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The effect of the uniform fluid properties approximation (Oberbeck-Boussinesq (OB)) in
turbulent mixed convection is investigated via direct numerical simulation (DNS) of
water flows with viscosity (l) and thermal expansion coefficient (b) both independently
and simultaneously varying with temperature (non-Oberbeck-Boussinesq conditions
(NOB)). Mixed convection is analyzed for the prototypical case of Poiseuille-Rayleigh-
B�enard (PRB) turbulent channel flow. In PRB flows, the combination of buoyancy driven
(Rayleigh-B�enard) with pressure driven (Poiseuille) effects produce a complex flow
structure, which depends on the relative intensity of the flow parameters (i.e., the Grashof
number, Gr, and the shear Reynolds number, Res). In liquids, however, temperature
variations induce local changes of fluid properties which influence the macroscopic flow
field. We present results for different absolute values of the shear Richardson numbers
(Ris ¼ Gr=Re2s

�
�

�
�) under constant temperature boundary conditions. As Ris is increased

buoyant thermal plumes are generated, which induce large scale thermal convection that
increases momentum and heat transport efficiency. Analysis of friction factor (Cf) and
Nusselt number (Nu) for NOB conditions shows that the effect of viscosity is negligible,
whereas the effect of thermal expansion coefficient is significant. Statistics of mixing
show that (i) mixing increases for increasing Ris (and decreases for increasing Res) and
(ii) the effect of thermal expansion coefficient on mixing increases for increasing Ris (and
decreases for increasing Res). A simplified phenomenological model to predict heat
transfer rates in PRB flows has also been developed. [DOI: 10.1115/1.4025135]

Keywords: DNS, turbulence, heat transfer, mixed convection, temperature dependent
fluid properties

1 Introduction

In industrial applications, buoyancy effects (induced by either
density/temperature gradients) in pressure driven turbulent flows
(PRB flows) increase mixing and heat transfer rates due to large-
scale circulation [1]. In a number of such situations, natural con-
vection phenomena influence the forced convection effects, origi-
nating mixed convection flows. These flows are also important in
geophysical instances such as oceanic circulation [2]. Compared
to forced convection, large scale circulation phenomena (large
vortices whose characteristic dimension scales with the domain
size) alter the dynamics of turbulence transport mechanism near a
wall: turbulent diffusion transfers turbulent kinetic energy (TKE)
from the near-wall region to the outer region, whereas velocity-
pressure gradient correlation transfers TKE produced by buoyancy
in the convective layer toward the near-wall region [3].

Turbulent PRB flows are usually investigated under the OB
approximation (fluid properties are independent of temperature).
However, PRB flows often occur in the presence of large tempera-
ture gradients, which may induce significant variation of fluid
properties, namely of fluid viscosity (l) and thermal expansion
coefficient (b) [4]. From a practical standpoint, it is important to
quantify the influence of non-Oberbeck-Boussinesq assumptions

on the computation of transfer rates [5,6]. Benchmarking the
importance of NOB-related fluid behavior can be also important
for studies in which fluid properties are artificially modified to
increase heat transfer coefficient [7–9].

The sole effect of buoyancy on wall-bounded flows in the ab-
sence of the mean shear (Rayleigh-B�enard convection) has been
extensively investigated both experimentally (see Ahlers et al.
[10], for a review) and numerically [11,12]. By contrast, PRB tur-
bulent channel flow has received little attention compared to its
practical importance. Experimental works on PRB flows were per-
formed by Komori et al. [13], Fukui and Nakajima [14], and Fukui
et al. [15]. In Komori et al. [13], the authors considered a PRB
turbulent flow in an open channel and observed that buoyancy
driven motions cause substantial changes to the turbulence struc-
tures. Intermittent downward motions of the cold eddies with
large negative peaks of temperature fluctuations are produced and
contribute strongly to the turbulent transport of heat in the vertical
direction. For large temperature gradients, upward and downward
motions are enhanced; in this situation, not only the large-scale
eddies but also small scale eddies are affected by the buoyancy-
driven motion. Similar conclusions were drawn by Fukui et al.
[15] analyzing the PRB turbulent flow in a duct. They noted that
the turbulence structure in PRB flows was different from that
observed in forced convection and argued that thermal plumes
(eruptions of hot/cold fluid from the wall) induced by buoyancy
became the main contributor to the production of turbulence.
After Komori et al. [13], Fukui and Nakajima [14] considered a
fully developed PRB turbulent flow between horizontal parallel
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plates. They measured turbulence fluctuations and found that,
with increasing temperature gradients, typical wall turbulence
phenomena changed, with intensification of ejection and increase
of the bursting frequency.

Numerical investigations of turbulent flow with buoyancy
effects in a channel bounded by plane walls are comparatively
fewer. Domaradzki and Metcalfe [16] used DNS under OB
approximation to study the interaction between shear and buoy-
ancy for thermal convection in plane Couette flow. Compared to
the case of thermal convection without shear (at the same Grashof
number), heat transfer may be enhanced (for Gr < 5� 104), or
reduced (Gr ’ 1:5� 105). For small Gr, shear acts to organize the
flow into quasi-two-dimensional rolls, producing higher heat
transfer rates compared to a less organized flow; for larger Gr,
shear hinders plumes formation (and decreases the level of organi-
zation), and induces lower heat transfer rates. This situation may
be described with a flow model in which large-scale structures are
alternately driven by buoyancy or inertial effects. DNS of PRB
turbulent channel flow was performed by Iida and Kasagi [17]
under OB approximation. In Iida and Kasagi [17], the authors
observed that thermal plumes raising from the near-wall region
influence the transport mechanisms of momentum and heat
through velocity-pressure gradient correlation and turbulent
diffusion terms. Thermal plumes, which are spatially aligned in
the streamwise direction, are also important for the dynamics of
vertical structures: vertical motions of thermal plumes act to push
together streamwise vortices (and associated low-speed streaks)
in regions where plumes detach and rise. Recently, Zainali and
Lessani [18] employed large eddy simulation to study the behav-
ior of PRB turbulent channel flow under NOB conditions and
using a low Mach number approximation to account for fluid den-
sity variations. They run simulations for different wall tempera-
ture ratios (from 1.01 to 6). Increasing the temperature gradient
enhances the amount of mixing and the transport of momentum
and heat (as well as fluid velocity fluctuations).

