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Due to heavy transportation for single-setupmultidelivery (SSMD) policy in supply chainmanagement, thismodel assumes carbon
emission cost to obtain a realistic behavior for world environment. �e transportation for buyer and vendor is considered along
with setup cost reduction by using an investment function. It is assumed that the shipment lot size of each delivery is unequal
and variable. �e buyer inspects all received products and returns defective items to vendor for reworking process. Because of this
policy, end customers will only obtain nondefective items.�e analytical optimization is considered to obtain the optimum solution
of the model. �e main goal of this paper is to reduce the total cost by considering carbon emission during the transportation. A
numerical example, graphical representation, and sensitivity analysis are given to illustrate the model.

1. Introduction

Carbon emission cost a�ects the capital investment of any
manufacture/production industry. �ere are several research
papers in the literature where carbon emission cost is taken
as �xed. But this assumption is unrealistic as transporting
of lot size may be variable as per demand of buyers. Hence,
carbon emission cost may also be treated as variable. Nag and
Parikh [1] considered several importantmatters as time series
estimates of indirect carbon emissions per unit of power
consumption and baseline emissions for the power sector till
2015. Butler et al. [2] obtained di�erences between the con-
tributions of various sectors to the total emissions from each
city and connect these di�erences to di�erentmethodologies.
Ma et al. [3] examined if the global climate change e�ectswere
taken into consideration during rapid economic development
of China.�ey described a study of energy consumption and
carbon emissions in Tianj during the period from 1995 to
2007. �eir research model determined the primary causes
of carbon emissions and put forward suggestions for carbon
emission reduction in energy consumption. Wygonik and
Goodchild [4] designed an emission minimization vehicle

routing problem (VRP) with time windows. In their model,
they provided a stable relationship between monetary cost
and kilograms of CO2.�eir results suggest themost e�ective
way to reduce cost and emissions. Hua et al. [5] observed
the way of carbon footprints in inventorymanagement under
the carbon emission tradingmechanism. Bachmann and Van
Der Kamp [6] addressed an approach to quantify monetised
environmental bene�ts related to reduction in air pollutant
emissions. Zhang et al. [7] studied an evolutionary game
model to obtain the promotional e�ect of the rising oil price
on companies behaviour of carbon emission reduction.�eir
research observed the theoretical reference for promulgating
rational low carbon policies.

Setup cost is the cost for setting a production system and
con�gure all production batch-related works. It is important
for many manufacturing industries to reduce the setup cost
as this cost is directly related to the total cost. Most of the
existing literatures stated that setup cost is a �xed cost. �is
setup cost can be reduced by a small capital investment.
Hong et al. [8] investigated three production policies under
nonconstant, deterministic demand, and dynamic setup cost
reduction. �ey developed a lot sizing and an investment
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solution procedure to decrease the dynamic setup cost.
Ouyang et al. [9] considered that lead time demand follows
a normal distribution and optimized lot size, reorder point,
process quality, setup cost, and lead time. �ey used min-
max distribution-free approach to solve the problem. �ey
explained the way of setup cost reduction by investing some
initial investment. Chuang et al. [10] derived periodic review
inventory models with a mixture of backorders and lost sales
by controlling lead time and setup cost simultaneously to
minimize inventory operating cost. On the other hand, it
is considered that probability distribution of the protection
interval, that is, review period plus lead time, demand is
unknown, but its �rst two moments are given. Hou [11]
investigated an economic production quantity (EPQ) model
with imperfect production processes to reduce setup cost.
Later, Sarkar and Majumder [12] developed vendor-buyer
supply chain model with vendors setup cost reduction strat-
egy. Diaby et al. [13] discussed the issue of investing in
reduced setup times and defect rate reductions along with
the corresponding optimal levels of investments and optimal
production cycle time for each product. �ey assumed
several cases of product-speci�c quality improvements and
joint-product quality improvements. Sarkar and Moon [14]
provided an imperfect production process in which they
discussed the relationship between quality improvement,
reorder point, and lead time with backorder rate. �ey
assumed that lead time demand follows a normal distribution
and applied the distribution free approach for the lead time
demand to minimize total system cost. In their model, they
optimized setup cost, lot size, lead time, reorder point, and
process quality parameter. Sarkar et al. [15] presented a
continuous-review inventory model with quality improve-
ment, service level constraint, and setup cost reduction.�ey
considered some distribution-free approach and minimized
the total system cost against the worst possible distribution
scenario.

