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[1] Results of extensive experiments on propagation of unidirectional nonlinear random
waves in a large wave tank are presented. The nonlinearity of the wavefield determined
by the characteristic wave amplitude and the dominant wave length was retained constant in
various series of experimental runs. In each experimental series, initial spectra of different
shape and/or width were considered. Every series contained sufficient number of
independent realizations to ensure reliable statistics. Evolution of various statistical
parameters along the tank was investigated. It is demonstrated that the spectrum width
plays an important role in the evolution of the random wavefield and strongly affects the
variation of the wave spectrum as well as of parameters that characterize the deviation
of the wavefield statistics from that corresponding to the Gaussian distribution. In
particular, in a random wavefield that initially contains independent free harmonics within
a narrow spectrum, extremely steep waves appear more often in the process of evolutions
than predicted by a Rayleigh distribution, while for wider initial wave spectra the
probability of those waves decreases sharply and is well below the Rayleigh values.
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1. Introduction

[2] Ocean waves are both nonlinear and stochastic in
nature. While wind serves as a major wave excitation factor,
once generated, ocean waves are strongly affected by non-
linear interaction among numerous elementary waves that
have random amplitudes and phases. Their evolution in space
and time, along with their spectral changes, may be described
by advanced deterministic nonlinear equations with random
initial conditions. In the process of energy exchange among
individual harmonics the energy is transferred to shorter scales,
where it is dissipated by breaking or owing to the action of
viscosity. A brief review of the theoretical studies dealing with
the statistics of random waves was presented in our previous
study [Shemer and Sergeeva, 2009].
[3] Some measurements of the evolution of unidirectional

random wavefields have been performed recently in very
large experimental installations. In the experiments of
Onorato et al. [2005, 2006], the initial Joint North Sea Wave
Project (JONSWAP) spectrum was used, with three values
of the peak enhancement parameter g, ranging from 1 to 6,
and various significant wave heights for each value of g.
Shemer and Sergeeva [2009] studied a unidirectional random
wavefield with a much narrower Gaussian‐shaped initial

spectrum. In their experiments evolution of the wavefield
along the tank in multiple realizations of the prescribed initial
spectrum was studied for three values of the characteristic
wave steepness. These studies provided the experimental
evidence that the probability of occurrence of extremely steep
(freak) waves may indeed significantly exceed the values
corresponding to the Rayleigh distribution. The effect of
directional spreading on the statistics of random waves was
also considered in a number of numerical and experimental
studies [Socquet‐Juglard et al., 2005;Gramstad and Trulsen,
2007; Onorato et al., 2009; Waseda et al., 2009]. These
studies were motivated by the fact that waves in the ocean are
indeed nonunidirectional.
[4] The assumption of randomness of the individual har-

monics was exploited in numerous attempts to explore the
possibility of using deterministic nonlinear wave theories to
forecast the evolution of a random wavefield [see, e.g.,
Stiassnie and Shemer, 2005; Annenkov and Shrira, 2006;
Onorato et al., 2007; Shemer et al., 2010]. In particular, the
Zakharov [1968] equation was used in numerical simulations
by Stiassnie and Shemer [2005] and Annenkov and Shrira
[2006]. The Zakharov equation considers interactions among
all possible quartets of waves and thus enables straightfor-
ward distinction between those quartets that satisfy exact
resonance conditions and those that are only approximately
resonant. These theoretical studies demonstrate that near‐
resonance interactions play a decisive role in the evolution
of the statistical characteristics of wavefields owing to non-
linear interactions that occur on the so‐called dynamical scale
O("−2), " being the characteristic nonlinearity of the wave-
field represented by the wave steepness. This is in contrast to
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the O("−4) scale predicted by the classical kinetic equation of
Hasselmann [1962], which considers only exact resonances.
At a faster evolution scale the exact resonance conditions do
not play a decisive role. At this scale the strongest depth of
modulation is obtained for near resonance rather than for
exact resonance conditions. While detailed discussion of the
recent developments in the kinetic wave theory is beyond
the scope of this study, two comments may be made here.
First, exact resonance conditions cannot be satisfied in a
unidirectional wavefield. It may be instructive to recall,
therefore, that the most unstable disturbances of a mono-
chromatic wave train due to Benjamin‐Feir instability do not
satisfy the exact resonance conditions and propagate in the
direction of the wave train [see, e.g.,McLean, 1982]. Second,
physical limitations on the size of wave tanks must be dealt
with. Evolution on the O("−2) scale predicted by stochastic
modeling of a nonlinear wavefield can be verified in large
wave tanks [see, e.g., Socquet‐Juglard et al., 2005; Shemer
et al., 2010], whereas any existing experimental facility is
too small to enable quantitative verification of the evolution
predicted by model computations at slower scales.
[5] Experiments in long wave tanks offer certain advantages

