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1 Introduction

After the discovery of a new heavy resonance, studying its couplings to the particles of the
Standard Model (SM) will be of utmost importance. This can be achieved, in particular,
by investigating on-shell decays of the resonance into SM final states. In order to separate
the different energy scales relevant for these decay processes, the method of effective field
theory (EFT) offers a valuable tool. Scale separation is desirable for two reasons: first, by
separating the new physics from SM physics, it allows for a model-independent description
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that can be adapted to any specific new-physics scenario with only little effort. The effective
theory is constructed as a systematic expansion in the small parameter λ ∼ v/Λ, where we
assume a large hierarchy between the electroweak scale v ≈ 246GeV and the new-physics
scale Λ. By using an EFT approach the processes of interest can be described without
knowledge of the full underlying theory. Second, by constructing the appropriate operator
basis the power counting is manifested at the level of the Lagrangian, while at the same
time keeping large logarithms of the scale ratio under control.

The appropriate EFT for low-energy physics is an extension of the SM called SMEFT,
in which the effective operators contain SM fields only, and new physics enters through
the Wilson coefficients of these operators. However, this approach cannot provide a mean-
ingful description of the on-shell decays of a new heavy resonances. The scale separation
in this case is between the energy injected into the final-state particles and their mass,
Ei ∼ mV � mi, where i labels the final-state particles. The appropriate framework for
this situation is Soft-Collinear Effective Theory (SCET) [1–4], an effective theory for highly
energetic light particles. In SCET every SM field is split up into momentum modes that
are either collinear with an energetic final-state particle or soft. Modes with large virtu-
alities are integrated out in the Wilsonian way. The effective theory is built from gauge-
invariant building blocks, which are comprised of the soft and collinear fields dressed with
Wilson lines.

In refs. [5, 6], the original formulation of SCET has been extended to an effective
theory called SCETBSM, which describes light SM fields coupled to a field describing a
hypothetical new heavy resonance with mass much above the electroweak scale. In these
papers the operator basis was constructed up to third (and partially fourth) order in
the expansion parameter λ for the case of a scalar resonance S transforming as a singlet
under the SM gauge group. In the present work we extend the framework to the case
of heavy vector resonances, while at the same time allowing for the resonance to carry
SM charges. An additional subtlety in this case arises from the fact that theories with
massive vector fields are a priori not renormalizable. The mass of the resonance must
either be acquired via a Higgs-like mechanism, or the resonance must arise as a composite
state from a confining strong interaction. Neither of these mechanisms are visible to the
effective theory. Hence, the vector resonance needs to be described in a fashion analogous
to the b quark in Heavy-Quark Effective Theory (HQET) [7–9], in which only the soft
fluctuations of the heavy field remain as dynamical degrees of freedom. In this way, the
effective Lagrangian is renormalized even though the vector resonance can appear as a (soft)
virtual particle in loop diagrams. For most of this work we focus on the case of a vector
resonance transforming as a SM singlet, which is commonly referred to as a Z ′ boson.
In this case no loop-amplitudes with virtual heavy vector resonances exist. Even then,
however, introducing an effective field for the heavy vector meson is needed to restrict the
operator basis and keep the EFT power counting consistent, because different components
of the vector field obey different scaling rules in the EFT.

Massive, gauge-singlet vector bosons are common ingredients of many theories beyond
the SM, typically appearing as gauge bosons of larger symmetry groups that are broken to
the SM one. As such they appear frequently in models with a gauged B−L charge, models

– 2 –



J
H
E
P
0
2
(
2
0
2
1
)
2
0
4

of compositeness or theories with extra dimensions (see [10] for a comprehensive review).
In the context of the persisting B-physics anomalies, they have raised interest as potential
mediators of the b → s`+`− anomalies [11–13], and they are part of the new-physics
spectrum of more comprehensive models offering combined explanations of the anomalies
in b → s`+`− and b → c`−ν̄ transitions [14, 15]. Even though the main mediators in the
latter models are vector leptoquarks, it can be shown that a Z ′ boson cannot be avoided
in such constructions [16]. The framework outlined in this paper can be used to describe
the decays of heavy vector resonances into SM fields, including the sizable resummation
effects affecting the decay rates, in an economic and systematic way.

This paper is organized as follows: in section 2 we begin with a brief review of the
necessary ingredients of SCET, followed by a discussion of the construction of the Heavy-
Vector Effective Theory (HVET) needed to describe the heavy resonance in the effective
Lagrangian. For the most interesting case of a gauge-singlet resonance Z ′, we then discuss in
detail the construction of the operator basis for two-prong decays at leading and subleading
order in power counting. In section 3 we derive the corresponding decay amplitudes at
tree level. The renormalization-group (RG) running of the matching coefficients and the
resummation of large logarithms is discussed in section 4. In section 5 we generalize our
framework to vector resonances that are charged under the SM gauge group. Finally, we
illustrate our approach with the example of a specific UV completion in section 6. Our
conclusions are given in section 7.

2 Construction of the effective theory

2.1 Basic elements of SCET

We now give a brief overview of the necessary ingredients of SCET relevant to this paper,
referring the reader to [5] for a more detailed discussion. SCETBSM is an EFT for energetic
light SM particles coupled to a new heavy particle, which serves as a source of large energy.
All operators in this EFT must be invariant under the (unbroken) SM gauge group. For
each direction of large momentum flow, one specifies a set of light-like reference vectors ni
and n̄i, satisfying n2

i = n̄2
i = 0 and ni · n̄i = 2. In the present work, we limit our attention

to two-prong final states, which in the rest frame of the decaying resonance are always in
a back-to-back configuration. We can thus choose a single set of reference vectors

nµ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,−1) , (2.1)

each denoting a direction of large momentum flow. Any 4-momentum can then be
decomposed as

kµ = nµ

2 n̄ · k + n̄µ

2 n · k + kµ⊥ . (2.2)

In a similar manner, the metric tensor can be decomposed as

gµν = g⊥µν + nµn̄ν + n̄µnν
2 . (2.3)
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Lorentz indices in the transverse plane orthogonal to the reference vectors nµ and n̄µ can
be contracted with the help of the symmetric and antisymmetric two-index tensors g⊥µν and

ε⊥µν = εµνρσ
nρ n̄σ

2 . (2.4)

In general, the effective theory for two-prong decays contains fields whose momenta
obey the scaling laws

(n̄ · k, n · k, k⊥) ∼ E
(
1, λ2, λ

)
; “collinear”

(n̄ · k, n · k, k⊥) ∼ E
(
λ2, 1, λ

)
; “anti-collinear”

(n̄ · k, n · k, k⊥) ∼ E (λ, λ, λ) ; “soft”

(n̄ · k, n · k, k⊥) ∼ E
(
λ2, λ2, λ2

)
; “ultra-soft”

(2.5)

where E ∼ mV is the characteristic decay energy, which scales with the mass of the
decaying resonance. Note that ultra-soft modes can only arise for massless fields in the low-
energy theory. Since some of the low-energy degrees of freedom can have large momentum
components (of order E), derivatives acting on (anti-)collinear fields are not necessarily
power-suppressed, and hence the most general effective Lagrangian contains an infinite
number of operators with arbitrary powers of large derivatives. They can be traded for non-
localities of the composite operators and their Wilson coefficients along light-like directions,
over which the Lagrangian is then integrated. In momentum space, this important feature
of SCET results in a dependence of the Wilson coefficients on the mass of the decaying
resonance in addition to the masses of other heavy particles that have been integrated out.
All remaining derivatives on SCET fields correspond to small momentum components and
give rise to power-suppressed contributions.

In the presence of the above-mentioned non-local operator products, gauge invariance
is restored by means of collinear and anti-collinear Wilson lines, defined as

W (A)
n (x) = P exp

[
igA t

a
A

∫ 0

−∞
ds n̄ ·Aan(x+ sn̄)

]
, (2.6)

and similarly for W (A)
n̄ (x). Here gA denotes the gauge coupling associated with the gauge

field A, and taA is the group generator in the representation of the field on which the
Wilson line acts. For the hypercharge Wilson line W (B)

n the generator is replaced by the
hypercharge operator. The object P is the path-ordering symbol. Wilson lines often play no
role in tree-level calculations in SCET, because they correspond to longitudinally polarized
gauge fields, which are unphysical for massless fields. For final states containing electroweak
bosons, however, the Wilson lines do generate physical final states, as we will see later.

The relevant SCET operators consist of products of “building blocks” comprised of
the fields dressed with Wilson lines [3, 17]. For the Higgs doublet, the n-collinear building
block is

Φn(x) = W †n(x)φn(x) , Wn(x) ≡W (W )
n (x)W (B)

n (x) . (2.7)
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Here φn(x) refers to a projection of the quantum field φ(x) for the SM Higgs doublet onto
its Fourier modes carrying a collinear momentum with scaling as shown in (2.5). The
building block for an n-collinear fermion is given by

Ψn(x) = PnW
†
n(x)ψn(x) = /n/̄n

4 W †n(x)ψn(x) , (2.8)

where Wn is the appropriate product of Wilson lines depending on the charges of the
fermion under the SM gauge group. The projection operator Pn singles out the large
components of the spinor of a highly energetic fermion. Finally, for an n-collinear gauge
field the building block is defined as

Aµ
n(x) ≡ Aµ,a

n (x) taA = W (A)†
n (x)

[
iDµ

nW
(A)
n (x)

]
= gA

∫ 0

−∞
ds n̄ν

[
W (A)†
n F νµn W (A)

n

]
(x+ sn̄) .