It is assumed that whenever the buyer places an order
to the vendor, the vendor shipped those products in equal
delivery lot sizes. �e produced lot may be shi�ed in partial
batches to balance holding cost and setup cost. Goyal and
Szendrovits [16] considered a constant lot size model to
obtain economic lot size and batch sizes for each stage.
�ey assumed in their research model that equal or unequal
sized batches can be shipped from one stage to the next
and the total number of batches may di�er across stages.
Transportation of partial lots is provided between stages in
their proposed model. Hoque and Kingsman [17] obtained
a new heuristic solution procedure for the constant lot size
model for the production of a single product requiring
processing through a �xed sequence of manufacturing stage.
Bogaschewsky et al. [18] extended previous research works
in this �eld by considering multistage production model in
which unequal sized batches are produced. An optimization
method is constructed to measure the economic lot size
and optimal batch sizes for each stage by assuming setup
costs, inventory holding costs, and transportation costs in
their model. Siajadi et al. [19] proposed a shipment policy to
minimize the joint total relevant cost (JTRC) for both vendor
and buyer. Considering two-buyer and more than two-buyer

cases, they obtained exact and approximate optimum solu-
tions.�ough several models considered SSMD policy, many
models assumed only equal shipments. Zhou and Wang [20]
generated a production-inventory model with deteriorating
item for a single-vendor single-buyer integrated system.
�eir model considered the structure of shipment policy. In
addition, theirmodel extended to the situationwith shortages
permitted, based on shortages being allowed to occur only
for the buyer. Hoque [21] developed a manufacturer-buyer
integrated inventorymodel by assuming equal/unequal-sized
batches delivery. Hariga et al. [22] developed a mixed integer
nonlinear program that minimizes total supply chain costs
and allows unequal shipment frequencies to the retailers.

Many earlier research works considered an unrealistic
assumption that all the produced items are absolutely non-
defective. �at means a�er the production process, all the
manufactured good is nondefective. But this assumption is
not applicable always in reality. During long-run production,
imperfect products may occur. With the help of inspection
procedure, buyer can obtain nondefective and defective
products. A�er inspection, buyer keeps the nondefective
quality items and returned the defective items to vendor for
reworking process. By using inspection policy, manufactur-
ing industries are able to provide good quality items into
market. Wang and Sheu [23] used an inspection policy for
the batch not for a single item.Wang and Sheu [24] discussed
a deteriorating production system with product inspection
policy. In addition, production-maintenance policy is also
discussed in their model. Wang [25] optimized the produc-
tion run length and product inspection policy by obtaining
an e�cient solution procedure. Ben-Daya and Noman [26]
formulated an integrated inventory model based on the
assumption that a lot is received, buyer uses some special
type of inspection policies. �e fraction nonconforming is
considered to be a random variable which follows a beta
distribution. Konstantaras et al. [27] deduced a classical
economic order quantity model with the assumption that
all received items may be damaged due to transportation or
production condition while screening is usually a manual
task performed by inspectors which may improve with
learning. Yoo et al. [28] addressed an imperfect production
and inspection system with customer return and defective
disposal. �ey considered production and inspection quality
investment with all quality costs. �ey assumed Type I and
Type II inspection error proportions which minimize the
total quality cost and maximize the total pro�t. Recently,
Sarkar and Saren [29] extended an economic production
quantity model with warranty, inspections, and inspection
errors.

Supply chain de�nes a management linking the organi-
zations in order to ful�ll demand across the whole chain as
e�ciently as possible. It generally minimizes transportation
costs of inventories and manages inventories needed across
the supply chain. �e aim of supply chain is to satisfy all
customers with more facilities, less cost, and time, as well
as good quality. Asghari [30] examined the applicability
of numerous measures and metrics in a multiobjective
optimization problem of supply chain network design to
allocate customers’ orders. He determined important aspects
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of strategic planning of manufacturing in a supply chain
model. In Lin et al.’s [31] model, a hybrid approach, including
applied interpretive structural modeling to build a hierar-
chical structure, and application of analytic network process
to examine dependence relations are discussed. In addition,
their model used fuzzy set theory to analyze linguistic
preferences. �ey also provided that the �nancial aspect and
life cycle assessment are the most essential performance and
weighted criteria. Watanabe and Kusukawa [32] generated
an optimal operational policy for both decentralized GSC
(DGSC) and an integrated GSC (IGSC). �ey described
that a retailer pays an incentive for collection of used items
from customers and formulates optimal order quantity of a
single product under uncertainty in product demand. In their
model, some mathematical models are observed to obtain
collection incentive of used products, lower limit of quality
level for recycling a�ectability. Chen [33] producedhowgreen
operations a�ect �rms environmental performance with
green innovation. His model determined the positive rela-
tionships existing among green operations, green innovation,
and environmental performance. Kusukawa [34] deduced
decision-making approaches for two situations which made
a decentralized supply chain (DSC). Decentralized supply
chain (DSC) maximizes the retailers pro�t and an integrated
supply chain (ISC) is used to increase the whole systems
pro�t. On the other hand, supply chain coordination is
established to set the unit wholesale price at each order time
with Nash bargaining solutions. Watanabe and Kusukawa
[35] studied a dual-sourcing supply chain (DSSC) in which
two scenarios of product’s demand are considered as known
demand distribution and known mean and variance of
demand. �ey analyzed an optimal ordering policy under
DSSC to increase the total expected pro�t and an optimal
ordering policy under the integrated DSSC to maximize
the whole systems total expected pro�t. See Table 1 for the
contribution of several authors.

