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The des Cloizeaux and Pearson's exact solution for the spin-wave spectrum of the 

S=1/2 antiferromagnetic Heisenberg chain is extended to the case of finite external field. 

It reproduces naturally the des Cloizeaux-Pearson spectrum in the zero-field limit as well as 

the spin-wave spectrum in the ferromagnetic state for fields larger than the critical field. 

The results are discussed by comparing them with predictions of other approximate theories. 

§ 1. Introduction 

For a long time one-dimensional (1D) systems were considered merely as 

mathematical test models for theorists. Recently, however, they have gotten their 

own rights even among experimentalists and many materials exhibiting one-dimen­

sional characters have been found. Jl 

One of the most impressive recent experiments is the work by Endoh et al. 2l 

on CuC12 • 2NC,D,, which is a typical 1D antiferromagnetic Heisenberg spin system 

with S = 1/2. They showed by neutron scattering that its spin-wave spectrum 

agrees quite well with the celebrated exact solution of des Cloizeaux and Pearson 

( dC-P) ;l and is in disagreement with the Anderson (molecular-field) theory. It 

clearly demonstrates the importance of exact theoretical studies of 1D systems. 

Although this experiment was made in the absence of external magnetic field, 

the magnetic-field dependence of elementary excitations in antiferromagnetic linear 

chains would be very interesting. 

The purpose of this paper is to study exactly the magnetic-field dependence 

of the dC-P spin-wave spectrum. We hope that this work would stimulate further 

experimental studies on dynamics of 1D Heisenberg antiferromagnets in the presence 

of external field. The field dependence of spin waves of lD Heisenberg antifer­

romagnets has previously been calculated by Pytte,"l who applied the Bulaevskii 

(Hartree-Fock) approximation') based on the Fermion representation5l.Bl of the lD 

Heisenberg model. We later compare it with our result. We also show that the 

magnetic-field dependence of the dC-P spin wave is qualitatively different from 

that of the classical (Anderson) spin wave. 

The details of the formulation and calculations are presented in § 2. Com-
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Effect of the Afagnetic Field 1863 

panson with approximate theories and discussion of our results are made in the 

last section. 

§ 2. Spin-wave spectrum in a magnetic field 

The Hamiltonian of our system is given by 

N N 

,j{ =2JL.; SrSj,1- g/f.BH I.; S/ (1) 
j =1 j =1 

with the cyclic boundary condition 

where Sj is the spin operator of the j-th atom whose magnitude lS 1/2, and J 

is assumed to be positive. 

2.1. Ground state and des Cloizeaux-Pearson spin wave 

We follow the Bethe theory,'' which is summarized as follows: A state </J, 
whose z-component o£ the total spin is Nj2~r, is expanded as 

where zj;(n1 , n,, ···, n,.) is the state, in which the spins at nh n 2, ···, llr are down 

and all other spins are up, and the summation in (3) is taken over all distinct 

sets of r indices {nj}. According to Bethe the coefficient a is written as 

(4) 

where the summation is performed over all permutations of the integers 1, 2, ···, r. 

The wave vector kj and phase shift ¢jz satisfy the relations: 

(5) 

cot _V"-1- =- cot -..!. ~cot -"- •1 1 [ k · kz J 
2 2 2 2 ' 

(6) 

where the A./s are integers between 0 and N ~ 1. The energy of the state (3), 

which is measured from the exchange energy in the complete ferromagnetic state, 

is then given by 

where h = g;.tBHj2J. 

