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[1] The role of wave-topography interactions in the formation of sand ridges on
microtidal inner shelves is investigated with an idealized morphodynamic model. The
latter uses the two-dimensional shallow water equations to describe a storm-driven flow
on an inner shelf with an erodible bottom and a transverse slope. Both bed load and
suspended load sediment transport are included. New are the incorporation of a wave
module based on physical principles and a critical shear-stress for erosion. A linear
stability analysis is used to study the initial growth of bed forms, by analyzing the initial
growth of small perturbations evolving on an alongshore uniform basic state, which
describes a storm-driven flow on a microtidal inner shelf. Model simulations show that
wave-topography interactions cause the ridges to become more trapped to the coast. Both
growth and migration of the ridges are controlled by suspended load transport. The
physical mechanism responsible for ridge growth is related to transport by the storm-
driven current of sediment that is entrained due to wave orbital motions induced by bed
forms. This new mechanism even acts in absence of a transverse bottom slope. The
orientation, spacing and shape of the modeled ridges agree well with field observations
from different shelves.
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1. Introduction

[2] A rich variety of sand ridges is observed in coastal
and shelf seas. In Dyer and Huntley [1999] a classification
scheme is presented based on the long-term evolution of the
ridges in relation with the present-day hydrodynamic set-
ting. The bed forms that will be considered in this paper are
type 2B(ii) in this scheme: the shoreface-connected ridges
(hereafter abbreviated as sfcr), which are characterized by
crests oriented obliquely with respect to the shoreline. They
evolve on inner shelves (depths between 5 and 30 m) where
storms occur frequently. Early observations were reported
on the most prominently present sfcr along the Atlantic
shelf of North America by Duane et al. [1972], Swift et al.
[1972] and Swift and Field [1981]. In Swift et al. [1978]
ridges that occur on European shelves were described. Sfcr
were also observed on the Brazilian shelf [Figueiredo et al.,
1982], the Argentinean shelf [Parker et al., 1982], the
Canadian shelf [Hoogendoorn and Dalrymple, 1986; Amos
et al., 1996], the Belgian and central Dutch coast [van de
Meene and van Rijn, 2000], the German shelf [Antia, 1996],
the Danish shelf [Anthony and Leth, 2002] and the West

Florida shelf [Twichell et al., 2003; Edwards et al., 2003;
Harrison et al., 2003].
[3] A noticeable characteristic of sfcr is their rhythmic

structure with a typical alongshore spacing between succes-
sive crests of 2–6 km. Lengths of individual crests are
between 10 and 25 km and heights range from 1 to 6 m.
Both observations [Swift et al., 1978; Antia, 1996; van de
Meene and van Rijn, 2000] and model studies [Trowbridge,
1995; Calvete et al., 2001a] indicate that the growth of the
ridges takes place during storms. Stormy weather is char-
acterized by high waves (wave heights of 2–4 m) and a
mean storm-driven flow of up to 0.5 m s�1. The orientation
of the ridges is related to the dominant storm-driven flow.
The seaward ends of the crests are shifted up-current with
respect to their attachments to the shoreface, thereby mak-
ing an angle of 10–50� with respect to the coastline.
Exceptions to this are the ridges found on the central part
of the Danish west coast which have angles of about 60�
and the ridges on the west-central Florida shelf which are
oriented at angles of 58–75�. All the ridges show a
migration in the direction of the storm-driven current with
a magnitude of 1–10 m yr�1 and they evolve on a timescale
of decades to centuries.
[4] Proposed hypotheses on the origin of sfcr can be

divided into two broad classes. The first is that the ridges
are relict features from before the Holocene transgression
[McClennen and Mcmaster, 1971; Swift et al., 1972]. The
second is that they emerge due to inherent dynamic inter-
actions between the water motion and the sandy bed (called
morphodynamic self-organization). Although some features
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appear to be largely relict, observations by Swift et al.
[1978] and Twichell et al. [2003] show that sediment
transport in ridge areas is significant, especially under
stormy conditions. So, even when the ridges have a relict
origin, they are often subject to sediment reworking by
modern shelf processes. McBride and Maslow [1991] argue
that ebb-tidal deltas provided the initial sand source for the
development of many sfcr and shelf processes act as
modifying agents in the evolution during and after ebb-tidal
delta deposition.
[5] A process-based model for sfcr, using the second

hypothesis of morphodynamic self-organization, was pro-
posed by Trowbridge [1995]. His model consists of the
depth-averaged shallow water equations, ignoring Coriolis
and bottom friction terms. The sediment transport due to
bed load is linearly related to the mean flow. The model
describes the initial formation of sfcr due to the joint action
of waves (stirring sand from the bottom) and a longshore
storm-driven flow (causing net sand transport). Trowbridge
demonstrated the growth and down-current migration of
up-current oriented ridges having similar shape as the
observed ridges in the field. The latter is the consequence
of a positive coupling between small topographic perturba-
tions superimposed on the mean alongshore uniform equi-
librium state and the induced small hydrodynamic
perturbations such that sand transport is convergent over
the ridges.
[6] The model of Trowbridge [1995] was extended by

Falqués et al. [1998] to include Coriolis terms, bottom
shear-stresses and sediment transport due to bottom slopes.
The latter was shown to be crucial to obtain a preferred
mode of which the spacing agrees with field observations.
Restrepo [2001] included the effect of a wave-induced
Stokes drift in the model and found that it tempered the
growth mechanism. However, the ratio of timescales related
to growth and migration of the bed forms is not in
accordance with field data and the instability mechanism
is very sensitive to the cross-shore profile of the storm-
driven current.
[7] Calvete et al. [2001a] argued that these artefacts were

due to the neglect of suspended load sediment transport and
spatial variations in stirring of sediment by the waves. The
results of their model, which accounts for the processes
mentioned above, compare favorably well with field data
(both ridge growth and migration). Moreover, the results are
hardly sensitive to the profile of the storm-driven flow. A
drawback of the model is that it uses a strongly simplified
description of waves in calculating the stirring of sediment.
The parameterization (derived from a simple wave shoaling
model) is such that the amplitude of the near-bed wave
orbital motion decreases with increasing water depths (thus
also the stirring of sediment by the waves). In fact, in the
latter model wave properties only depend on the undis-
turbed reference depth and refraction, shoaling and dissipa-
tion due to the presence of bed forms are ignored.
[8] In a recent study by Calvete et al. [2005] a sophisti-

cated wave transformation model was used to study the
initial formation of sandbars in the surf zone. They showed
that explicit modeling of wave-topography interactions is
crucial for obtaining good agreement between model results
and field observations. Therefore, in the present paper a
morphodynamic model for the inner shelf will be discussed

which includes a process-based wave transformation model.
This enables the study of interactions between waves and
the bottom topography and the effect on the initial growth of
sfcr. Important differences with Calvete et al. [2005] are a
different geometric setting (inner shelf rather than surf zone)
and the consideration of obliquely incident waves. The
objective is to investigate the effect of the improved wave
formulation and in addition the influence of growing bed
forms on the wave properties (the latter was not possible
before).
[9] The paper is organized as follows. In section 2 a new

model will be presented, which extends that of Calvete et al.
[2001a] with regard to the description of waves and the
formulation of sand transport. This is followed in section 3
by an outline of the method of analysis. Results will be
presented in section 4 and are followed by a discussion
(section 5) on the physical interpretation, agreement with
field data and model simplifications. We end with concluding
remarks (section 6).