�is study is considered to discuss the e�ect of carbon
emission cost reduction during transportation in industry
sector. During transporting items, �xed and variable carbon
emission costs for both vendor and buyer are used in this
paper. It is assumed that the vendor’s setup cost is variable and
delivery lot sizes are unequal and variable. A�er receiving the
lot, the buyer conducts an inspection procedure and defective
items are returned to vendor for reworking operation. �e
main purpose for developing this model is to reduce the
carbon emission cost for vendor-buyer system. �is paper
continues with mathematical model in Section 2. Section 3
presents solution methodology of this model. A numerical
example and sensitivity analysis are discussed in Section 4.
Finally, conclusions are given in Section 5.

2. Mathematical Model

�e following notations are used to develop the model.

Decision Variables

�1: vendor’s setup cost ($/setup);

�: increasing rate of shipment lot size (positive inte-
ger);

�: number of shipments per batch production (posi-
tive integer);

�: �rst delivery lot size of each batch during produc-
tion (units).

Parameters

�: demand rate (units/year);

�: production rate (units/year);

�
V
: vendor’s holding cost per unit per year

($/unit/year);

	
V
: vendor’s �xed carbon emission cost per delivery

($/delivery)



V
: vendor’s variable carbon emission cost per unit

($/unit);

�2: buyer’s ordering cost per order ($/order);�3: buyer’s shipment cost per shipment ($/shipment);

	: buyer’s inspection cost per unit ($/unit);

�: inspection rate (units/year);

	�: buyer’s �xed carbon emission cost per shipment
($/shipment);


�: buyer’s variable carbon emission cost per unit
($/unit);

�1: buyer’s holding cost for nondefective items
($/unit/year);

�2: buyer’s holding cost for defective items
($/unit/year);


�: vendor’s rework cost per unit ($/unit);�: defective rate;
ℎ: total holding cost for vendor ($/year);��: total holding cost of nondefective items for buyer
($/year);

��: total holding cost of defective items for buyer
($/year);

��: total carbon emission cost for buyer ($/year);

�: total carbon emission cost for vendor ($/year);

��: total cost for buyer ($/year);�	: total cost for vendor ($/year);
JTC: joint total cost for vendor-buyer system ($/year).

To construct this model, the following assumptions are
utilized.

(1) A single-vendor single-buyer model is considered for
a single type of product.

(2) Whenever the buyer places an order, the vendor
shipped the lot size in an unequal sized delivery.
Delivery rate for lot size is assumed as �.
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Table 1: Contribution of the di�erent authors.

Author(s)
Setup cost
reduction

Unequal delivery
lot size

Carbon emission cost Inspection policy
Supply chain
management

Nag and Parikh [1] √
Butler et al. [2] √
Ma et al. [3] √
Wygonik and Goodchild [4] √
Hua et al. [5] √
Bachmann and Van Der Kamp [6] √
Zhang et al. [7] √
Hong et al. [8] √ √
Ouyang et al. [9] √
Chuang et al. [10] √
Hou [11] √
Sarkar and Majumder [12] √ √
Diaby et al. [13] √
Sarkar and Moon [14] √
Sarkar et al. [15] √
Goyal and Szendrovits [16] √
Hoque and Kingsman [17] √
Bogaschewsky et al. [18] √
Siajadi et al. [19] √
Zhou and Wang [20] √
Hoque [21] √
Hariga et al. [22] √
Wang and Sheu [23] √
Wang and Sheu [24] √
Wang [25] √
Ben-Daya and Noman [26] √
Konstantaras et al. [27] √
Yoo et al. [28] √
Sarkar and Saren [29] √
Asghari [30] √
Lin et al. [31] √
Watanabe and Kusukawa [32] √
Chen [33] √
Kusukawa [34] √
Watanabe and Kusukawa [35] √
�is paper √ √ √ √ √

(3) Vendor’s setup cost is taken as variable instead of
taking as constant. �is setup cost is reduced by
using an investment to decrease total cost function of
vendor.

(4) A�er receiving each lot, the buyer commences an
inspection process to detect the defective items.While
the next lot has been received from the vendor, the
buyer sent back all defective items of previous lot to
vendor for reworking procedure.

(5) Carbon emission costs for both vendor and buyer
are included during transporting lots. Two types of

carbon emission costs, that is, �xed and variable, are
considered.

(6) Demand is assumed to be deterministic.

(7) Shortages are not considered in this model as produc-
tion rate is greater than demand rate; that is, � > �.

(8) Lead time is assumed to be negligible.

Buyer orders a lot of items with the ordering cost �2 per
order. On the other hand, vendor produced lot of products
with production rate � per year and variable setup cost �1.
Later, vendor transported �rst lot size � units with delivery
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Figure 1: Buyer’s inventory model.

cost �3. In every production cycle, vendor shipped lot of
orders in � times. A�er the delivery of �rst � items, the
quantity has been shi�ed from vendor to buyer on �th
delivery which is (� − 1)��, � > 1. During transporting items,
vendor incurs �xed carbon emission cost 	

V
and variable

carbon emission cost 

V
due to variable lot size of delivery.