(i) Ground state: 

~~~-1-[E~EFerro] 
c.- 2J J ex 

(7) 

Griffiths8' showed that the ground state >Nith S = N/2 ~ r in an external field 
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1864 N. Ishimura and II. Shiba 

corresponds to the set 

N 
).1=--r+1 

2 ' 
N 

). 2 =--r+3 ··· 
2 ' ' 

N 
Ar=-+r-1. 

2 
(8) 

Using Eq. (8) and taking the limit N~=, we obtain from (5) ~ (7) the following 

equations :8) 

1 1(1/2)+ p 

k0 (x) =2n.x+- dy¢o(x,y), 
2 (1/2)- p 

(9a) 

cot¢o(x,JI) =2.[cot ko(x) -cotko(Y)J 
2 2 2 2 ' 

(9b) 

N iC1/2)+P ( 1 ) cgr= -- dx[1-cos k0 (x)] -Nh --p , 
2 (1/2)- p 2 

(9c) 

where ).h ¢jz and kj have been replaced by Nx, ¢(x, y) and k(x), respectively. 

p is defined as 

r 
p=N. (10) 

(ii) des Cloizeaux-Pearson spin-wave state: 

The dC-P spin-wave state with one spin-flop sz = N/2- r -1 in a magnetic 

field must be identified with a set {).j}, which differs from the ground-state set 

at only one point. Equation (8) and this assumption then lead to two branches 

of the excited state. *J 
(ii-a) particle-like branch: 

Ao = i, 
N 

J.1=--r+ 1 
2 ' 

N 
Ar=-+r-1. 

2 

(ii-b) hole-like branch: 

N Ao=- -r-1 
2 ' 

N 
J.1=--r+ 1 

2 ' 

(O<i<N -r-1) --2 

J.2=N -r+ 3 ··· 
2 ' ' 

N ). =--r+2n-1 
n 2 ' 

N 
An+1=--r+2n+2, ···, 

2 

N 
Ar=-+r. 

2 
(O<n<r-1) 

(11) 

(12) 

The set (12) is so chosen that two branches are connected with each other con­

tinuously. It turns out that the sets (11) and (12) can reproduce the famous 

*l Here we restrict ourselves to the case, where the wave vector of the excitation is in [0, rr], 

since the spectrum is symmetric with respect to the origin. 
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Effect of the 111agnetic Field 1865 

dC-P spectrum in the zero-field limit as well as the well-known spin-wave spectrum 

of the ferromagnetic state for H>Hcr (critical field). The wave vector of the 

excited state, which is the difference of the total wave vector from the ground-state 

value, is for each branch 

2ni: particle-like branch 
N 

n- 27Cn: hole-like branch 
N 

(13) 

From (5) ~ (7) and (11) ~ (13) we may calculate the spin-wave spectrum. 

2.2. Particle-like branch 

Introducing x 0 =A.0/N, x=J..jjN(j=/=0), cp(x,y) =cpjl and k(x) =kh and taking 

the N-H;o limit we obtain from (5) ~ (7) and (11) 

1 1(1/2)+ p 

k(xo)=2nxo+- dy¢(xo,Y), 
2 (1/2)-p 

(14a) 

1 1 1(1/2)+ p 
k(x) =2nx + -¢ (x, Xo) +- dy ¢(x, y), 

N 2 c112)-p 

( ~ - p<x< ~ + p) (14b) 

cot ¢(x,iJ =_!:_[cot k(x) -cot k(y)J 
2 2 2 2 ' 

(14c) 

N 1(l/2)+P 
s=-(1-cosk(x0))-- dx[1-cosk(x)] 

2 (l/2)-p 

(14d) 

To obtain the excitation energy sP-c:-Egr, we put k(x) and c/J(:r,y) 

j 
1 

k(x) =k0 (x) +-k1 (x), 

¢(.r,y) -•¢0 (x,: I ~¢.(x,y), 
(15) 

(16) 

where k0 (x) and cp0 (x,y) have already been introduced in (9a) and (9b). Sub­

stituting (15) and (16) into (14b) and (14c) and leaving the terms of order 

1/ N, we obtain 

1 1(l/2J+p 
k1 (x)=¢(x,x0)+- . dy¢ 1 (x,y), 

2 (1;2)-p 
(17) 

*1 Unlike the original dC-P formulation,'' here we study directly the deviation of the wave 

vector k (x) from its ground-state value. 
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1866 N. Ishimura and I-f. Shiba 

(1+cot2 poe~y))¢1 ex,y) = ~ [(1+cot2 ko~x))k1 ex) 

-- ( 1 + cot' ko ~)) k1 ey) J. (18) 

In e17) ¢ex, .r0) may be replacecl by ¢0 ex, .r0), since it introduces differences of 

only 0 e1/ N). Equation (17) accompanied by (18) is the integral equation for 

k 1 (x), which eventually determines the excitation energy cp· 

For convenience we use a variable ~ and a function f(~) defined as 31 .n.s> 

~=cot ko(x) 
2 ' 

This simplifies Eqs. (9a) and e9b) into 

1'- 2 1 2 S" 1 f(c;;) =- ~-, -- dr; --- 1'-~-J(r;)' 