2. Model Formulation

[10] The starting point is a reference shelf geometry.
Forcing of the water motion on this shelf is due to wind
generating both waves and an alongshore current. Waves
affect the current through the bed shear-stress. Forcing of
currents due to the divergence of wave-induced radiation
stresses, the effect of currents on waves through the Doppler
shift and wave diffraction are neglected here. This can be
justified by assuming that waves hardly break on the inner
shelf and that the typical phase speed of the waves is much
larger than the current velocity. It is further assumed that the
sediment is transported only during stormy weather, which
occurs for a specific time fraction (about 5%). In contrast,
during fair weather bottom stresses are not sufficiently
strong to erode the sediment particles from the bottom.
During storms wave orbital velocity amplitudes are large
compared with the mean storm-induced longshore current.
The strong near-bed wave orbital motion stirs the sediment
from the bottom, which is subsequently transported by the
mean flow. The long-term bottom evolution is determined
by the wave-averaged sediment transport. Divergence of the
sediment transport leads to bottom change and this in turn
will affect the hydrodynamics. Positive internal feedbacks
between the flow field and the erodible bed of the inner
shelf will cause growth of bed forms. Below, details about
the different parts of the model are given (equations are
representative for storms).

2.1. Shelf Geometry

[11] The reference geometry consists of an inner shelf
with a sloping bed and depth increasing in seaward direc-
tion. It is bounded on the landward side (x = 0) by the
transition from inner shelf to shoreface (depth H0) and on
the seaward side (x = Ls) by an outer shelf with constant
depth Hs. The bottom profile is longshore uniform. The
transition from the shoreface to the inner shelf is assumed to
be straight and without interruptions. An orthogonal coor-
dinate system is used such that the x-axis points in the cross-
shore (seaward) direction and the y-axis in the alongshore
direction (pointing into the paper). The z-axis is directed
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vertically upward and z = 0 represents the still water level.
A sketch of the geometry is presented in Figure 1.

2.2. Hydrodynamics

2.2.1. Waves
[12] The wave transformation model is based on linear

wave theory. This holds if waves have a small steepness and
amplitudes which are much smaller than the water depth.
For waves (wind and swell) and water depths we are
considering (inner shelf region) this will generally be the
case.
[13] Wind-generated waves usually show randomly vary-

ing wave heights, periods and directions. Longuet-Higgins
[1980] discussed the statistical properties of waves charac-
terized by a narrow band of frequencies and orientations.
The narrow spectrum is centered around a peak frequency,
wavenumber and wave orientation. Locally, the free surface
elevation (measured with respect to the undisturbed water
level z = 0) is described by:

z ¼ H

2
cosF; F ¼ kxxþ kyy� wt: ð1Þ

Here, F is the wave phase, whilst the wave height H is
random and described by a Rayleigh distribution. Further-
more, kx =�k cosq and ky = ksinq are the x- and y-component
of the wavevector ~k and k is the wavenumber. The peak
frequency associated with the random wave field is w and q
is the angle of wave incidence measured with respect to the
shore-normal (clockwise deviation with respect to shore-
normal means positive q and vice versa, see Figure 2).The
probability density distribution of values H 0 attained by the
wave height reads

P H 0ð Þ ¼ 2H 0

H2
rms

e� H 0=Hrmsð Þ2 ; ð2Þ

with Hrms the root-mean-square wave height. The energy E
(per surface area) of a random wave field, apart from a
factor rg with g the gravitational acceleration and r the
water density), is defined as

E ¼ hz2i ¼ 1

8
H2

rms: ð3Þ

The brackets h i denote a time average over several wave
periods and integration over all possible wave heights.

[14] Below, equations are discussed that govern the
behavior of k, q, w and E, which are allowed to vary slowly
in space. Here, we assume stationary wave conditions.
The law of conservation of wave crests [Mei et al., 2005,
chapter 2] implies that the wave frequency w is constant.
The frequency of gravity waves is related to wavenumber k
by the dispersion relation

w 2 ¼ gk tanh kDð Þ: ð4Þ

The wavenumber is the length of the wavevector, k = (kx
2 +

ky
2)1/2, and D is the water depth (averaged over many

waves). The angle of wave incidence is governed by the
wavenumber identity relation:

@

@y
k cos qð Þ þ @

@x
k sin qð Þ ¼ 0: ð5Þ

Finally, the energy is controlled by the wave energy
balance:

~r � ~cgE
� �

¼ F �D: ð6Þ

Here,~r is the two-dimensional (horizontal) nabla vector
with components @

@x and @
@y in the x- and y-direction,

respectively. Furthermore,~cg is the group velocity vector of
the waves with amplitude cg and components cgx = �cgcosq
and cgy = cgsinq. Its magnitude cg is

cg ¼
@w
@k

¼ w
2k

1þ 2kD
sinh 2kDð Þ

� �
: ð7Þ

The two terms on the right-hand side of equation (6) are
the source of energy provided by wind forcing, F , and the
energy dissipation, D, respectively. Dissipation can be the
consequence of different processes, e.g., bottom friction,
whitecapping and wave breaking. In the inner shelf region
the dissipation is dominated by bottom friction. It is
assumed that dissipation and generation of wave energy
cancel on the outer shelf. The formulations for the

Figure 1. Side view of a typical longshore- and time-
averaged bottom topography of the continental shelf,
representing the inner and outer shelf, in the shore-normal
direction. For explanation of the symbols, see the text.

Figure 2. Definition of the angle of wave incidence q. It is
measured with respect to the shore-normal. Clockwise
(anticlockwise) deviation with respect to the shore-normal
means positive (negative) q.
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dissipation (adopted from Komen et al. [1994]) and
generation of wave energy used in this study are:

D ¼ 2cf kuw E
sinh 2kDð Þ ; F ¼ Djx¼Ls

: ð8Þ

Here, cf is a wave friction factor and

uw ¼ wHrms

2 sinh kDð Þ ð9Þ

is the root-mean-square amplitude of the near-bed wave
orbital motion.
2.2.2. Currents
[15] It is assumed that the large-scale water motion (i.e.,

that part of the water motion that remains after averaging
over a number of waves) is governed by the depth- and
wave-averaged (2DH) shallow water equations

@~v

@t
þ ~v �~r
� �

~vþ f ~ez �~v ¼ �g~rzs þ
~ts �~tb
rD

; ð10Þ

@D

@t
þ ~r � D~vð Þ ¼ 0: ð11Þ

Here,~v is the depth-averaged and wave-averaged velocity, f
the Coriolis parameter, ~ez is a unit vector in the vertical
direction, zs and zb are the free surface elevation and the
bottom depth both measured with respect to the undisturbed
water level z = 0. Furthermore, the water depth D = zs � zb
and~ts and~tb represent the wind stress and bed shear-stress.
In the momentum equations (10) forcing terms due to wave-
induced radiation stresses, horizontal momentum diffusion,
density gradients and tides are neglected. Furthermore, the
rigid-lid approximation is used based on the small velocity
of water particles with respect to the phase speed of gravity
waves (small Froude number). As the free surface elevation
is much smaller than the undisturbed water depth in this
case, the local depth can be approximated by D ’ �zb. It is
assumed that the mean storm-driven flow is in the
alongshore direction (cross-shore component is neglected),
which is driven by a prescribed wind stress tsy. During
storms the amplitude of the wave orbital motion is much
larger than the magnitude of the storm-induced current.
Under wave-dominated conditions the mean bed shear-
stress is linearly related to the mean flow. Assuming waves
and currents to be near-parallel, it follows

~tb ¼ rruw~v; ð12Þ

where uw has been defined in section 2.2.1. The friction
coefficient r computed for random waves is a factor

ffiffiffi
p

p
/2

larger compared to the case of monochromatic waves
considered in Calvete et al. [2001a]. Note that the mean
bottom stress is related to the depth-averaged current rather
than to the bottom velocity.
[16] The boundary conditions are that the cross-shore

flow component u vanishes at x = 0 and far offshore. The
bed level zb has a fixed value at these two positions. As a

consequence no net exchange of water occurs between the
shoreface and inner shelf.