A�er getting the lot, the buyer starts an inspection process
with inspection rate � and incurs some cost 	. In every lot,
the rate of defective item is �. While the inspection process
is �nished, nondefective and defective items are classi�ed.
Buyer holds nondefective items with the holding cost�1 and
sends back defective items to vendor for reworking process.
�roughout the transporting of these defective items, buyer
incurs �xed and variable carbon emission costs as 	� per
shipment and 
� per unit product.
2.1. Buyer’s Mathematical Model. Using SSMD policy, vendor
sends ordered lot size in � times for each production cycle.
A�er the delivery of lot size �, the quantity has been shi�ed
from vendor to buyer on �th delivery as (� − 1)��, � > 1; that
is, second shipment lot size is ��. A�er that, delivery lot sizes
are 2��, 3��, and so on.

�erefore, the production batch which transported from
vendor to buyer is obtained by summing the total of shipment
lots as follows:

� + �� + 2�� + ⋅ ⋅ ⋅ + (� − 1) �� = � + ��� (� − 1)2 . (1)

�e number of production cycles is calculated by dividing the
demand with the production batch. �at is,

�� + � (� (� − 1) /2) � = 2�2� + ��� (� − 1) . (2)

Buyer’s total ordering cost for entire production cycle is

�2 ( 2�2� + ��� (� − 1)) . (3)

In similar manner, buyer’s total delivery cost equals

��3 ( 2�2� + ��� (� − 1)) . (4)

A�er receiving products from vendor, buyer starts an inspec-
tion process for separating the defective items.

Hence, buyer’s total inspection cost during product
inspection is 	�.

�e total number of nondefective items for each produc-
tion cycle is obtained by the area of the triangle given in
Figure 1; that is,

12� (1 − �) (1 − �) �� + 12�� (1 − �) � (1 − �) �� + ⋅ ⋅ ⋅
+ 12 (� − 1) �� (1 − �) (� − 1) � (1 − �) ��

= 12 �
2 (1 − �)2� [1 + �2� (� − 1) (2� − 1)6 ] .

(5)

�erefore, the total holding cost of nondefective items �� is
obtained by multiplying all nondefective items with produc-
tion cycle

�� = �1 [12 �
2 (1 − �)2� (1 + �2� (� − 1) (2� − 1)6 )]

⋅ [ 2�2� + ��� (� − 1)] = �1 [( � (1 − �)22 + �� (� − 1))

⋅ (1 + �2� (� − 1) (2� − 1)6 )] .

(6)
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�e total number of defective items is formulated from the
parallelogram presented in Figure 1; that is,

�� �� + ������ + ⋅ ⋅ ⋅ + � (� − 1) ��(� − 1) ���
= �2�� (1 + �2� (� − 1) (2� − 1)6 ) .

(7)

�e total holding cost of defective items �� is determined by
multiplying all defective items with production cycle

�� = �2 [�2�� (1 + �2� (� − 1) (2� − 1)6 )]
⋅ [ 2�2� + ��� (� − 1)]

= �2 [ 2���� (2 + �� (� − 1)) (1
+ �2� (� − 1) (2� − 1)6 )] .

(8)

During transporting of products, buyer’s incurs two types of
carbon emission costs, that is, �xed and variable.

Buyer’s �xed carbon emission cost can be calculated for
the entire production cycle as �	�[2�/(2� + ���(� − 1))] and
variable carbon emission cost is obtained by multiplying 
�
with demand�, that is, 
��.

Hence, total carbon emission cost for the buyer by
assuming �xed and variable carbon emission costs is

�� = �	� [ 2�2� + ��� (� − 1)] + 
��. (9)

Total inventory cost for buyer can be calculated by adding
ordering cost, delivery cost, inspection cost, carbon emission
cost, holding cost of nondefective items, and holding cost of
defective items as follows:

�� (�, �, �) = �2 ( 2�2� + ��� (� − 1))
+ ��3 ( 2�2� + ��� (� − 1)) + 	� + 
��
+ 2�	� ( �2� + ��� (� − 1))
+ �1 [( � (1 − �)22 + �� (� − 1))(1

+ �2� (� − 1) (2� − 1)6 )]
+ �2 [ 2���� (2 + �� (� − 1)) (1
+ �2� (� − 1) (2� − 1)6 )] .

(10)

2.2. Vendor’s Mathematical Model. �e number of produc-
tion cycles is

�� + � (� (� − 1) /2) � = 2�2� + ��� (� − 1) (11)

and setup cost is �1.
Hence, vendor’s total setup cost is �1(2�/(2� + ��(� −1)�)).
Vendor’s rework cost for retread defective items is given

by 
���, where � is the defective rate.
�e total stock in the production system is

��� + (� − �)(2� + �� (� − 1) �4� ) . (12)

�e average vendor stock can be obtained by subtracting
the total number of nondefective and defective items from
vendor’s total stock; that is,

��� + (� − �)(2� + �� (� − 1) �4� )
− (� (1 − �)2 [2 + �� (� − 1)]4 )
− (��� [2 + �� (� − 1)]2� ) .