over studies in large basins. A large wave tank allows better
control of experimental conditions and the possibility of
investigating the evolution of the wavefield over considerable
distances. In view of the understanding that exact resonance
conditions are not exceptionally important in wave evolution
at the dynamic scale, experiments in long wave tanks appear
to be a suitable vehicle for studying nonlinear random waves
under laboratory conditions, complementing measurements
in large basins.
[6] While valuable information on the random wavefield

statistics was accumulated in the previous investigations of
both unidirectional and two‐dimensional random wavefields,
many questions regarding the evolution along the tank of the
statistical wave parameters remain unresolved. In particular,
it is unclear whether the spectral shape far away from the
wavemaker depends on the initial conditions and whether
some equilibrium spectral shape is eventually attained for
the given nonlinearity of the wavefield. The relation between
the wave height probability distributions, higher moments
of the surface elevation, etc., measured far away from the
wavemaker, and the initial conditions at the wavemaker is
yet to be established.
[7] In the present study the experimental approach of

Shemer and Sergeeva [2009] is extended and several initial
spectral distributions S(w) are considered. To separate the
effects of nonlinearity and of the spectral shape, an attempt
is made to maintain the initial characteristic wave amplitude
and frequency constant for each prescribed initial spectrum.
Variation of statistical wave parameters along the tank is
obtained for a number of initial spectral shapes S(w). In
particular, the dependence of the probability of appearance
of extremely steep (freak) waves is investigated as a function
of the initial conditions and of the wavefield evolution stage.

2. Experimental Facility and Procedure

[8] Experiments were carried out in the Large Wave
Channel (GWK) in Hannover, Germany, which has a length
of 300 m, width of 5 m, and depth of 7 m. The water depth
in the present experiments was set to be h = 5 m. At the end

of the wave tank there is a sloping sand beach starting at the
distance of about 250 m from the wavemaker. The com-
puter‐controlled piston‐type wavemaker is equipped with
the reflected wave energy absorption system. The instanta-
neous water height is measured using 28 wave gauges of the
resistance type placed along the tank wall. The closest to the
wavemaker gauge was placed at a distance of x = 3.6 m
from the wavemaker, while the most distant probe was
located at x = 240 m. The distance between two consecutive
probes did not exceed 10 m.
[9] Static calibration of the wave gauges was performed

by first filling the tank to a depth of 5.5 m and then reducing
the depth to 4.5 m in steps of 0.1 m. The calibration thus
covers the range of surface elevations relative to the undis-
turbed value within ±0.5 m. The linear calibration curve for
each wave gauge was obtained by the best‐fit procedure.
Owing to the size of the facility and the duration of the cali-
bration process, the wave gauges were calibrated only once
for each one of the two experimental sessions; each session
lasted for about 2 weeks.
[10] To enable direct comparisonwith Shemer and Sergeeva

[2009], in all experiments the dominant wave period of
T0 = 1/f0 = 1.5 s was selected, corresponding to a wave length
l0 = 2p/k0 = 3.51 m, a dimensionless water depth k0h =
8.95 � 1, and a wave group velocity cg = 1.17 m/s. The
deepwater dispersion relation is satisfied for all significant
harmonics in the spectrum. Preliminary experiments revealed
that the spectra of output signals of the wave gauges exhibit
a small but not totally negligible peak at 50 Hz, far beyond
the frequency range of interest in this study. Nevertheless,
to eliminate possible contamination of the recorded signal
by 50 Hz noise due to aliasing, sampling was performed at
frequencies ranging from 200 to 300 Hz per channel. Output
voltages of all wave gauges, as well as the output of the
wavemaker position potentiometer, which provides informa-
tion on instantaneouswavemaker displacement, were sampled.
For reference purposes the wavemaker driving signal was also
sampled. The recorded signals were then low pass filtered with
a cutoff frequency of 15 Hz, thus effectively eliminating the
50 Hz noise. To avoid storage of unnecessarily long records
for further processing, the filtered signal was then digitally
“resampled” at the sampling frequency of 40 Hz.
[11] The initial spectra considered differed in both their

shape and their width. The dimensionless spectral width n is
defined as

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m0m2=m2
1

� �

� 1

q

; ð1Þ

where the jth spectral moment is defined as

mj ¼

Z

!max

!min

!jS !ð Þd!: ð2Þ

In equation (2) the integration is carried out over the free
wave frequency domain only.
[12] The following initial free wave spectral shapes were

considered:
[13] (1) a rectangular spectrum with fmax,min = f0 ±

0.047 Hz, n = 0.045, corresponding to the width of the
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Gaussian spectrum in the experiments reported by Shemer
and Sergeeva [2009];
[14] (2) a Gaussian spectrum with n = 0.09;
[15] (3) a Gaussian spectrum with n = 0.16; and
[16] (4) the JONSWAP spectrum [see, e.g., Goda, 2000].