rr1+~ rr -a 4+(c;-r;) 

where a is related to the magnetization as 

1 1(1/2)+ p 1 S" p=- dx=- d~f(~). 
2 (1/2)-p 2 -a 

The ground-state energy (9c) can be expressed in terms of fe;) as 

e19) 

e2o) 

(21) 

Cgr =- N Ja d~ ~1-Jen- Nhl__ (1- Ja d~ fen). e22) 
-a 1 + ~ 2 -a 

Equations (17) and (18) for the excited state can also be written with the 

new variable as 

-1~- ~0 S" c1 + ~') 1?1 en - e1 + r;') k1 er;) k1en=2cot ~-+ dr;fer;)------- --- -----, 
2 -a 4+e~-r;)2 

e23) 

where 

k (x) 
~ 0 =cot --0-. 

2 
(24) 

In order to transform (23) into a simpler expression we put 

e25) 

Since ~0>a>~>- a holds, (23) is then equivalent to 

, 4 _, ~0- ~ 2 S'" 1 k2 (;) = -2--r-- tan ~--- dr; --- _ --- /c2 (r;) 
7r 2 TC -a 4+ (f-r;) 

(26) 

or 

(27) 
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Effect of the j]agnctic Field 1867 

where kP(;) is the odd part of /;:2 (,;) and is needed to determine the excitation 

energy cw In fact, from (9c) and (14d) we find 

Sp=-=C-Cgr 

1 1(1/'HP 
= h- (1- cos k (x0)) -- dx sin k0 (x) · k1 (x) 

2 (J/2)-p 

(28) 

To derive the equation for the wave vector q of this excitation, we go back to 

(14a), which may be written as 

(29) 

m the N--'>co limit. Using (13) and (29), we obtain 

q = 2rrxo 

=rr(1-p) --2tan 1 ,;o+ sa dr;tan_ 1 t; 0 -r;f(r;). 
-a 2 

(O<q<r.(1-2(J)) (30) 

The set, (28) and (30), supplemented with linear integral equations (27) and 

(20) determines the dispersion relation of the particle-like branch. What remains 

is to determine the relation between I-I and a. This can be achieved by minimizing 

cgr in (22) with respect to a to result in 

(31) 

where ku (f) 1s an odd function defined by 

akH (;) _ 4 (of(,;) /a a) 
at; 2f(a) + fC::ad; (af(t;)jaa) 

(32) 

Differentiating (20) with respect to a and rewriting the result we find the equation 

for kH(t;): 

,_ (" 2 ( -1 a-t; -1 a+ f) 
KH t) =-- tan ----tan --

n 2 2 

2 Sc' 1 -- dr; ku(r;). 
7[ -a 4+ (:;-r;) 2 

The relations (31) and (33) detennine a as a function of II. 

2.3. ]{ole-like branch 

(33) 

The analysis of the hole-like branch can be made in a way similar to the 

previous subsection: Define a continuous yariable x by x=1/N((1/2)2\T-r+2j 

-1). Then ). (x), vvhich we called },j previously, can be written as 
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1868 N. Ishimura and H. Shiba 

1 
).(x) =x+-8(x-xn), 

N 
(34) 

where 0 is the step function and 

(35) 

With these quantities (5) and (12) are expressed as 

k (x) = 2;rr). (x) + _!_¢ (x, x 0) + _!_ ~(J/2)' Pdy q\ (x, y), 
N 2 JClm-r 

(36) 

where x 0 = (1/2) - p. Again we put 

j k (X) = f~o (X) + ~ k1 (X) , 

l ¢(x, y) =¢0 (x, y) + ~¢1 (x, y). 

(37) 

Substituting (37) into (36) and leaving the terms of 0 (1/ N) we have 

(38) 

where ¢1 (x, y) is the same function as in (18). With the use of ~ defined in 

(19) Eq. (38) is replaced by 

where 

k1(~) =2;rr8(~0 -~) +2 cot-1 ~-a 
2 

+ fa dYJfCr;) i__1_+nk} CQ=C1~r/) kl c11), 
-a 4+ (~-1j) 

~o =cot ko (xn) . 
2 

With the introduction of a new function 1?2 (~) 

Eq. (39) can be transformed to a simpler integral equation 

k ( ) 2 4 -1 ~0- ~ 2 sa l 1 1 c ) 2 ~=---tan ---- C1J - --/~21/. 
;rr 2 7C -a 4+ (~-1J) 2 

k 11 (~) in (41) is the same function as in (33). 

(39) 

(40) 

(41) 

(42) 

It turns out that only the odd part of k2 ( .;) , which we define as - kh ( ~), 
is needed to calculate the hole-like branch of the excitation spectrum. From ( 42) 

we have 
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Effect of the A1agnetic Field 1869 

which corresponds to (27) for the particle-like branch. The excitation energy 

is given by 

1 i(l/2)+P 
