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Abstract: On the basis of the non-linear theory of elasticity and the invariant based
formulation developed by Ogden, we analyse the effect of homogeneous stress on the
propagation of Lamb waves. Using the theory of incremental deformations
superimposed on large deformations, we derive the equations governing the propagation
of small amplitude waves in a pre-stressed plate. By enforcing traction-free boundary
conditions at the surfaces of the plate, we further obtain the characteristic equations for
symmetric and anti-symmetric Lamb wave modes and investigate the effect of stress on
the phase velocity, i.e. the acoustoelastic effect. A comparison with experimental data
exhibits a better correlation than previously published results. The outcomes of this
study can be utilised in the development of new techniques for the measurement of
applied stresses based on the acoustoelastic effect. In particular, a strong sensitivity of
the phase velocity to the applied stress near the cut-off frequencies of higher-order
Lamb wave modes is a very promising option, which seems to have been overlooked in

previous studies.
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1. Introduction

The study of wave propagation problems in pre-stressed media has been the
subject of much research over the past century. However, early works in this area were
restricted to linear elasticity and the effect of small deformations on the propagation of
small amplitude waves; see, for example, the pioneering contribution by Biot (1940,
1965). It was not until the development of the finite deformation theory by Murnaghan

(1937, 1951) that the non-linear effects of stresses were taken into account.

Two non-linear phenomena are associated with applied stresses: (1) a weak
change of the local elastic behaviour of the material, and, (2) a weak non-linearity of the
governing equations. As a result, the presence of initial stresses can have a substantial
influence on the propagation of elastic waves in solids. In particular, these stresses
affect the velocity, attenuation, dispersion and the non-linear aspects of the propagation
of bulk waves. This interplay between the applied stress and the properties of the wave
forms a conceptual foundation for the practical measurement of stresses in structural

components.

The acoustoelastic effect is a non-linear phenomenon that describes the change
in the speed of small amplitude waves in an elastic body due to the presence of a static
pre-stress (Norris 2007). The theory of acoustoelasticity for bulk waves was initially
developed by Hughes & Kelly (1953) who derived equations relating the wave velocity
to the applied stress for isotropic materials subjected to uniaxial and hydrostatic loading.
Their work was subsequently generalised by Toupin & Bernstein (1961) and Thurston
& Brugger (1964) to materials of arbitrary crystal symmetry.

Acoustoelasticity is now a well-established procedure utilised in the non-
destructive evaluation of applied and residual stresses. Its underlying principles have
been comprehensively described in the reviews by Pao et al. (1983) and Guz & Makhort
(2000). Ultrasonic bulk waves and the acoustoelastic effect have been used over the past
sixty years in the measurement and control of residual stresses in welded structures and
railroad rails, the tightening of bolts and the assessment of stress levels in bars as well

as in multi-wire strands (Chaki & Bourse 2009).

Acoustoelastic procedures are largely based on the measurements of the time-of-

flight of an ultrasonic pulse. However, the relative change in the phase velocity, which



is directly proportional to the applied stress, is small and therefore, measurements must
be performed with very high accuracy. Nevertheless, the main obstacles in ultrasonic
pulse techniques are the influences of the microstructure, composition gradients and
plastic deformations on the phase velocity, which can all produce changes in the

velocity comparable to those due to applied or residual stresses.

With the current ultrasonic testing procedures, it is virtually impossible to
distinguish between applied and residual stresses as the length scales of the
measurements are often comparable with the length scales of the residual stresses due to
fabrication. The latter is normally related to the characteristic size of the cross-sectional
area. The use of guided waves instead of bulk waves is promising because guided waves
can propagate over distances much larger than the characteristic size of residual
stresses. In particular, guided waves in plate-like structures, also known as Lamb waves,
have been found to be sensitive to changes in structural properties, temperature and
stress (Veidt & Ng 2011, Ng & Veidt 2012). Despite that, there has not been much

research on the theory of acoustoelasticity in regards to Lamb waves.

The paper by Gandhi e al. (2012) provides a fairly comprehensive
acoustoelastic formulation to analyse the effect of biaxial loading in initially isotropic
plates. However, their work is restricted to small initial strains such that the elasticity
tensor is obtained to the first order in the infinitesimal strain tensor. In the current work,
we extend the framework developed by Ogden (1984) for incremental deformations
superimposed on large deformations and utilise an invariant-based formulation of the
strain-energy function. The wave propagation is considered as an infinitesimal
deformation which is superimposed onto a finite static homogeneous deformation. The
dispersion relations derived are similar to those obtained by Roxburgh & Ogden (1994)
for a pre-stressed compressible elastic plate. However, the latter authors did not
investigate the acoustoelastic effect but instead focused on vibration and stability

phenomena.