The aim of this work is to evaluate the effect of the common
OB approximation in turbulent PRB flows via a campaign of
DNS. We consider a channel flow of water under constant temper-
ature gradient and assuming temperature-dependent fluid viscosity
(l) and thermal expansion coefficient (b). DNS are performed at
reference Reynolds, Prandtl and Richardson number using a
pseudo-spectral method for the solution of a variable-properties
formulation of momentum and energy equations. Simulations are
run at Grashof number Gr¼ 1.12� 107 and Prandtl number Pr¼ 3
examining three different absolute values of the Richardson num-
ber, Ris¼ 926, Ris¼ 498, and Ris¼ 346 (corresponding to shear
Reynolds numbers Res¼ 110, Res¼ 150, and Res¼ 180). This
paper is organized as follows. The physical problem and the
numerical methodology are discussed in Sec. 2. In Sec. 3, we
present results of our numerical simulations. Momentum and
heat transfer rates are analyzed in Sec. 3.1, whereas large scale
convection in PRB turbulent flows is discussed in Secs. 3.2 and
3.3. In Sec. 3.4, we introduce a phenomenological model for heat
transfer prediction in PRB flows. Flow field statistics and mixing
efficiency are presented in Secs. 3.5 and 3.6. In Sec. 4, the conclu-
sions are drawn.

2 Numerical Simulation of Mixed Convection
in a Duct

2.1 Physical Problem and Governing Equations. Govern-
ing equations and numerical methodology are briefly reviewed to
make the paper self-contained (further details can be found in
Zonta et al. [19]). We consider an incompressible and Newtonian
turbulent channel flow of water (driven by an imposed pressure
gradient) with differentially-heated walls (streamwise, spanwise,
and wall-normal coordinates are indicated by x, y, and z, respec-
tively). A sketch of the computational domain/flow conditions is
presented in Fig. 1. The size of the computational domain is

Lx � Ly � Lz ¼ 4ph� 4ph� 2h (in x, y, and z, respectively),
where h is the half-channel height. In the present configuration,
the bottom wall is kept at uniform high temperature
(Tbottom ¼ TH), whereas the top wall is kept at uniform low
temperature (Ttop ¼ TC). As a consequence, the temperature dif-
ference DTHC ¼ TH � TCð Þ between the bottom and the top wall
induces buoyancy effects within the flow field (the acceleration
due to gravity acts downward along z). Mass, momentum, and
energy balance equations for the fluid are (in dimensional form)

@ui
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¼ 0 (1)
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where ui is the ith component of the velocity vector, gi is the ith
component of the gravitational acceleration vector, p is the fluctu-
ating kinematic pressure, d1,i is the mean pressure gradient that
drives the flow, T is temperature, q is density, l is viscosity, k is
thermal conductivity, and cp is specific heat. Three different
dimensionless numbers are defined: the Reynolds number
Res ¼ ðush=�refÞ, the Prandtl number Pr ¼ ðlrefcp;refÞ=ðkrefÞ and

the Grashof number Gr ¼ ðgbrefDTHCð2hÞ3Þ=ð�2refÞ, where the

subscript ref is used to indicate fluid properties at the reference
temperature Tref ¼ TH þ TCð Þ=2 and us is the shear velocity. Note
that bref ¼ �ð1=qÞ @q=@Tð Þp and �ref ¼ ðlref=qrefÞ are the thermal

expansion coefficient and the kinematic viscosity at the reference
temperature. For PRB turbulent flows, the key parameter is the
Richardson number Ri (which measures the importance of buoy-
ancy compared to inertia). Here, we used the absolute value of the

shear Richardson number Ris ¼ Gr=Re2s
�
�

�
� (for convectively unsta-

ble flows, the Richardson number is negative). Within the frame-
work of this study, we consider all the fluid properties uniform but
l and b [4,20]. Note that the incompressibility hypothesis is per-
fectly sound within the framework of our numerical method, since
Dq=q < 2% for the range of parameters analyzed in this study.
The resulting set of equations is discretized using a pseudo-
spectral method based on transforming the field variables into
wavenumber space, through Fourier representations for the peri-
odic (homogeneous) directions x and y, and Chebychev represen-
tation for the wall-normal (nonhomogeneous) direction z (see
Refs. [19,20] for details).

2.2 Summary of the Simulations. For the present flow con-
figuration of PRB turbulent channel flow (sketched in Fig. 1), we
performed an extensive campaign of numerical simulations (see
Table 1). The size of the computational domain (4ph� 4ph� 2h)

Fig. 1 Sketch of the computational domain and flow condi-
tions. The flow is driven along the horizontal direction (x) by an
imposed pressure gradient. The bottom wall is kept at uniform
higher temperature (TH) whereas the top wall is kept at uniform
lower temperature (TC).
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and the grid resolution (256� 512� 257 grid points) for each
simulation were chosen to resolve explicitly the largest and the
smallest flow scales [21] (requirements imposed by DNS). For the
range of parameters chosen in this study (Gr ’ 107;Res < 200),
we used a very refined grid [16–18,21,22]. The size of the compu-
tational domain employed for present DNS is larger compared to
archival literature. The only exceptions are some test simulations
done by Iida and Kasagi [17] on an elongated (but narrow) chan-
nel (7:5ph� 3ph� 2h). As a consequence, present simulations
require huge computational resources (500,000 h central process-
ing unit (CPU) time) and represent the state of the art in the field
of turbulent PRB flows. We performed three different types of
simulations:

(1) base simulations with uniform thermophysical properties
(OB approximation), referred to as Boussinesq

(2) simulations where fluid viscosity changes according to the
relation lðTÞ ¼ A� 10B=ðT�CÞ [4,19], where T is the local
fluid temperature in Kelvin, while A ¼ 2:414� 10�5,
B¼ 247.8, and C¼ 140. These simulations will be referred
to as l(T)

(3) simulations where fluid thermal expansion coefficient
changes as bðh�Þ ¼ brefð1þ 0:29� ðh�Þ � 0:037� ðh�Þ2Þ
[4,20], where h� ¼ ðT � TrefÞ=ðDTHC=2Þ is the dimension-
less temperature. These simulations will be referred to as
b(T)

A temperature difference DTHC ¼ TH � TC ¼ 40K is imposed
between the hot and the cold wall, which are kept at TH¼ 343K
and TC¼ 303K, respectively. All simulations are performed
at reference Prandtl number Pr¼ 3 and Grashof number
Gr ¼ 1:12� 107. Note that Pr ’ 3 is the Prandtl number of water
at the reference temperature Tref ¼ 323 K. Three different refer-
ence shear Reynolds number are considered in this study:

Res¼ 110, Res¼ 150, and Res¼ 180. As a consequence, compu-
tations are run at three different absolute values of the shear
Richardson number, Ris ¼ Gr=Re2s

�
�

�
�: Ris¼ 926 (Res¼ 110),

Ris¼ 498 (Res¼ 150), and Ris¼ 346 (Res¼ 180). A comprehen-
sive overview of the simulations parameters is provided in
Table 1.