(2.9)

Here Dµ
n and F νµn are the covariant derivative and field-strength tensor associated with the

collinear gauge field Aµn. Written in this form the gauge fields contain the generators taA of
the gauge group, and in the case of the U(1)Y gauge field we define Bµ

n(x) ≡ Bµ,a
n (x)Y ,

where a = 1 and Y is the hypercharge operator. By definition, the n-collinear building
blocks satisfy the constraints

/nψn(x) = 0 , n̄ ·An(x) = 0 . (2.10)

An important fact is that one can associate a consistent power counting in λ with the
effective fields defined in SCET, finding

Φn ∼ λ , Ψn ∼ λ , A⊥n ∼ λ , n ·An ∼ λ2 . (2.11)

Importantly, the large component n̄ · An, which would scale like λ0, vanishes by virtue of
the constraint (2.10). The anti-collinear building blocks, defined with n and n̄ exchanged
everywhere, obey the same scaling rules. In addition, one can define soft and ultra-soft
fields in the EFT, which obey the scaling laws

φs ∼ λ , ψs ∼ λ3/2 , Aµs ∼ λ , (2.12)

and

φus ∼ λ2 , ψus ∼ λ3 , Aµus ∼ λ2 . (2.13)

It follows that adding more fields to an operator always increases its scaling with λ, giving
rise to higher power suppression in the ratio of the electroweak scale to the new-physics
scale. This important fact ensures that, as long as one is interested in the leading and sub-
leading terms in the power expansion, a relatively small number of operators contributes.
Operators in the EFT can also contain derivatives ∂µ acting on the fields, but only those
derivatives corresponding to small momentum components can appear, which again gives
rise to a suppression in powers of λ.
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Besides the usual momentum modes in SCET, one also needs to introduce a static
mode Φ0 ∼ λ carrying no four-momentum in order to encode the effects of electroweak
symmetry breaking (EWSB) [5]. In the broken phase, this mode will be replaced by the
Higgs vacuum expectation value (VEV), i.e.

Φ0
EWSB→ 1√

2

(
0
v

)
. (2.14)

2.2 Heavy-vector effective theory

We will describe the heavy vector resonance V , which in general can be charged or un-
charged under the SM gauge group, in terms of an effective vector field V µ

v (x) subject to the
constraint v ·Vv(x) = 0. Here vµ with v2 = 1 is the 4-velocity of the on-shell resonance (not
to be confused with the Higgs VEV), and in the rest frame vµ = (1,0). For the case where
the resonance is charged under the SM, it can interact in the EFT with soft or ultra-soft
SM gauge bosons, which can take its momentum pµ off-shell by a small amount, such that

pµ = mV v
µ + kµ , (2.15)

with kµ/mV = O(λ) or O(λ2). While an on-shell vector boson satisfies the constraint
v · εV = 0 trivially, the time-like mode v · V might still propagate in EFT loop diagrams,
but it cannot do so as a hard degree of freedom, since hard quantum fluctuations are
— by definition — already integrated out. In order to separate the relevant scales in a
consistent way, one needs to decompose the resonance into an on-shell component and soft
fluctuations of small virtualities, using a construction analogous to HQET [7–9].

Another potential problem in this context is that theories with massive vector fields
are, in general, not renormalizable. The problem can be seen by considering the propagator

Πµν
V (p) = i

p2 −m2
V

(
−gµν + pµpν

m2
V

)
, (2.16)

which gives rise to highly divergent terms in loop calculations. For example, when com-
puting the self-energy of the vector field, the second term leads to divergences that cannot
be absorbed by counterterms of the form iδV (p2gµν − pµpν) + iδmg

µν , because they are
proportional to higher powers of p2. We will now show that the problematic terms originate
from modes of the vector field that live at or above the hard scale. Once these modes are
integrated out in the construction of the HVET, the resulting EFT is renormalizable in
the usual sense.

For concreteness, we perform the construction of the HVET for the case of a (real)
massive vector field V a

µ transforming in the adjoint representation of SU(3)c. Such a
particle appears, e.g., in the form of a Kaluza-Klein gluon in extensions of the SM with a
compact extra dimension. The corresponding Lagrangian reads

LV = −1
4 (DµVν −DνVµ)a (DµV ν −DνV µ)a + m2

V

2 V a
µ V

µ,a , (2.17)
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where (DµVν)a = ∂µV
a
ν + gsf

abcGbµV
c
ν is the covariant derivative of the vector field, and

Gaµ denotes the ordinary gluon field. We now introduce the projection operators

Pµν‖ = vµvν , Pµν⊥v
= gµν − vµvν , (2.18)

where the symbol ⊥v means the projection of a vector onto its components perpendicular
to the 4-vector vµ, which is different from the ⊥ symbol defined in (2.2). We can then split
up the vector field V a

µ into longitudinal and transverse polarization states, i.e.

V µ,a = Pµν‖ V a
ν + Pµν⊥v

V a
ν ≡ V

µ,a
‖ + V µ,a

⊥v
. (2.19)

Studying the propagator of these fields we find that the two modes have different power
counting, namely

〈0|T{V µ,a
i (x),V ν,b

i (0)}|0〉=
∫

d4p

(2π)4
iδabe−ip·x

p2−m2
V

{
−2v·k
mV

vµvν+O(k2/m2
V ) ; i=‖ ,

gµν−vµvν+O(k2/m2
V ) ; i=⊥v .

(2.20)

We observe that the component V µ,a
‖ is suppressed, with respect to V µ,a

⊥v
, by one power of

k/mV . It is this small component that is integrated out in the construction of HVET.
More accurately, we define effective field operators via

[V µ,a (x)]in ≡ e
−imV v·x V µ,a

eff (x) = e−imV v·x [V µ,a
v (x) + vµVav (x)] ,

[V µ,a (x)]out ≡ e
imV v·x V µ,a†

eff (x) = eimV v·x
[
V µ,a†
v (x) + vµVa†v (x)

]
,

(2.21)

where

V µ,a
v (x) = V µ,a

eff,⊥v
(x) , Vav(x) = vµV

µ,a
eff,‖(x) , (2.22)

and

vµV
µ,a
v (x) = 0 . (2.23)

The label “v” indicates that these are effective fields describing initial-state heavy vec-
tor particles with 4-velocity vµ. Because of the phase factors e∓imV v·x pulled out, these
fields carry the residual momentum kµ defined in (2.15). The subscript “in” (“out”) in
the first (second) relation of (2.21) means that one must keep only the terms involv-
ing annihilation (creation) operators in the Fourier representation of the quantum field
V µ,a(x) = [V µ,a(x)]in + [V µ,a(x)]out.

Inserting the decompositions (2.21) into the Lagrangian (2.17) of the vector resonance,
and keeping only the soft interaction terms, in which the phase factors e±imV v·x cancel out,
one obtains

Leff
V =−gµνmV

[
V µ,a†
v (iv ·DV ν

v )a−Va†v iDµV ν,a
v +h.c.

]
+m2

V Va†v Vav+O(m0
V ) , (2.24)

where the terms of O(m0
V ) contain two derivatives on the fields and hence correspond to

terms of quadratic order in the small residual momentum. Solving the classical equations
of motion for the field Vav yields

Vav = − 1
mV

iDµV
µ,a
v +O

( 1
m2
V

)
. (2.25)
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Inserting this solution back into the Lagrangian leads to

LHVET = 2mV

[(
−Pµν⊥v

)
V µ,a†
v (iv ·DV ν

v )a +O
( 1
mV

)]
. (2.26)

The above result is analogous to the HQET Lagrangian, which is indeed a consequence of
heavy-quark spin symmetry [9]. We have refrained from performing a rescaling of the field
Vv by 1/

√
2mV (which would remove the prefactor 2mV ) for the sake of this field retaining

the canonical mass dimension of a vector field. The Feynman propagator for the vector
field in HVET takes the form

Πµν
V (k) =

−iPµν⊥v

2mV (v · k + iε) , (2.27)

which does not possess the problematic behavior for large momenta that we saw in (2.16).
Consequently, the effective theory is renormalizable independently of the origin of the
vector-boson mass. This is indeed to be expected, since the EFT does not know about the
details of its UV completion. The Feynman rule for the coupling of a colored vector field
to a gluon with color index a and Lorentz index α is

2mV

(
− Pµν⊥v

)
gsf

abcvα , (2.28)

where µ, b (ν, c) are the Lorentz and color indices of the outgoing (incoming) vector field.
For most of our discussion we will consider a gauge-singlet vector boson Z ′, for which

the covariant derivative in (2.26) must be replaced by an ordinary derivative and the color
index a must be dropped. At leading order in 1/mV the effective Lagrangian is that of a
free particle without interactions. The on-shell momentum of the Z ′ bosons can be written
as pµZ′ = mV v

µ (without a residual momentum kµ), where without loss of generality we
can choose vµ⊥ = 0. The most important property of the HVET field Z ′µv in this case is
that it satisfies the constraint (2.23). We will return to the case of a color-octet vector
resonance in section 5.

2.3 Operator basis at leading order

We now proceed to construct the operator basis of the effective Lagrangian at leading
and subleading order in λ = v/mV , considering the case of a gauge-singlet vector field Z ′

for concreteness. We will derive the effective Lagrangian for two-prong decays of this new
resonance. The relevant operators must contain at least one n-collinear and one n̄-collinear
field, and since according to (2.11) each collinear field scales with at least one power of λ,
the leading operators start at O(λ2). Note that all operators must be invariant under the
exchange of the reference vectors n and n̄. Gauge and Lorentz invariance then allow for
three options, namely operators containing a Z ′µv field along with a pair of fermions, a pair
of Higgs fields or a pair of transverse gauge fields. In each case the Lorentz index of the
Z ′ field must be contracted with some 4-vector index. For the case of fermions, the only
possible structure is

Oijψψ = Z ′vµ
(
Ψ̄i
nγ

µ
⊥Ψj

n̄ + Ψ̄i
n̄γ

µ
⊥Ψj

n

)
, (2.29)
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where γµ⊥ is defined as in (2.2). The effective fermion field Ψ can represent any one of the
chiral SM fermion multiplets QL, dR, uR, LL, eR, where i, j = 1, 2, 3 are generation indices.
The leading-order couplings of the Z ′ boson to fermions must necessarily involve fermion
fields with equal chiralities, because fermion bilinears made out of opposite-chirality fields
need an insertion of the Higgs doublet for gauge invariance. Such operators are thus of
higher order in power counting. One may wonder if there exists a second operator of the
type shown in (2.29), in which the field Z ′µv and the Dirac matrix γν⊥ are contracted using
the antisymmetric ε⊥µν symbol. However, because of the identity [18]

P †n ε
⊥
µνγ

ν
⊥Pn̄ = iP †n γ

⊥
µ γ5Pn̄ (2.30)

this does not give rise to a new structure, as γ5 can be replaced by one of its eigenvalues
±1 when acting on the chiral fermion fields of the SM.