In recent years, there have been several important contributions related to the
derivation of dispersion relations for pre-stressed layers, albeit in a different context to
acoustoelasticity. In particular, we mention the papers by Kaplunov et al. (2000, 2002a,
2002b) and Pichugin & Rogerson (2001, 2002) on the dynamic response of pre-stressed
incompressible layers and the works of Nolde et al. (2004), Rogerson & Prikazchikova



(2009) and Kayestha ef al. (2011) in the case of pre-stressed compressible layers. The
main motivation behind these contributions was to derive asymptotic models to describe
the wave motion in the long and short wave limits. The derivation of such models is
highly desirable as they readily allow for the qualitative analysis of fundamental as well
as higher-order wave modes. A detailed asymptotic analysis is beyond the scope of the
current paper but the reader is pointed to the books by Berdichevsky (2009) and

Kaplunov (1998) for a comprehensive discussion on the subject.

The aim of the current paper is to investigate the effect of pre-stress on the speed
of propagation of Lamb waves. The work of Nolde ef al. (2004) is the most relevant to
the present study. The authors derive dispersion relations for wave propagation along a
principal direction for a general strain energy function, expressed in terms of invariants
of the left Cauchy-Green strain tensor. Motivated by the industrial application of
rubber-like materials, numerical results are then presented for the neo-Hookean, Varga
and Blatz-Ko strain energy functions. A similar approach is followed in the current
paper but the strain energy function is expressed in terms of a different set of invariants.
The paper is organised as follows. In Section 2, we review the equations governing
incremental motions superimposed on a finite deformation and the constitutive equation
for an isotropic hyperelastic pre-stressed solid. The characteristic equations for
symmetric and anti-symmetric Lamb wave modes are then derived in Section 3 by
considering the propagation of plane waves along the direction of the applied load and
by enforcing traction-free boundary conditions at the surfaces of the plate. These
equations are subsequently specialised in Section 4 to the case of weakly non-linear
elasticity by considering the Murnaghan form of strain energy function, which is
applicable to a large class of engineering materials. Finally, in Section 5, we solve these
equations numerically and compare the dispersion results with previously published

results and experimental data.
2. Governing Equations

The governing equations used in the theory of acoustoelasticity are briefly
reviewed here based on the work of Destrade & Ogden (2012). First, we recall the
equations for incremental motions and the constitutive equation for pre-stressed solid.
Then, we consider an invariant based formulation of the strain energy function and

provide an expression for the components of the elasticity tensor in terms of the



invariants. This general framework will be utilised to derive the dispersion relations for

acoustoelastic Lamb wave propagation.
2.1 Incremental motions

Following the development by Ogden (2007), we consider an isotropic
hyperelastic body of density p, in some stress-free reference configuration, denoted by
Br. Suppose the body is subjected to a finite static pure homogeneous deformation, so
that it occupies a new configuration, denoted by pB,, referred to as the deformed
configuration. The corresponding deformation gradient relating 3, to B, is then given
by F = dx/0X, where x is the position vector in S, of a particle located at X in f3,.. For

a body without internal constraints, the nominal and Cauchy stress tensors are given by

ow ow
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respectively, where W = W(F) is the strain energy function per unit reference volume

and /] = det F.

Next, we consider the superposition of a small-amplitude time-dependent
motion upon the static finite deformation. It is then more convenient to use the
deformed configuration [, as the reference configuration rather than the initial
configuration [, and for this purpose, we define u(x,t) as the displacement vector
relative to f,. The corresponding incremental constitutive relation is given in

component form by

Sopi = qupiqj Ujq» (2)
where So,,; are the components of the incremental nominal stress tensor, Aoy, are the

components of the fourth-order elasticity tensor of instantaneous elastic moduli and a

comma indicates partial differentiation with respect to the Eulerian coordinates.