=h- (1- cosk(.r0)) -- d.rsin/~0 (.r) ·k1 (x) 

2 (1/2)- p 

(44) 

To derive the wave vector q of the excitation we employ the equation 

ifo iXn 1 q - d~JCn = dx=.xn--+p=1--, 
a (1/2)- p 2 7r 

(45) 

which leads to 

(46) 

The set, ( 44) and ( 46), supplemented with integral equations ( 43) and (20) 

determines the dispersion relation of the hole-like branch. The relation between 

h and a has already been given in (31). 

Thus we have extended the calculation of the dC-P spectrum to the finite-field 

case. Notice the parallelism in the particle-like and hole-like branches: (28) 

vs ( 44) and (27) vs ( 43). Analytic solutions of the equations seem difficult in 

general. However some features of the spectrum can be analytically studied. 

Moreover numerical calculations of the spectrum are easy to perform. Those re­

sults will be presented in the next subsection. 

2.4. Analytic results and numerical calculations 

(i) a->0 limit: 

By letting a go to zero m (31) the critical field her is obtained as her= 2. *l 
In this case p goes to zero; the hole-like branch vanishes and the particle-like 

branch extends over the whole Brillouin zone [ -n, n]. From (28) and (30) 

the spectrum is given by 2P = h -1 +cos q, which is the expected spin wave spectrum 

for the ferromagnetic state. 

(ii) a~oo limit: 

In this limit h goes to zero and p approaches 1/2; the particle-like branch 

*1 Since the anisotropy energy is ahsent in (1), the spin-flop state is realized for finite magnetic 

fields. The critical field is defined here as a minimum field to obtain the complete ferromagnetic 

state. 
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1870 N. Ishimura and 1-I. Shiba 

is reduced to zero and the hole-like branch extends the whole interval [ -n:, IT]. 

From ( 43), ( 44) and ( 46) we easily obtain the dC-P spectrum 

(47) 

(iii) 

;=o~l. 

To see the spectrum near q = 0 at intermediate field strengths, let us assume 

We find then from (30) and (27) 

q::::::::2(1-2p)__!_ (48) 
;:0 

and 

k ("") ~-~ __!_ ~- ~ f" d _ 1 -k c ) 
p > - c 21;; r; 4 (C: ) 2 p r; , IT s· o IT -a + s· - r; 

(49) 

respectively. The solution of ( 49) is of the form 

Therefore the excitation energy cp Is given by 

(50) 

for small q. 

(iv) To see the energy of the particle-like branch at its end point q=IT(1-2p), 

we put ;=0 ~a+O. In this limit lzp(;=) =kH(;=), which leads to 

sp~o for q~IT(1-2p)-O. 

In the same vvay vve find that 

In addition to this it is easy to show that cp as well as ch Is proportional to the 

deviation of q from the end point n: (1- 2p). 

(Y) As for the hole-like branch it is shown that the spectrum Is symmetric 

with respect to the middle point q = n: (1- (J). One can easily see this by replacing 

~0 by - ;=0 in ( 43), ( 44) and ( 46) and remembering that f( ;=) is an even function 

of ~- This symmetry leads to ch = 0 at q =IT. 

(vi) For numerical calculations of the spectrum the integral equations (20), (27), 

(3:3) and (43) have been solved by approximating them by 41 coupled linear 

equations. The solutions vvere used to determine the magnetic-field dependence 

of the spectrum. Figure 1 shows the a vs h and a vs p relations. The dispersion 

relation of the clC-P spectrum is shown in Fig. 2. A remarkable feature of the 
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Effect of the Magnetic Field 1871 

spectrum 1s that it goes to zero at q=r.(1~2p) =2r.u (u: magnetization). This 

feature is common to the excitation spectrum of the 1D XY model in a magnetic 

field as will be discussed in the next section. 

h 

h 
2.01----------

/0 

0( 

p 

p ----!0.5 

Fig.l. h(==g/1BH/2J) and p as a function of a. 