S fð Þ ¼ Af �5 exp �1:25 T0 fð Þ�4
h i

� exp � T0 f � 1ð Þ2=2�2
h

: ð3Þ

In equation (3), A is an adjustable amplitude parameter, and
the peak enhancement parameter g = 7; m = 0.07 for f ≤ f0
and m = 0.09 for f > f0. The dimensionless width of the
JONSWAP spectrum with the selected parameters n = 0.20.
[17] The peak frequency for all spectral shapes was

identical to that of Shemer and Sergeeva [2009], f0 =
w0/2p = 0.67 Hz. The spectral amplitudes measured in the
vicinity of the wavemaker of each harmonic do not remain
fully deterministic owing to the nonlinear response of the
water wavefield to the nonmonochromatic wavemaker
motion; each of them varies in different realizations of the
spectrum around the prescribed value. These amplitudes
were also adjusted so that the RMS values of the surface
elevation s = hh2i1/2 in each realization were close to 0.03 m,
again as in Shemer and Sergeeva [2009], resulting in the
nonlinearity parameter " = k0s ≈ 0.054.
[18] The initial spectral shapes considered in this study are

presented in Figure 1. For comparison the narrow Gaussian
spectrum considered by Shemer and Sergeeva [2009] with
n = 0.045 is also plotted. For each initial shape of the spec-
trum, the selected duration of the basic unit of the wavemaker
driving signal was 81.92 s, corresponding to 4096 data points
at a wavemaker driver frequency of 50 Hz and a spectral
resolution of the driving signal of 1/81.92 Hz.
[19] To compute the required amplitudes for each spectral

harmonic of the wavemaker displacement in every realization
of the random wavefield, the linear transfer function for a
piston‐type wavemaker was applied [Dean and Dalrymple,
1991]. In each realization a random phase in the range
[−p,p] was prescribed to each spectral harmonic. The wave-
maker driving signal for a given realization was then com-
puted from the resulting complex amplitude spectrum using
inverse fast Fourier transform. Frequencies below 0.3 Hz
were filtered out from the wavemaker driving signal. No

attempt was made to account for free waves at higher har-
monics, which are inevitably generated by a piston‐shaped
wavemaker. The contribution of these waves is relatively
minor, both because of their low amplitude and as a result
of their propagation velocity, which is substantially lower
than that of the dominant wave group. The higher frequency
bound waves therefore manifest themselves mainly at
record tails that were not considered in the processing and
computation of the statistical parameters.
[20] The basic unit of the wavemaker driving signal was

repeated twice in each realization, yielding two initially
nearly identical wave groups with a signal duration of 163.4 s.
This corresponds to about 110 waves at the dominant wave
frequency in each realization. About 50 to 70 runs of random‐

phase realizations for each of the four spectral shapes con-
sidered were performed, resulting in a total ensemble of about
5000 to 7500 individual waves for each shape of the initial
spectrum.
[21] The first and last values of the wavemaker driving

signal, generally speaking, differ from 0. To eliminate large
displacements of the wavemaker from its neutral position at
the beginning and at the end of the wave excitation period,
which can lead to a piston acceleration and velocity beyond
the mechanically acceptable limits, signal edge smoothing
was used. The driving signal was extended by an additional
8 s. The last 4 s of the basic unit of each realization was
added to the beginning of the signal, and the initial 4 s was
added to the end of the signal, thus extending the total
duration to 171.4 s. The wavemaker driving voltages were
then multiplied by the following window function:

w tð Þ ¼ 1� exp ��2t2
� �

; 0 � t < 4 s; ð4aÞ

w tð Þ ¼ exp ��2 t � t0ð Þ2
h i

; 167:4 s � t < 171:4 s; ð4bÞ

where a =1.0 s−1. The total sampling duration was 400 s, to
ensure that the whole wavefield excited by the wavemaker
propagates beyond the most distant probe within the sam-
pling period. Each consecutive experimental run started only
after a sufficient interval from the previous experiment,
when the water surface visibly was close to quiescent and

Figure 1. Initial spectral shapes of the surface elevation.
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remaining disturbances were effectively decayed. The
reflected wave energy absorption system eliminated the
existing long wave in the tank, which may initially have an
amplitude of a few centimeters and is clearly visible to the
naked eye; the effective elimination of long waves and rela-
tively fast viscous decay of shorter waves enabled quite short
(about 10 min) intervals between experimental runs.