The incremental governing equations of motion can be written in terms of the

components of the elasticity tensor as

Aopiqj Wipq = Pl (3)



where p = p,J~! is the density of the material in the deformed configuration 3, and a
superposed dot indicates partial differentiation with respect to time. The components of

the elasticity tensor cﬂopiqj can be expressed in terms of the strain energy function W as
62
Aopiai =) EyqFop = 3)
Opiqj pataqB OF;,0Fp

and we note the major symmetry Agp;q; = Aoqjpi (Destrade & Ogden 2012).

For a more comprehensive overview of the theory of incremental deformations

superimposed on a finite deformation, we refer to Ogden (1984, 2007).
2.2 Invariant-based formulation

The strain-energy function W is required to be objective, which means that W
depends on F only through the right Cauchy-Green deformation tensor, defined by
C = FTF. Since the material is also assumed to be isotropic relative to f,, W can be

expressed as a function of the principal invariants of C, given by
1
L=trC, I,= E[(tr 0?—tr(C?)], I3=detC. ()

The nominal stress tensor and the elasticity tensor can be expanded out in terms

of I;, I, and I5. These involve the computation of
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where W; = oW /d1; and W;; = 92w /al; dl;. The expressions for the derivatives of
the invariants, d1;/9F and 02I;/dF9F, were derived by Shams et al. (2011) and are not

repeated here for brevity.
These expressions enable the nominal stress tensor, S, to be written out as
S=2W, FT+2W, (ILI-C)FT +2; W, F 1, )

Similarly, the Cauchy stress tensor, @, is given by



Jo=2W,B+2W, (I,B—B2) +2,WsI, 9)

where B = FFT is the left Cauchy-Green deformation tensor. The elasticity tensor can
also be expressed in terms of the derivatives of the invariants. In component form, it is

given by

JAopiqi = 2(W1 + [1W,) Bpgbi;
+ 2W; [ZBpquj — BigBjp — Bprqu‘sij - quBij]
+ 213W5(26:6iq — 6iq6jp) + 4W11 B, Bjq
+ 4Way(I1Biy — BirBrp ) (I1Bjq — BjsBsq) 10)
+ 4Wi,(211By,Bjq — BipBjrBrq — BjqBirBrp)
+ 413Wy3(Biyiq + BjgSip)
+ 4I3W23[11(Bip5jq + qu‘sip) — OipBjrBrq — 5quirBrp]
+ 4I5W336,,6;,

where B;; are the components of the left Cauchy-Green deformation tensor, B. The
above expression is the specialised form of the elasticity tensor for a pre-stressed
isotropic elastic solid, given in Destrade & Ogden (2012). An equivalent expression can
be found in Nolde et al. (2004) but we note that the latter authors have used a different

set of invariants.
3. Acoustoelastic Lamb wave

The general framework described in Section 2 allows the acoustoelastic effect to
be investigated by considering the propagation of plane waves in infinite media
(Destrade & Ogden 2012). In this section, we shall extend this framework to study the
propagation of Lamb waves in a pre-stressed plate, along the loading direction. The
equations developed have the same canonical form as those derived by Nayfeh &
Chimenti (1989) for Lamb waves propagating along the principal axes for materials of

orthotropic or higher symmetry.
3.1 Uniform extension with lateral contraction

We consider an infinite isotropic plate of thickness D, with the reference
Cartesian coordinate system X = (X;, X,, X3) aligned as shown in Figure 1. The origin
of the coordinate system lies at the mid-plane of the plate and the normal to the surface

coincides with the X, axis of the coordinate system.



Suppose the plate is subjected to a pure homogeneous finite static deformation
from the reference configuration. If the Lagrangian and Eulerian Cartesian basis vectors
are chosen to coincide with the principal directions of the pre-strain, then the
deformation can be expressed as

X1 = )\1X1, Xy = AzXz, X3 = }\3X3 B (11)

where A4, A;, A5 are the principal stretches. As a result, the deformation gradient tensor

and the Cauchy-Green deformation tensors are given by F = diag(A;,A;,A3) and

B=C= diag(klz, A2 7\32) respectively. The principal invariants of C thus reduce to

11 = Alz + AZZ + )\32, 12 = 7\127\22 + 122}\32 + }\32}\12,

(12)
13 = }\12 }\22 }\32 .