3 Results and Discussion

3.1 Wall-Normal Momentum and Heat Transfer
Efficiency. To establish whether local flow modifications due to
NOB effects have an impact on macroscopic parameters of PRB
turbulent channel flow we compute the friction factor (Cf) and the
bulk Nusselt number (Nub) as

Cf ¼
sw

1

2
qu2b

; Nub ¼
qwDh

k TW � Tbð Þ (4)

where sw ¼ l@hui=@z is the viscous shear stress at the wall,
qw ¼ k@hTi=@z is the diffusive heat flux at the wall,
ub ¼ 1

A

Ð

A
huidA is the bulk velocity, and Tb ¼

Ð

A
hTihuidA=Ð

A
huidA is the bulk temperature (A being a cross section of the

channel). Brackets indicate average in time and in space (over the
homogeneous directions). Note that the bulk Reynolds number
may be defined as Reb ¼ qubDh=l, where Dh¼ 4 h is the hydrau-
lic diameter. We will also consider the centerline Nusselt number,
Nuc ¼ qwh= k TW � Trefð Þð Þ, where TW ¼ DTHC=2 is the wall-
temperature made symmetrical with respect to the reference tem-
perature. Measurements of the Nusselt numbers (Nub and Nuc)
and of the friction factor (Cf) for the case of turbulent forced con-
vection have been performed to obtain reference benchmark data
(useful for comparison purposes, see Table 2). Note that for

Table 1 PRB turbulent channel flow: summary of the simulations parameters. Simulations for the reference case of forced convec-
tion turbulence (FC) are also included.

Simulations Res Ris Grid Thermophysical properties

PRB110� Boussinesq 110 926 256� 512� 257 Uniform PRB
PRB110� lðTÞ 110 926 256� 512� 257 l¼l(T) Flow
PRB110� bðTÞ 110 926 256� 512� 257 b¼b(T)

PRB150� Boussinesq 150 498 256� 512� 257 Uniform
PRB150� lðTÞ 150 498 256� 512� 257 l¼l(T)
PRB150� bðTÞ 150 498 256� 512� 257 b¼b(T)

PRB180� Boussinesq 180 346 256� 512� 257 Uniform
PRB180� lðTÞ 180 346 256� 512� 257 l¼l(T)
PRB180� bðTÞ 180 346 256� 512� 257 b¼b(T)

FC110 110 0 256� 256� 257 Uniform Forced
FC150 150 0 256� 256� 257 Uniform Convection
FC180 180 0 256� 256� 257 Uniform

Table 2 Friction factor (Cf) and Nusselt numbers (Nub, Nuc) for the case of forced convection turbulence. Simulations for Res5 110
are performed on a grid made of 1283 1283129 nodes. Simulations from Res5 150 and Res5 180 are performed on a grid made of
2563 2563 257 nodes. When l5 l(T) friction factors CH

f and CC
f are evaluated at the hot and cold wall, respectively. Reference

data from currently available correlations are also provided: we use [23] Cf 5 0:0733Re�1=4
m (label DE) and [24]

Nub 5 0:0273Re
4=5
b Pr1=3 (label ST). Note that Rem 5Reb=2.

Cf Cf

CC
f CH

f (DE)
Simulations Res Ris Reb ð�10�3Þ ð�10�3Þ Nub Nub (ST) Nuc

FC110� uniform 110 0 6445 9.3 9.7 37.5 43.4 8.1
FC110� l ¼ lðTÞ 110 0 6371 10.8 8.2 9.7 37.5 43 8.1

FC150� uniform 150 0 9198 8.5 8.9 52 57.7 11.3
FC150� l ¼ lðTÞ 150 0 9113 10.1 7.7 8.9 52.1 57.3 11.4

FC180� uniform 180 0 11269 8.2 8.4 63.1 67.9 13.6
FC180� l ¼ lðTÞ 180 0 11085 9.4 7.4 8.4 63 67.1 13.6
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turbulent forced convection only l(T) is considered (no buoyancy
effects, hence b(T) is negligible). It is clear that even for this refer-
ence case, l(T) has an important effect: the local value of the fric-
tion factor computed at the cold (Cf,C) and hot wall (Cf,H) is
different (615%) from the value computed assuming uniform
fluid properties. These differences are due to the different values
of the shear stress at the wall (sw ¼ l@hui=@z), which in turns
depends on the local value of the fluid viscosity. By contrast, the
Nusselt number is not influenced by l(T). This happens in this
specific flow configuration, where the total heat flux is constant
across the channel. In Table 2, we also provide reference data
for Cf and Nub obtained from currently available correlations. In
particular, we use Cf ¼ 0:073� Re�1=4

m [23] and Nub ¼ 0:027
�Re

4=5
b Pr1=3 [24]. Note that Rem¼Reb/2.

Measurements of Nusselt numbers (Nub and Nuc) and friction
factor (Cf) for the case of PRB turbulent channel flow are shown
in Fig. 2 and summarized in Table 3. Compared to the reference
case of turbulent forced convection (Cf,0 and Nub,0) the friction
factor Cf and the Nusselt number Nub for PRB turbulent channel
flow with uniform fluid properties (OB approximation, –�– in
Fig. 2) increases monotonically in the Ris parameter space
(1:2 < Cf =Cf ;0 < 2 and 1:3 < Nub=Nub;0 < 1:9). The role of b(T)
(–�– in Fig. 2) is important, whereas the role of l(T) is negligible
(–�– in Fig. 2(a)): compared to the OB approximation (–�– in
Fig. 2), when b(T) is considered Cf and Nub increase up to þ40%
(for Ris¼ 926). An explanation of these results, based on the anal-
ysis of turbulence structures/statistics, will be given in the follow-
ing sections. Here, we just mention that the turbulence structure of
PRB flow is essentially different from that of forced convection:
for PRB flows, rising, and falling thermal plumes (generated by
buoyancy at the hot and cold walls) induce a large scale thermal
convection, which is responsible for the increase of momentum
and heat transport efficiency (these mechanisms have no counter-
parts in forced convection turbulence). In Sec. 3.4, we will com-
pare our numerical results with a phenomenological model for
heat transfer prediction in PRB turbulent flows.

3.2 Large Scale Convection. In Sec. 3.1, we have analyzed
the effect of NOB on heat and momentum transfer coefficients in
PRB turbulent flows. In this section, we try to link those results

with the dynamics of flow structures. In Fig. 3, flow structures are
analyzed using contour maps of the temperature field (panels a
and c) and of the streamline rotation vector X [25] (panels b and
d). Figs. 3(a) and 3(b) refer to PRB flow, Figs. 3(c) and 3(d) to
forced convection. Note that Figs. 3(a) and 3(b) refer to a domain
twice as large as that of Figs. 3(c) and 3(d). In the reference case
of forced convection turbulence, quasi-streamwise vortices
(light regions in Fig. 3(d)) are the dominant flow structures [26].
Temperature (Fig. 3(c)) is advected by the velocity field, and is
transported by vertical motions: a thick layer of hot fluid (resp.
cold fluid) is observed near the hot wall (resp. cold wall). In PRB
flows, the turbulence structure is essentially different from that of
forced convection. We will take Fig. 3(a) as reference to provide
physical explanations of the transport mechanisms in PRB turbu-
lent channel flows. The most unstable regions of the flow are those
close to the boundaries (where large temperature gradients exist),

Fig. 2 (a) Normalized friction factor (Cf =Cf ;0) and Nusselt
number (Nub=Nub;0) for simulations of PRB turbulent channel
flow: –�– represents results obtained with OB assumptions;
–�– represents results obtained assuming l(T); –�– represents
results obtained assuming b(T). Results of Nub=Nub;0 obtained
from our simplified model of heat transfer in PRB flows (open
symbols) are also shown: �$� for OB assumptions, –w– for
b(T).