3. Results and Discussion

[22] The measured evolution along the tank of wave
spectra with different initial spectral shapes is illustrated in
Figure 2. For all initial spectra considered the results are
shown at four locations along the tank, up to x = 240 m,
where the most distant wave gauge was located. The actual
initial conditions in experiments can be estimated from data
obtained by the wave gauge at x = 10 m, which is close to
the wavemaker but beyond the domain where a significant
contribution of evanescent modes can be expected [Dean
and Dalrymple, 1991]. Figure 2 demonstrates that at this
location, in each case the prescribed spectral shapes are
indeed reproduced reasonably well in the experiments. For all
cases presented in Figures 2a–2d, the peak frequency does
not change notably along the tank. Considerable variation in
the spectral shape at a distance x from the wavemaker is
obtained mainly for the initially rectangular narrow spectrum
in Figure 2a. This spectrum does not retain its rectangular
shape and becomes substantially wider at x = 80 m; the
spectrum then becomes narrower again. Note that at x = 80m,
only the part of the spectrum at frequencies exceeding the
peak value differs notably from that at more distant locations,
whereas the low‐frequency part of the spectrum does not
change significantly after a few tens of dominant wave
lengths l0. The effect of widening of the higher frequency
part of the spectrum at x = 80 m is also distinguished in
Figure 2b. For the even wider initial spectral shapes in
Figures 2c and 2d, no such widening is obtained. The spectra
in Figure 2c do not exhibit any significant modification along
the whole tank. Note that the results in Figures 2a and 2b
demonstrate that equilibrium spectral shapes are attained in
those cases at distances exceeding about 40l0. Those equi-
librium shapes, however, are not universal and are strongly
dependent on the initial spectrum.
[23] For the initial JONSWAP spectral shape (Figure 2d),

the high‐frequency part of the spectrum seems to decay
monotonically, and the total power decreases along the tank.
It should be noted in this respect that despite the fact that,
for all spectral shapes considered, the initial wave steepness
" = k0s was maintained approximately constant, sporadic
wave breaking at various locations along the tank was
observed for the JONSWAP initial spectrum, while for the
other spectral shapes virtually no breaking could be detected
visually. The wave energy decay in Figure 2d is apparently
related to this occasional wave breaking.
[24] Spectral moments computed over free waves only are

required to determine the spectral width according to
equations (1) and (2). It is clearly shown in Figures 2a and
2d that the separation of domains of free and second‐order
bound waves changes significantly with the initial spectral
width. For narrow spectra the frequency domains corre-
sponding to free and bound waves are clearly separated
(Figure 2a [see also Shemer and Sergeeva, 2009]), thus

Figure 2. Evolution of the ensemble‐averaged wave spec-
tra along the tank: (a) initial rectangular spectrum, n = 0.045;
(b) initial Gaussian spectrum, n = 0.09; (c) initial Gaussian
spectrum, n = 0.16; (d) initial Joint North Sea Wave Project
(JONSWAP) spectrum, n = 0.20.
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making the distinction between these waves relatively simple.
The domains around the dominant frequency and its second
bound harmonic are still somewhat separated in the case of
the wider spectrum in Figure 2b. For even wider spectra,
however, the free and the bound waves may have overlapping
frequency domains, and the separation between them requires
more attention. To extract free wavefields from the wave
records that apparently contain bound as well as free waves,
an iterative procedure based on the Zakharov [1968] equation
and related expressions for bound waves given in the
Appendix of Stiassnie and Shemer [1987] was used. The
algorithm was originally derived for deterministic wavefields
with a wide spectrum by Shemer et al. [2007] and allows
accounting for bound waves up to the third order. However,
the third‐order bound waves have very low amplitudes that
are comparable with the experimental inaccuracy. Taking
into account also the substantial computer resources required
for computation of those waves for the large number of
realizations recorded in the present study, only bound waves
of the second order are considered here.
[25] For each realization of the prescribed initial spectrum

and for each wave gauge, the wave‐containing part of the
record was divided into 20 s long segments (with 50%
overlap between the consecutive segments), and separation
of free and bound waves was performed for each such
segment. Following Shemer et al. [2007], we start with the
measured temporal variation of the surface elevation as the
initial guess for the free wavefield. The computed second
order bound waves corresponding to this free wavefield are
then subtracted from the full record, and the result serves as
the next approximation of the free wave field. The process
converges after a few iterations. A different method to account
for bound waves was suggested by Fedele et al. [2010]. Their
approach, while somewhat faster, is based on the nonlinear
Schrödinger equation and is therefore less suited for wider
spectra.
[26] The wave spectra corresponding to the free and the

second order bound waves were calculated for each segment
and then averaged over all segments of all realizations for
each gauge separately. The variation along the tank of the
resulting free and bound wave spectra for the widest initial
Gaussian‐shaped spectrum is presented in Figure 3. Despite
the fact that the initial spectrum is relatively wide, the fre-
quency domains of the free and the second‐order bound
waves appear to be separated. Note also that, as expected,
the bound wave spectrum is wider than that of the free
waves but shows much lower amplitudes. Two domains of
bound waves are clearly visible in Figure 3b: a domain of
bound waves having frequencies that correspond to the
summation of the generating free wave frequencies, centered
in the vicinity of the second harmonic of the dominant free
wave; and a domain of bound waves at low frequencies that
corresponds to the free wave frequency difference.
[27] To examine the efficiency of separation of the free

and bound parts of the wavefield, the third‐order moment of
the surface elevation, the so‐called skewness coefficient,
defined as