We also note that, when referred to axes aligned with the principal axes of pre-strain,
the only non-zero components of the elasticity tensor are given by Ao;isi, Aoiijj» Aoijij

and ‘AOijji'i * ] with l,] € {1,2,3} (Ogden 1984)

We now specialise the deformation to uniaxial tension and assume that the plate
has been pre-stressed by the application of a Cauchy stress o such that the plate is
finitely deformed. Without loss of generality, we may take the uniaxial Cauchy stress o
to be along the x; axis, such that 6; = ¢ and the corresponding principal stretch is A;.
Since there is symmetry perpendicular to the x; axis, as the plate was considered to be

isotropic in the absence of pre-stress, then A, is equal to A3 (Ogden 1984).

For a given uniaxial stress field and strain energy function, the principal
stretches can be determined by inverting the connection in equation (9) and using the
expression in equation (12). The components of the elasticity tensor, Agpiqj, can
subsequently be determined using equation (10). In particular, we note that the uniaxial
stress field leads to strain induced anisotropy, and as a result, the elastic response of the
plate becomes transversely isotropic in nature (Destrade & Ogden 2012). However, the
elasticity tensor does not possess the same symmetries as the elasticity tensor in the case

of classical transversely isotropic linear elasticity.
3.2 Lamb Wave Dispersion Equation

The propagation of acoustoelastic Lamb waves for a homogeneous uniaxial

stress field requires the equation governing incremental motions superimposed on a



finite deformation as given by equation (4) to be solved, in conjunction with stress-free

boundary conditions at the surfaces of the plate.

In this paper, we restrict our attention to the plane strain incremental problem of
wave propagation along the direction of the applied uniaxial stress only. The wave

motion is modeled as
up = Ujeif(x1+ax2—ct) ) =12, (13)

where u; is the particle displacement, U; is the amplitude of the displacement, ¢ is the
wavenumber along the x; direction, a is the ratio of the wavenumbers in the x,
direction to that in the x; direction and c is the phase velocity in the x; direction. This
general form represents plane waves, confined to the x; — x, plane, travelling with a

velocity of ¢ in the x; direction.

Substituting equation (13) into the equation of motion (4) yields an eigenvalue

problem. Using tensor analysis, it is easy to see that u; ,, and u; ;; are given by

Wipg = (=5 (Bpg )Wy » (14)

and

Ui e = (=§2)(c®) u;6;; (15)
respectively, where B, = [ 2] and §;; is the Kronecker delta function.
a «

The eigenvalue problem can be expressed as

(AopiqiBpq — PC*8ij)u; =0, (16)

which is a form of the well-known Christoffel equation for anisotropic media (Rose

1999). Here, we define a modified form of the Christoffel acoustic tensor as

Kij = AopiqjPpq — pC*8yj- (1n

Expanding the acoustic tensor, noting that i and j are free indices while p and g

are summed over, yields



_ 2 2
K11 = pc® — Ap1111 — Ao21212°,
Ki; = —a(Ap1122 + Ao1221) »

(18)
Ky = —a(Api1221 + Ao1122) 5

Ky2 = pc? — Ag1212 — Ao22220%
For non-trivial solutions to the eigenvalue problem, the determinant of the

acoustic tensor must go to zero. This yields a fourth order equation in & which can be

expressed as
P4a4+P2a2+P0=0, (19)
where the coefficients P, , P, and P, are given by

Py = Apz121A02222

P, = —pc?(Agzazz + Aoz121) + AozazzAo1111 + Aoz121Ao1212
— Ap1122H01221 — Ao1122A01122 — Ao1221A01221 20)
— Aop1221A01122»

Py = .0204 - Pcz(dq01212 + Ap1111) + Aor111Ao01212 5

The lack of odd power coefficients in equation (19) means that the fourth order
equation can be reduced to a quadratic equation in a?. This simplification results in four

solutions for a, which are denoted by a,, q € {1,2,3,4}, with the following properties
a, = —a,q, ay = —a3. (21)

These solutions correspond to four partial waves in the x; — x, plane which superpose

to form Lamb waves.