2.3. Sediment Transport

[17] Field observations by Green et al. [1995] show that
during storms large amounts of sand are in suspension and
transported without having any contact with the bed (sus-
pended load transport). A smaller part of the grains moves
within a thin layer close to the bed by rolling, sliding and
hopping and is in frequent contact with the bed (bed load
transport). Calvete et al. [2001a] argued that both types of
transport must be included in the sediment transport formu-
lation to correctly describe the growth and migration of sfcr.
The total volumetric transport of sediment per unit width
h~qti (averaged over several wave cycles) thus has two
contributions:

h~qti ¼ h~qbi þ h~qsi; ð13Þ

where h~qbi and h~qsi represent the transport of sediment as
bed load and suspended load, respectively. Formulations for
these transports are given in section 2.3.1 and 2.3.2. As a
simplification, the sediment is considered to be non-
cohesive and of a single grain size.
2.3.1. Bed Load
[18] The formulation of Bailard [1981] is used to describe

the bed load transport of sediment. For stormy weather
conditions and waves propagating almost parallel to the
storm-driven current, it follows

h~qbi ¼
3
2
nb u2w � u2c
� �

~v� lbuw ~rzb

� �
u2w > u2c ;

0 u2w � u2c :

8<
: ð14Þ

The coefficient vb depends on sediment properties and lb is
the bed slope parameter which is related to the angle of
repose of the sediment. Coefficient lb is a factor 3

ffiffiffi
p

p
/4

larger compared to the case of monochromatic waves.
Furthermore, uc is the critical wave orbital velocity
amplitude above which erosion of sediment occurs. The
first contribution to h~qbi represents the net sediment
transport due to a stirring of sediment by the waves and
the subsequent transport by the net current. The second
contribution accounts for gravitational effects on sediment
grains in the bed load layer. Hereafter, the first contribution
is called the current-induced sediment transport and the
second the bed slope sediment transport. Bed load sediment
transport only occurs if the shear-stress exerted on the bed
exceeds a critical value.
2.3.2. Suspended Load
[19] The volumetric suspended load sediment transport

per unit width, averaged over a large number of wave
cycles, is a modified version of the suspended load transport
proposed by Bailard [1981] and reads

h~qsi ¼ C~v� lsu
5
w

~rzb: ð15Þ

Here, C is the depth-integrated relative volume concentra-
tion of sediment and ls is the bed slope parameter for
suspended sediment. The latter is a factor 15

ffiffiffi
p

p
/8 larger

compared to the case of monochromatic waves. A
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formulation for the depth-integrated volume concentration
(derived assuming a balance between the erosion and
deposition flux near the bed) is adopted from van Rijn
[1993] and also used by Calvete et al. [2001a]:

C ¼ dDca; ca ¼
ĉa

u2w�u2c
u2c

� �3=2
u2w > u2c ;

0 u2w � u2c :

8><
>: ð16Þ

Here, d is the ratio of the thickness of the suspended load
sediment layer and the actual water depth and ca the
reference volume concentration. The coefficient ĉa is a
constant and a factor 3

ffiffiffi
p

p
/4 larger compared to the case of

monochromatic waves. As in the case of bed load, transport
of suspended sediment only occurs if the shear-stress
exerted on the bed exceeds a critical value leading to
entrainment of sediment particles. The corresponding
boundary condition is that the concentration vanishes far
from the coast.

2.4. Bottom Evolution

[20] The evolution of the bottom is governed by:

1� pð Þ @zb
@t

þ ~r � h~qbi þ ~r � h~qsi ¼ 0; ð17Þ

where h~qbi and h~qsi are given in equations (14) and (15).
The porosity of the bed is indicated by p.
[21] Note that sfcr evolve on a timescale of decades to

centuries, which is much longer than the daily to weekly
variation of hydrodynamic processes. This allows use of the
quasi-steady approximation: time derivatives in the hydro-
dynamic equations are neglected. Physically, this means that
the water motion adjusts instantly to a new bed level.

3. Solution Method

[22] The initial growth of morphodynamic features is
investigated by applying a linear stability analysis. The
starting point is a longshore uniform basic state which
describes an incoming wave field and a longshore storm-
induced current. The inner shelf has a plane slope and bars
are not yet present. The morphodynamic evolution of small
perturbations in the basic state yields information about the
growth or decay of features. As the focus is on the initial
growth of bed features, the governing equations are linear-
ized, which means that only terms that are proportional to
the amplitude of the perturbations are retained. The linear-
ization procedure is outlined in section 3.2. The result is an
eigenproblem which is solved numerically using a spectral
method. The solution for a fixed bed level gives the
perturbed wave and velocity fields, which in turn are used
to calculate changes in the bed level. From here on we
denote solutions of primary wave variables by X = (k, q, E)
and those of other dependent variables by Y = (u, v, zs, C, zb).

3.1. Basic State

[23] It turns out that in caseH=H(x), as stated in section 2.1,
the model allows for a basic state that is steady and
alongshore uniform. Hence, X = Xb(x) and Y = Yb(x),
where we write Xb = (K, Q, E) and Yb = (U, V, x, C, � H).
Thus K, Q and E represent the basic state wavenumber,

angle of wave incidence and wave energy, respectively.
Likewise, U, V, x, C and H represent the basic state cross-
shore and longshore velocity component, free surface ele-
vation, depth-integrated volume concentration and bottom
elevation, respectively.
[24] Now substitute X = Xb in equations (4)–(9). It

follows, as w is constant, that equation (4) relates the basic
state wavenumber K(x) to water depth H(x). This relation is
transcendental in K and can be solved using a root-finding
procedure. Next, equation (5) reduces to K sin Q = constant,
which is Snell’s law. For a given angle of wave incidence
Q = Qs on the outer shelf, it follows

sinQ ¼ Ks sinQs

K
: ð18Þ

Here, Ks is the wavenumber at x = Ls, which is known from
the dispersion relation. The basic state wave energy E(x) is
governed by:

d

dx
�E Cg cosQ
� �

¼ F b �Db; ð19Þ

where Cg, F b and Db (thus Uw) are obtained from
equations (7)–(9) by substitution of basic state variables.
As boundary condition the wave energy E = Es (or
equivalently, Hrms,s) on the outer shelf is prescribed. The
basic state wave orbital velocity amplitude Uw(x) is
important for calculating the basic state flow and sediment
transport.
[25] The basic state describes a longshore current with

a cross-shore gradient, ~v = (0, V(x)), which is driven by
a constant alongshore wind stress tsy. The momentum
equations for the basic state reduce to the following
form:

f V ¼ g
dx
dx

; 0 ¼ tsy � tby
rD

: ð20Þ

The first equation determines the cross-shore set-up or set-
down of the water level due to Ekman effects. The second
equation together with the rigid-lid approximation (D = H)
and the linear friction law tby = rrUw V determine the basic
state alongshore velocity profile:

V ¼ tsy
rrUw

: ð21Þ

Note that the formulation for the alongshore velocity is only
valid under wave-dominated conditions. The corresponding
basic state depth-integrated relative volume concentration
C(x) follows from substitution of the basic state variables
into equation (16)

C ¼
dHĉa

U 2
w�u2c
u2c

� �3=2
U2

w > u2c ;

0 U2
w � u2c :

8><
>: ð22Þ

It is implicitly assumed that the basic state inner shelf
equilibrium profile is due to the balance between downslope
gravitational transport and onshore transport due to waves.

C06012 VIS-STAR ET AL.: WAVES AND RIDGE FORMATION

5 of 17

C06012



Therefore, the basic state defines a morphodynamic
equilibrium. In this case the sediment and mass conserva-
tion equations are automatically obeyed.