�3 ¼ �3
� �

=�3; ð5Þ

was calculated. The values of l3 are plotted in Figure 4 for
two cases with an initially Gaussian spectral shape and

different widths, n = 0.09 and n = 0.16. In both cases the
skewness of the free wavefield remains very small along
the whole tank, as expected. The vanishingly small values
of l3 corresponding to the computed free wavefield serve
as an indication that the separation between free and bound
waves was performed properly.
[28] Contrary to the free wavefield, the full wavefield

exhibits significant positive values of l3 that are quite similar
for both initial spectral widths along the whole tank, being
mostly somewhat below l3 = 0.2. These positive values of
l3 result from the crest‐trough asymmetry of nonlinear
waves, which apparently is sensitive primarily to the non-
linearity, which is very similar in both Figure 4a and
Figure 4b. The only significant differences between Figure 4a
and Figure 4b occurs for an initially narrower spectrum,
where at about x = 70 m the values of l3 grow notably, to
attain a maximum that exceeds 0.2. This variation of the
skewness coefficient with the distance x in Figure 4a is
qualitatively similar to that reported by Shemer and Sergeeva
[2009] for an initially narrower Gaussian spectrum.
[29] The variation along the tank of the spectral width n

computed according to equations (1) and (2), with integration
in equation (2) carried out for the free wavefield only, is
presented in Figure 5. The variation of the spectral width n
measured in the present experiments is compared in Figure 5
with that reported by Shemer and Sergeeva [2009] for a
narrow initial Gaussian spectrum at the same experimental
facility. It appears that the variation of n with the distance x
from the wavemaker is virtually identical for both Gaussian
and rectangular spectra with the initial value of n = 0.045.
For this initially very narrow spectrum the number of dis-
crete free harmonics in the initial wavemaker driving signal is
quite small, less than 10 in both studies. The actual difference
between the initial spectra in these studies is not very sig-
nificant, and in fact after about 50 m (no wave gauges closer
to the wavemaker were available in the older experiments
that were carried out in 2003), the ensemble averaged spectra
become essentially identical. There is a 6 year time gap
between the experiments with the narrow Gaussian spectra
and those in the present study, as well as numerous differ-
ences in the methodology of the experiments. Nevertheless,
excellent quantitative agreement is obtained between the two
totally different experimental sessions, demonstrating a high
repeatability and accuracy of the results.
[30] The results presented in Figure 5 are for all wave

gauges employed and corroborate the result shown in
Figure 2, that the evolution of the spectral width along the
tank is strongly dependent on the initial values of n. For
initially wider spectra the variation of n along the tank
becomes less pronounced. For all Gaussian shapes consid-
ered, as well as for the initially rectangular free wave spec-
trum, the spectral width seems to attain a quasi‐equilibrium
value at distances exceeding about 170 m (about 50 dominant
wave lengths) from the wavemaker. These quasi‐equilibrium
spectral widths are different for all spectral shapes consid-
ered. For initially very narrow spectra with n = 0.045, the
quasi‐equilibrium width corresponds to about n ≈ 0.08, while
for the initially widest Gaussian spectral shape employed in
the present experiments, as well as for the JONSWAP spec-
trum, the far‐field value of n is nearly twice as large, reaching
n ≈ 0.15.
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[31] The evolution of the spectral width of a random
wavefield with the initial spectral shape given by equation (3)
(JONSWAP spectrum) is somewhat different from that
observed for other initial conditions. The initial width of this
spectrum exceeds that of other spectral shapes considered.
The values of n in Figure 5d tend to decrease along the tank,
so that at x > 200 m the spectral width in this series of
experiments falls below the values of n that correspond to an
initially narrower Gaussian spectrum. The decrease in spec-
tral width with distance seems to be closely related to decay in
the total wave energy and thus to the level of nonlinearity
along the tank as discussed with relation to Figure 2d.