For the case of the Z ′ coupling to two Higgs fields, we need to construct a 4-vector
that can be contracted with the effective field Z ′µv . Since any derivative acting on a field in
the EFT is power-suppressed in λ, we must build this 4-vector out of the reference vectors
v, n and n̄. Owing to the condition v · Z ′v = 0, the only possible choice is

Πµ = (v · n̄)nµ − (v · n) n̄µ

2 , (2.31)

which in the rest frame of the Z ′ boson and with our standard choice of reference vectors
evaluates to Πµ = (0, 0, 0, 1). Note that this object is odd under the exchange of n and n̄.
It follows that the relevant operator is

Oφφ = mZ′ Π · Z ′v
(
Φ†nΦn̄ − Φ†n̄Φn

)
. (2.32)

The factor mZ′ is inserted here to ensure that the Wilson coefficient of this operator is
dimensionless. Despite appearance, the operator Oφφ is hermitian. The argument showing
this is somewhat subtle, so let us explain it in detail. Consider the hermitian current
operator φ†i←→Dµφ, which may arise in some UV completion of the SM. When mapped onto
SCET, the field φ gets replaced by the building blocks φ→ Φn + Φn̄ + . . . up to a possible
soft contribution, and the leading-order contributions (in powers of λ) arise from the large
components of the derivatives acting on the collinear fields. One obtains

φ†i
←→
Dµφ→Φ†n

(
n̄µ

2 in ·∂− n
µ

2 in̄ ·
←−
∂

)
Φn̄+Φ†n̄

(
nµ

2 in̄ ·∂− n̄
µ

2 in ·
←−
∂

)
Φn+ . . . , (2.33)

up to power-suppressed terms. If the fields carry outgoing momenta pαn and pαn̄ satisfying
pαn + pαn̄ = mZ′v

α, like in our case, then the leading terms reduce to

φ†i
←→
Dµφ→ mZ′Πµ(Φ†nΦn̄ − Φ†n̄Φn

)
+ . . . . (2.34)

The point is that under a hermitian conjugation the effective field for the heavy vector
meson Z ′µv , which only contains an annihilation operator, is transformed into the conjugate
field Z†′µv , which contains a creation operator. In other words, the Z ′ boson is moved from
the initial to the final state. One needs to perform a crossing transformation to move this
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particle back into the initial state, and in this processes one must replace vµ → −vµ. It
follows that under hermitian conjugation the quantity Πµ defined in (2.31) changes sign,
and hence the operator Oφφ is indeed hermitian.

Finally, for the case where the Z ′ field couples to two transverse gauge fields, the
transverse Lorentz indices of the gauge fields must be contracted with each other, which
only leaves the possibility to contract the Z ′ field with the object Πµ. The fact that the
gauge fields are hermitian then implies that only the combination

mZ′ Π · Z ′v ε⊥µν A⊥µ,an A
⊥ν,a
n̄ (2.35)

could potentially be non-zero. However, it can easily be seen that the contraction
ε⊥µν A

⊥µ
n A⊥νn̄ is even under the exchange of n and n̄, and hence the above operator is

not allowed.
This exhausts all options at O(λ2). The most general effective Lagrangian at this order

is therefore (a sum over repeated indices is implied)

L(2)
eff = Cφφ(mZ′ , µ)Oφφ(µ) +

∑
ψ

Cijψψ(mZ′ , µ)Oijψψ(µ) (2.36)

where the sum in the second term runs over all SM fermion multiplets. The Wilson coef-
ficient Cφφ is real, while the coefficients Cijψψ form the entries of 3× 3 hermitian matrices.
If these matrices are complex, then the fermion operators can mediate CP-violating inter-
actions, in analogy with the CKM matrix in the SM. As we will see later, after EWSB
the first operator generates the two-body decays Z ′ → hZ and Z ′ → W+W−, but not
Z ′ → ZZ, Z ′ → Zγ and Z ′ → hγ. The decay Z ′ → hh is forbidden by angular mo-
mentum conservation, while Z ′ → γγ and Z ′ → gg are forbidden by the Landau-Yang
theorem [19, 20].

2.4 Operator basis at subleading order

AtO(λ3) in SCET power counting a large number of operators contribute. A complete basis
of these operators is given in appendix A. It includes same-chirality fermion operators (like
Oψψ) containing an additional gauge boson, opposite-chirality fermion operators containing
an additional Higgs doublet, di-Higgs operators (like Oφφ) containing an additional gauge
boson, and operators containing two or three gauge fields. Some of these operators contain
a soft gauge or Higgs field. They are relevant for the description of decay processes in
which one allows for soft radiation in addition to the two energetic final-state particles
(or particle jets). In the operators containing three collinear fields, two of them belong
to the same (n-collinear or n̄-collinear) jet. These operators are relevant for higher-order
calculations, in which one allows for loops of collinear particles or collinear emissions inside
the same jet.

In this work we are primarily interested in lowest-order predictions for the decay am-
plitudes, which we will then improve by resumming large logarithmic corrections arising
in the RG evolution from the new-physics scale down to the electroweak scale. Of all the
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Channel Oφφ O
‖,⊥
Bφ O

‖,⊥
Wφ

Z ′ →W+W− λ2 λ3

Z ′ → ZZ λ3 λ3

Z ′ → Zγ λ3 λ3

Z ′ → hZ λ2 λ3 λ3

Z ′ → hγ λ3 λ3

Table 1. Overview of the contributions of various operators to the di-boson decay amplitudes.

O(λ3) operators listed in appendix A, we then need to focus on the three operators

OijψLψR
= Π · Z ′v

mZ′

(
Ψ̄i
L,nΦ0Ψj

R,n̄ − Ψ̄i
L,n̄Φ0Ψj

R,n

)
,

O
‖
Aφ = g⊥µν Z

′µ
v

(
Φ†nA⊥νn̄ Φ0 + Φ†n̄A⊥νn Φ0

)
,

O⊥Aφ = ε⊥µν Z
′µ
v

(
Φ†nA⊥νn̄ Φ0 − Φ†n̄A⊥νn Φ0

)
,

(2.37)

where i, j are generation indices, and the gauge fields in the last two operators refer to either
the hypercharge or the SU(2)L gauge group. Note that the transverse Levi-Civita symbol
transforms with a sign change under n↔ n̄, and hence the remaining terms in the operator
O⊥Aφ must also be odd under this exchange. The first operator above mediates decays of the
Z ′ boson into two fermions with opposite chiralities. After EWSB the remaining, purely
bosonic operators mediate the decays Z ′ → ZZ, Z ′ → Zγ and Z ′ → hγ, which are not
generated by O(λ2) operators, and they also give power-suppressed contributions to the
decays Z ′ → W+W− and Z ′ → hZ. We summarize the operators contributing to the
various bosonic decay modes in table 1. The superscripts ‖ and ⊥ indicate that in the
matrix elements of the operators the transverse polarization vectors of the Z ′ boson and
the relevant gauge boson appear in the combination εZ′ · ε∗A and εZ′ × ε∗A, respectively (in
3-vector notation). We write the effective Lagrangian at order O(λ3) as

L(3)
eff =

∑
ψL,ψR

CijψLψR
(mZ′ , µ)OijψLψR

(µ) +
∑

A=B,W

∑
σ=‖,⊥

CσAφ(mZ′ , µ)OσAφ(µ) + h.c. + . . . ,

(2.38)

where the dots refer to the many other operators listed in appendix A, which do not
contribute at tree level to the amplitudes we consider. In the first term ψL and ψR are
summed over the left- and right-handed fermion multiplets of the SM, where left-handed
quarks must be paired with right-handed quarks, and likewise for leptons. For the case
where ψR = uR the replacement Φ → Φ̃ with Φ̃a = εab Φ∗b must be made to ensure gauge
invariance. The Wilson coefficients in this Lagrangian are arbitrary complex quantities.
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At O(λ3) in power counting, it is also possible to couple the Z ′ boson to two gauge
fields. The relevant operators read

Õ
‖
AA = imZ′ g

⊥
µν Z

′µ
v

(
v ·Aa

nA
⊥ν,a
n̄ + v ·Aa

n̄A
⊥ν,a
n

)
,

Õ⊥AA = imZ′ ε
⊥
µν Z

′µ
v

(
v ·Aa

nA
⊥ν,a
n̄ − v ·Aa

n̄A
⊥ν,a
n

)
,

(2.39)

where a sum over color indices a is implied for the non-abelian gauge fields. In the products
v · Aa

n and v · Aa
n̄ only the power-suppressed components of the gauge fields of O(λ2)

contribute, e.g. v · Aa
n = v·n̄

2 n · Aa
n. Our definitions of the operators Õ‖,⊥AA contain a factor

of i, such that these operators are hermitian (recall that vµ → −vµ under hermitian
conjugation). We use a tilde to indicate that, consequently, the matrix elements of these
operators are odd under a CP transformation. It is admissible to omit these two operators
from our basis because they can be eliminated using the equations of motion [21]. This is
discussed in more detail in appendix A. We find that

ÕσAA = −ig2
AO

σ
Aφ + h.c. + . . . ; σ =‖,⊥ , (2.40)

where gA = g or g′ for A = W or B denote the gauge couplings of SU(2)L and U(1)Y ,
respectively, and the dots refer to other operators not contained in (2.39). As a consequence
of these relations, we find that adding the redundant operators (2.39) to our basis would
simply redefine the imaginary parts of the Wilson coefficients CσAφ according to

=mCσWφ → =mCσWφ − g2 C̃σWW , =mCσBφ → =mCσBφ − g′ 2 C̃σBB . (2.41)

3 Matrix elements and decay rates

We now move on to present the two-body decay rates of a hypothetical heavy Z ′ boson
into pairs of SM particles derived at tree level from the effective SCETBSM Lagrangian

Leff = L(2)
eff + L(3)

eff + . . . . (3.1)

In a given UV completion of the SM, this Lagrangian is generated at the new-physics scale
Λ & mZ′ . It must then be evolved down to the electroweak scale using RG equations, as
discussed further in section 4. (In some cases an additional evolution below the weak scale
may be required. This will not be discussed here.) At the electroweak scale we relate the
various fields to the mass eigenstates of the SM particles defined after EWSB. In this step,
the n-collinear Higgs doublet is written (in unitary gauge) as

Φn = 1√
2
W †n

(
0

v + hn

)
, (3.2)

where the electroweak Wilson line is given by

Wn = P exp
[
ig

2

∫ 0

−∞
ds

(
c2

w−s2
w

cw
n̄ · Zn + 2sw n̄ ·An

√
2 n̄ ·W+

n√
2 n̄ ·W−n − 1

cw
n̄ · Zn

)
(sn̄)

]
. (3.3)
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Here sw and cw denote the sine and cosine of the electroweak mixing angle. In addition,
the various fermion fields must be rotated to the mass basis by diagonalizing the SM
Yukawa matrices. In this process the Wilson coefficients of the fermion operators in (2.36)
and (2.38), which are matrices in generation space, are transformed as

CFLFL
→ U †f CFLFL

Uf ≡ CfLfL
,

CfRfR
→W †

f CfRfR
Wf ≡ CfRfR

,

CFLfR
→ U †f CFLfR

Wf ≡ CfLfR
,

(3.4)

where fL (with a lower case) now refers to one of the two members of the left-handed
doublet FL, and Uf and Wf with f = u, d, e denote the rotation matrices transforming
the left-handed and right handed fermions from the weak to the mass basis. In order not
to clutter our notation too much, we use the same symbol but with a straight “C” instead
of the slanted “C” for the Wilson coefficients in the mass basis.