3.2. Linear Stability Analysis

[26] The stability properties of the basic state are consid-
ered by studying the dynamics of small perturbations
evolving on this basic state. Hence, X = Xb + X0 is
substituted in equations (4)–(9) and together with Y = Yb +
Y0 into equations (10)–(17). Both Xb and Yb are defined
in section 3.1. Furthermore, X0(x, y, t) = (k0, q0, e0) and
Y0(x, y, t) = (u0, v0, h0, c0, h0) denote the perturbed variables,
which are assumed to have small values with respect to their
basic state values. To close the model, also perturbations in
the group velocity, energy dissipation and wave orbital
velocity amplitude need to be considered: (cg, D, uw) =
(Cg, Db, Uw) + (c0g, D0, u0w). Expressions for cg

0, D0 and u 0
w in

terms of k0, q0, e0 and h0 readily follow from equations (7)–
(9). As the morphodynamic patterns which are investigated
are naturally confined to the inner shelf, appropriate offshore
boundary conditions are X0, Y0 ! 0 for x ! 1. At the
shoreface (x = 0) the boundary conditions are a vanishing
cross-shore flow component (u0 = 0) and a bottom elevation
which is fixed to its basic state value (h0 = 0). Linearizing the
equations with respect to the small perturbed variables
results in a linear system of differential equations. Note that
use of the quasi-steady approximation implies that time
derivatives of hydrodynamical variables are excluded. The
system of perturbed equations sustains solutions which are
periodic in the longshore direction and of which the ampli-
tude can grow (or decay) exponentially in time:

X0;Y0; c0g;D0; u0w

� �
¼ Re ĉ xð Þ; ŷ xð Þ; ĉg xð Þ; D̂ xð Þ; ûw xð Þ

� �
eikyþst

n o
:

ð23Þ

Here, Re denotes the real part of the solution, k the
longshore wavenumber (which can be assigned any value),
the hats denote the as yet unknown cross-shore structure of
the solutions and s the complex frequency. Substituting
expressions (23) into the equations for the small perturba-
tions yields

k̂ ¼ K2

KH þ 1
2
sinh 2KHð Þ

 !
ĥ; ð24aÞ

d

dx
K cosQ q̂
� �

� ikK sinQ q̂

¼ � d

dx
sinQ k̂ð Þ � ik cosQ k̂;

ð24bÞ

d

dx
�Cg cosQ ê
� �

þ ik Cg sinQ ê

¼ � d

dx
E ĉgx
� �

� ik E ĉgy � D̂:

ð24cÞ

Here, ĉgx = (� cosQ ĉg+ CgsinQ q̂) and ĉgy = (sinQ ĉg +
Cg cosQ q̂) are the x- and y-component of the perturbed

group velocity, respectively. The expression for the cross-
shore structure of the perturbed wave orbital velocity, which
is e.g., used in calculating D̂, follows from equation (9):

ûw ¼ Uw

ê

2E
� H k̂� Kĥ

tanh KHð Þ

 !
: ð25Þ

A similar procedure is followed for deriving the perturbed
flow and sediment transport equations. These are almost
identical to the equations obtained in the work of Calvete et
al. [2001a], except that their parameterization (2.5) for uw is
not used and an extra friction term �r V u 0

w/H appears in the
alongshore momentum balance. The latter is a consequence
of the fact that the present study includes perturbations in
the wave orbital velocity.
[27] The equations above, together with the corresponding

boundary conditions which were specified before, define an
eigenvalue problem

s S
ĉ

ŷ

2
4

3
5 ¼ Lk

ĉ

ŷ

2
4

3
5; ð26Þ

where s is the complex eigenvalue and (ĉ, ŷ) are the
eigenfunctions. The latter ones give the cross-shore
structure of the perturbations. The 8 � 8 matrix S contains
the temporal information of the perturbations and all its
elements are zeros, except for S(8,8) = 1. Finally, the linear
matrix operator Lk involves spatial derivatives and is
therefore dependent on the longshore wavenumber k.
[28] The growth rate and migration speed of the pertur-

bation is given by the complex frequency (s = sr + isi). The
real part, sr, is the growth rate and the migration speed is
given by Vm = �si/k. If, for specific choices of the model
parameters, sr < 0 for all k the basic state is stable.
Conversely, if there is a range of wavenumbers k for which
sr > 0, there are exponentially growing modes and the basic
state is unstable. The mode which has the largest growth
rate is called the fastest growing or most preferred mode.
The basic idea of a linear stability analysis is that, starting
from some random perturbation (which contains all Fourier
modes), the fastest growing mode will dominate the solu-
tion after some time. The inverse of the growth rate sr gives
a characteristic timescale for the formation in nature (called
the e-folding growth time Tg). The eigenvalue problem is
solved numerically using a spectral collocation method.
Thus, variables are expanded in Chebyshev polynomials
and equations are evaluated at N collocation points (see
Boyd [2001] for details).

4. Results

4.1. Parameter Values: Default Case

[29] In this section results of the model are presented for a
specific setting of the reference topography and for values
of the parameters which are representative for the microtidal
inner shelf of Long Island. It is situated at the Atlantic coast
of North America near New York at a latitude of 40�.
Several studies [cf. Swift and Field, 1981] have indicated the
presence of large-scale bed forms in this area. The reference
bottom profile, defined as the longshore- and time-averaged
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bottom profile of the continental shelf, is modeled as z =
�H(x), where

H xð Þ ¼
H0 þ b x 0 � x � Ls;

Hs x > Ls:

8<
: ð27Þ

Representative values for the geometrical parameters are
H0 = 14 m, Hs = 20 m and Ls = 5.5 km, hence the bottom
slope b = (Hs � H0)/Ls � 1 � 10�3. The Coriolis parameter
at this location is f = 1 � 10�4 s�1.
[30] Observations by Niedoroda and Swift [1981] and

Lentz et al. [1999] indicate the importance of northeastern
storms for the wave climate near Long Island. A typical
value for the root-mean-square wave height on the outer
shelf of Long Island is Hrms,s = 1.5 m. Note that the
significant wave height, which is used in many studies, is
a factor

ffiffiffi
2

p
larger. The waves approach from the northeast

and the angle of wave incidence Qs = �20� (counter
clockwise, with respect to the shore normal) when entering

the inner shelf. As we assume a stationary wave field, the
wave frequency is constant. A typical value for the wave
period is T = 11 s, so a wave frequency w � 0.6 s�1. Awave
friction factor cf = 3.5 � 10�3 is used for determining
dissipation of wave energy. For calculating the bottom
shear-stress experienced by the current a friction coefficient
r = 2.0 � 10�3 is used.
[31] The wind associated with the northeastern storms

exerts a stress on the water surface which forces an
alongshore current. Based on the field data discussed above
the alongshore wind stress is chosen as tsy = �0.4 N m�2

(southward). The alongshore current V is established as a
balance between the storm-induced wind stress and the
bottom stress. Note that the latter depends on the wave
orbital velocity (see equation (21)). It is further assumed
that grain size d50 = 0.35 mm, porosity p = 0.4, bed load
parameter vb = 5.6 � 10�5 s2 m�1, suspended load
parameter ĉa = 1.2 � 10�5, critical velocity for erosion
uc = 0.25 m s�1 and bed slope parameters lb = 0.65 and ls =
7.5 � 10�4 s4 m�3 (see equations (14)–(17)). Field data

Figure 3. Basic state; cross-shore profiles of wavelength, angle of wave incidence, wave height and
wave orbital velocity. Default case.
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[Williams et al., 1999] indicate that d � 0.2 for strong waves
superimposed on a mean current. Values are similar to those
proposed by Calvete et al. [2001a].
[32] The cross-shore profiles for the basic state wave

variables are shown in Figure 3. A decrease in water depth
causes a shortening and refraction of the waves. Wave
height increases towards the shore due to decreasing group
velocity. As a result, the amplitude of the near-bed wave
orbital velocity also increases into shallower depths and
reaches an amplitude of 0.54 m s�1 at the shoreface.
[33] The cross-shore profiles of the basic state longshore

current and depth-integrated concentration are shown in
Figure 4. The magnitude of the longshore current decreases

towards the shoreface, reaching a value of 0.36 m s�1. This
is a consequence of the larger bottom friction for shallower
depths. The depth-integrated concentration of sediment
increases towards the shoreface as the larger wave orbital
motion stirs more sediment into suspension.

