immobile interfa
large Gibbs elasticity) Eq. [26b] is transformed to the follo
ng simple relation between the drainage velocity and
eneralized Taylor and Reynolds velocities,

1

V
5

1

VGR
1

1

VGT
1

1

ÎVGRVGT

, [27a]

r, in equivalent form,

VGT

V
5 1 1

R2

hRc
1

R4

h2Rc
2 ; 1 1

hi

h
1

hi
2

h2 , [27b]

here hi is the so called inversion thickness. Whenhi is
eached the interfacial shape in the gap changes from con
oncave. The relationships [27a] and [27b] show that for s
lm radius,R, the drainage velocity reduces to the general
aylor velocity, whereas for large films,R2/(hRc) @ 1, it
ields the generalized Reynolds velocity. From [27b] it is s
lso that when the film thickness is close to the inver

hickness,hi, the generalized Taylor and Reynolds veloci
ave the same order of magnitude. Therefore, the men

nfluences the whole process of film drainage.
The other limit is the case of high surface viscosity,

sv/N rf
2 @ 1, Nsvhs/(N rf

2h) @ 1, and Nsvb/N rf
2 @ 1. If we

ompare these inequalities with the corresponding one
ection 3.2, we see that the larger the film radius is the
trict are the limit of applicability of the assumptions. For v
arge films the influence of surface viscosity on their thinn
an be neglected. In this case equation [20] has an
olution: in the film region it is

Ũ 5
x

8Nsv
~N rf

2 2 x2! 1 ŨR

x

Nrf
, [28a]

nd in the meniscus region it is

Ũ 5 ŨR

Nrf

x
1

1

4Nsv

1

x
ln~1 1 x2 2 N rf

2!, [28b]

hereŨR is the unknown velocity at the film ring (r 5 R; x 5
). The first derivatives with respect tox of both solutions
rf
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299EFFECT OF SURFACTANTS ON THE FILM DRAINAGE
28a] and [28b] at the film ring have to be equal; therefore
he velocity we obtainŨR 5 Nrf(N rf

2 1 2)/(8Nsv). The exac
olution [28] of the problem is continuous up to the th
erivative of the function atx 5 Nrf. It is interesting to discus

he validity of the boundary conditions used in the litera
or deriving the solution of the corresponding problem in
ase of finite plane-parallel film. It is easy to find that:
he boundary conditionŨ/ x 5 0 at the film ring, used i
ef. 13, is valid only forNrf 5 =2 and (ii) the boundar
ondition used in Ref. 12 states that the fluctuation of
urfactant concentration should be equal to zero. It is ea
how that this boundary condition is equivalent to( xŨ)/
x 5 0. This condition is also inapplicable. In the case
mall surface viscosity we performed an asymptotic analys
he problem. We established that the boundary layer at the
ing, x 5 Nrf, is very thin; its thickness,dfr, is approximately

fr 5 =Nsv/(1 1 a), where the dimensionless parametera,
s defined asa [ h/(hs 1 bh). The theory of singula
erturbations was applied and the value of the velocity d
tive at the film ring was found to be

Ũ

 x
5

1

1 1 a
1 N rf

2
ba2 2 2a 2 1

~1 1 a!2 .

herefore, the boundary conditionŨ/ x 5 0 at the film ring
sed in Ref. 13, is valid only for the particular caseN rf

2 5 (1 1
)/(2a 1 1 2 ba2).
After substitution of [28] into the general formula [20b] t

nal result for the velocity of thinning reads

1
5 F 1

VGT
1

1

VGR
1

1

ÎVGTVGR

2
1

2Nsv

3 S 1

VGT
1

1

VGR
1

1

ÎVGTVGR

1
N rf

2

3ÎVGTVGR
DG . [29]

FIG. 6. Dimensionless surface velocity,Ũ, distribution at a given distanc
for b 5 1, hs/h 5 1, Nrf 5 1 and different values of the parameterNsv.
r

e

e
to

f
of
lm

-
his relationship is the generalization of [27] for large surf
iscosity.