3.1 Z′ decays into fermion pairs

We begin with the decays into two fermions. The decay amplitude Z ′ → f if̄ j , where i, j
are flavor indices, is given by

M(Z ′→ fif̄j) = εµZ′ ūs1(p1)
[
γ⊥µ

(
C ij
fLfL

PL+C ij
fRfR

PR
)

+ v√
2mZ′

Πµ

(
C ij
fLfR

PR+Cji∗
fLfR

PL
)

+. . .
]
Pn̄ vs2(p2) ,

(3.5)

where s1 and s2 denote the spins of the fermions, and the dots indicate higher-order power-
suppressed terms. We assume that the fermion fi moves along the z-direction and the
anti-fermion f̄j moves in the opposite direction. Note that the spinor product of the two
highly energetic fermions makes the leading contributions to these amplitudes scale like
one power of the hard scale mZ′ . For the decay rates of an unpolarized Z ′ boson into
fermion pairs with specific helicities, we obtain (with A,B = L,R and A 6= B)

Γ(Z ′ → f iAf̄
j
A) = Nf

c mZ′

24π λ1/2
(
m2
i

m2
Z′
,
m2
j

m2
Z′

) ∣∣∣C ij
fAfA

∣∣∣2 [1 +O
(
v2

m2
Z′

)]
,

Γ(Z ′ → f iAf̄
j
B) = Nf

c mZ′

24π
v2

4m2
Z′
λ1/2

(
m2
i

m2
Z′
,
m2
j

m2
Z′

) ∣∣∣C ij
fAfB

∣∣∣2 [1 +O
(
v2

m2
Z′

)]
,

(3.6)

where CfRfL
≡ C†fLfR

. The overall color factor is Nf
c = 3 for decays into quarks and

Nf
c = 1 for decays into leptons. Note that the opposite-chirality rates are suppressed,

relative to the same-chirality rates, by a factor of order v2/m2
Z′ . In each case there

are higher-order corrections suppressed by v2/m2
Z′ from higher-order operators in the

SCETBSM expansion. These include corrections involving the masses mi and mj of the
final-state particles. In light of this, it would be consistent to replace the phase-space
function λ(x1, x2) = (1− x1 − x2)2 − 4x1x2 in the above expression by 1.
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3.2 Z′ decays into hV final states

Without loss of generality we parameterize the Z ′ → hV decay amplitudes (with V = Z, γ)
in terms of Lorentz-invariant form factors characterizing the different polarization
states, i.e.

M(Z ′ → hZ) = mZ′

[
Π · εZ′mZ

n · ε∗Z
n · pZ

F hZL + g⊥µν ε
µ
Z′ ε

ν∗
Z F

‖hZ
T + ε⊥µν ε

µ
Z′ ε

ν∗
Z F

⊥hZ
T

]
,

M(Z ′ → hγ) = mZ′

[
g⊥µν ε

µ
Z′ ε

ν∗
γ F

‖hγ
T + ε⊥µν ε

µ
Z′ ε

ν∗
γ F

⊥hγ
T

]
,

(3.7)

where we always choose the reference frame such that the first (second) particle in the final
state moves along the positive (negative) z axis, aligned with the reference vectors n (n̄).
At leading order in λ = v/mZ′ the form factors are given by

F hZL = Cφφ +O
(
v2

m2
Z′

)
,

F σhZT = −mZ

mZ′
<e
(
c2
w C

σ
Wφ + s2

w C
σ
Bφ

)
+O

(
v3

m3
Z′

)
; σ =‖,⊥

(3.8)

and

F σhγT = −mZ

mZ′
sw cw <e

(
CσWφ − CσBφ

)
+O

(
v3

m3
Z′

)
; σ =‖,⊥ . (3.9)

Note that the transverse form factors are suppressed by a factor mZ/mZ′ , reflecting the
fact that they descend from operators of subleading power in the SCETBSM expansion.

For the unpolarized Z ′ → V h decay rates we obtain

Γ(Z ′ → hZ) = mZ′

48π λ
1/2
(
m2
Z

m2
Z′
,
m2
h

m2
Z′

){∣∣F hZL ∣∣2 + 2
[∣∣F ‖hZT

∣∣2 +
∣∣F⊥hZT

∣∣2]} ,
Γ(Z ′ → hγ) = mZ′

24π

(
1− m2

h

m2
Z′

)[∣∣F ‖hγT

∣∣2 +
∣∣F⊥hγT

∣∣2] . (3.10)

The factor 2 in the first result accounts for the two transverse polarization states of the
final-state vector meson. Note that the form factors can be complex functions in higher
orders of perturbation theory, and we therefore use absolute value signs in the expression
for the rates.

3.3 Z′ decays into two gauge bosons

We finally turn to the decays of a Z ′ boson into a pair of gauge bosons. The corresponding
decay amplitudes can be expressed in terms of the form-factor decomposition

M(Z ′ → V1V2) = mZ′

[
Π · εZ′mV1

n̄ · ε∗V1

n̄ · pV1
mV2

n · ε∗V2

n · pV2
F V1V2
LL

+mV1

n̄ · ε∗V1

n̄ · pV1
εµZ′ ε

∗ν
V2

(
g⊥µν F

‖V1V2
LT + ε⊥µν F

⊥V1V2
LT

)
+mV2

n · ε∗V2

n · pV2
εµZ′ ε

∗ν
V1

(
g⊥µν F

‖V1V2
TL − ε⊥µν F

⊥V1V2
TL

)]
,

(3.11)
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where we assume that particle V1 moves along the positive z axis. The indices L and T on
the form factors denote longitudinal and transverse polarizations of the two vector bosons
V1 and V2, respectively. As a consequence of the Landau-Yang theorem [19, 20], at least
one of the final-state vector bosons needs to be longitudinally polarized. (This will no
longer be true if the heavy vector meson carries color, see section 5.)

We now list our results for the various form factors for the three possible final states
W+W−, ZZ and Zγ, obtained from the effective Lagrangian up to subleading order
in λ. The purely longitudinal polarization configuration is only allowed for the decay
Z ′ →W+W−. We find

FW
+W−

LL = −Cφφ +O
(
v2

m2
Z′

)
, FZZLL = FZγLL = 0 . (3.12)

An on-shell photon does not have a longitudinal polarization state, and for the ZZ final
state the form factor FZZLL vanishes due to Bose symmetry. The contributions to the decay
amplitude corresponding to mixed polarization states of the final-state particles arise at
subleading order in power counting. We find

F σW
+W−

LT = mW

mZ′
CσWφ +O

(
v3

m3
Z′

)
,

F σZZLT = i
mZ

mZ′
=m

(
c2
w C

σ
Wφ + s2

w C
σ
Bφ

)
+O

(
v3

m3
Z′

)
,

F σZγLT = i
mZ

mZ′
sw cw =m

(
CσWφ − CσBφ

)
+O

(
v3

m3
Z′

)
,

(3.13)

as well as

F σW
+W−

TL = −
(
F σW

+W−
LT

)∗
, F σZZTL = F σZZLT , F σZγTL = 0 . (3.14)

As previously σ =‖,⊥. Note that the Z ′ → ZZ and Z ′ → Zγ form factors are purely
imaginary and therefore CP odd. By searching for these decay modes, is it possible to
probe for the presence of CP-violating interactions in the UV theory.

It is instructive to compare our result for the Z ′ → ZZ decay amplitude with the
findings of [22], where the authors parameterized the couplings of the two Z bosons to the
Z ′ resonance in terms of the two operators

Leff = f4 Z
′
µ(∂νZµ)Zν + f5 ε

µνρσZ ′µZν(∂ρZσ) (3.15)

in the broken phase of the electroweak symmetry. For the corresponding contributions to
the form factors we find

F
‖ZZ
LT = if4mZ′

2mZ
, F⊥ZZLT = if5mZ′

2mZ
. (3.16)

It follows that the coefficients f4 and f5 correspond to linear combinations of the imaginary
parts of our Wilson coefficients CσWφ and CσBφ.
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In terms of the form factors defined in (3.11), the Z ′ → V1V2 decay rates of an unpo-
larized Z ′ boson are obtained as

Γ(Z ′ →W+W−) = mZ′

48π

√
1− 4m2

W

m2
Z′

{∣∣FW+W−
LL

∣∣2 + 4
[∣∣F ‖W+W−

LT

∣∣2 +
∣∣F⊥W+W−
LT

∣∣2]} ,
Γ(Z ′ → ZZ) = mZ′

24π

√
1− 4m2

Z

m2
Z′

[∣∣F ‖ZZLT

∣∣2 +
∣∣F⊥ZZLT

∣∣2] , (3.17)

Γ(Z ′ → Zγ) = mZ′

24π

(
1− m2

Z

m2
Z′

)[∣∣F ‖ZγLT

∣∣2 +
∣∣F⊥ZγLT

∣∣2] ,
where we have used (3.14) included a symmetry factor of 1/2 in the second case.