4.2. Linear Stability Analysis: Default Case

[34] The growth rate of small perturbations evolving on
the basic state of the model as a function of their longshore
wavenumber k is displayed in Figure 5a. In the calculations
it is assumed that growth of the perturbations takes only
place during storms, which occur during a time fraction of
5%. Model output is corrected for this. For this default case

Figure 4. Basic state; cross-shore profiles of longshore current and depth-integrated volume
concentration. Default case.

Figure 5. Growth rates (a) and migration velocities (b) as a function of the longshore wavenumber. The
dashed lines indicate the most preferred mode. (c) Bottom perturbations (greyscale; light: bars, dark:
troughs) and perturbations (small arrows) in basic longshore velocity field (in direction of thick arrow)
for the maximum in the growth rate curve. The aspect ratio has been increased to show the arrows.
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one growing solution is obtained. The dashed line indicates
the wavenumber k = kp of the most preferred mode, which
has the largest growth rate. Here kp � 2.0 km�1, which
corresponds to a longshore wavelength of the bed forms of
l = 2pk�1 � 3.1 km. It follows from Figure 5b that the
preferred mode migrates approximately 33 m yr�1 in the
downstream direction.
[35] The bottom pattern of this preferred bed form is

shown in Figure 5c. The light areas denote the crests and the
dark areas the troughs. Clearly, sfcr are found with seaward
ends of the ridges rotated up-current with respect to the
shoreface attachments. The angle between the crest axis and
the coastline (from here on denoted as 8) is about 30�. The
ridges extend up to 1 km in offshore direction. The thin
arrows denote the flow perturbation and show an offshore
(onshore) current deflection over the crests (troughs) of the

bars. The e-folding timescale for the growth of the ridges Tg =
sr
�1 � 195 yr.
[36] In Figure 6a both the bottom pattern of the preferred

mode (greyscale) and perturbations in the wavevector (small
arrows) are shown. A significant convergence of wave rays
is visible at the upstream side of the ridges, which is due to
bed form-induced wave refraction. The focusing of waves in
the upstream region causes an increase in wave energy,
which is clearly visible in Figure 6b. The shore-normal
(Figure 6c) and longshore (Figure 6d) cross-sections at the
positions of the dashed lines show that perturbations in
wave energy are located up-current and onshore with
respect to the bottom perturbations.
[37] In Figure 7a the spatial distribution of the perturbed

wave orbital velocity and bottom of the most preferred

Figure 6. (a) Spatial structure of the perturbed bottom (greyscale; light: bars, dark: troughs) and of the
perturbed wavevector (small arrows); the fastest growing mode. The aspect ratio has been increased to
show the arrows. (b) Bottom pattern of the most preferred mode (greyscale; light: bars, dark: troughs) and
spatial distribution of the perturbed wave energy (contours; solid: e0 > 0, dashed: e0 < 0). The dashed
white lines indicate the position of normal and longshore cross-sections through the ridges, which are
shown in (c) and (d), respectively.
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mode are shown. A small phase shift in the cross-shore
direction exists (see Figure 7b). The longshore cross-section
along the vertical white dashed line (Figure 7c) reveals that
the pattern of the wave orbital velocity is shifted up-current
with respect to that of the bottom. As will be demonstrated
later on, this phase shift between the perturbed wave orbital
velocity amplitude and the perturbed bottom is crucial to
understand the growth of bed forms due to their feedback
with the waves.
[38] Focusing of wave energy in areas upstream of the

ridges causes an enhanced entrainment of sediment in these
areas and therefore an increase in depth-integrated sediment
concentration (results not shown).

4.3. Sensitivity to the Wave-Bed Form Feedback
Mechanism

[39] In this section the effect of wave-topography inter-
actions on growth, migration and spatial characteristics of
ridges is investigated. This is done by excluding perturba-
tions in the wave orbital motion: u0w = 0, hence uw = Uw.
Physically, this means that wave refraction and shoaling and
dissipation of wave energy due to the presence of bed forms
are neglected together with the friction term related to
perturbations in the wave orbital velocity. Note that the
latter was assumed in all previous models for sfcr, although
a basic state wave orbital velocity was parametrically
described. Default values for the parameters were used.
[40] Results (not shown) reveal that the basic state is

stable with respect to perturbations having a wavenumber
k > 2.2 km�1. For smaller wavenumbers two modes are
found with positive growth rates. The first mode has a
maximum growth rate for a wavelength l = 6.9 km, whereas
the second mode attains its maximum for l = 4.9 km. The
growth rates are positive, but very small: e-folding time-

scales are �104 yr. Their migration speeds are �0.7 m yr�1

in the direction of the longshore basic current.
[41] The bottom pattern of both modes consists of up-

current oriented ridges which span the whole width of the
inner shelf. The angle between crest axis and coastline is 8�
30� for the first mode and 8 � 25� for the second mode.

4.4. Sensitivity to the Reference Bottom Slope

[42] Previous models [cf. Trowbridge, 1995] indicated
that the growth of ridges decreases monotonically with
decreasing transverse bed slopes and no growth occurs in
case that b = 0. However, these models did not account for
perturbations in the wave orbital velocity. Therefore, we
investigated the sensitivity of the growth process to the
transverse bottom slope with the new model. Experiments
were performed using default parameter settings, except for
changing the water depth at the outer shelf Hs (and thus the
transverse bed slope). The slope was gradually increased
from 0 to the default value of 1 � 10�3.
[43] Already in case of a horizontal bottom growing

perturbations are obtained. The fastest growing mode has
an e-folding time of 249 yr. The most preferred alongshore
spacing is 2.7 km. The bed forms are closely confined to the
shoreface, up-current oriented and they migrate with 35 m
yr�1 in the down-current direction. They span only about
15% (up to 0.8 km) of the inner shelf width. The oblique-
ness of the crest axis with respect to the coastline is
somewhat larger than 35�. Slowly increasing the transverse
bottom slope to the default value results in a slightly larger
longshore spacing, 25% increase in growth rate and a minor
decrease in migration speed. The offshore extent of the
ridges increases from 0.8 km (zero slope) to 1.0 km (default
slope).

Figure 7. (a) Bottom pattern of the most preferred mode (greyscale; light:bars, dark:troughs) and spatial
distribution of the perturbed wave orbital velocity (contours; solid: u0w > 0, dashed: u0w < 0). The dashed
white lines indicate the position of normal and longshore cross-sections through the ridges, which are
shown in (b) and (c), respectively.
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4.5. Sensitivity to Model Parameters