(13)

�e total holding cost for the vendor is

ℎ = �V
[��� + (� − �)(2� + �� (� − 1) �4� )

− (� (1 − �)2 [2 + �� (� − 1)]4 )

− (��� [2 + �� (� − 1)]2� )] .

(14)

In a similarmanner for buyer’s case, carbon emission cost can
be observed for the vendor.

�e total carbon emission cost for vendor is determined
by adding �xed and variable carbon emission costs. �at is,

� = � 2	
V
�2� + �� (� − 1) � + 
V��. (15)

If !
1 is an investment for the setup cost reduction, then it can
be expressed as

!
1 = " ln(�0�1) = " (ln�0 − ln�1)
for 0 < �1 ≤ �0,

(16)

where �0 is the original setup cost, " = 1/$, and $ is the
percentage decrease in �1 per dollar increase in !
1 .

�e total inventory cost for the vendor can be calculated
by adding setup cost, rework cost, �xed and variable carbon
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emission cost, holding cost, and investment for the setup cost
reduction

�	 (�, �, �, �1) = �1 ( 2�2� + �� (� − 1) �) + 
���

+ 2�	
V
�2� + �� (� − 1) � + 
V�� + �V

[���
+ (� − �)(2� + �� (� − 1) �4� )
− (� (1 − �)2 [2 + �� (� − 1)]4 )

− (��� [2 + �� (� − 1)]2� )] + %" (ln�0 − ln�1) ,

(17)

where% is the annual fractional cost of the capital investment.
�erefore, the joint total cost for vendor-buyer system is

formulated by

JTC (�, �, �, �1) = (�1 + �2 + ��3 + �	� + �	V)
⋅ ( 2�2� + �� (� − 1) �) + (	 + 
� + 
�� + 
V�)�
+ %" (ln�0 − ln�1) + (1
+ �2� (� − 1) (2� − 1)6 ) �[2 + �� (� − 1)] (2��� �2
+ (1 − �)2�1) + �V

� [��
+ (2 + �� (� − 1))((� − �)4� − (1 − �)24 − ��2� )] .

(18)

3. Solution Methodology

�e necessary conditions to minimize the joint total cost for
vendor-buyer system JTC are *JTC/*� = 0, *JTC/*� = 0,*JTC/*� = 0, and *JTC/*�1 = 0.

�e �rst order partial derivative of joint total cost for
vendor-buyer system JTC with respect to the number of
shipments per batch production � is
*JTC*�
= 2�
2� + �� (� − 1) �
− 2��� (2� − 1)
(2� + �� (� − 1) �)2 (�1 + �2 + �
)

+ �-�26 (2 + �� (� − 1)) (6�2 − 6� + 1)
− ��- (2� − 1)
(2 + �� (� − 1))2 (1 +

�2� (� − 1) (2� − 1)6 )
= 8 (�) .

(19)

�e optimal value of � (say �∗) will be obtained if it satis�es
the equation 8(�∗) = 0, where *JTC/*� = 8(�).

Now, the �rst order partial derivative of joint total cost for
vendor-buyer system JTC regarding to �rst delivery lot size of
each batch during production � is
*JTC*�
= 2� (�1 + �2 + �
)�2 (2 + �� (� − 1))
− -(2 + �� (� − 1)) (1 + �

2� (� − 1) (2� − 1)6 )
+ �

V
[�� + (2 + �� (� − 1)) :] .

(20)

(See the Appendix for the values of-, 
, and :.)
By equating *JTC/*� = 0, the optimal value of � (say �∗)

is as

�∗ = √ 2� (�1 + �2 + �
)[- (1 + �2� (� − 1) (2� − 1) /6) + �
V
(2 + �� (� − 1)) (�/� + (2 + �� (� − 1)) :)] . (21)

Now, the �rst order partial derivative of joint total cost for
vendor-buyer system JTC with respect to the increasing rate
of shipment lot size � is

*JTC*� = �2 (5�- (� − 1) (2� − 1)6 + �
V
:�2 (� − 1)2)

+ � (2- (2� − 1) + 4�
V
:� (� − 1))

+ (4�
V
: − - − 2� (�1 + �2 + �
)�2 ) .

(22)
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Similar to �, in this case the optimal value of � (say �∗) can
be obtained if it satis�es Ψ(�∗) = 0, where Ψ(�) = *JTC/*�.