In order to satisfy the stress-free boundary conditions, we follow the approach in
Nayfeh & Chimenti (1989) and define the displacement ratio of U, to U; for each of the
four values of a. Using the relations in equation (21), the displacement ratio for each a,

can be expressed as a function of the wave velocity and the material properties as

_ (PC2 — Ap1111 — C'402121055)
a ag(Ao1122 + Ao1221)

, q €{1,2,3,4}. (22)

The displacement field of the Lamb waves can then be written in terms of the



displacement ratio (22) by using the principle of superposition

U = Ul(aq)eif(x1+aqx2—ct) ,

NgE

1

Q
1l

' (23)
u, = Z Ul(aq)m/qeif(xl+aqx2—ct) )
q=1
Similarly, the stress field can be found by substituting the above displacement
field into the incremental stress-displacement relations (2). The stress components in the

X, direction are of interest

4
Sozz = z ifquUl(aq)eif(x1+aqxz—ct) ’
q=1
- (24)
§021 = Z iszqUl(aq)eif(xl‘l'aqxz—ct) )
q=1
where
qu = CAOIIZZ + anAOZZZZW ,
(25)

Dyq = Ap2121%q + Ap1221Wg -

Incorporating the relations in (21) in equations (22), (23), (24) and (25) results in

the following restrictions

I/Vj+1 = —VV]- ,
D1j+1 = D1j ’ (26)
Dzjy1 = —Dyj, j=13.
In order to satisfy the incremental traction-free boundary conditions at the upper
and lower surfaces of the plate, the components of the incremental nominal stress must

be set to zero

+
QU

a & +2,D
So2z = So21 = 0atx; = =——=

27

N|'

This leads to four equations which can be expressed as



0y

L , (28)
)

Dy Eq Dy, E; Dy3Es3 D14E4 /Ull (
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0
0
0
ila d T -iéa d .. .
where Uy, = Ul(aq),Eq =e” % and E; =e 92, For non-trivial solutions, the
determinant of the coefficient matrix in (28) must go to zero. Finally, using row and
column operations along with the symmetries in (26), the determinant can be reduced to
two characteristic equations
Dy1D;3 cot(yay) — D13Dyq cot(yas) =0, (29)
D11 D3 tan(yay) — D13Dy; tan(yas) = 0,
corresponding to the symmetric and anti-symmetric Lamb wave modes respectively,

withy = éd/2 = wd/2c, w being the angular frequency of the wave.
4. Weakly non-linear elasticity

In the theory of incremental deformations superimposed on a finite deformation,
the amplitude of the wave motion is assumed to be infinitesimal. However, no
restriction is placed on the magnitude of the finite deformation, or on the choice of the
strain energy function W. To allow for small but finite effects, the strain energy
function is specialised to weakly non-linear elasticity (Landau & Lifshitz 1986),
whereby W is expressed as a power series in terms of a particular form of the strain

tensor.

In the linear theory of elasticity, the strain energy function is of second order in
the strain. However, to study the non-linear behaviour of materials, the strain energy
function needs to be expanded to a higher order in the strain. In this paper, the non-
linear effect of interest is the acoustoelastic effect and we aim to determine the second
order correction to the wave speed. Thus, the strain energy function is expanded to the

third order in the strain tensor and it is typically the Green-Lagrange strain tensor, given

by E = %(C — I), which is employed.

A well-known form of the third-order expanded strain energy function is that

due to Murnaghan (1937, 1951)



1 . o, 1 3 .. ,
W= E(/l + 2w)is — 2ui, + §(l +2m)i; — 2miyi, + nis, 31

where i, i, i3 are the principal invariants of E, given by i; = trE, i, = %[if —tr(E)?]
and i; = detE respectively. The parameters A and pu are the classical Lamé elastic
constants and [, m, n are the Murnaghan or third-order elastic constants. The Murnaghan
model has been widely utilised to describe the behaviour of a large class of engineering
materials, particularly in studies of wave propagation (Rushchitsky 2014). This is
because the model takes into account material non-linearity through the presence of the
third-order terms. The Ilatter allow various non-linear effects, including

acoustoelasticity, to be readily investigated.

In the present work, we shall use a particular form of Murnaghan’s expansion,
expressed in terms of the principal invariants of C instead of the principal invariants of

E (Shams et al. 2011)

A l
W=—-(-3)?%+ E(112 -2 =2, +3)+ — (I, —3)3
8 4 24 (32)
m 2 n
+ E(11—3)(11 —3.12)+§(11—12 +I;-1),

where I;, I,, I3 are the invariants previously defined in equation (5). For this particular
strain energy function, the derivatives W3, W,,, W,3 and W55 turn out to be zero and

thus, the expression for the elasticity tensor in equation (10) reduces to

JAopiqi = 2(Wy + I1W3) Bpgbyj
+ 2W2 [ZBpquj - Biqij - BprquSij - quBij] (33)
+ 213W;(28p8jq — 81q8jp) + 4W11BipBiq