[44] One noticeable new element in the present study is
the incorporation of a wave module based on physical
principles. Consequently, it is important to investigate the
dependence of model results on three new parameters viz.,
wave height, wave period and the angle of wave incidence
at the offshore boundary x = Ls. For all sensitivity experi-
ments that will be discussed below default values for the
parameters were used, unless mentioned otherwise. A range
of conditions was examined. The offshore wave height
Hrms,s was varied between 1.0 and 5.0 m representing a
calm to a rough sea. The wave period Twas varied such that
both wind and swell seas are examined: 4 � 14 s. The
offshore angle of wave incidence Qs was varied between
�2� and �50� (from the northeast), which covers the range
of conditions observed. According to Draper [1991] wave
height and wave period are related, i.e., the higher the wave,
the larger the wave period. Therefore, some extra experi-
ments were performed in which wave height and wave
period were varied according to Draper’s formulation. A
few additional experiments were carried out to investigate
the effect of wave dissipation and a critical velocity for
erosion on the results.
4.5.1. Varying Wave Height
[45] For each of the different wave heights the basic state

is computed and subsequently the stability problem is
solved. Figure 8 shows results for the magnitude of the
basic state wave orbital motion as a function of offshore
wave height. As can be seen, waves with larger offshore
wave height have a larger wave orbital velocity on the outer
shelf. The higher the waves, the stronger their shoaling
towards the coast which results in a stronger increase of

wave orbital velocities. The amplitude of the basic state
longshore current is inversely related to the amplitude of the
wave orbital motion. Therefore, in case of a rough sea the
longshore current is relatively weak on the outer shelf and it
decreases comparatively fast towards the shoreface. For the
depth-integrated sediment concentration the opposite holds
(but more strongly), as the latter is related to the third power
of the wave orbital velocity.
[46] Performing the linear stability analysis for different

offshore wave heights revealed that the system exhibits one
growing mode in all cases. Figure 9 shows the preferred
wavelength, e-folding growth time and migration speed as a
function of the offshore wave height. In all cases the waves
were assumed to be present during 5% of the time.
[47] The alongshore spacing between two successive

crests increases from l = 3.5 ± 0.3 km for Hrms,s = 1.0 m
to l = 11.5 ± 0.3 km for Hrms,s = 5.0 m. The e-folding
growth time decreases rapidly with increasing offshore
wave height, which indicates an increase in growth rate
with a factor 13. Even more remarkable is the strong
increase in migration speed from 10 m yr�1 for a wave
height of 1.0 m to 300 m yr�1 for a wave height of 5.0 m,
both still in the down-current direction. Note however that
for 5.0 m high waves the assumed time fraction of occur-
rence should probably be a factor 10 smaller and
corresponding values for growth time and migration speed
would be 590 years and 30 m yr�1, respectively. The results
of experiments with wave heights and periods related as for
the Draper [1991] formula (results not shown) indicate that
precise knowledge about both wave height and wave period
is crucial for obtaining accurate estimates of e-folding
growth times. Differences between the default case and
the Draper cases are most significant for smaller wave
heights.
[48] The increase in alongshore spacing of the bed forms

for higher offshore waves is accompanied by an increase
in their cross-shore extent. This is clearly visible when
Figure 10a, which displays the spatial structure of the most
preferred mode for a wave height of 5.0 m, is compared
with Figure 5c. For a wave height of 5.0 m the bed forms
extend offshore to approximately 100% of the inner shelf
width, instead of about 18% for the default case. The
obliqueness of the ridge axis with respect to the coastline
increases from 8 � 25� (Hrms,s = 1.0 m) to 8 � 35� (Hrms,s =
5.0 m).
[49] Another important feature is visible in Figures 10b

and 10c, which show the perturbations in the wave orbital
velocity and the bottom perturbations at a specific normal
and alongshore transect through the ridges. For small wave
heights the perturbed wave orbital velocity attains its
maximum almost at the same offshore position as the ridge
crest. However, faced in the longshore direction, the per-
turbation in the wave orbital velocity is slightly shifted up-
current with respect to the bar position. When wave heights
are increased the up-current phase shift in the along-
shore direction between u0w and h0 increases significantly
(Figure 10c). Furthermore, a clear cross-shore phase shift is
formed, where the perturbed wave orbital velocity is shifted
onshore with respect to the bottom perturbation (Figure 10b).
4.5.2. Varying Wave Period
[50] Similarly as before, the basic state is computed for

different wave periods. Results reveal that the basic state

Figure 8. Cross-shore profiles of the wave orbital velocity
amplitude in the basic state for different offshore wave
heights.
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wave orbital velocity amplitude is larger for low-frequency
waves. This can be understood by realizing that two
processes are competing here. The first is covered by
the dispersion relation which shows a more than linear
decrease in wavenumber with decreasing wave frequency.
The indirect effect is an increase of the wave orbital
velocity. The second effect is the direct reduction of the
wave orbital velocity for lower wave frequencies. The
competition is such that the indirect effect wins and wave
orbital velocities increase for larger wave periods. As a

consequence of the latter, the total sediment concentration
in the water column will increase, whilst the basic state
amplitude of the longshore velocity will decrease for waves
with lower frequencies.
[51] The performed stability analysis indicates that one

growing solution is obtained as long as the wave period
exceeds 6 s. Figure 11 shows the preferred wavelength, e-
folding growth time and migration speed for this mode as a
function of the wave period.

Figure 10. (a) Bottom pattern (greyscale; light: bars, dark: troughs) of the most preferred mode for a
wave height of 5.0 m. The dashed white lines indicate the position of normal and longshore cross-
sections through the ridges, which are shown in (b) and (c), respectively.

Figure 9. The sensitivity of the longshore spacing (a), e-folding growth time (b) and migration speed
(c) of the fastest growing mode for the wave height at the outer shelf. Other parameters have their default
values. The uncertainty in longshore spacing is indicated with the error bars. Uncertainties in e-folding
time and migration speed are very small, so no error bars are shown.
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[52] The longshore spacing of the bed forms slightly
decreases with an increase in wave period, but it saturates
at a value of l = 2.7 ± 0.3 km. The e-folding growth time
decreases with a factor 5, where the largest decrease takes
place at lower wave periods. The migration speed of the
ridges increases more or less linearly with increasing wave
period and in all cases the ridges propagate downstream.
The spatial structure of the bed forms is similar to the ones
shown in Figure 5c. The crests reach up to 1 km offshore in
all the experiments. The angle between crest axis and
coastline ranges from 8 � 25� to 35�, being the largest
for low-frequency waves. Investigation of the phase shift
between perturbed wave orbital velocities and bottom
perturbations has shown an increase in the longshore phase
shift for larger wave periods. For both low- and high-
frequency waves the cross-shore maximum in the perturbed
wave orbital velocity is exactly on top of the ridge and no
phase shift exists.
4.5.3. Varying Angle of Wave Incidence
[53] The basic state is computed for varying offshore

angles of wave incidence. The differences between the
magnitude of basic state variables for all the experiments
are small. In case of more oblique incident waves the wave
orbital velocity and depth-integrated concentration of sed-
iment become smaller and the current amplitude becomes
larger.

[54] The linear stability analysis for distinct offshore
angles of wave incidence provided clear mutual differences
regarding the preferred wavelength, e-folding growth time
and migration speed (Figure 12) of the most preferred
mode. For angles of wave incidence jQsj > 30� no clear
maximum in the growth rate curve was found and thus no
information is provided concerning the preferred wave-
length of the evolving bottom patterns. For these specific
experiments, the most preferred wavelength is estimated
using the wavenumber at which the growth rate curve starts
to saturate.
[55] For an angle of wave incidence almost normal to the

shore at the outer shelf, the longshore spacing between
successive crest is �5 km. Increasing the offshore angle of
wave incidence to �50� leads to a reduction in this spacing
of at least 3 km. A similar behavior is observed for the
offshore distance to which the ridges extend. The latter
decreases from �1.5 km (about 30% of the inner shelf
width) to �0.5 km (10% of the shelf width). The angle
between ridge axis and coastline increases from about 25� to
30� for a change in the offshore angle of wave incidence
from �2� to �20�. For jQsj > 20� the angle between ridge
axis and coastline is independent of the offshore angle of
wave incidence. More oblique incident waves favor a faster
development of bottom patterns. The e-folding growth time
decreases with about a factor 50 for very oblique incident
waves with respect to near-normal incident waves. The

Figure 11. As Figure 9, but sensitivity for a change in wave period.