[32] The deviation of the wavefield statistics from Gaus-
sianity can be characterized by the fourth momentum, the
kurtosis l4:

�4 ¼ �4
� �

=�4: ð6Þ

For a Gaussian wavefield, l4 = 3. The variation of l4 with
the distance x is plotted in Figure 6 for two Gaussian‐shaped
initial spectrum with the width v = 0.16.
[33] Two conclusions can be drawn from Figure 6. The

first is that the kurtosis values calculated for the random

Figure 3. Variation of the power spectra (as a color map; m2/Hz, logarithmic scale) along the tank for
the initial Gaussian spectrum with n = 0.16: (a) free waves; (b) second‐order bound waves.
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wavefield that contains only free waves do not differ sig-
nificantly from l4(x) based on the full wave records. The
contribution of second‐order bound waves to l4, although
apparently always positive, appears to be insignificant. This
result is in general agreement with Shemer et al. [2010],

where the numerical simulations based on the experimental
data of Shemer and Sergeeva [2009] demonstrated that, for a
narrow initial spectrum, the contribution of bound waves to
kurtosis, while somewhat more pronounced than in the
present experiments with wider initial spectra, remains of

Figure 4. Variation along the tank of the skewness l3 for initial spectra with a Gaussian shape:
(a) n = 0.09; (b) n = 0.16.

Figure 5. Spectral width n as a function of distance from the wavemaker for different initial spectral
shapes.
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minor importance. These observations differ somewhat from
the numerical results of Annenkov and Shrira [2009], who
carried out Monte Carlo simulations of the temporal evolu-
tion of an initially unidirectional wavefield using the
Zakharov [1968] equation. The simulations by Annenkov
and Shrira were performed for a spectral width similar to that
in Figure 6b, but for a higher nonlinearity of the wavefield.
Their numerical results indicate that while the portion of
kurtosis owing to free waves only (dubbed in this study the
“dynamic” kurtosis) is indeed dominant in the determination
of the total value of l4, the contribution of bound waves
nevertheless remains important.
[34] The second conclusion that can be drawn from

Figure 6 is related to the kurtosis values. The variation of
kurtosis along the tank presented in Figure 6 exhibits both
similarities to and differences from the results of previous
studies. In agreement with both Shemer and Sergeeva [2009]
and Annenkov and Shrira [2009], during the initial stages of
evolution, up to about 70 m (or 20 dominant wave lengths)
the values of kurtosis increase sharply, then decrease farther
away from the wavemaker, exhibiting some oscillations. It
should be stressed, however, that the deviations of l4 from
the value of 3 that corresponds to the Gaussian distribution
are relatively modest and, in most cases, do not exceed 0.5.
This is in contrast with the results of Shemer and Sergeeva
and of Annenkov and Shrira, where the excursions of l4
from the value that corresponds to the Gaussian distribution
were much more significant. It is also worth noting that,
starting from about x = 120 m, the kurtosis assumes values
that are mostly below l4 = 3, thus indicating that deviations
from Gaussianity for wider spectra are qualitatively differ-
ent from those observed for a narrow initial spectrum.
[35] The experimentally determined wave height distribu-

tions F(H), normalized by the RMS values of the surface
elevation s, are presented in Figure 7 for an initially Gaussian
spectrum with n = 0.16 at six selected distances from the
wavemaker. The experimental results are compared in
Figure 7 with the Rayleigh distribution, as well as with the
distribution developed by Tayfun and Fedele [2007], which
accounts for the nonlinearities of the third order. The theo-
retical distributions were calculated using equations (41),

(58), and (62) in that paper for wave height, crest, and
trough, respectively, while the parameters characterizing the
fourth‐order cumulants and the wave steepness were deter-
mined according to equations (42) and (56). In Figure 7 the
experimental curves do not differ significantly from the
Rayleigh distribution, as long as the wave heights do not
exceed about 4s, although even for those wave heights some
deviations from the Rayleigh distribution are observed, most
prominently at x = 80, 150, and 220 m. For higher values of
H/s, deviation of the wave height probability distributions
from the Rayleigh shape occurs in both directions. These
deviations from the Rayleigh distribution are closely related
to the local value of l4; the measured probability distribu-
tion exceeds the Rayleigh values when the local kurtosis is
>3 and falls below the corresponding Rayleigh values for
l4 < 3. Oscillations of the distribution tails are predicted
reasonably well by the Tayfun and Fedele distribution. It
should be stressed, however, that the theoretical distribution
in most cases seems to overpredict the probability of
appearance of the steepest waves in the ensemble.
[36] A prominent feature of the distributions plotted in

Figure 7 is the virtual absence in the accumulated ensemble
of waves with heights exceeding 8s, which can be considered
“freak” waves. This result is quite different from the dis-
tributions presented by Shemer and Sergeeva [2009] for a
narrow Gaussian‐shaped initial spectrum (n = 0.045), where
the probability of extremely high waves was significantly
higher than that corresponding to the Rayleigh distribution.
Moreover, in the measured distributions presented in
Figure 7 the tail of the distribution that corresponds to the
steepest waves in the ensemble turns sharply down. This part
of the distribution is in most cases not presented adequately
by the Tayfun‐Fedele curves.
[37] The corresponding distributions for wave crests and

troughs are presented in Figures 8 and 9, respectively. Owing
to the wave asymmetry the crest heights attain higher values
than the troughs. Both crest and trough distributions at
normalized values exceeding about 2 oscillate around the
Rayleigh curve. It appears that the Tayfun distributions in
Figures 8 and 9 perform somewhat better than that in Figure 7
for representing the most extreme waves in the ensemble.