Table 3 Friction factor (Cf) and Nusselt numbers (Nub, Nuc) for
PRB turbulent channel flow. When l5l(T) friction factors CH

f
and CC

f are evaluated at the hot and cold wall, respectively.

Cf

CC
f CH

f

Simulations Res Ris Reb ð�10�3Þ Nub Nuc

PRB110� Boussinesq 110 926 4230 18.6 71 18.4
PRB110� lðTÞ 110 926 4230 19.6 17.4 71 18.2
PRB110� bðTÞ 110 926 3555 28 94 25.2

PRB150� Boussinesq 150 498 7470 13 76.5 18.8
PRB150� lðTÞ 150 498 7220 12.1 13.6 76.5 18.7
PRB150� bðTÞ 110 498 6320 17.8 100 24.3

PRB180� Boussinesq 180 346 10040 10.1 80 19.6
PRB180� lðTÞ 180 346 9707 9.4 10.9 80.1 19.5
PRB180� bðTÞ 110 346 8820 13.1 99.5 24.1

Fig. 3 Contour maps of the temperature field (panels a and c)
and of the streamline rotation vector (panels b and d) on a x – y
plane parallel to the walls (and passing through the centerline
of the channel) for simulations of channel turbulence at
Res5 150. (a) PRB turbulent channel flow (Ris5 498). (b) Forced
convection turbulence.
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and the dominant feature of the flow (large eddies) originate there.
Consider the hot (bottom) wall: there are intermittent eruptions of
hot fluid away from this wall (light regions in Fig. 3(a)). Colder
fluid moves close to the hot wall (dark regions in Fig. 3(a)) to
replace the fluid in an eruption. This is gradually heated by con-
duction from the wall until there is a thick enough layer of hot
fluid for another eruption to be originated. The process then
repeats. Each eruption gives rise to one or sometimes more col-
umns of hot fluid rising through the interior region. These features
are called thermals plumes, or simply thermals [27]. They pene-
trate right across the layer generating transient “bubbles” of fluid
close to the opposite boundary. Near the lower wall the upward
velocity of a rising hot plume is initially low. In the core region, it
is accelerated by buoyancy forces and eventually penetrates the
boundary layer at the upper wall with high kinetic energy. Ther-
mals lose their identity before reaching the opposite boundary,
where they are deflected in the horizontal direction. The deflection
of thermals generates a strong divergence of the horizontal veloc-
ity field in the boundary layer, which pushes newly forming
plumes closer yet producing the large scale convection [22]. The
mechanisms of formation/merging of buoyant plumes is visual-
ized in Fig. 4: plumes appear first as instabilities in the thermal
boundary layer; later, plumes cluster together to form a large-
scale structure whose characteristic dimension scales with the
height of the channel. We note a tendency for several successive
eruptions to occur with periodicity and in the same places each
time. Thermals formation and persistence appears to be one of the
dominant feature of buoyancy-affected flows [10]. The quasi
streamwise vortices (light regions in Fig. 3(b)) seem to be swept
out by the large scale circulation induced by thermal plumes.
Coherent, large scale motions induced by thermals and disorgan-
ized small-scale motions coexist, the latter occurring both within
the thermals and in the region between adjacent thermals (light
regions in Fig. 3(b)). Thermal plumes are aligned in the stream-
wise direction due to the mean shear. This is visualized through
temperature contours on a x – y plane passing through the center-
line of the channel (Fig. 5). Note that the domain in Fig. 5(a) is
twice as large as that of Fig. 5(b), as discussed before. For PRB
turbulent channel flow (Fig. 5(a)), we observed two different
regions: a region of hot fluid (light region), corresponding to ther-
mal plumes raising from the hot wall, and a region of cold fluid
(dark region), corresponding to thermal plumes falling down from
the cold wall. Temperature contours for the reference case of
forced convection turbulence (Fig. 5(b)) is shown for comparison

purposes. In this case, large scale circulation does not occur, and
regions of hot (light regions) and cold fluid (dark regions) are
homogeneously distributed.

3.3 Frequency Spectra. So far, we have observed that PRB
turbulent channel flow is characterized by flow structures of
different scales: from individual convective plumes (scaling with
the boundary layer thickness) to large scale clusters of plumes
(scaling with the height of the computational domain). To quan-
tify the distribution of energy to the different scales, we measured
the spanwise energy spectra [17] of the streamwise velocity fluc-
tuations (Eu02x

, Fig. 6(a)), of the spanwise velocity fluctuations

(Eu02y
, Fig. 6(b)) and of the wall-normal velocity fluctuations (Eu02z

,

Fig. 6(c)). For each component, we compared results from the
simulation assuming OB approximation (filled circles) with those
assuming NOB conditions (b(T), open circles). Results from
simulation of forced convection turbulence (solid line) are also
shown for comparison purposes. Since the effect of l(T) is low
compared to that of b(T), here, we discuss only b(T) as
temperature-dependent fluid property. Frequency spectra, com-
puted at the channel center (Lx/2, Lz/2), are averaged over a time

window of Dtþ ¼ Dt � us=� ¼ 1� 104 after a statistically steady
state is reached. Results are shown for simulations at Ris¼ 498
(Res¼ 150) only. For frequency spectra in PRB turbulent channel
flow with OB approximation (filled circles) we observed (i) a
general increase of energy spectra at higher wave numbers, corre-
sponding to higher small scale mixing (note the small scale struc-
tures in Figs. 3(a), 3(b), and 5(a)), (ii) a general decrease of

Fig. 4 (a) Flow structures for PRB turbulent channel flow:
structures are plotted on a specific region of the fluid domain
using a dimensionless temperature isosurface (h5 0.16). (b)
The trace of temperature isosurface on a cross section (temper-
ature contour) is shown to clarify the mechanisms of formation
and merging of buoyant plumes. LSC: large scale circulation.