Figure 12. As Figure 9, but sensitivity for a change in angle of wave incidence at the outer shelf.
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sensitivity of the bed form propagation speed to the offshore
angle of wave incidence is limited. Enlarging the offshore
angle of wave incidence from �2� to �50� results at first in
a small increase in down-current migration speed, but in the
end a decrease to about �29 m yr�1. For angles of wave
incidence which are sufficiently large, also a secondary and
tertiary mode emerges.
4.5.4. Role of Other Processes
[56] So far we have presented results for cases in which

the influences of both dissipation of wave energy and a
threshold velocity for erosion are taken into account. The
latter is a new element with respect to former studies,
whereas dissipation is new in the sense that wave processes
are explicitly described in this study. Experiments reveal
that the above-mentioned processes are responsible for a
16% reduction in growth rates and a 13% decrease in
propagation speeds. Critical shear-stresses for erosion con-
tribute most significantly to the damping of growth and
migration. The longshore spacing of bed forms is not
affected by the two processes.
[57] Finally, the relative importance of bed load and

suspended load transport in the default case is determined.
Simulations show that 87% of bed form growth and
migration are caused by suspended load transport.

5. Discussion

5.1. Physical Interpretation

[58] For the default setting of the model parameters, it has
been demonstrated that the basic state is unstable and
growing bottom perturbations resemble up-current oriented
sfcr. In this section the physical processes responsible for
the growth, migration and spatial pattern of these ridges are
analyzed. A convenient procedure, which was also used by
Trowbridge [1995] and Calvete et al. [2001a], is to derive
an equation which combines the continuity equation for
water (11) and the conservation equation for sediment mass
(17). Linearizing both equations with respect to small
perturbations and combining the results yields the so-called
bed evolution equation
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where lbs = (3/2) vblbUw
3 + lsUw

5 . The formulation is as in
section 3 before substituting the longshore periodic and
exponentially growing solutions. Here, in case of wave
orbital velocities exceeding the critical velocity for erosion,
the effects of the latter are ignored. Thus, the basic state
reference volume concentration is written as Ca = ĉa Uw

3 /uc
3

for Uw
2 > uc

2 (derived from equation (16) by substitution of
basic state variables). By straightforward calculations it
follows that the perturbed reference volume concentration is
c0a = 3ĉaUw

2u0w/uc
3.

[59] In the bed evolution equation, term T0 represents the
growth or decay of bed forms. Bed forms grow (decay) if
@h0/@t > 0 (@h0/@t < 0) above the crests. Term T1 describes
the alongshore migration of the bed perturbations due to bed
load processes. Term T2 is a consequence of the downslope
sediment transport and causes diffusion of bed forms. The
terms on the right-hand side of the bed evolution equation
are possible sources of instabilities. Term T3 represents
the Trowbridge [1995] mechanism in the specific case of
(3/2)vbUw

2 ! K = constant, in which K is called the
sediment load. Essential for this mechanism to work is
the presence of a transversely sloping reference bottom.
Trowbridge demonstrated that in order to have growth, the
current should exhibit an offshore deflection over the ridge.
In other words, there must be a positive correlation
between u0 and h0. The latter only occurs if the ridges are
up-current oriented. In addition, taking into account both
term T3 and T4 of equation (28) gives the mechanism
proposed by Calvete et al. [2001a]. They found that in
order to have growth of up-current oriented ridges, the
cross-shore gradient in the reference volume concentration
(dCa/dx) should be negative above ridge crests. Thus, the
basic state wave orbital velocity Uw should increase to-
wards the shoreface. Again, essential is the presence of an
inner shelf with transverse bottom slope.
[60] Finally, terms T5 and T6 in the bed evolution

equation are a consequence of bed form-induced perturba-
tions in the wave orbital velocity u0w and reference volume
concentration c0a, respectively. These terms, of which term
T6 is the dominant one, describe a new physical mechanism
which is hereafter called the wave-bed form feedback
mechanism. The latter is, in contrast with the other two
mechanisms, also effective in case of a non-sloping refer-
ence bottom. In order to have a positive feedback between
waves and bed forms term T6 (the dominant one) should be
negative above a ridge and thus @c0a /@y > 0 (note that V is
negative). As c0a is linearly related to u0w, this means that
@u0w /@y > 0 at the crests. More precisely, in order to have

growth the spatial correlation h0 @u0w=@y
� �

should be posi-
tive, where the bar denotes averaging over the domain.
Assuming h0 = ĥ(x)cos(ky) and u0w = ûw(x)cos(ky � f(x)),
where f denotes an alongshore phase shift between u0w and
h0, it follows

h0
@u0w
@y

� k

Z 1

0

sinf ĥ ûw dx: ð29Þ

From this we see that a positive phase shift f between ûw
and ĥ can initiate growth of bed forms and therefore the
maximum in the perturbed wave orbital velocity should be
located upstream of the maximum in the bed perturbation.
This is only the case for up-current rotated ridges, which
exhibit a clear convergence of perturbed wave energy at
their upstream side (see Figures 6b–6d) with a correspond-
ing increase in the magnitude of the wave orbital velocity
(see Figure 7). Thus, the enhanced stirring of sediment by
the waves in the upstream region causes an increase in the
sediment concentration, which is subsequently transported
by the background current and deposited at the downstream
side of the ridges. The wave-bed form feedback mechanism
thus leads to enhanced growth andmigration of the bed forms.
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[61] Similar derivations for the Trowbridge [1995] and
Calvete et al. [2001a] mechanisms show that a phase shift
between the cross-shore velocity perturbation (u0) and the
bed perturbation (h0) can also initiate growth. However, the
growth according to the wave-bed form feedback mecha-
nism is linearly related to the alongshore wavenumber k
(because of the longshore derivative @u 0w/@y), whereas the
other two mechanisms are not. Consequently, the wave-bed
form feedback mechanism dominates over the two other
mechanisms, albeit that the latter are still significant. This is
clearly visible in Figure 13 which shows, for the default
case in Figure 5, the relative contributions of the different
terms in equation (28) to total growth and migration.
[62] Analysis of equations (24b) and (24c) shows that the

phase shift between wave orbital velocity perturbations and
the bed topography is mainly a consequence of bed form-
induced wave refraction. The latter is controlled by the
second term on the left-hand side of the ‘generalized Snell’s
law’ (24b). The focusing of wave energy due to wave
refraction is governed by the first two terms on the right-
hand side of equation (24c). The latter process is clearly
visible in e.g., Figure 6a in the convergence of wave rays
upstream of the ridges, which leads to an increase of
perturbed wave energy in that area.
[63] The sensitivity of model results to variations in the

parameters is largely determined by the wave-bed form
feedback mechanism. The increase in growth rate and
migration speed for higher offshore waves is due to the
increase in amplitude of the basic state wave orbital velocity
and the increase in phase shift between h0 and u 0

w . However,
also bedslope effects increase strongly, which causes the
preferred mode to have a larger wavelength (as the down-
slope movement of sediment is most effective for the small
length scales). An increase in wave period leads to similar
behavior for the growth rates and migration rates, however
the effect is smaller as the magnitude of the basic state
orbital velocity and increase in phase shift between h0 and

u0w are limited. Thus changes in the longshore spacing are
minor. The large increase in growth rate for an increase in
angle of wave incidence at the outer shelf is a consequence
of the large increase in phase shift between h0 and u 0

w .
Note that in case of near-normal wave incidence almost no
wave refraction is taking place, and thus the wave-bed
form feedback mechanism is relatively inefficient com-
pared to the Trowbridge [1995] and Calvete et al. [2001a]
mechanisms.