+ 4Wy,(21BiyBjq — BiyBjrBrg — BjgBirBryp) -

For a given (Cauchy) uniaxial stress field, the principal stretches can be determined
by solving equation (9) along with equations (12) and (32). The components of the
elasticity tensor, Agpiqj, used in the dispersion relations can then be obtained using

equation (33).
5. Selected Results

In this section, we present selected numerical results obtained by solving the

analytical equations (29) using the algorithm developed by Gandhi (2010). The adopted



approach was verified by comparing the numerical results with the asymptotic solutions
by Nolde et al. (2004) for specific ranges of frequencies, namely low, high and near cut-
off frequency ranges. The material considered in this study is 6061-T6 Aluminium,
which was chosen in order to make contact with previously published analytical
predictions and experimental data from Gandhi et al. (2012). The material properties of
the 6061-T6 Aluminium were sourced from Asay & Guenther (1967) and are listed in
Table 1.

Figure 2 shows the dispersion curves for an aluminium plate subjected to a
uniaxial stress of 100 MPa in tension (continuous line) and in compression (dashed
line). The direction of propagation of the waves was chosen to be parallel to the applied
load, as it was shown to exhibit the highest sensitivivity of the phase velocity to the
applied stress in the case of longitudinal waves (Egle & Bray 1976). The shear
horizontal modes are not shown here as they decouple from the Lamb wave modes. At
this scale, the change in the phase velocity is not immediately obvious. However, it can
be seen that, in general, the phase velocity seems to be higher for the compressive load
as compared to the tensile load. This finding is consistent with the results of bulk wave
acoustoelasticity which predicts that compressive stresses cause an increase in the phase
velocity while tensile stresses lead to a decerease in the phase velocity (Hughes & Kelly

1953).

The change in the phase velocity for different symmetric and anti-symmetric
Lamb wave modes at varying magnitudes of tensile stress is compared in Figure 3. For
reasons of clarity, the results for compressive stresses are not shown here as they only
demonstrate an opposite trend to the results obtained for tensile stresses. Figure 3 (a)
shows the change in the phase velocity, compared to the unstressed state, of the
fundamental symmetric mode (S0) as a function of the magnitude of the applied tensile
load. It can be seen that the change in the phase velocity is negative for all the values of
applied stress considered, which means that tensile stresses cause a decrease in the
phase velocity of the SO mode. Higher magnitudes of the applied stress result in larger
changes in the phase velocity, particularly in the low frequency-thickness region.
However, at higher frequency-thickness values, the change in the phase velocity tends
to a constant value. This is not surprising since the SO mode converges to the Rayleigh

wave velocity at higher frequencies (Rose 1999).



The results for the fundamental anti-symmetric mode (A0), shown in Figure
3(b), are very intriguing. At low frequency-thickness values (500-5000 Hz-m), the
change in the phase velocity is negative. At higher frequency-thickness values (above
5000 Hz-m), the change in the phase velocity tends to a constant value as the A0 mode
also converges to the Rayleigh wave velocity (Rose 1999). However, at very low
frequency-thickness values, a different trend is observed; the change in the phase
velocity is positive and seems to be inversely proportional to the applied load. The inset
plot in Figure 3 (d) shows a particularly interesting behaviour at a frequency-thickness
product of approximately 380 Hz-m; it predicts that the change in the phase velocity is
zero and, more importantly, is independent of the magnitude of the applied stress. This
behaviour seems to be analogous to the isotropic phase velocity observed by Gandhi et

al. (2012) for the A0 mode at varying angles of propagation.

The change in the phase velocity for higher Lamb wave modes is shown in
Figures 3(c) S1 mode, 3(d) Al mode, 3(¢) S2 mode and 3(f) A2 mode. At high
frequency-thickness values, the higher order modes exhibit a similar behaviour to the
fundamental modes as the change in the phase velocity tends to constant value. This is
because the higher order modes converge to the transverse wave velocity at high
frequencies (Rose 1999). However, when the excitation frequency is near the cut-off
frequency of the higher order modes, the change in the phase velocity is much higher
than for the SO mode across all frequencies, including the low frequency range.
Previous efforts on the utilisation of the acoustoelastic effect for stress monitoring have
mainly focused on the fundamental symmetric (S0) mode as well as bulk waves. The
findings here suggest that the use of higher order Lamb wave modes with an excitation
frequency near the cut-off frequency appears to be more advantageous due to the much

higher sensitivity of the phase velocity to the applied stress.