4 Resummation of large logarithms

A key strength of any EFT framework is that it allows for a systematic resummation of large
logarithms present in multi-scale problems, which could otherwise spoil the convergence
of the perturbative expansion. This is achieved by solving the RG evolution equations of
the theory. We now discuss the resummation of the large (single and double) logarithms
of the ratio m2

Z′/m
2
SM for two representative examples, focusing for simplicity on the op-

erators arising in the leading-power effective Lagrangian (2.36). A detailed discussion of
the derivation of the anomalous dimensions governing the scale dependence of the Wilson
coefficients in the effective Lagrangian, both at leading and subleading order in λ, has been
presented in ref. [5].

The Wilson coefficients Cφφ and Cψψ (considered as a matrix in generation space)
obey the RG evolution equations

µ
d

dµ
Cφφ(mZ′ , µ) = Γφφ(µ)Cφφ(mZ′ , µ) ,

µ
d

dµ
Cψψ(mZ′ , µ) = Γψψ(µ)⊗Cψψ(mZ′ , µ) ,

(4.1)

where the ⊗ symbol in the second equation signals that a proper ordering of the two
matrices must be taken into account. To all orders in perturbation theory the anomalous
dimensions take the form [23, 24]

Γφφ(µ) =
(1

4 γ
(1)
cusp + 3

4 γ
(2)
cusp

)(
ln m

2
Z′

µ2 − iπ
)

+ 2γφ ,

ΓQLQL
(µ) =

( 1
36 γ

(1)
cusp + 3

4 γ
(2)
cusp + 4

3 γ
(3)
cusp

)(
ln m

2
Z′

µ2 − iπ
)

+ {γQL , . } ,

ΓLLLL
(µ) =

(1
4 γ

(1)
cusp + 3

4 γ
(2)
cusp

)(
ln m

2
Z′

µ2 − iπ
)

+ {γLL , . } , (4.2)

ΓqRqR(µ) =
(
e2
q γ

(1)
cusp + 4

3 γ
(3)
cusp

)(
ln m

2
Z′

µ2 − iπ
)

+ {γqR , . } ; q = u, d,

ΓeReR(µ) = γ(1)
cusp

(
ln m

2
Z′

µ2 − iπ
)

+ {γeR , . } .
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Terms without a boldface symbol are proportional to the unit matrix in generation space.
The notation {γF , . } means that

{γF , . } ⊗Cψψ ≡ γFCψψ +Cψψ γF . (4.3)

In general, the cusp anomalous dimensions γ(r)
cusp and the single-particle anomalous dimen-

sions γi depend on the three gauge couplings α1 = g′ 2/(4π), α2 = g2/(4π) and α3 = αs,
the quartic scalar coupling λφ and the Yukawa couplings. Up to two-loop order, however,
the cusp anomalous dimension for the gauge group Gr only depends on the correspond-
ing coupling αr [25–27]. Note, in particular, that there are no contributions to the cusp
anomalous dimensions from Yukawa interactions, because the relevant vertex graphs are
found to be power suppressed. Explicitly, one finds

γ(1)
cusp = α1

π
− 17

6

(
α1
π

)2
+ . . . ,

γ(2)
cusp = α2

π
+
(

2− π2

6

)(
α2
π

)2
+ . . . ,

γ(3)
cusp = α3

π
+
(

47
12 −

π2

4

)(
α3
π

)2
+ . . . .

(4.4)

To one-loop order, the relevant single-particle anomalous dimensions read [5]

γφ = −α1
4π −

3α2
4π +

∑
f

Nf
c y

2
f

16π2 + . . . ,

γQL = − α1
144π −

9α2
16π −

α3
π

+ 1
32π2

(
yuy

†
u + ydy†d

)
+ . . . ,

γLL = − α1
16π −

9α2
16π + 1

32π2 yey
†
e + . . . , (4.5)

γqR = −e2
q

α1
4π −

α3
π

+ 1
16π2 y

†
qyq + . . . ; q = u, d,

γeR = −α1
4π + 1

16π2 y
†
eye + . . . ,

where in the first expression the sum runs over the different fermion species f (the six
quark flavors u, d, s, c, b, t and the three charged leptons e, µ, τ), yi with i = u, d, e are the
SM Yukawa matrices, and yf denotes the Yukawa coupling of the fermion f in the mass
basis. When the Wilson coefficients Cψψ are transformed into the mass basis, as shown
in (3.4), the Yukawa matrices in (4.5) are brought to diagonal form with the exception of
γQL , for which one of the two terms in (yuy†u + ydy

†
d) still contains off-diagonal entries.

For the coefficients CuL and CdL
one finds that this quantity is transformed into

CuL : diag(y2
u, y

2
c , y

2
t ) + V diag(y2

d, y
2
s , y

2
b )V † ,

CdL
: V † diag(y2

u, y
2
c , y

2
t )V + diag(y2

d, y
2
s , y

2
b ) ,

(4.6)

where V = U †uUd is the CKM matrix. In practice, it is an excellent approximation to
neglect all eigenvalues of the Yukawa matrices except for the top-quark Yukawa yt ≈ 1.
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One then obtains in the mass basis

γφ = −α1
4π −

3α2
4π + 3y2

t

16π2 + . . . ,

γuL = − α1
144π −

9α2
16π −

α3
π

+ y2
t

32π2 diag(0, 0, 1) + . . . ,

γdL = − α1
144π −

9α2
16π −

α3
π

+ y2
t

32π2
(
V †. 3V3 .

)
+ . . . ,

γuR = −α1
9π −

α3
π

+ y2
t

16π2 diag(0, 0, 1) + . . . ,

(4.7)

whereas the Yukawa contributions to γLL , γdR and γeR can be dropped. In the third
relation (V †. 3V3 .) denotes the matrix with elements (V †. 3V3 .)ij ≡ V ∗ti Vtj .

We do not present here a detailed discussion of the anomalous dimensions of the O(λ3)
operators defined in (2.37), which is complicated by the fact that these operators contain
a zero-momentum Higgs field. Focussing on QCD evolution only, we find that the Wilson
coefficients CqLqR of the subleading fermionic operators containing quark fields obey an
evolution equation analogous to (4.1) with the anomalous dimension [23, 24]

ΓqLqR(µ) = 4
3 γ

(3)
cusp

(
ln m

2
Z′

µ2 − iπ
)
− 2α3

π
, (4.8)

which is identical to the QCD part of the anomalous dimensions ΓQLQL
and ΓqRqR in (4.2).

In order to illustrate the typical size of resummation effects, we solve the RG evolution
equations numerically for two representative examples: the decays Z ′ → tt̄ and Z ′ →
W+W−, both evaluated at leading order in the expansion in powers of λ and for a mass
mZ′ = 3TeV of the new Z ′ boson. A consistent solution at leading order in RG-improved
perturbation theory requires that one uses the two-loop expressions for the cusp anomalous
dimensions in (4.4) and for the β-functions of the SM gauge couplings [28], while the one-
loop expressions are sufficient for all other anomalous dimensions and for the β-function of
the top-quark Yukawa coupling. The latter one is given by [29]

µ
d

dµ
yt = 9y3

t

32π2 − yt
(17α1

48π + 9α2
16π + 2α3

π

)
. (4.9)

For the case of Z ′ → tt̄ the relevant Wilson coefficients are C33
uLuL

(mZ′ , µt) and
C33
uRuR

(mZ′ , µt), where µt ≈ mt is a characteristic low-energy scale of the decay process.
From (4.7) it follows that both coefficients obey a diagonal RG equation (in the approxi-
mation where we neglect all Yukawa couplings other than yt). We define

CX(mZ′ , µl) = CX(mZ′ , µh)UX(µh, µl) (4.10)

for any Wilson coefficient at a low scale µl, where the evolution factor UX(µh, µl) encodes
the scale evolution from the new-physics scale µh ∼ mZ′ down to a characteristic low-energy
scale µl. From a numerical solution of the RG equations we find

U33
uLuL

(mZ′ ,mt) ≈ 0.78 e0.45i , U33
uRuR

(mZ′ ,mt) ≈ 0.79 e0.39i . (4.11)
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Figure 1. Resummation effects for the Wilson coefficient |C33
uLuL

|2 using different approximations:
the red curves show the effects obtained from solving the RG equations with all terms included,
while the gray curves are obtained by keeping the cusp terms only. In both cases the solid curves
include electroweak evolution effects and the contributions involving the top-quark Yukawa coupling,
whereas the dotted curves correspond to QCD evolution only.

Depending on which Wilson coefficient dominates, the Z ′ → tt̄ decay rate drops by a factor
of |U33

qLqL
|2 ≈ 0.61 or |U33

uRuR
|2 ≈ 0.63, which is a sizable correction, largely driven by QCD.

It is interesting to compare these results to the ones obtained from parton showers. We
simulate the effect of a typical QCD parton shower by including only the terms proportional
to γ(3)

cusp in the anomalous dimensions of the Wilson coefficients. In this approximation the
evolution factors turn out to be

U33
uLuL

(mZ′ ,mt)
∣∣
γ

(3)
cusp

= U33
uRuR

(mZ′ ,mt)
∣∣
γ

(3)
cusp
≈ 0.70 e0.36i , (4.12)

and the rate thus drops by a factor of approximately 0.49. The difference can be attributed
to the effects of subleading (single) logarithms as well electroweak evolution effects, where
the two contributions partially compensate each other, as we demonstrate in figure 1.
There we show the complete RG evolution effects (red curves) and compare them to the
solution where only the cusp terms in the anomalous dimensions are kept (gray curves).
We see that including the subleading logarithms attenuates the running while including
electroweak effects amplifies it. It should also be noted that the difference between the
curves are more or less constant, making the relative difference between the effects more
pronounced with growing scale separation.

While in the previous example QCD evolution effects are the dominant ones, there are
other observables for which the evolution driven by electroweak and Yukawa interactions
can be similarly important. The Z ′ → W+W− decay rate is, at leading power in λ,
determined by the Wilson coefficient Cφφ(mZ′ , µ). Evolving this coefficient from the new-
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physics scale down to µl = mW , we obtain

Uφφ(mZ′ ,mW ) ≈ 0.85 e0.10i . (4.13)

The resummation effects reduce the decay rate by a factor of |Uφφ|2 ≈ 0.72. This effect
is sizable, even without QCD evolution, because of the large top-quark Yukawa coupling
contributing to the anomalous dimension Γφφ entering through the quantity γφ in (4.2).