Now, the �rst order partial derivative of joint total cost for
vendor-buyer system JTC with respect to vendor’s setup cost�1 is

*JTC*�1 =
2�2� + �� (� − 1) � − %"�1 . (23)

From the equation *JTC/*�1 = 0, the optimal value of�1 (say �∗1) will be

�∗1 = %" (2� + �� (� − 1) �)2� . (24)

Lemma 1. 	e joint total cost always contain the global
minimum solution as the Hessianmatrix for JTC(�, �, �, �1) is
always positive de
nite at the optimal values (�∗, �∗, �∗, �∗1).
Proof. �e �rst order partial derivatives of joint total cost for
vendor-buyer system JTC with respect to �, �, �, and �1 are
as follows:

*JTC*� = 12 + �� (� − 1) [2�
�
+ �-�2 (6�2 − 6� + 1)6 ]
− (2� − 1)
(2 + �� (� − 1))2 [(�1 + �2 + �
)

+ ��-(1 + �2� (� − 1) (2� − 1)6 )] ,
*JTC*� = 2� (�1 + �2 + �
)�2 (2 + �� (� − 1)) − -(2 + �� (� − 1)) (1
+ �2� (� − 1) (2� − 1)6 ) + �

V
[��

+ (2 + �� (� − 1)) :] ,
*JTC*� = �2 (5�- (� − 1) (2� − 1)6 + �

V
:�2 (� − 1)2)

+ � (2- (2� − 1) + 4�
V
:� (� − 1)) + (4�

V
: − -

− 2� (�1 + �2 + �
)�2 ) ,
*JTC*�1 =

2�2� + �� (� − 1) � − %"�1 .

(25)

�e Hessian matrix at the optimal values is given as

���

=

[[[[[[[[[[[[[[
[

*2JTC (⋅)*�∗21
*2JTC (⋅)*�∗1*�∗

*2JTC (⋅)*�∗1*�∗
*2JTC (⋅)*�∗1*�∗*2JTC (⋅)*�∗*�∗1

*2JTC (⋅)*�∗2 *2JTC (⋅)*�∗*�∗ *2JTC (⋅)*�∗*�∗
*2JTC (⋅)*�∗*�∗1

*2JTC (⋅)*�∗*�∗ *2JTC (⋅)*�∗2 *2JTC (⋅)*�∗*�∗
*2JTC (⋅)*�∗*�∗1

*2JTC (⋅)*�∗*�∗ *2JTC (⋅)*�∗*�∗ *2JTC (⋅)
*�∗2

]]]]]]]]]]]]]]
]

, (26)

where JTC(⋅) = JTC(�∗, �∗, �∗, �∗1).
�e second order partial derivatives at the optimal values

are given by

*2JTC (�∗, �∗, �∗, �∗1)*�∗21 = %"�21 ,
*2JTC (�∗, �∗, �∗, �∗1)*�∗2 = 4� (�1 + �2 + �
)�3 [2 + �� (� − 1)] ,
*2JTC (�∗, �∗, �∗, �∗1)*�∗2 = 2� (5�- (� − 1) (2� − 1)6
+ �

V
:�2 (� − 1)2) + [2- (2� − 1)

+ 4�
V
:� (� − 1)] ,

*2JTC (�∗, �∗, �∗, �∗1)*�∗2
= �2 (2� − 1)2
(2 + �� (� − 1))3 [

4� (�1 + �2 + �
)�2
+ 2�3-(1 + �2� (� − 1) (2� − 1)6 )]

− �
(2 + �� (� − 1))2 [

4�
 (2� − 1)�
+ 4� (�1 + �2 + �
)�
+ 2�-(1 + �2� (� − 1) (2� − 1)6 )

+ ��- (2� − 1) (6�2 − 6� + 1)6 (� + 1)] ,
*2JTC (�∗, �∗, �∗, �∗1)*�∗1*�∗ = *2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗1
= − 2��2 [2 + �� (� − 1)] ,
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*2JTC (�∗, �∗, �∗, �∗1)*�∗1*�∗ = *2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗1
= − 2�� (2� − 1)

� [2 + �� (� − 1)]2 ,
*2JTC (�∗, �∗, �∗, �∗1)*�∗1*�∗ = *2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗1
= − 2�� (� − 1)

� [2 + �� (� − 1)]2 ,
*2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗ = *2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗
= 12 + �� (� − 1) [

-�2 (6�2 − 6� + 1)
6 − 2�
�2 ]

− (2� − 1) �-
(2 + �� (� − 1))2 (1 +

�2� (� − 1) (2� − 1)6 ) ,
*2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗ = *2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗
= �2(5-(6�2 − 6� + 1)6
+ �

V
: (4�3 − 6�2 + 2�)) + � (4-

+ 4�
V
: (2� − 1)) − 2�
�2 ,

*2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗ = *2JTC (�∗, �∗, �∗, �∗1)*�∗*�∗
= 4� (�1 + �2 + �
)�3 .

(27)

At the optimal values, the principal minors are

det (�11) = det (*2JTC (⋅)*�∗21 ) = %"�21 > 0. (28)

As all the terms, %, ", and �1, are positive, the �rst principal
minor is obviously greater than zero.

Now,

det (�22) =
JJJJJJJJJJJJJJJJJ

*2JTC (⋅)*�∗21
*2JTC (⋅)*�∗1*�∗*2JTC (⋅)*�∗*�∗1
*2JTC (⋅)*�∗2

JJJJJJJJJJJJJJJJJ
= �1K1 − L21 , (29)

where

�1 = *2JTC (⋅)*�∗21 = %"�21 > 0,
K1 = *2JTC (⋅)*�∗2 = 4� (�1 + �2 + ��3 + �	� + �	V)�3 [2 + �� (� − 1)]2
> 0,

L1 = 2��2 [2 + �� (� − 1)] > 0.