5.2. Comparison With Observations

[64] The model results have been compared with data of
sfcr from different inner shelves. Particular attention has
been paid to the alongshore spacing between successive
crests, the angle between crestlines and coastline, the cross-
shelf extent of the ridges, their growth time and their
migration speed.
[65] For the default parameter setting in section 4 (repre-

sentative for Long Island inner shelf) the most preferred
mode is characterized by an alongshore spacing l � 3.1 km.
This is slightly smaller than the observed spacing at this
shelf [Niedoroda and Swift, 1981; Schwab et al., 2000].
Generally, observed spacings of sfcr range from 2–6 km.
Note that Figure 9a indicates that the spacing predicted by
the model increases when larger values of the wave height
at the outer shelf are taken. In case that Hrms,s = 3 m the
model predicts l � 4.9 km.
[66] The angle between the coastline and the crest axis

obtained with the model in case of the default parameter
setting is 8 � 30�. Positive values of 8 indicate that the
ridges are upstream oriented, i.e. their offshore ends are
shifted upstream with respect to their attachments at the
shoreface. The value of this angle for the ridges that occur at
Long Island inner shelf is 8 � 30–40� [Schwab et al.,
2000]. Thus, the model predicts the correct orientation of
the crests. For experiments with different wave period,
offshore wave height or offshore angle of wave incidence

Figure 13. Relative contribution of the different terms in equation (28) to the growth rate (a) and
migration speed (b) of the mode for the default case shown in Figure 5. Here, T0 is total and T1�T4
means T1 + T2 + T3 + T4.
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we obtain 8 = 30� ± 5�. Duane et al. [1972] analyzed data
of sfcr at different shelves and concluded that most ridges
have angles 8 between 10� and 50�. Almost all the ridges
have positive angles, so they are upstream oriented. This is
also predicted by the model.
[67] A noticeable difference between the ridges obtained

with the present model and those found with earlier models
[Trowbridge, 1995; Calvete et al., 2001a] is that they are
more trapped to the coast. In the default case the offshore
extent of the ridges is 1 km, i.e., about 20% of the width of
the inner shelf, whereas the previous models yield ridges
that fully cover the shelf. The observed sfcr at Long Island
shelf extend about 2.5 km over the shelf, i.e., a coverage of
about 50%. Inspection of patterns of sfcr at other shelves, as
presented in Swift et al. [1978] and van Meene and van Rijn
[2000] reveals that most ridges occupy about half of the
width of the inner shelf. Such values of the cross-shore
extent of the ridges are predicted with our model in case that
Hrms,s is about 3.5 m. We stress that previous models always
predict ridges that cover the entire shelf.
[68] Finally, we consider the growth timescale Tg and

migration speed Vm of the ridges. The present model yields
Tg � 195 yr and Vm � 33 m yr�1 (downstream migration)
for the default case. There are no direct field data of Tg, but
considering the lifetime of the ridges (several thousands of
years) the model result is satisfactory. With regard to the
migration speed, observed values range from 1–50 m yr�1,
depending on the measuring period [Duane et al., 1972; van
de Meene and van Rijn, 2000]. All ridges migrate in the
downstream direction, as is also predicted by the model. In
all observational studies it is stressed that storms are highly
episodic events and that during a single, severe storm ridges
can migrate over longer distances than in an entire year
without such a storm. Also, note that the modeled values are
subject to high uncertainties. They scale linearly with the
time fraction during which storms prevail (here 5% is
assumed), the reference concentration near the bed (con-
trolled by parameter ĉa) and the thickness of the suspended
load layer (parameter d). In our model the formulation of ĉa
is that proposed by van Rijn [1993], which is inversely
proportional to the reference height za above the bed where
the reference concentration is defined. In the experiments
the value of za is based on the assumption that there are no
dunes and sandwaves present on the bed. However, in
reality such relatively small-scale bed forms (compared to
the sfcr) are definitely observed. As a consequence, the
value of za becomes larger and that of ĉa becomes smaller. A
factor of order 5–10 seems quite plausible.

5.3. Model Simplifications

[69] The observed patterns of sfcr are actually rather
complex and the model only describes the gross character-
istics. The model used in this study is largely simplified
with respect to reality, there might be other processes that
affect the growth of ridges in nature. First, in the model
radiation stresses exerted by the waves and wave-induced
Stokes drift are ignored. Second, the linear stability analysis
employed yields no information about the finite amplitude
of the ridges. By using a depth-averaged model, the role of
the vertical structure of the currents is neglected. However,
field data [e.g., Niedoroda et al., 1984] have revealed the
presence of vertical circulation cells perpendicular to the

coast. This suggests that taking into account 3D processes in
the current model is important. Another simplification is the
use of one single grain size in the experiments, whereas data
clearly show variations in grain size over the ridges. In the
present study we consider the microtidal American shelf, for
which it is justifiable to consider only storm-driven currents
and neglect the relatively weak tidal flows. However, near
e.g., the Dutch and German coasts strong tidal currents
occur and bottom stresses are sufficiently strong to erode
and transport sediment even during fair weather conditions.
Calvete et al. [2001b] demonstrated that dependent on the
actual tidal conditions, intensity of the storm-driven flow
and fraction of time during which storms prevail a variety of
large-scale bed forms, including tidal sand banks and sfcr,
are formed. According to Walgreen et al. [2002] overtides
can have a large effect on migration speeds of the ridges,
but not on their growth rates. It would be interesting to
investigate the effect of tidal flow in the context of the
present model.

6. Conclusions

[70] In this paper a new model has been discussed that
describes the initial formation of sfcr on microtidal inner
shelves due to interaction between waves, a storm-driven
current along the coast and the sandy bottom. The most
distinct differences between the present model and those of
Trowbridge [1995] and Calvete et al. [2001a] is that here
the behavior of waves is described by equations which are
derived from physical principles, rather than by parameter-
izations, and that interactions between waves and bed forms
are accounted for. Moreover, erosion of sediment now only
occurs if the near-bed wave orbital velocity amplitude
exceeds a critical value.
[71] For a model setting that resembles the situation at

Long Island inner shelf it has been found that the fastest
growing modes resemble sfcr of which the offshore ends are
shifted upstream with respect to their attachments to the
shoreface. Typical alongshore distances between successive
crests are several kilometers and the ridges migrate several
tens of meters per year. Compared to results obtained with
previous models the ridges are more trapped to the coast,
only for large wave heights at the outer shelf (>3.5 m) the
bed forms extend over the entire shelf. Including a critical
velocity for erosion has a tempering effect on the growth.
[72] A physical analysis has revealed that in this model

the ridges grow due to three different mechanisms. The first
is the one described by Trowbridge [1995] which involves
the offshore deflection of the current over the ridges over a
transversely sloping bottom. The second is described by
Calvete et al. [2001a] and involves the joint action of cross-
shore gradients in the depth-averaged sediment concentra-
tion of the reference state (i.e., the state in which bed forms
are absent) and the offshore deflection of currents over the
ridges. The third is new and is referred to as the wave-bed
form feedback mechanism. It significantly contributes to
further growth of upstream oriented ridges because the latter
cause wave rays to converge (diverge) on the upstream
(downstream) sides of the crests. Consequently, focusing
(defocusing) of wave energy in these areas occurs, which
subsequently results in enhanced (reduced) stirring of sed-
iment by waves, hence also of sediment load, which is
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subsequently transported as suspended load by the storm-
driven flow. This mechanism is even active in the absence
of a transversely sloping bottom and it is more effective
than the first two mechanisms. The consequence is that both
growth and migration of the ridges are now controlled by
suspended load transport of sediment; bed load transport
only plays a minor role. Furthermore, the formation of sfcr
does not require the presence of a transversely sloping
bottom, albeit that model results are in better agreement
with field data in case the modeled shelf geometry has such
a slope. We conclude that comparison of model results with
field data at different shelves is satisfactory, given the large
uncertainties in the magnitude of the suspended load sedi-
ment transport and in the time fraction during which storms
prevail and ridges evolve.
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