5 Extension to non-singlet resonances

The theoretical framework described in the previous sections can be straightforwardly
extended to the case of heavy vector resonances charged under the SM gauge group. We now
briefly outline the modifications in the construction of the effective SCETBSM Lagrangian
for the example of a Kaluza-Klein gluon arising in extra-dimensional extensions of the SM,
i.e., for a heavy color-octet vector resonance G′.

5.1 Operator basis

As before the leading-order operators arise at O(λ2). They are constructed in analogy
to the treatment discussed in section 2.3. Color conservation requires that couplings to
fermions exist only in the quark sector. The relevant operators are of the form

Oijψψ = G′avµ
(
Ψ̄i
nγ

µ
⊥ t

aΨj
n̄ + Ψ̄i

n̄γ
µ
⊥ t

aΨj
n

)
, (5.1)

where ta are the generators of SU(3)c, and the fermion fields can be left-handed or right-
handed quark fields. There is no operator analogous to Oφφ in (2.32), because the Higgs
field does not carry a color index. On the other hand, it is possible to construct non-
vanishing operators of the form (2.35), in which the heavy color-octet resonance couples to
a pair of gauge bosons. They are (with b ≡ 1)

Õ
‖
GB = imG′ Π ·G′av g⊥µν

(
G⊥µ,an B

⊥ν,b
n̄ − G

⊥µ,a
n̄ B⊥ν,bn

)
,

Õ⊥GB = imG′ Π ·G′av ε⊥µν
(
G⊥µ,an B

⊥ν,b
n̄ + G

⊥µ,a
n̄ B⊥ν,bn

)
,

(5.2)

where the effective fields G and B represent a gluon and a hypercharge gauge boson, re-
spectively. Because these fields refer to different particles, it is possible to construct boson
bilinears that are odd under the exchange of n and n̄, as required by the symmetry prop-
erties of Πµ in (2.31). Note that these hermitian operators mediate CP-odd interactions,
as indicated by the tilde symbol. This exhausts all options at O(λ2). The most general
effective Lagrangian at this order is therefore (a sum over repeated indices in implied)

L(2)
eff =

∑
ψ

Cijψψ(mG′ , µ)Oijψψ(µ) +
∑
σ=‖,⊥

C̃σGB(mG′ , µ) ÕσGB(µ) , (5.3)

where the sum in the first term runs over all quark multiplets of the SM, and the Wilson
coefficients Cijψψ form the entries of 3 × 3 hermitian matrices. The coefficients CσGB, on
the other hand, are real quantities. This effective Lagrangian mediates the two-jet decays
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G′ → qq̄, G′ → gγ and G′ → gZ, where the Z boson carries transverse polarization. The
latter two transitions are CP odd and can be used to probe for CP-violating interactions
in the UV completion of the SM.

At subleading order in power counting there exists again a long list of possible opera-
tors, but at lowest order in perturbation theory we only need those constructed in analogy
with those shown in (2.37). We find that the relevant operators are

OijQLqR
= Π ·G′a

mG′

(
Q̄iL,nΦ0 t

aqjR,n̄ − Q̄
i
L,n̄Φ0 t

aqjR,n
)
,

O
‖
Gφ = g⊥µν G

′µ,a
v

(
Φ†nΦ0G

⊥ν,a
n̄ + Φ†n̄Φ0G

⊥ν,a
n

)
, (5.4)

O⊥Gφ = ε⊥µν G
′µ,a
v

(
Φ†nΦ0G

⊥ν,a
n̄ − Φ†n̄Φ0G

⊥ν,a
n

)
.

We write the effective Lagrangian at order O(λ3) as

L(3)
eff =

∑
q=u,d

CijQLqR
(mG′ , µ)OijQLqR

(µ) +
∑
σ=‖,⊥

CσGφ(mG′ , µ)OσGφ(µ) + h.c. + . . . , (5.5)

where the dots refer to the many other operators, which do not contribute at tree level to
the amplitudes we consider. For the case where qR = uR the replacement Φ→ Φ̃ must be
made to ensure gauge invariance. The Wilson coefficients in this Lagrangian are arbitrary
complex quantities. The latter two operators mediate the two-jet decays G′ → gh and
G′ → gZ with a longitudinally polarized Z boson.

5.2 Decay amplitudes and rates

In analogy with the discussion in section 3, we now briefly discuss the relevant two-body
decay amplitudes and the corresponding decay rates. The amplitudes for the decays G′ →
qi q̄j have the same form as shown in (3.5), but with a color generator ta inserted between
the two spinors. The decay rates into quark pairs with various chiralities are thus given
by the expressions in (3.6) with mZ′ replaced by mG′ and the color factor Nf

c replaced
by TF = 1

2 . At leading order in power counting the resonance G′ decays into quarks with
equal chiralities.

The decay G′ → hg arises first at subleading order in power counting. The decay
amplitude can be parameterized in the same way as the Z ′ → hγ decay amplitude in (3.7).
For the form factors we obtain

F σhgT = gsv

mG′
<eCσGφ +O

(
v3

m3
Z′

)
; σ =‖,⊥ . (5.6)

The corresponding decay rate is given by an expression analogous to the second relation
in (3.10), but with mZ′ replaced by mG′ .

The decays of the resonance G′ into two gauge bosons are particularly interesting,
because contrary to the decay Z ′ → Zγ the modes G′ → gγ and G′ → gZ can be mediated
by operators arising at leading order in power counting. Instead of (3.11), we parameterize
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the corresponding decay amplitudes in the form (with V = γ, Z)

M(G′ → gV ) = mG′

[
Π · εG′ ε∗µg ε∗νV

(
g⊥µν F

‖gV
TT + ε⊥µν F

⊥gV
TT

)
+mV

n · ε∗V
n · pV

εµG′ ε
∗ν
g

(
g⊥µν F

‖gV
TL − ε

⊥
µν F

⊥gV
TL

)]
,

(5.7)

where the terms in the second line exist only if V is a Z boson. For the form factors we
find the expressions

F σgγTT = igseC
σ
GB , F σgZTT = −i sw

cw
gseC

σ
GB , (5.8)

and

F σgZTL = −i gsv
mG′

=mCσGφ , F σgγTL = 0 . (5.9)

The fact that these form factors are purely imaginary indicates the fact that the corre-
sponding decay amplitudes are CP odd. For the decay rates we obtain

Γ(G′ → gγ) = mG′

24π
[∣∣F ‖gγTT

∣∣2 +
∣∣F⊥gγTT

∣∣2] ,
Γ(G′ → gZ) = mG′

24π

(
1− m2

Z

m2
G′

)[∣∣F ‖gZTT

∣∣2 +
∣∣F⊥gZTT

∣∣2 +
∣∣F ‖gZTL

∣∣2 +
∣∣F⊥gZTL

∣∣2] . (5.10)

5.3 Resummation of large logarithms

RG resummation effects are more interesting in the case where the decaying heavy res-
onance is charged under the SM gauge group. We now discuss this for the case of the
operators appearing at leading order in power counting. Their anomalous dimensions can
be derived from a two-loop master formula for the anomalous dimensions of scattering
amplitudes containing both massless and massive partons derived in refs. [30–33]. We
find that

ΓQLQL
(µ) =

( 1
36 γ

(1)
cusp+ 3

4 γ
(2)
cusp−

1
6 γ

(3)
cusp

)(
lnm

2
G

µ2 −iπ
)

+ 3
2 γ

(3)
cusp lnm

2
G

µ2 +γG′+{γQL , .} ,

ΓqRqR(µ) =
(
e2
q γ

(1)
cusp−

1
6 γ

(3)
cusp

)(
lnm

2
G

µ2 −iπ
)

+ 3
2 γ

(3)
cusp lnm

2
G

µ2 +γG′+{γqR , .} ; q=u,d,

ΓGB(µ) = 3
2 γ

(3)
cusp lnm

2
G

µ2 +γG′+γG+γB . (5.11)

The cusp terms without imaginary parts arise from soft gluon exchanges between the initial-
state heavy resonance and one of the final-state particles. The single-particle anomalous
dimensions of the gauge fields vanish at one-loop order [23, 24], while the one-loop anoma-
lous dimension of the heavy color-octet vector field is given by [30]

γG
′ = −3α3

2π + . . . . (5.12)

Given these expressions, the resummation of large double and single logarithms can be
accomplished in the same way as discussed in section 4.
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6 Matching calculations for a UV completion of the SM

In this section we illustrate our approach in the context of a concrete new-physics scenario,
which has been proposed to address some of the B-meson anomalies observed in the tran-
sitions b → sµ+µ− [12]. The setup we consider is an extension of the SM with a gauged
Lµ − Lτ lepton number, denoted by U(1)′. The new symmetry is broken spontaneously
by the VEV 〈S〉 ≡ u/

√
2 of a complex scalar field S, which is charged under the U(1)′

with Q′S = 1 and transforms as a singlet under the SM gauge group. The associated gauge
boson Z ′ acquires a mass mZ′ = gZ′u, where gZ′ is the gauge coupling of the U(1)′ and we
assume that u� v. The muon and tau lepton carry charges +1 and −1 under the U(1)′,
whereas the remaining SM fermions are uncharged.

The model is supplemented by a single generation of vector-like quark (VLQ) partners
Q, U and D, which transform like QL, uR and dR under the SM gauge group, but in
addition are charged under the new U(1)′, i.e.

Q ∼ (3, 2) 1
6 , 1

, U ∼ (3, 1) 2
3 ,−1 , D ∼ (3, 1)− 1

3 ,−1 . (6.1)

Being vector-like, these fermions are allowed to have masses without a Higgs-like
mechanism,

Lm = −mQ Q̄Q−mD D̄D−mU ŪU . (6.2)

The scale of the VLQ mass terms mX (with X = Q,U,D) is not necessarily connected
to the mass scale of the Z ′ boson. Below, we consider the two cases where mX ∼ u or
mX � u in detail.