Figure 6. Variation of full and dynamic (for free waves only) kurtosis along the tank for an initial
Gaussian spectrum, n = 0.16.
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[38] The relation between the local value of the kurtosis
and the probability of appearance of relatively high waves is
further studied in Figure 10 for three initial spectral shapes:
a rectangular spectrum (n = 0.045), a Gaussian spectrum
with n = 0.09, and the JONSWAP spectrum with n = 0.20.
In each of the three cases considered the variation along
the tank of the probability of appearance of waves exceeding
three prescribed values H* is presented; to examine the de-
viations from Gaussianity, the experimentally determined
probability for each H* is normalized by the corresponding
value obtained from the Rayleigh distribution. These proba-
bilities are juxtaposed on the same plot with the variation of
kurtosis with distance from the wavemaker.

[39] The kurtosis variation presented in Figure 10 is dis-
cussed first. The values of the kurtosis are notably different
in Figures 10a, 10b, and 10c. In the initially narrow rectan-
gular spectrum case (Figure 10a), l4 is somewhat below 3
close to the wavemaker but increases rapidly to very high
values, attaining a maximum of about l4 = 6 at approxi-
mately 100 m (30 dominant wave lengths l0) from the
wavemaker. Farther away the values of l4 decrease but
remain well above l4 = 3 for the whole length of the tank.
The values of kurtosis in Figure 10a are thus notably higher
than those obtained for the wider initial spectrum in Figure 6,
as well as in Figures 10b and 10c. These results in Figure 10a
are, however, in excellent agreement with the variation of
l4(x) reported by Shemer and Sergeeva [2009] for a initially
very narrow Gaussian spectrum with an initial width as in
Figure 10a.
[40] The dependence l4(x) in Figure 10b for a Gaussian

spectrum with n = 0.09 is qualitatively similar to that shown

Figure 7. Comparison of experimentally determined wave
height probability distributions with the Rayleigh and the
third‐order Tayfun‐Fedele distributions at various locations
along the tank for an initially Gaussian spectrum with n =
0.16. Wave heights are normalized by the RMS values of
the surface elevation s.

Figure 8. As Figure 7, for wave crests.
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in Figure 10a, growing initially and attaining a maximum at
about 75 m (20l0); the subsequent decrease in l4 with the
distance is close to monotonous. Quantitatively, the values
of kurtosis in Figure 10b, however, are well below those in
Figure 10a and are closer to those in Figure 6 for the wider
Gaussian spectrum with n = 0.16, although they are generally
somewhat higher. For the initially wider JONSWAP spec-
trum, the values of l4 do not differ significantly from those in
Figure 6; they vary slightly along the tank and somewhat
exceed the value of 3 up to about 180 m from the wavemaker,
falling below l4 = 3 farther away. This decrease in l4may be
related to wave breaking that was observed for the experi-
ments with the JONSWAP spectrum as already discussed.
[41] Much higher waves were observed for the initial

rectangular narrow spectrum than for all other cases with
higher initial values of n. The wave heights H* selected for
comparison represent the relatively steep waves in the

ensemble for which sufficient statistics still exists. Much
higher waves were observed for the initial rectangular
spectral shape, hence, the selected values of H* in Figure 10a
are above the generally accepted freak wave limit. The rela-
tive probability of these waves increases with H*, and for
H*/s = 9.5 it attains values that are higher than the Rayleigh‐
distribution‐based prediction by a factor that exceeds 400.
Probabilities significantly higher than those corresponding
to the Rayleigh distribution were also obtained for some-
what smaller waves. The deviations from the Rayleigh
distribution in Figure 10a closely follow the variation in the
kurtosis along the tank and attain a maximum in the vicinity
of the maximum of l4(x).
[42] For wider initial spectra (Figures 10b and 10c),

extremely high waves were not observed (cf. Figure 7). The
comparison is thus carried out for waves that, while exceed-
ing the significant wave height, are well below the freak
wave definition. The deviations from the Rayleigh distribu-
tion for these waves in both Figure 10b and Figure 10c are
much less dramatic than those in Figure 10a. In Figure 10b
the probability of these waves is higher than that given by
the Rayleigh distribution by a factor that usually does not
exceed about 2.5. The variation of the deviation from the
Rayleigh distribution along the tank closely follows the
dependence l4(x). At a location with l4 < 3, the probability
of the relatively high waves considered in Figure 10b is
lower than that given by the Rayleigh distribution.
[43] For the JONSWAP spectrum (Figure 10c), the wave