Fig. 5 Contour maps of the temperature field on a x – y plane
parallel to the walls (and passing through the centerline of the
channel) for simulations of channel turbulence at Res5150. (a)
PRB turbulent channel flow (Ris5 498). (b) Forced convection
turbulence.
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energy spectra at moderate wave numbers, and (iii) a peak value
at low wave numbers, which has no counterpart in the correspond-
ing turbulent forced convection (lines). Decrease of frequency
spectra at moderate wave numbers (which include the streak spac-
ing) indicates the attenuation of mechanism of generating and sus-
taining the typical coherent structures observed in usual channel
turbulence [17]. Increase of energy spectra at low wave numbers
is due to large scale convection prompted by thermal plumes
emerging from the near wall region (see Sec. 3.2). To demonstrate
this correlation, we consider a large scale structure of length scale

h and velocity scale uLS (and frequency fLS): the scale velocity

uLS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gbDTHC2h
p

¼
ffiffiffiffiffiffi
Gr

p
�=2h is the free-fall velocity [5],

whereas the corresponding frequency is fLS ¼ uLS=2ph ¼ 0:6 Hz.
From Fig. 6, we observe that the peak values of the frequency
spectra occur for kh ’ 1. The frequency associated to this wave-
number is f ¼ kuLS=2p ¼ 0:63 Hz, in good agreement with the
previous estimate. The effect of b(T) is marked throughout the
entire range of wavenumbers. In particular, we observe that b(T)
increases the energy of turbulence fluctuations at each lengthscale,
indicating that energy is introduced at larger as well as smaller
lengthscales. Interestingly, the peak value of the spanwise energy
spectra is not influenced by b(T), meaning that large scale struc-
tures are controlled by the size of the domain (h) rather than by
the local value of b(T). Modifications of large and small-scale
eddies have an impact on wall-normal transport of momentum
and heat (Sec. 3.1) and are expected to influence mixing proper-
ties of the flow (see Sec. 3.6).

3.4 A Phenomenological Model of Heat Transfer in PRB
Turbulent Flows. In this section, we propose a simplified model
of heat transfer in PRB turbulent flows. We build our model fol-
lowing that of Hetsroni et al., [28] which was developed for heat
transfer prediction in buoyancy-free (forced convection) turbulent
flows. Some of the details derived in Hetsroni et al. [28] have
been included here for completeness. We assume that the amount
of heat Q removed from the wall during the time t is determined
primarily by the coherent flow structures: bursting events and
thermal plumes (see Sec. 3.2 for details on coherent structures in
PRB flows). This is a fair assumption for turbulent flows influ-
enced by buoyancy [28]. A coherent structure (burst/plume) is
modeled as an axially symmetrical submerged jet. The heat trans-
ferred from the wall by a submerged jet of cross-sectional area s
and duration t1 is [28] Q1 ¼ 2qcpwmDTmst1I, where I ’ A=Prn

(for water, A¼ 0.0667 and n¼ 0.8), wm and Tm are the velocity
and the temperature at the axis of the jet while DTm ¼ Tm � Tref
(Tref is the centerline reference temperature). Within the present
model, the characteristic velocity of the jet is the sum of two verti-
cal velocities: one is the characteristic velocity of a burst (wm,burst)
while the other is the characteristic velocity of a plume (wm,plume).
Since the total amount of heat removed from the wall is
Q ¼ aðTw � TrefÞ, the thermal balance reads as

Q ¼ a Tw � Trefð Þ ¼ 2qcpðwm;burst þ wm;plumeÞDTmcðA=PrnÞ (5)

with a the heat transfer coefficient and c¼ t1/t. In dimensionless
form (multiplying by h=kðTw � TrefÞ and assuming DTm ¼ Tw
� Tref), Eq. (5) becomes

Nub ¼ 2
l

�
cpwmc

A

Prn
h

k
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

Nub;0

þ 2
l

�
cpwm;plumec

A

Prn
h

k
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Nub;t

(6)

where Nub ¼ ah=k. Note that the Nusselt number may be consid-
ered as the sum of a contribution due to turbulent bursts (Nub,0,
buoyancy is neglected) and a contribution due to thermal plumes
(Nub,t). Eq. 6 may be written as Nub=Nub;0 ¼ 1þ wm;burst=
wm;plume, where wm;burst ¼ eub (with ub is the bulk velocity) and

wm;plume ¼ ðgbrefDTHC2hÞ1=2 ¼ 1=2Gr1=2�=h (namely, the free-

fall velocity [5]). Since bursts originated in the near-wall region
expand into the outer region with a wall-normal velocity compara-
ble with the streamwise convection velocity, we assume
wm;burst ’ ub, and hence e ’ 1. For wall-bounded turbulent flows,

the bulk velocity may be expressed as ub=us ¼ 8:74Re1=7s [29].

With these assumptions, we obtain

Nub

Nub;0
’ 1þ 1

20

Gr1=2

Res

1

Re1=7s

¼ 1þ 1

20

Ri1=2s

Re1=7s

(7)

Fig. 6 Spanwise frequency spectra of fluid velocity fluctua-
tions (Ris5 498) for PRB turbulent channel flow: comparison
between simulations with uniform thermophysical properties
(filled circles) and simulations with temperature-dependent
thermal expansion coefficient (open circles). Results from the
simulation of forced convection turbulence (solid line) are also
included. (a) Streamwise velocity fluctuations; (b) spanwise
velocity fluctuations; (c) wall-normal velocity fluctuations.
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For our simulations, Nub=Nub;0 ’ 1:44 (for Ris¼ 346 and
Res¼ 180), Nub=Nub;0 ’ 1:54 (for Ris¼ 498 and Res¼ 150), and
Nub=Nub;0 ’ 1:77 (for Ris¼ 926 and Res¼ 110). When b(T) is
considered, the characteristic velocity of the plume should be cor-
rected to represent the vertical velocity of a jet in a fluid with non
uniform b. Assuming wNOB

m;plume ¼ ðbbulk=brefÞwm;plume and bbulk the
bulk thermal expansion coefficient, we obtain

Nub

Nub;0
’ 1þ bbulk

bref

� �1=2
1

20

Ri1=2s

Re1=7s

(8)

In our simulations ðbbulk=brefÞ1=2 ¼ 1:505, leading to: Nub=Nub;0
’ 1:66 (for Ris¼ 346 and Res¼ 180), Nub=Nub;0 ’ 1:81 (for
Ris¼ 498 and Res¼ 150), and Nub=Nub;0 ’ 2:16 (for Ris¼ 926
and Res¼ 110). Values of Nub obtained from the present model
for both uniform properties (open triangles, �r�) and b(T) (open
squares, –�–) are shown in Fig. 2 together with our DNS results.
Note that there is a quadratic dependence between Nu and Gr,
while there is an almost inverse linear dependence between Nu
and Re. The phenomenological model developed here predicts the
importance of NOB assumptions on heat transfer rates: differen-
ces (up to 30%) may be observed between the results obtained for
OB (�r�) and for NOB (–�–) conditions. Qualitative agreement
between our simplified model and DNS results is also observed,
although there are some differences. In particular, this model
seems to underestimate the amount of heat transported by thermal
plumes in case of NOB conditions and large values of Ris. The
problem of Nusselt number (Nu) calculation in forced convection
has been extensively investigated in literature, and several numer-
ical correlations have been developed. By contrast, numerical cor-
relations for Nu prediction in mixed convection are scarce. When
it is considered in this context, the present model is useful for pre-
diction of heat transfer enhancement (compared to the case of
forced convection) in turbulent mixed convection.