The chosen charges of the VLQs allow for the following Yukawa-type interactions with
the SM quarks and the new scalar S:

LY = −Q̄Y †Q SQL − ŪY †U S
†uR − D̄Y †D S

†dR + h.c. . (6.3)

Note that the new Yukawa couplings Y †X are 1 × 3 matrices in generation space, because
we consider a single generation of VLQs. Upon the spontaneous breaking of the U(1)′

symmetry these interactions generate a mass mixing between the heavy VLQs and the
massless SM fields, which results in induced couplings of the heavy Z ′ boson to the SM
quarks, with a non-trivial flavor structure. Flavor-conserving couplings of the Z ′ boson to
the SM fermions can also be generated through a kinetic mixing between the Z ′ and the
hypercharge gauge boson, as described by the operator

Lmix = −ξ2Z
′
µνB

µν . (6.4)

It is often assumed that the mixing parameter ξ is one-loop suppressed. Finally, we note
that a Higgs-portal interaction of the form S†S φ†φ would not give any contributions to
the matching conditions considered below and hence we do not need to discuss it in detail.

In this section we perform the matching of this renormalizable, anomaly-free extension
of the SM [12] onto the effective theory SCETBSM. Assuming that the Z ′ boson will be
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the first new particle beyond the SM that is discovered experimentally, our setup provides
a consistent framework for describing the two-body decays of the Z ′ into SM particles in
a model-independent and systematic way. We describe the matching procedure in detail
for the Wilson coefficients Cφφ and Cijψψ appearing at leading order in the effective La-
grangian (2.36). The fermionic operators are generated at tree level, while Oφφ occurs first
at one-loop order (or via the kinetic mixing term). We first consider the case where the
masses of the VLQs are of similar order as the mass of the Z ′ boson. In section 6.3 we will
then discuss the case of a double hierarchy mX � mZ′ � v.

6.1 Matching coefficients of the leading fermionic operators

The tree-level matching contributions to the Wilson coefficients CijLLLL
and CijeReR

de-
scribing the Z ′ couplings to leptons are diagonal in the generation indices i and j. By
construction, the Z ′ boson couples with different signs to the leptons of the second and
third generation. In addition, the kinetic mixing in (6.4) gives a contribution proportional
to the hypercharge of the various fermions. In matrix notation, we find

CLLLL
= gZ′

 0 0 0
0 1 0
0 0 −1

+ ξg′

2 1 ,

CeReR = gZ′

 0 0 0
0 1 0
0 0 −1

+ ξg′ 1 .

(6.5)

Note that by virtue of SU(2)L invariance the operator OijLL also describes Z ′-boson cou-
plings to the neutrinos νµ and ντ .

The corresponding couplings to the SM quarks have a more interesting flavor structure.
To find them, we first need to diagonalize the quark mass terms in the Lagrangian. This is
discussed in detail in appendix B. Using the results derived there, it is straightforward to
evaluate the matching conditions for the Wilson coefficients of the operators coupling the
Z ′ boson to a pair of SM quarks. We find

CQLQL
= gZ′

u2

2M2
Q

YQY
†
Q −

ξg′

6 1 ,

CuRuR = −gZ′
u2

2M2
U

YUY
†
U −

2ξg′

3 1 ,

CdRdR
= −gZ′

u2

2M2
D

YDY
†
D + ξg′

3 1 .

(6.6)

The matching coefficients in (6.5) and (6.6) are obtained at a factorization scale
µ ∼MX ∼ mZ′ . They can be evolved down to lower scales using the RG evolution equa-
tions derived in section 4.

6.2 Matching coefficient of the leading bosonic operator

Except for a contribution from the kinetic-mixing Lagrangian in (6.4), the bosonic operator
Oφφ is generated first at the one-loop-level in the model we consider. To perform the
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Z ′

Figure 2. Representative Feynman diagrams contributing to the matching calculation for the op-
erator Oφφ. The cross in the first graph denotes an insertion of the kinetic-mixing interaction (6.4).

matching calculation for the coefficient Cφφ, we compute the amplitude Z ′ → φφ∗ in the
unbroken phase of the SM. There exist three types of contributions, depicted in figure 2.
We assume the kinetic-mixing parameter ξ to be small, such that the first diagram is of
the same order as the remaining one-loop graphs.

In order to avoid unnecessarily complicated expressions, we make the following sim-
plifying assumptions about the model parameters: without loss of generality we work in
a basis where the up-quark Yukawa matrix yu is diagonal. In this basis, we assume that
the new Yukawa interactions coupling the VLQs to the SM quarks in (6.3) only affect the
third generation, and that the new Yukawa couplings are identical and real, i.e.

Y†Q = Y†U = Y†D ≡ (0, 0, YX) . (6.7)

Also, we set the mass parameters mX of the VLQs equal to each other, so that the physical
masses of the VLQs are identical and given by

MX ≡MQ = MU = MD =

√
m2
X + u2

2 Y 2
X . (6.8)

Finally, we neglect all SM Yukawa couplings with the exception of (yu)33 = yt. Under
these assumptions, the one-loop matching calculation can be straightforwardly performed,
yielding

Cφφ = −ξg
′

2 + gZ′
3y2
t

8π2
u2Y 2

X

m2
Z′

F

(
m2
Z′

M2
X

,
u2Y 2

X

2M2
X

)
, (6.9)

where

F (x,y) = (1−y)
[
1− 2(2−xy)

x
arcsin2

√
x

2 +(x+2y)
√

4
x
−1 arcsin

√
x

2

− y(1+x)
x

Li2(−x)− y(1+2x)
x

Li2(x)+ (x+2y)(1−x)
x

ln(1−x)

+
(
x

2 +y− y(1+x)
x

ln(1+x)
)

(lnx−iπ)
]
+2
√

4
x
−1 arcsin

√
x

2 −2 .

(6.10)

This expression exhibits branch cuts starting at x = 1 (corresponding to mZ′ = MX)
and x = 4 (corresponding to mZ′ = 2MX), and the prescription x ≡ x + i0 ensures that
it is evaluated at the right side of these cuts. In (6.9), the first term accounts for the
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kinetic-mixing contribution. Note that the amplitude from the second diagram in figure 2
vanishes under our assumptions due to the fact that the VLQs have degenerate masses
and due to their specific charge assignments under the U(1)′ symmetry. In the third term,
the coupling gZ′ comes from the Z ′ coupling to fermions, the top-quark Yukawa couplings
arise from the two Higgs vertices, and the factor u2Y 2

X arises from the mixing of the VLQs
with the SM fermions.

Our result for the matching coefficient Cφφ is obtained at a high factorization scale
µ ∼MX and can be evolved down to lower scales using the RG evolution equations derived
in section 4. We emphasize the crucial fact that in SCETBSM the matching coefficients
depend on both, the mass mZ′ of the heavy particle for whose decays the effective theory
has been constructed, and the mass parameters of other heavy particles that are integrated
out (the masses of the VLQs represented by MX , and the VEV u setting the mass of the
scalar field S).

6.3 Matching and running in the double-hierarchy scenario

It is interesting to study the case in which the mass scale MX of the VLQs is much higher
than u ∼ mZ′ . It can be seen from (6.9) that the matching coefficients depend on two
hierarchical scales in this case. Indeed, an expansion in the ratio m2

Z′/M
2
X � 1 yields

Cφφ = −ξg
′

2 − gZ
′

3y2
t

16π2
u2Y 2

X

M2
X

(
ln M

2
X

m2
Z′

+ iπ + 1
2

)
+O

(
u4

M4
X

)
. (6.11)

In order to obtain reliable predictions in perturbation theory, we should then perform two
matching steps. At the scale µ ∼MX we integrate out the VLQs and match the full theory
onto an intermediate (local) EFT, comprised of the SM degrees of freedom as well as the
Z ′ boson and the scalar S. At the lower scale µ ∼ mZ′ this EFT is then matched onto the
SCETBSM. The RG evolution of the intermediate EFT between the scales MX and mZ′

allows us to resum the large logarithms ln(M2
X/m

2
Z′) to all orders in perturbation theory.

We begin by defining a basis of dimension-6 operators for the intermediate EFT, includ-
ing only the operators relevant to our discussion. The corresponding effective Lagrangian is

Leff =
(
S† i
←→
DµS

) [
CijQ Q̄

i
Lγ

µQjL + Ciju ū
i
Rγ

µujR + Cijd d̄
i
Rγ

µdjR + Cφ
(
φ† i
←→
Dµφ

)]
− CB S†S Z ′µνBµν + . . . ,

(6.12)

where the dots refer to operators that are irrelevant to our discussion. The Wilson coeffi-
cients CijQ , Ciju and Cijd form the entries of 3 × 3 hermitian matrices in generation space,
while the coefficient CB is real. In addition to these operators there is still the kinetic-
mixing Lagrangian shown in (6.4), but now with ξ replaced by an effective value

ξeff = ξ − gZ′ g
′

12π2 ln
m2
Qm

2
D

m4
U

. (6.13)

The matching contribution arising when one integrates out the VLQs is UV finite due
to the chosen U(1)′ charges. Our result differs by a factor (−6) from the corresponding
expression given in ref. [12].
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Q

Q QL
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Figure 3. Representative Feynman diagrams contributing to the one-loop matching conditions for
the Wilson coefficients Cφ (left) and CB (right).

The first three operators in the first line of (6.12) follow from integrating out the VLQs
at tree level, which yields the coefficients (in matrix notation) [12]

CQ =
YQY

†
Q

2m2
Q

, Cu = −YUY
†
U

2m2
U

, Cd = −YDY
†
D

2m2
D

. (6.14)

The remaining operators arise first at one-loop order. Two representative Feynman graphs
are depicted in figure 3. For the coefficient Cφ we obtain

Cφ = 3
16π2

Y †Q(yuy†u − yd y†d)YQ
2m2

Q

(
ln µ2

m2
Q

+ 3
2

)

+ Y †U y
†
uyuYU

2m2
U

(
ln µ2

m2
U

+ 3
2

)
−
Y †D y

†
d ydYD

2m2
D

(
ln µ2

m2
D

+ 3
2

) .
(6.15)

The IR divergences of the relevant matching diagrams give rise to the logarithmic depen-
dence on the factorization scale µ (after operator renormalization in the MS scheme). Next
we focus on the operator multiplying the Wilson coefficient CB in (6.12), which is similar
to the kinetic-mixing operator in (6.4). Indeed, when the scalar field S acquires a VEV,
this term gives rise to a power correction of order u2/m2

X to the kinetic-mixing parameter
ξ. Evaluating the relevant one-loop diagrams containing both VLQs and SM quarks in the
loop, we find

CB = gZ′g
′

48π2

2 Y
†
UYU
m2
U

(
ln µ2

m2
U

+2
)
−Y

†
DYD
m2
D

(
ln µ2

m2
D

+2
)
−
Y †QYQ

m2
Q

(
ln µ2

m2
Q

+2
) . (6.16)

Note that in the simplified scenario considered in section 6.2 both CB and the matching con-
tribution to ξeff in (6.13) vanish due to the fact that mQ = mU = mD and YQ = YU = YD.