.3. Numerical Results and Discussions

The numerical procedure used for the calculations g
elow is described in Appendix B. The effect of surf
iscosity on the interfacial mobility is plotted in Fig. 6. If t
ulk and surface diffusion coefficients,D andDs, the distanc
etween the bubbles,h, and the film radius,R, are constant

hen with increasing of the surface viscosity number the
ace mobility decreases. The distance where the dimensio
urface velocity has a maximum slightly decreases with
reasing ofNsv and the interfaces are mobile in a wide me
us region. From Fig. 6 it follows that the maximum of
urface velocity is achieved close to the film ring, but
nfluence of the meniscus on the drainage is not negligib

In order to clarify the influence of the material interfac
roperties on the velocity of film thinning we calculate
obility factorV/VGR for different values ofb, hs/h, andNsv,

FIG. 7. Variation of the mobility factor,V/VGR, with the bulk diffusion
arameterb for Nsv 5 1, Nrf 5 1 and different values ofhs/h.

FIG. 8. Dimensionless velocity of film thinning,V/VGR, as a function o
he bulk diffusion parameterb for hs/h 5 1, Nrf 5 1 and different values o
urface diffusion number,Nsv.
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300 DANOV, VALKOVSKA, AND IVANOV
eeping the film radius,R, and the film thickness,h, constant
ig. 7 illustrates the dependence ofV/VGR on the bulk diffu-
ion number,b, at different surface diffusion coefficients a

sv 5 1. The increase ofhs/h leads to increasing velocity
hinning. The interfaces behave as more mobile, becau
uppression of the Marangoni effect: at faster surface diffu
he distribution of surfactant on the interface is closer to
quilibrium. This effect is more pronounced when the sur

ants behave as insoluble, for smaller values of the bulk d
ion parameterb. For the higher bulk diffusivity all curve
erge corresponding to values of surface viscosity num

Nsv 5 1) without any influence of surface diffusivity (see F
). In Fig. 8 the mobility factor was calculated for const
urface diffusion parameterhs/h 5 1. The higher the surfac
iscosity the slower the film drainage. The increase of
nterfacial mobility due to the faster bulk diffusion is w
ronounced for small surface viscosity. It is important to n

hat Figs. 7 and 8 show smaller drainage velocity,V, than the
eneralized Reynolds velocity,VGR, in the cases when th
urface viscosity is not so low. This effect is exactly due to
nfluence of the meniscus: the additional hydrodynamic r
ance of the meniscus can be larger or comparable with
riction in the plane parallel film region.

FIG. 9. Variation of the mobility factor,V/VGR, with the dimensionles
lm radius,Nrf: (a) b 5 1, hs/h 5 1 and different surface viscosities; (b)Nsv

1, hs/h 5 1 and different bulk diffusivities.
of
n
e
-
-

er

t

e

e

e
s-
he

It is interesting to estimate the influence of the geomet
arameters of the system on the velocity of film thinning. In o

o do that, we calculate the mobility factorV/VGR for different
alues of film radius,R. In our computation we kept all physic
imensionless parameters constant (they do not dependR),
xcept the numberNrf. In the literature (14) it is proved that t
lm is formed when the distance between the bubbles is eq
he inversion thickness,hi: in this caseNrf } 1. Therefore, th
alues ofNrf can be larger or much larger than 1, because
maller the thicknessh the larger the parameterNrf. It is seen from
ig. 9 that the decrease of the film thickness (respectively,

ncreasing film radius,R, for example in the Sheludko cell whe
he films can be with different radii) leads to increasing velocit
hinning. This effect is a combination of two reasons, which
o the same behavior. The first one is the decreasing of the re
nfluence of the meniscus at larger film radii (the main hydro
amic friction is concentrated in the plane-parallel film regi
he second reason is connected with the circumstance tha
ide range of values for surface viscosity the influence of

icity and bulk and surface diffusivities in the whole proces
lm thinning is well pronounced depending on the film radius
ig. 9). This fact is proved also for very high surface visco
umberNsv 5 100, and for large values ofNrf. This effect was
entioned by Ivanovet al.(12) and Singhet al.(13), who showe

hat for large plane-parallel films the velocity of thinning depe
ot onNsv, but on the complex ratio between the dimension
arametersNsv(hs/h 1 b)/[Nrf

2(1 1 hs/h 1 b)]. Therefore, the
elative influence of the surface viscosity decreases strongly
ncreasing of the film radius,R, or with the decrease of the fil
hickness,h. In other words, for large films the mobility of th
nterfaces in the plane-parallel region can depend only o
ulk and surface diffusivities. The influence of bulk diffus

s illustrated in Fig. 9b, where the other dimensionless num
rehs/h 5 1 andNsv 5 1. It is seen that with increasing of t
lm radius the mobility of the interfaces increases. The asy
otic value of the relative velocity atNrf 5 100 is exactly th
ame as that given by Eq. [26b].