3.5 Flow Field Statistics. In this section, flow field statistics
are analyzed and discussed, and the role of temperature-dependent
fluid properties is pointed out. To keep discussion contained,
statistics will be examined only for Ris¼ 498. Velocity, tempera-
ture, and the wall normal coordinate are made dimensionless as
uþ ¼ u=us; h

� ¼ ðT � TrefÞ=ðDTHC=2Þ, and z� ¼ z=h, respec-
tively. Unless explicitly indicated, all the quantities in this section
(and in the following) are expressed in dimensionless units, with
the superscriptþ or – being suppressed for ease of notation.

In Fig. 7, the mean streamwise velocity profiles, huxi, and the
mean temperature profile, hhi, are shown (in dimensionless units)
as a function of the dimensionless wall-normal coordinate z.
Results from simulations with uniform thermophysical properties
(solid line), with temperature-dependent viscosity (l(T), dotted
line) and with temperature-dependent thermal expansion coeffi-
cient (b(T), dash-dotted line) are compared. Profiles of huxi and
hhi from the reference simulation of turbulent forced convection
(symbols) are also included for comparison purposes. Due to the
effect of buoyancy in PRB turbulent flows, wall-normal transport
of momentum, and heat increases compared to the case of forced
convection turbulence, where temperature is a passive scalar.
The mean streamwise velocity for PRB turbulent flow (lines in
Fig. 7(a)) is globally decreased, and the central part of the pro-
file (flat) is typical of a well mixed profile. This suggests that
turbulence (and the associated wall-normal transport of momen-
tum) is much activated by buoyancy, causing the thinning of the
boundary layer thickness and the increase of the skin friction
(see also Sec. 3.1). From Fig. 7(a), we note that the NOB effects
may be important. In particular, b(T) globally decreases the
mean velocity profiles compared to the simulation with OB
assumption. By contrast, the effect of l(T) is only marginal. The
mean temperature field (Fig. 7(b)) has a two-region structure
consisting of a well-mixed interior (extending over a large pro-
portion of the channel) that separates the boundary layers at the
lower and upper walls. It is clear that buoyancy effects in PRB
flow (solid line) increases the temperature gradient at the wall
but decreases the temperature gradient elsewhere. As a conse-
quence, higher heat transfer rates are observed at the wall (see
Sec. 3.1), whereas enhanced turbulent mixing is expected in the
core of the channel. Temperature-dependent fluid properties may
alter the symmetry of the fluid velocity and temperature profiles
in the wall-normal direction. We note that only the effect of
b(T) is visible. The mean fluid temperature profile obtained from
NOB� lðTÞ simulation is barely visible, since it lies behind that
obtained from OB simulation. Due to the temperature behavior
of b(T), buoyancy supports the uprising hot fluid more than the
downcoming cold fluid, resulting in a slight increase of the bulk
temperature. However, the flow asymmetry induced by NOB
conditions is low compared to the overall effect of buoyancy
(thermal convection) on PRB turbulent channel flow. For this
reason, we will present the following statistics for half domain
only (average has been done between the results for �1 < z < 0
and those for 0< z< 1).

We have already observed in Sec. 3.1 that the Nusselt number
(Nu) and the friction factor (Cf) increase in PRB turbulent channel

Fig. 7 Statistics of mean fluid velocity and temperature for PRB turbulent channel flow at Ris5498 (Res5 150): comparison
between simulations with uniform thermophysical properties (OB, solid line) and simulations with temperature-dependent
viscosity (NOB, dashed line) and temperature-dependent thermal expansion coefficient (NOB, dash-dotted line). Results from
the simulation of forced convection turbulence (symbols) are also included. (a) Mean fluid streamwise velocity hux i; (b) mean
fluid temperature hhi.
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flow. Here, we deepen those results by looking at the wall-normal
behavior of both the shear stress (wall-normal transport of mo-
mentum) and the heat flux (wall-normal transport of heat). Further
statistics of flow velocity and temperature fluctuations are pre-
sented in Appendix. In Fig. 8(a), we consider the wall-normal
shear stress, ðsxz=qu2sÞ ¼ svxz þ stxz, where svxz ¼ ð1=ResÞð@huxi=
@zÞ is the viscous shear stress and stxz ¼ hu0xu0zi is the turbulent
shear stress (u0i being the fluid velocity fluctuations). As expected,
the total shear stress does not change between the different simu-
lations (our simulations are performed imposing the same pressure
gradient, i.e., the same total shear stress) and is a straight line
between sxz¼ 1 (at the wall) and sxz¼ 0 (at the channel center-
line). However, the relative importance of the turbulent and vis-
cous stresses to the total stress changes between the different
cases. Compared to the reference case of forced convection turbu-
lence (symbols), stxz increases for PRB flow (solid line) and
increases even further when b(T) is considered (dash-dotted line).
Corresponding to the increase of stxz, the viscous shear stress svxz
decreases (to keep the total shear stress constant). This confirms
that the wall-normal transport of momentum is efficiently driven
by turbulent fluctuations induced by buoyancy. In Fig. 8(b), we
consider the wall-normal heat flux ðq=ðqcpusDTHC=2ÞÞ ¼ qv þ qt,
where qv ¼ ð1=PrResÞð@hhi=@zÞ and qt ¼ hh0u0zi are the diffusive
and the turbulent part of the total heat flux, respectively. Heat
fluxes are normalized as qad ¼ ðq=qFCÞ; qvad ¼ ðqv=qFCÞ;
qtad ¼ ðqt=qFCÞ, where qFC is the wall-normal heat flux for forced
convection turbulence. Compared to qFC, the total heat flux for
PRB turbulent channel flow (solid line) is higher (þ70%). A fur-
ther increase (þ30%) of the total heat flux is observed for b(T).
Note that the diffusive heat flux qvad is very small throughout the
entire channel height but in the near wall-region, where higher
temperature gradients are observed (see Fig. 7(b)). The near wall-
region is the region where the effect of buoyancy and of b(T) on
qvad is clearly visible. Different conclusions can be drawn for the
turbulent heat flux qtad. Large variations of q

t
ad are found through-

out the entire channel height and confirm the observation that the
wall-normal transport of heat is carried by turbulent fluctuations
of velocity (driven by buoyancy).