probabilities generally differ from the Rayleigh prediction
by a factor that does not exceed 2. Although the pattern of
wave height probability variation with x is less organized in
Figure 10c, the close relation between the deviations from
the Rayleigh distribution and the local value of l4 can be
discerned in this figure as well. At large distances from the
wavemaker, x > 180 m, the probability of relatively high
waves falls below the Rayleigh value, in agreement with the
strong decrease in kurtosis at these locations.
[44] The results in Figure 10 thus demonstrate that the

highest waves are mostly associated with initial free wave
spectra that are narrow and consist of harmonics with
uncorrelated and uniformly distributed phases. These find-
ings may be related to the observations by Gramstad and
Trulsen [2007] and Onorato et al. [2009] that both the
probability of appearance of extreme waves and the kurtosis
decrease as the directional spreading becomes wider. In
those studies the probabilities of very steep waves are mostly
higher than those corresponding to the Rayleigh distribution,
and the values of kurtosis usually exceed 3. In some cases
with wide directional spreading, however, Onorato et al.
[2009] obtained probabilities of extreme waves that fall
below the Rayleigh predictions in their experiments. As the
directional spreading increases, wave spectra consist of a
larger number of free harmonics. The relatively low proba-
bility of very steep waves thus seems to be related to the
number of free harmonics in the spectrum, both in unidirec-
tional and two‐dimensional wavefields.
[45] Extremely high waves thus tend to appear more often

than predicted by the Rayleigh distribution only for initially
narrow spectra. The probability of these waves, however,
attains a maximum when the initial spectrum reaches its
highest possible width [see also Shemer and Sergeeva,
2009]. An example of a single realization of an initially

Figure 9. As Figure 7, for wave troughs.
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rectangular spectrum where extremely high waves were
measured is presented in Figure 11. Two nearly identical
wave groups are visible in this record; in each group a very
steep wave was observed, with the height of the highest
wave exceeding 11s.

4. Conclusions

[46] Extensive measurements of unidirectional wavefields
were carried out at a very large experimental facility, the
Large Wave Channel (GWK) in Hannover, Germany. Par-
ticular attention was devoted to investigation of the effect of
the initial spectral width on the statistical parameters that
characterize nonlinear random water wavefields. A number
of initial spectral shapes were considered, ranging from a

very narrow rectangular spectrum to a moderately wide
JONSWAP spectrum. The ratio of the dimensionless initial
spectral widths covered the range 0.045 ≤ n ≤ 0.20. For all
spectral shapes the nonlinearity parameter was kept approx-
imately constant, to enable decoupling of the effects of
nonlinearity and of spectral width. Numerous realizations of
each spectral shape with random phases of individual spectral
harmonics were excited at the experimental facility by a
computer‐controlled wavemaker. The total duration of the
records was sufficient to accumulate reliable wave statistics.
[47] The variation of all statistical parameters along the

tank was found to be strongly dependent on the initial con-
ditions. Generally speaking, the initially wider spectra remain
wider than the initially narrower spectra throughout the length
of the tank, so that no universal equilibrium spectral shape was

Figure 10. Comparison of the probability of the highest waves in the ensemble relative to the Rayleigh
distribution, F(H > H*)/FR(H > H*) (left vertical axis), and the kurtosis (right vertical axis) as a function of
the distance from the wavemaker: (a) rectangular initial spectrum, n = 0.16; (b) Gaussian initial spectrum,
n = 0.09; (c) JONSWAP initial spectrum, n = 0.20.
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attained. For each initial spectral shape a quasi‐equilibrium
spectral width seems to exist; it is attained at a distance of
about 50 dominant wave lengths from the wavemaker.
[48] The degree of variation of various statistical para-

meters considered varies with the initial spectral width. These
variations are the strongest for initially very narrow spectra
and seem to become weaker as the width of the spectrum
increases. Although the spectral shapes seem to attain quasi‐
equilibrium, other statistical parameters, in particular, the
kurtosis and the probability distributions of wave heights,
crests, and troughs, continue to vary along the whole domain
of measurements. A close relation exists between the local
values of the kurtosis and the behavior of the distribution tails.
[49] Freak waves appear relatively often when the initial

spectrum is sufficiently narrow. Their probability for wider
initial spectra is lower than that given by the Rayleigh dis-
tribution. This is in general agreement with the third‐order
Tayfun and Fedele [2007] distribution. However, for wider
spectra the probability of extremely high waves seems to fall
below the predictions based on both the Rayleigh and the
Tayfun distributions.
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Figure 11. Record of extremely steep waves, with a height exceeding 11s, obtained for a rectangular
initial spectrum at x = 70 m.
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