FIG. 10. Comparison of the mobility factorV/VGR as predicted by Ivano
t al. (12) and Singhet al. (3) for finite plane-parallel film and our model. T
arameters in the calculations areb 5 1, hs/h 5 1 andNsv 5 10.
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301EFFECT OF SURFACTANTS ON THE FILM DRAINAGE
In Section 4.2 we discussed the correctness of the bou
onditions used in Refs. 12 and 13 for solving the problem
lane-parallel thin liquid film drainage. We also demonstr

hat for large film radii the influence of the meniscus on
rainage velocity can be neglected. It is interesting to che

he boundary conditions are so important for large films.
esult of Ref. 12 for the relative velocity can be presente
erms of our dimensionless parameters as

V

VRe
5

1

16 FO
k51

` 2

lk
4

1 1 Nsvlk
2~b 1 hs/h!/N rf

2

1 1 ~b 1 hs/h!~1 1 Nsvlk
2/N rf

2!G21

, [30]

herelk is the kth zero of the zeroth order Bessel functi
0(lk) 5 0, andVRe is the Reynolds velocity. The correspon
ng result from Ref. 13 can be written in the form

V

Re
5 F 1

1 1 b 1 hs/h

1
4Nsv

N rf
2 S b 1 hs/h

1 1 b 1 hs/h
D 2 2I1~j! 2 jI0~j!

I1~j! 2 jI0~j! G
21

, [31]

here I0 and I1 are the modified Bessel functions and
arameterj is defined as

j 5 SN rf
2

Nsv

1 1 b 1 hs/h

b 1 hs/h
D 1/ 2

.

he numerical calculations for the relative velocity of thinn
rom our model and from the formulas [30] and [31] are gi
n Fig. 10. The parameters areb 5 1, hs/h 5 1, andNsv 5 10.
t is well demonstrated that with increasing the film radius
esults from our model go to the results of Ivanovet al. (12)
nd Singhet al. (13), which are not significantly different. F
mall film radius the drainage velocity is smaller due to
nfluence of the meniscus. Therefore, for large films the bo
ry conditionŨ/ x 5 0 at the film ring seems to be mo
ealistic than the boundary condition( xŨ)/ x 5 0 (see Ref
3). The latter one provides a negative first derivative of
elocity at the film ring. Then the maximum of the velocity
omewhere inside the film, the viscous friction is larger t
he real one, and therefore the drainage velocity is small

5. CONCLUSIONS

1. A theoretical model for calculation of the influence
urfactants on the approaching velocity of two nondefor
ubbles is developed. It takes into account the influenc
ibbs elasticity, bulk and surface diffusivities, and surf
iscosity. The governing equation for the surface velocit
alculated numerically in order to find the velocity of
roach, relative to the generalized Taylor velocity. In the
f small and large surface viscosity numbers the derived

ytical formulas [23b] and [24b] are useful for a simple
roximation of the velocity.
ry
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2. The quantitative calculations show that with an incre
f the surface viscosity the interfaces become immobile.
ame behavior is observed also with an increase of the G
lasticity. This effect takes place only for moderate value

he bulk and surface diffusivities. The increase of the b
iffusion coefficient leads to faster saturation of the interfa
hich contrabalances the surface gradient of surfactant,
resses the Marangoni effect, and makes the interfaces m
see Figs. 4 and 5). The surface diffusion effect is the dom
actor compared to the bulk diffusion, especially for very t
lms wherehs/h can be large or on the order of unity, wher
is a small parameter.
3. In the case of plane-parallel film with a meniscus reg

he developed model is based on the spherical approxim
f the meniscus profile. The calculations are carried out u

he whole film profile. The correctness of the previous res
12, 13) are discussed. It is shown that the approximation o
lm as composed of only a finite plane-parallel part gives g
esults when the dimensionless film radius is large enoug
his case the boundary conditions for the surface velocity a
lm ring are not so important for the final value of the veloc
f film thinning relative to the Reynolds velocity. Then
ain parameter which estimates the influence of surface

osity is proved to beNsv(hs/h 1 b)/[N rf
2(1 1 hs/h 1 b)].

4. The asymptotic results for large and small surface ve
ty, Eqs. [26b], [27], and [29], give simple analytical relatio
hips for calculation of the drainage velocity. They predi
ontinuous transition from the deformed to the nondefor
ubbles approximation. The numerical results from this p

em show a significant influence of the meniscus region on
rainage velocity. The latter can be smaller than the com
eynolds velocity and the drainage of the film between s
rops and bubbles can be slower.