3.6 Mixing Efficiency in PRB Turbulent Channel Flow.
We conclude our analysis with the computation of mixing effi-
ciency in PRB turbulent channel flow. The key question we want
to address is how mixing efficiency is modified by the amount of
buoyancy. Mixing efficiency may be evaluated using the flux
Richardson number Rif [30–32]

Rif ¼
Bk

Pk

¼
Ris

16
hh0u0zi

hu0xu0zi
@huxi
@z

(9)

where Bk and Pk are production of TKE by buoyancy and by mean
shear, respectively. Mixing efficiency quantifies the amount of
TKE (i.e., energy available for mixing) lost to potential energy
(PE). For PRB flows, PE generates TKE, hence Rif is negative.
Here, we consider the absolute value of the flux Richardson num-
ber. The behavior of Rif as a function of the wall-normal coordi-
nate is given in Fig. 9(a) for the three different Richardson (and
Reynolds) numbers and for OB approximation. Consider first the
behavior of Rif for a given Richardson (or Reynolds) number: Rif
increases rapidly while moving from the wall to the center of the
channel. This behavior may be explained by looking at the contri-
bution of Bk and Pk to Rif (Figs. 9(b) and 9(c), respectively). In
PRB turbulent channel flow both production of TKE by buoyancy
(Bk) and by mean shear (Pk) are usually important, but not in the
same place [3]. Production of TKE by mean shear (Fig. 9(b)) is
more intense near the surface (and falls of strongly away from the
surface), while production of TKE by buoyancy (Fig. 9(c)) is very
important far from the near-wall region. As a consequence, (i) Rif
is large in the core of the channel (where, owing to
ð@huxi=@zÞ ! 0, Pk is small and Bk is large) while (ii) Rif is small
in the near wall region (where Pk is large and Bk is small). Where
Rif is large, turbulence (TKE) is efficiently produced by buoyancy
(Bk) rather than by mean shear (Pk). The trend of mixing
efficiency for increasing Richardson (and Reynolds) number is
explicitly indicated by arrows in Fig. 9(a). As expected, mixing
efficiency increases for increasing Ris and decreases for increas-
ing Res. For increasing Ris, turbulence production by buoyancy
(Bk) increases and the corresponding mixing efficiency increases.
For increasing Res, the relative importance of turbulence produc-
tion by buoyancy (Bk) decreases as well as the corresponding mix-
ing efficiency.

Finally, we consider the effect of b(T) on mixing efficiency. To
this aim, we compute the ratio Rif ;b=Rif , where Rif ;b is the mixing
efficiency for simulations with b(T). Results are shown in
Fig. 9(d). For each Richardson number, b(T) increases the mixing
efficiency of the flow (Rif ;b=Rif > 1 everywhere but in a small
region near the wall). However, the effect of b(T) is higher in the
buffer region (Rif ;b=Rif > 1:5) and lower in the core region
(1 < Rif ;b=Rif < 1:5), indicating that mixing efficiency is selec-
tively modified by b(T), with a maximum impact in the buffer

Fig. 8 Wall-normal transport of momentum and heat for PRB turbulent channel flow at Ris5498 (Res5150): comparison
between simulations with uniform thermophysical properties (OB, solid line) and simulation with temperature-dependent
thermal expansion coefficient (NOB, dash-dotted line). Results from the simulation of forced convection turbulence (symbols)
are also included. (a) Wall-normal behavior of the total (stotxz ), turbulent (s

t
xz ), and viscous (svxz ) shear stresses. (b) Wall-normal

behavior of the total (qtot
ad ), turbulent (q

t
ad ), and conductive (qv

ad ) heat fluxes.
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region (where buoyancy effects are predominant). The trend of
Rif ;b=Rif for increasing Ris is indicated by arrows in Fig. 9(d).
We note the tendency for Rif ;b=Rif to be increased for increasing
Ris, and decreased for increasing Res. This is consistent with the
results discussed in Sec. 3.5, where we observed that b(T)
increases the wall normal transport of turbulence fluctuations.

4 Conclusions

Mixing in PRB turbulent channel flow is a complex phenom-
enon, which is crucial in a number of industrial and environmental
applications. Further complexity is introduced when OB assump-
tions are dropped and fluid properties are forced to depend on
temperature (NOB): this is the case of turbulent water flows sub-
jected to large temperature gradients. In this paper, the importance
of the usual OB approximation in turbulent PRB flow is estab-
lished via DNS of water flows with fluid viscosity (l) and thermal
expansion coefficient (b) purely varying with temperature (NOB).
DNS are performed using a pseudo-spectral method for the time
integration of momentum and energy equations (written in their
variable-viscosity/thermal expansion coefficient formulation) for
the case of PRB water channel flows.

Flow simulations (either with uniform or with temperature-
dependent fluid properties) were run at reference Prandtl number
Pr¼ 3 and at three different absolute values of the shear Richard-
son number Ris¼ 926, 498, and 346 (corresponding to shear
Reynolds numbers Res¼ 110, 150, 180, and Grashof number
Gr ¼ 1:12� 107). Fluid velocity and temperature statistics
obtained from simulations of PRB turbulent channel flow assum-

ing OB and NOB conditions have been compared with those rela-
tive to the reference case of forced convection turbulence.
Discussion has been done with reference to the simulations at
Ris¼ 498. For PRB turbulent flow, thermal convection induced
by buoyancy increases the wall-normal transport of momentum
and heat compared to the corresponding forced convection turbu-
lence, where temperature is a passive scalar. We have found that
only the effect of b(T) is important, whereas the effect of l(T) is
negligible. For simulations of PRB flow with b(T), the wall-
normal transport of momentum and heat increases compared to
that obtained assuming OB approximation. We have provided a
qualitative explanation of the observed statistical behavior by
examining the instantaneous flow structure. One of the key fea-
tures of PRB turbulent channel flow is the generation of large-
scale circulation, which has no counterpart in forced convection
turbulence. The dynamics of large scale circulation may be
explained as follows: (i) large scale convection is triggered by
thermal plumes arising from the near wall region; (ii) the hot and
cold plumes (which are separated laterally) exert buoyancy forces
to the bulk fluid and drive the flow in the vertical direction; (iii)
the vertical flow reaches the opposite wall where it is deflected in
the horizontal direction, pushing newly forming plumes closer
(cluster of plumes); (iv) the process is self-feeding and starts
again. Frequency spectra (of fluid velocity fluctuations) have been
used to detect large scale motions (low wave number events)
occurring for PRB turbulent flow. A simplified phenomenological
model of heat transfer in PRB turbulent flows, based on the
assumption that heat is carried primarily by thermal plumes and
near-wall bursting events, has been developed. Finally, we have