Next, we compare the change in the phase velocity with both the theoretical and
experimental results presented by Gandhi et al. (2012). The latter utilised an aluminium
plate of thickness 6.35 mm which was subjected to uniaxial loads in the range 0 to 57.5
MPa. The experiments were conducted at three specific values of frequency,
corresponding to three different modes, namely the SO mode at 250 kHz, the SImode at
600 kHz and and the A1 mode at 400 kHz. Referring to Figure 4, the analytical results
from the present study show that a better agreement with the experimental values as

compared to the theoretical results predicted by Gandhi et al. (2012). For lower values



of the applied stress, the analytical results are in excellent agreement with the
experimental results, particularly in the case of the symmetric modes shown in Figures
4 (a) and (b). For higher values of the applied stress, the difference in the values is
larger but is still within reasonable agreement. Gandhi et al. (2012) attributed the
differences between their theoretical results and the experimental data to the difficulties
in evaluating the third order elastic constants accurately. The same argument is also
applicable to explain the discrepancy between the present results and the experimental
data. Furthermore, we note that the discrepancy is also due to the fact that the
experimental phase velocity changes determined by Gandhi er al. (2012) were
calculated in the undeformed coordinate system. However, the phase velocities in the
stressed and unstressed configurations are, in general, different due to the stretching of

the material when it is subjected to a an applied stress.
6. Concluding Remarks

We have considered the problem of Lamb wave propagation in an initially
isotropic elastic plate subjected to a homogeneous uniaxial stress field. The derived
governing equations of motion and dispersion equations are based on the non-linear
theory of elasticity and utilises an invariant-based formulation of the strain-energy
function. New results are presented for the Murnaghan form of the strain energy
function, which is applicable to a large class of engineering materials. The results
correlate better with the considered experimental data than previously published
numerical results. The theoretical predictions show the same tendencies as the
experimental data and demonstrate that the phase velocity decreases with an increase in

the magnitude of tensile stress.

The acoustoelastic effect for aluminium plates subjected to a realistic level of
applied stresses (below 100 MPa) is quite significant, specifically below approximately
3000 Hz-m for fundamental symmetric mode. It is, however, much stronger for higher
order modes near the cut-off frequencies. Combining the high sensitivity of the phase
velocity to applied stresses with the excellent ability of Lamb waves to propagate over
large distances without decay, the obtained theoretical equations can form a foundation
for practical techniques to measure stresses in plate-like structures. Similar analytical
dispersion equations can also be obtained for other simple geometries such as circular

rods. In this case, the wave modes are described by the Pochhammer-Chree



characteristic equations (Chaki & Bourse 2009). However, an analysis of the dispersion
equations for more complicated waveguides such as rail-tracks will require the use of

numerical tools, including Finite Element Analysis.

One of the promising aspects of the experimental techniques based on the theory
of acoustoelasticity, specifically for guided wave propagation in slender structures, is a
possibility to distinguish between the residual (built-in) stresses and the applied stresses.
This is possible because the characteristic length of residual stresses, which is normally
related to the characteristic size of the cross-sectional area, is much smaller than the
propagation distances of guided waves. Therefore, the influence of residual stresses on
wave propagation in slender structures, such as rail-tracks, is likely to decay with

distance due to their self-equilibrating nature (no bulk stress).
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Figure
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Figure 1: Alignment of the reference Cartesian coordinate system, with its origin lying at the

mid-plane of the plate.
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Figure 2: Dispersion curves for waves propagating in an Aluminium plate along the direction
of a uniaxial applied stress of 100 MPa
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Figure 3: Change in phase velocity with Frequency-Thickness for modes propagating along
the direction of uniaxial applied stress: (a) SO mode, (b) A0 mode, (¢) S1 mode, (d) A1 mode,
(e) S2 mode and, (f) A2 mode.
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Figure 4: Comparison of the modelling outcomes of the present work with experimental

results and theoretical predictions of a previous study. The results are presented for Lamb

wave propagation in an Aluminium plate of thickness 6.35 mm along the direction of the
uniaxial applied stress.



Table(s)

Table 1: Material Properties for 6061-T6 Aluminium

Elastic properties Value
A 54.308 GPa
u 27.174 GPa
l —281.5 GPa
m —339.0 GPa
n —416.0 GPa
p 2704 kg/m?3