(30)

It is assumed that

M = %"�21 −
2��2 [2 + �� (� − 1)] . (31)

Now,

M > 0 as
%"�21 >

2��2 [2 + �� (� − 1)] > 0. (32)

On the other hand, �1 = det (�11) > 0.
�erefore, �1 − L1 > 0.
Similarly, it can be obtained that K1 > L1.
From the two conditions �1 > L1 and K1 > L1, one can

obtain that �1K1 − L21 > 0 which implies det (�22) > 0.
Now,

det (�33) =

JJJJJJJJJJJJJJJJJJJJJJJJJJJJJ

*2JTC (⋅)*�∗21
*2JTC (⋅)*�∗1*�∗

*2JTC (⋅)*�∗1*�∗*2JTC (⋅)*�∗*�∗1
*2JTC (⋅)*�∗2 *2JTC (⋅)*�∗*�∗

*2JTC (⋅)*�∗*�∗1
*2JTC (⋅)*�∗*�∗ *2JTC (⋅)*�∗2

JJJJJJJJJJJJJJJJJJJJJJJJJJJJJ
= N2�1 + O + P JJJJ�22JJJJ ,

(33)

where

P = *2JTC (⋅)*�∗2 ,
N2 = [ (2� − 1) �-

(2 + �� (� − 1))2 (1 +
�2� (� − 1) (2� − 1)6 )

− 12 + �� (� − 1) (
-�2 (6�2 − 6� + 1)

6
− 2�
�2 )]

2

.

(34)

As �1 > 0, then N2�1 > 0.
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Now,

O = 2��2- (2� − 1)2
� [2 + �� (� − 1)]4 (1 +

�2� (� − 1) (2� − 1)6 )

+ 8�2� (2� − 1)
�3 [2 + �� (� − 1)]4 (

-�2 (6�2 − 6� + 1)
6

− 2�
�2 )

+ 16�3�2 (4� − 4�2 − 1) (�1 + �2 + �
)[2� + �� (� − 1) �]5
= 2�� (2� − 1)
� [2 + �� (� − 1)]4 [�- (2� − 1)

⋅ (1 + �2� (� − 1) (2� − 1)6 )

+ 4��2 (
-�2 (6�2 − 6� + 1)

6 − 2�
�2 )

+ 8�2� (2� − 1) (�1 + �2 + �
)[2� + �� (� − 1) �] ] .

(35)

From the equation of O,
2�� (2� − 1)

� [2 + �� (� − 1)]4 > 0. (36)

It can be observed that the expression within third bracket is
also greater than zero.

�erefore, O > 0.
As |�22| > 0, it implies that P|�22| > 0.
�erefore, det (�33) = N2�1 + O + P|�22| > 0.
Now,

det (�44)

=

JJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJ

*2JTC (⋅)*�∗21
*2JTC (⋅)*�∗1*�∗

*2JTC (⋅)*�∗1*�∗
*2JTC (⋅)*�∗1*�∗*2JTC (⋅)*�∗*�∗1

*2JTC (⋅)*�∗2 *2JTC (⋅)*�∗*�∗ *2JTC (⋅)*�∗*�∗
*2JTC (⋅)*�∗*�∗1

*2JTC (⋅)*�∗*�∗ *2JTC (⋅)*�∗2 *2JTC (⋅)*�∗*�∗
*2JTC (⋅)*�∗*�∗1

*2JTC (⋅)*�∗*�∗ *2JTC (⋅)*�∗*�∗ *2JTC (⋅)
*�∗2

JJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJJ

. (37)

Similar to the above, it can be proven that det (�44) > 0.
Finally, it is seen that all principal minors are pos-

itive. Hence, the Hessian matrix ��� is positive de�nite
at (�∗, �∗, �∗, �∗1). �erefore, the joint total cost contains
the global minimum solution at the optimum solution(�∗, �∗, �∗, �∗1).
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Figure 2: Joint total cost for vendor-buyer system (JTC) versus
increasing rate of shipment lot size (�) and vendor’s setup cost �1.
When � and � are �xed, � and �1 are variable.
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Figure 3: Joint total cost for vendor-buyer system (JTC) versus
increasing rate of shipment lot size (�) and �rst delivery lot size (�).
When � and �1 are �xed, � and � are variable.
4. Numerical Example

�e parametric values for this model are chosen as

� = 1000 units/year, � = 4000 units/year, �2 =
$300/order, �3 = $100/shipment, 	

V
= $5/delivery, 	�

= $5/shipment, 	 = $0.55/unit, 
� = $5/unit, 
� =
$15/unit, � = 0.55, 


V
= $5/unit, �1 = $35/unit/year,�2 = $30/unit/year, �
V
= $20/unit/year, � = 3500

units/year, % = 0.14, " = 16000, and �0 =
$1000/setup.