APPENDIX A

Numerical Solution of the Problem [21]

The problem [21] can be written in the following form:

svF2cos~3u ! 2 2S2
h

hs
b 1 1Dcos~2u !

1 cos~u ! 1 2S2
h

hs
b 1 1DG 2Ũ

u2

1 NsvFsin~3u ! 1 2S2
h

hs
b 1 1Dsin~2u ! 1 sin~u !G Ũ

u

1 Fcos~2u ! 2 4SNsv 2
h

hs
b 2

h

hs
Dcos~u ! 1 1

2 4
h

hs
2 2~2Nsv 1 1!S2

h

hs
b 1 1DG Ũ

5
1

4
sin~3u ! 1

h

hs
b sin~2u! 2 S2

h

hs
b 1

3

4Dsin~u !. [A.1]
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302 DANOV, VALKOVSKA, AND IVANOV
fter substitution of the Fourier seriesŨ 5 ¥k51
` ak sin(ku )

nto Eq. [A.1] we derive an infinite linear system of equati
or the unknown quantitiesak. The coefficients in this syste
re complex functions of the physical parameters and they
ot be presented here. This system is of seven-diagona
nd is solved numerically by means of the Thompson a
ithm. The special type of the system gives us the possibili
olve the problem for a large number of coefficients (in
alculations the cut off number was 10,000).

APPENDIX B

Numerical Solution of the Problem [25]

For the numerical solution of Eq. [25] we cannot use
ame procedure as in the Appendix A, because the s
unction cannot be presented as a finite Fourier series. T
hy all coefficients in the respective linear system of equa
re different from zero. We used the functional Ritz nume
ethods (32). For that purpose the Fourier seriesŨ 5 ¥k51

`

ksin(kz) is substituted into Eq. [25], the result is multiplied
in(nz) and is integrated from 0 top. The final infinite linea
ystem of equations for the unknown coefficients reads

O
k51

`

an,kbk 5 dn, for n 5 1, 2,. . . [B.1]

n Eq. [B.1] the coefficientsan,k anddn are calculated from th
ollowing relationships:

an,k 5 E
0

p

$Nsv@k
2sin2~z!sin~kz! [B.2]

2 k sin~z!cos~z!cos~kz! 1 sin~kz!#

1 S 1

H̃
1

h

hbH̃ 1 hs
DN rf

2 tan2S z

2Dsin~kz!Jsin~nz!dz,

dn 5 E
0

p 1

H̃2 FNrf tanS z

2DG
3

sin~nz!dz. [B.3]

or our calculations we used the Gauss–Jordan elimin
ethod (32) in which the cut off number of equations was
e checked also that this number was enough to calcula

elative velocity with a good precision.

APPENDIX C

Asymptotic Solution for Small Surface Viscosity

Here we present the final analytical results for the first o
eries expansion of the velocity of approach of two no
ill
pe
-

to
r

e
pe
is
s
l

on
.
he

r
-

ormed bubbles in the case of small surface viscosity num

sv ! 1,

VGT

V
5

2h

hs
FS 1

Nd
1 1D ln~Nd 1 1! 2 1G

1 8NsvH1

3
1

1

3

1

~b 1 1!3~Nd 1 1!2

1
2~Nd 1 1!

Nd
2~b 1 1! F 2

Nd
ln~Nd 1 1! 2

Nd 1 2

Nd 1 1GJ , [C.1]

here the dimensionless parameterNd is defined as

Nd ;
hs

h~b 1 1!
. [C.2]

t is seen that the term proportional toNsv depends only on th
ulk diffusion parameterb and on the ratioNd.
The corresponding formula in the case (B) for deform

ubbles is very complicated. Therefore, here we will repor
articular case for large film radius or small film thickness.
nal result reads

VGR

V
5

1

1 1 b 1 hs/h
1 8NsvH1

3
1

1

3

1

~b 1 1!3~Nd 1 1!4

1
2

Nd
2~b 1 1! F 2

Nd
ln~Nd 1 1! 2

Nd 1 2

Nd 1 1G
2

b 1 Nd~b 1 1!

~b 1 1!2~Nd 1 1!2 F Nd

Nd 1 1

1 ~b 1 1!SNd 1
b

b 1 1DGJ . [C.3]

s in the previous case the first approximation of the rela
elocity depends on the bulk diffusivity numberb and the
arameterNd.
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