Fig. 9 (a) Mixing efficiency (Rif) for PRB turbulent channel flow (assuming OB conditions) at Richardson number Ris5 346
(Res5 180, solid line), Ris5 498 (Res5 150, dotted line), and Ris5 926 (Res5110, dash-dotted line). (b) Production of TKE by
mean shear, Pk. (c) Production of TKE by buoyancy, Bk. (d) Wall-normal behavior of the ratio between mixing efficiency for PRB
turbulent channel flow assuming temperature-dependent thermal expansion coefficient (Rif,b) and the mixing efficiency for PRB
turbulent channel flow assuming uniform fluid properties (Rif).
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computed the mixing efficiency of the flow: calculations have
been performed for each Reynolds (and Richardson) number, to
observe possible trends in the Res (or Ris) parameter space. We
have observed that (i) mixing efficiency increases for increasing
Ris (and decreases for increasing Res) and (ii) the effect of
temperature-dependent thermal expansion coefficient on mixing
efficiency is larger for increasing Ris (and is weaker for increasing
Res).
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Nomenclature

Nub ¼ bulk Nusselt number
Reb ¼ bulk Reynolds number
Tb ¼ bulk temperature

bbulk ¼ bulk thermal expansion coefficient
ub ¼ bulk velocity

Nuc ¼ centerline Nusselt number
q ¼ density
qw ¼ diffusive heat flux at the wall
qv ¼ diffusive part of the wall-normal heat flux
h ¼ dimensionless fluid temperature
l ¼ dynamic viscosity
h0 ¼ fluid temperature fluctuation

u0x; u
0
y; u

0
z ¼ fluid velocity fluctuations in x, y and z

directions
Rif ¼ flux Richardson number (absolute value)
Gr ¼ Grashof number
Cf ¼ friction factor
g ¼ gravitational acceleration
h ¼ half channel height

Q1 ¼ heat transferred from the wall by a sub-
merged jet (phenomenological model)

a ¼ heat transfer coefficient
� ¼ kinematic viscosity

Tref ¼ ðTH þ TCÞ=2 ¼ mean reference temperature
Nu ¼ Nusselt number
Pr ¼ Prandtl number
p ¼ pressure

Res ¼ shear Reynolds number
Ris ¼ shear Richardson number (absolute value)
us ¼ shear velocity

Lx, Ly, Lz ¼ size of the computational domain in x, y,
and z directions

Eu02
i
¼ spanwise energy spectra of fluid velocity

fluctuations
cp ¼ specific heat
T ¼ temperature

DTHC ¼ temperature difference between the hot
and cold walls

TH ¼ temperature of the hot (bottom) wall
TC ¼ temperature of the cold (top) wall
b ¼ thermal expansion coefficient
k ¼ thermal conductivity
qt ¼ turbulent part of the wall-normal heat flux
stxz ¼ turbulent part of the wall-normal shear

stress
wm, Tm ¼ velocity and temperature at the axis of the

jet (phenomenological model)

wm,burst ¼ velocity at the axis of the jet due to bursts
(phenomenological model)

wm,plume ¼ velocity at the axis of the jet due to plumes
(phenomenological model)

svxz ¼ viscous part of the wall-normal shear stress
sw ¼ viscous shear stress at the wall
qFC ¼ wall normal heat flux for turbulent forced

convection
sxz ¼ wall-normal shear stress
TW ¼ wall temperature made symmetrical with

respect to the reference temperature
k ¼ wave number (along y direction)

Superscripts and Subscripts

hi ¼ average in time and in space (over the
homogeneous directions)

þ ¼ nondimensionalized by us and �
– ¼ nondimensionalized by us and h
ad ¼ nondimensionalized by the wall-normal

heat flux for forced convection
RMS() ¼ root mean square value

0 ¼ value computed for Gr¼ 0, i.e., in
turbulent forced convection

H, C ¼ value computed at the hot and cold walls
ref ¼ variable computed at the reference

temperature Tref ¼ ðTH þ TCÞ=2

Appendix: Turbulence Statistics

The root mean square (RMS) of the fluid velocity fluctuations
(in each direction), hRMSðu0iÞi, and of the fluid temperature fluctu-
ations, hRMSðh0Þi, is shown in Fig. 10. Since the flow asymmetry
induced by NOB conditions is low compared to the overall effect
produced by buoyancy, we will present flow statistics for half do-
main only (average has been done between the results for
�1 < z < 0 and those for 0< z< 1). To analyze those effects
induced by stratification only, we begin from the comparison
between the case of PRB turbulent channel flow assuming OB
approximation (solid line) and the reference case of forced con-
vection turbulence (symbols). As buoyancy effects appear,
streamwise fluctuations (hRMSðu0xÞi, Fig. 10(a)) increase in the
core region of the channel (mixing enhancement) but decrease in
the buffer region. By contrast, spanwise (hRMSðu0yÞi, Fig. 10(b))
and wall-normal velocity fluctuations (hRMSðu0zÞi, Fig. 10(c))
increase along the whole channel height. In particular, hRMSðu0yÞi
increases very sharply in the near-wall region, reaches a maxi-
mum at z ’ �0:85 and decreases up to the channel centerline
(z¼ 0); differently, hRMSðu0zÞi increases monotonically from the
channel wall up to the channel centerline, where it reaches its
maximum. The increase of hRMSðu0yÞi and hRMSðu0zÞi indicates
the activation of cross-stream eddies generated from the thermal
plumes raising up from each wall (see Sec. 3.2). Root mean square
of temperature fluctuations, hRMSðh0Þi, are shown in Fig. 10(d). It
is clear that hRMSðh0Þi decreases in the core of the channel for
PRB flow, indicating the tendency for temperature fluctuations to
be damped (mixing is more effective and temperature fluctuations
are more homogeneously distributed). Whereas the effects of l(T)
on velocity and temperature fluctuations are negligible (solid lines
and dotted lines coincide), the influence of b(T) is strong: for
NOB assumption, streamwise velocity fluctuations hRMSðu0xÞi
decrease in the buffer region, but increase in the core region of the
channel (Fig. 10(a)). Spanwise (hRMSðu0yÞi) and wall-normal
(hRMSðu0yÞi) velocity fluctuations increase along the whole chan-
nel height (Figs. 10(b) and 10(c)), while temperature fluctuations
(hRMSðh0Þi) decrease throughout the whole channel height but in
the near wall region (Fig. 10(d)). All the previous observations
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indicate that b(T) has a strong impact on momentum and heat
transport efficiency, whereas l(T) has only negligible effects (for
this flow configuration).

Higher wall-normal velocity fluctuations for b(T) can be
explained considering that the buoyancy force acting on a fluid
particle is proportional to the local value of the thermal expansion
coefficient, FB � bðzÞ. Since b(T) is a monotonic function of tem-
perature, compared to OB approximation, NOB assumption
increases the buoyancy of a fluid parcel at the hot wall and
decreases the buoyancy of a fluid parcel at the cold wall. Alto-
gether, they result in an increase of fluctuations, mixing and wall-
normal transport of momentum and heat. We found good agree-
ment between the trend of our results and that reported by Sameen
et al. [33], even though obtained in different flow configurations
(PRB turbulent channel flow in our work, Rayleigh-B�enard con-
vection in Sameen et al. [33]).
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