Fig. 2. The dispersion relation of the one-spin-flop 

dC-P spectrum for some values of h. 

E 

§ 3. Discussion 

q 

(i) As we have mentioned in § 1, Pytte calculated the field dependence of the 

spin-wave spectrum of the system (1), using the Bulaevskii approximation:5J The 

XY part of the isotropic exchange Hamiltonian is treated exactly with the Fermion 

representation, while the Ising part is taken into account only within the Hartree­

Fock approximation. This theory predicts the excitation spectrum similar to that 

of the 1D XY model as expected. In Fig. 3 we reproduce for comparison Pytte's 

prediction4J for the spin wave spectrum. As a matter of fact his spectrum consists 

of two branches for each q. The overall feature of the lower part of his spectrum 

(shown with solid lines in Fig. 3) is close to our result in Fig. 2. *' Therefore 

the feature of our spectrum that it goes to zero at q = 2r.u may be understood 

as a property common to the 1D XY model. Some differences between Figs. 2 

and 3 are easily noticeable: according to (50) cP ( q) = h ~ cq2 for small q. The 

relation limq~ocp ( q) = h should hold for the one-spin-flop excited state. The Pytte 

theory, however, does not satisfy this condition presumably due to his unequal 

*l His spectrum also goes to zero at q=2nrJ, although the H dependence of rJ in the Pyite 

theory is slightly different from Griffiths's exact result. 
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1872 N. Ishimura and H. Shiba 

treatment of the XY and Z parts of the 

isotropic Hamiltonian. c 
(ii) Let us turn to the spin-wave spec-

trum 111 the classical (Anderson) theory. 

Here it is assumed that the sublattice 

magnetizations are perpendicular to the 

weak field and cant along the field axis 

with the increase of the field. By starting 

with this configuration in the ground state 

the classical spm wave can be easily 

calculated as 9l 

where z=?, S=l/2 and /q=cos q in the 

present case. Unfolding the spectrum 

into the original Brillouin zone as 

{
{J) = U)+ 

(J)={J)_ 

for 

for 

or 

-nj2<q<nj2, 

n/2<q<n 

-n<q< -n/2, 

(52) 

q 

Fig. 3. The magnetic field dependence of the 
spin-wave spectrum calculated by Pytte.'l 
His spectrum consists of two branches for 
each wave vector. The broken lines show 
the upper branch of the spectrum. 

one may compare it with our result. Although the q---'>0 and q-> ± n limits of 

(52) are in agreement with ours, the q dependence in (52) is different from our 

spectrum. Especially the spectrum (52) does not go to zero between 0 and n. 
(iii) In this paper we have calculated the one-spin flop dC-P spectrum in a mag­

netic field; however we have not yet examined whether the spin-wave excitation 

is dominated by this dC-P spectrum or not. In other words we have not evaluated 

the contribution of the dC-P spectrum to the intensity of magnetic excitations. 

This will be left for a future study. It is very likely that our clC-P spectrum 

is the lower bound of the spin excitation continuum: above the dC-P excitation 

energy there should exist continuously other types of excitations, which correspond 

to many-particle-hole simultaneous excitations. *J If it is true, the wave vector 

2nu, at which the spectrum goes to zero, might correspond to the wave vector 

of the spin-Peier ls instability, 10), 11 ) as Pytte argues. 4) 

*l In fact, in the case of the lD XY model the operator S;+ (or S;-) is not equivalent to a 
single Fermion operator, but to a combination of odd number of Fermion operators.'! Therefore 
the motion of S; + is described by a combination of simultaneous many Fermion excitations. 
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