�en, the joint total cost for vendor-buyer system JTC
= $24045.8, �rst delivery lot size of each batch during
production �∗ = 55 units, vendor’s setup cost �∗1 =
$865.39, increasing rate of shipment lot size �∗ = 6
unit/year, and the number of shipments per batch
production �∗ = 2 (Figures 2, 3, 4, 5, 6, and 7).

5. Sensitivity Analysis

�e sensitivity analysis is given for the key parameters of the
model in Table 2.
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Figure 4: Joint total cost for vendor-buyer system (JTC) versus the
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cost �1. When � and � are �xed, � and �1 are variable.
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Figure 5: Joint total cost for vendor-buyer system (JTC) versus the
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Figure 7: Joint total cost for vendor-buyer system (JTC) versus
vendor’s setup cost �1 and �rst delivery lot size (�). When � and� are �xed, �1 and � are variable.

In this section, sensitivity analysis is performed to obtain
the e�ect of several parameters such as�2, �, 	, 
�, 	V, 	�, 
�,

V
,�

V
, and�1, respectively, on the joint total cost for vendor-

buyer system JTC.

(i) �e joint total cost for vendor-buyer system JTC
increases if ordering cost �2, production rate �, and
inspection cost 	 increase. For the parameter �2,
negative percentage change and positive percentage
changes are almost similar. In case �, negative per-
centage change is greater than the positive percentage
change. �is model is equally sensitive in negative as
well as equal positive change for parameter 	.

(ii) If rework cost 
� increases, the joint total cost for
vendor-buyer system JTC also increases.�e negative
percentage change and positive percentage changes in
the parameter 
� are similar.

(iii) For the increasing value of the parameter�
V
which is

vendor’s holding cost, the joint total cost for vendor-
buyer system JTC inclined. �e positive percent-
age change is smaller than the negative percentage
change.

(iv) �e percentage change in buyer’s �xed carbon emis-
sion cost 	� and vendor’s �xed carbon emission cost	
V
are equal for both positive and negative change.

�e joint total cost for vendor-buyer system JTC is
highly increased if both the parameters 	� and 	V are
increased.

(v) It is seen that if the buyer’s variable carbon emission
cost 
� and vendor’s variable carbon emission cost 


V

increase, then the joint total cost for vendor-buyer
system JTC also increases. Both the parameters 


V

and 
� are equally sensitive in positive and negative
percentage change.

(vi) From Table 2, it can be observed that if the buyer’s
holding cost for nondefective items, that is, �1, rises
that means that the joint total cost for vendor-buyer
system JTC increases. For −50%, this model gives
infeasible solution.
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Table 2: Sensitivity analysis for key parameters.

Parameters Changes (in %) JTC

�2
−50% −1.68−25% −0.82+25% 0.8+50% 1.59

�
−50% −0.17−25% −0.04+25% 0.02+50% 0.03

	
−50% −3.14−25% −1.57+25% 1.57+50% 3.14


�
−50% −15.70−25% −7.85+25% 7.85+50% 15.70

�
V

−50% −0.28−25% −0.14+25% 0.13+50% 0.25
	�

−50% −0.03−25% −0.02+25% 0.02+50% 0.03
	
V

−50% −0.03−25% −0.02+25% 0.02+50% 0.03


V

−50% −0.16−25% −0.08+25% 0.08+50% 0.16

�

−50% −1.57−25% −0.78+25% 0.78+50% 1.57
�1

−50% —−25% −6.76+25% 5.62+50% 10.46
“—” refers to infeasible solution.

6. Conclusions

�e paper developed an integrated vendor-buyer model with
the setup cost reduction for vendor and e�ect of carbon
emission during transporting items from vendor to buyer.
�e model considered a logarithmic investment function to
reduce the setup cost of vendor. Instead of lot-for-lot (LFL)
policy, SSMD policy was used to reduce the holding cost
of buyer. In case of LFL policy, holding cost of the buyer

was more than the SSMD policy. Increasing holding cost
indicated higher joint total cost. �us, for less joint total
cost, SSMD was very useful to reduce the holding cost for
buyer. Based on this situation, industry sector will be more
bene�cial if it use SSMD policy rather than LFL policy.
Another major contribution in this model was the unequal
delivery lot sizes, while, in the literature, generally SSMD
policy was considered with equal lot sizes. Inspection policy
is incorporated to thismodel such that there is a probability to
obtain less imperfect items. Beside that, the proposed model
reduced the setup cost of vendor by using an investment
function. �is model minimized the joint total cost for
vendor-buyer system considering the setup cost reduction
and carbon emission cost. A lemma was constructed to
show the global optimum solution of the model. �is model
extended several models which considered SSMD policy
without carbon emission cost or SSMD policy with equal lot
sizes, or SSMDpolicy without setup cost reduction of vendor.
�is paper can be extended by adding other realistic features
such as inspection errors, shortages, and in�ation.

Appendix

�e expressions are given for-, 
, and : as follows:

- = 2��� �2 + (1 − �)2�1,

 = �3 + 	� + 	V,
: = (� − �)4� − (1 − �)24 − ��2� .

(A.1)
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