At the scale µ ∼ mZ′ the intermediate EFT is matched onto SCETBSM. For the
fermionic operators this matching is trivial at lowest order, since all we need to do is
replace the scalar field S in (6.12) by its VEV and replace the various SM fields by their
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Figure 4. Feynman diagrams contributing to the matching condition for the Wilson coefficient
Cφφ in the double-hierarchy scenario. The crossed circles denote operator insertions of OijQ , Oiju ,
Oijd , Oφ and OB , corresponding to the dimension-6 operators shown in (6.12). Dashed lines ending
in crosses represent insertions of 〈S〉.

SCET counterparts. Including also the contributions from kinetic mixing, we find

CQLQL
= u2gZ′ CQ −

(
ξeff + u2CB

) g′
6 1 ,

CuRuR = u2gZ′ Cu −
(
ξeff + u2CB

) 2g′

3 1 ,

CdRdR
= u2gZ′ Cd +

(
ξeff + u2CB

) g′
3 1 .

(6.17)

The results are consistent with those shown in (6.6). The difference between m2
X and M2

X

in the first terms amounts to power corrections of order u2/m2
X , which are neglected in the

intermediate EFT. The higher-order contributions to the kinetic-mixing parameter ξ arise
from loop effects, which have been neglected in (6.6).

The matching condition for the Wilson coefficient of the bosonic operator Oφφ, whose
explicit form has been shown in (6.11), is more interesting. The diagrams contributing
to this calculation are shown in figure 4. Contrary to the computation in section 6.2, the
result in the two-step matching procedure can easily be obtained without simplifying the
flavor structure of the model. We find

Cφφ =−g
′

2
(
ξeff +u2CB

)
− gZ

′g′2u2

48π2 Tr(2Cu−Cd+CQ)
(

ln µ2

m2
Z′

+iπ+ 5
3

)

+gZ′u2
{
Cφ+ 3

16π2 Tr
[
y†uyuCu−y

†
dydCd−

(
yuy

†
u−ydy

†
d

)
CQ

](
ln µ2

m2
Z′

+iπ+2
)}

,

(6.18)

where for simplicity we have included only the lowest-order contribution for each operator
in the intermediate EFT. Note that the explicit scale dependence on the right-hand side of
this equation cancels out when one inserts the one-loop expressions for the various Wilson
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coefficients from above. This leads to

Cφφ = −g
′

2 ξeff + gZ′g
′ 2u2

48π2

[
Y †UYU
m2
U

(
ln m2

U

m2
Z′

+ iπ − 1
3

)
− Y

†
DYD

2m2
D

(
ln m2

D

m2
Z′

+ iπ − 1
3

)

−
Y †QYQ

2m2
Q

(
ln
m2
Q

m2
Z′

+ iπ − 1
3

)]

− gZ′
3u2

16π2

[
Y †U y

†
uyuYU

2m2
U

(
ln m2

U

m2
Z′

+ iπ + 1
2

)
−
Y †D y

†
d ydYD

2m2
D

(
ln m2

D

m2
Z′

+ iπ + 1
2

)

+
Y †Q
(
yuy

†
u − yd y

†
d

)
YQ

2m2
Q

(
ln
m2
Q

m2
Z′

+ iπ + 1
2

)]
. (6.19)

In the approximation adopted in section 6.2, where we have set mQ = mU = mD ≡ mX ,
YQ = YU = YD ≡ (0, 0, YX)T and neglected all SM Yukawa couplings other than (yu)33 =
yt, the above result reduces to the one shown in (6.11).

The two-scale matching procedure described here allows us to improve the above ex-
pression by resumming the large logarithms ln(m2

X/m
2
Z′), where X = Q, u, d, to all orders

in perturbation theory. To this end, we evaluate the Wilson coefficients in the intermediate
EFT, given at lowest order in (6.14)–(6.16), at a scale µX ∼ mX , where they are free of
large logarithms. Here mX ∼ mQ ∼ mU ∼ mD is the characteristic mass scale of the
heavy VLQs. We then evolve these coefficients to a scale µZ′ ∼ mZ′ by solving their RG
evolution equations. Finally, we insert the evolved coefficients CB,φ(µZ′) and CQ,u,d(µZ′)
into relation (6.18), which for µ ∼ mZ′ is also free of large logarithms. We have calculated
the one-loop anomalous dimensions governing the scale evolution of the Wilson coefficients
in the effective Lagrangian of the intermediate EFT. For the coefficients of the operators
shown in the first line of (6.12) diagrams such as those in figure 5 need to be computed.
We find that only Yukawa interactions contribute at one-loop order, and that in matrix
notation the resulting evolution equations take the form

d

d lnµ CQ(µ) = 1
32π2 {yuy

†
u + yd y†d,CQ} −

1
16π2

(
yuCuy

†
u + ydCd y†d

)
+ Cφ

16π2

(
yuy

†
u − yd y

†
d

)
,

d

d lnµ Cu(µ) = 1
16π2 {y

†
uyu,Cu} −

1
8π2 y

†
uCQ yu −

Cφ
8π2 y

†
uyu ,

d

d lnµ Cd(µ) = 1
16π2 {y

†
d yd,Cd} −

1
8π2 y

†
dCQ yd + Cφ

8π2 y
†
d yd ,

d

d lnµ Cφ(µ) = 3
8π2 Tr

[
CQ

(
yuy

†
u − yd y

†
d

)]
+ 3

8π2 Tr
(
Cd y

†
d yd −Cu y

†
uyu

)
+ 3

8π2 CφTr
(
yuy

†
u + yd y†d

)
,

(6.20)

where all quantities on the right-hand side are evaluated at the scale µ. Note that the
operator OB does not mix into the remaining operators under renormalization, and hence
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Figure 5. Representative Feynman diagrams contributing to the mixing of the operators OijQ , Oiju ,
Oijd and Oφ. These graphs must be supplemented by external-leg corrections (not shown).

there are no contributions proportional to the Wilson coefficient CB in these equations.1

The anomalous dimensions entering above can also be inferred from the results obtained in
ref. [34]. Compared with the findings of these authors, we obtain different signs for all terms
proportional to Cφ on the right-hand side of (6.20). To solve the system of equations (6.20),
we work in the basis where the up-quark Yukawa matrix is diagonal and neglect all Yukawa
couplings other than yt, which is an excellent approximation numerically. Expression (6.18)
then reduces to

Cφφ(mZ′) = −g
′

2
[
ξeff + u2CB(mZ′)

]
− gZ′g

′ 2u2

48π2 Tr
[
CQ(mZ′) + 2Cu(mZ′)−Cd(mZ′)

] (5
3 + iπ

)
(6.21)

+ gZ′u
2
{
Cφ(mZ′)−

3y2
t (mZ′)
16π2

[
C33
Q (mZ′)− C33

u (mZ′)
]

(2 + iπ)
}
,

where Cnnu,Q ≡ (Cu,Q)nn, and we have chosen µZ′ = mZ′ for simplicity. The relevant
evolution equations simplify to (there is no need to consider off-diagonal indices in gener-
ation space)

d

d lnµ C
11
X (µ) = d

d lnµ C
22
X (µ) = d

d lnµ C
33
d (µ) = 0 ; X = Q, u, d ,

d

d lnµ C
33
Q (µ) = y2

t (µ)
16π2

[
C33
Q (µ)− C33

u (µ) + Cφ(µ)
]
,

d

d lnµ C
33
u (µ) = −y

2
t (µ)
8π2

[
C33
Q (µ)− C33

u (µ) + Cφ(µ)
]
,

d

d lnµ Cφ(µ) = 3y2
t (µ)

8π2

[
C33
Q (µ)− C33

u (µ) + Cφ(µ)
]
.

(6.22)

The solution to this system of equations can be written in the form (with X = Q, u, d)

C11
X (mZ′) = C11

X (mX) , C22
X (mZ′) = C22

X (mX) , C33
d (mZ′) = C33

d (mX) , (6.23)

1This statement remains true when a portal coupling of the form S†S φ†φ is included in the effective
Lagrangian of the intermetidate EFT.
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and

C33
Q (mZ′) = C33

Q (mX) + 1
9
[
C33
Q (mX)− C33

u (mX) + Cφ(mX)
]
U(mX ,mZ′) ,

C33
u (mZ′) = C33

u (mX)− 2
9
[
C33
Q (mX)− C33

u (mX) + Cφ(mX)
]
U(mX ,mZ′) ,

Cφ(mZ′) = Cφ(mX) + 2
3
[
C33
Q (mX)− C33

u (mX) + Cφ(mX)
]
U(mX ,mZ′) ,

(6.24)

where

U(mX ,mZ′) = exp
[ ∫ mZ′

mX

dµ

µ

9y2
t (µ)

16π2

]
− 1 . (6.25)

In this solution the large logarithms ln(m2
X/m

2
Z′) are resummed in the leading logarithmic

approximation and to all orders of perturbation theory. In the leading logarithmic approx-
imation, where the anomalous dimensions are computed at one-loop order, one should use
the tree-level matching conditions in this solution. For the coefficients needed in (6.21),
this gives

TrCQ(mZ′) =
Y †QYQ

2m2
Q

+ 1
18

(
|YQ,3|2

m2
Q

+ |YU,3|
2

m2
U

)
U(mX ,mZ′) ,

TrCu(mZ′) = −Y
†
UYU

2m2
U

− 1
9

(
|YQ,3|2

m2
Q

+ |YU,3|
2

m2
U

)
U(mX ,mZ′) ,

TrCd(mZ′) = −Y
†
DYD

2m2
D

,

C33
Q (mZ′)− C33

u (mZ′) =
(
|YQ,3|2

m2
Q

+ |YU,3|
2

m2
U

)[1
2 + 1

6 U(mX ,mZ′)
]
,

Cφ(mZ′) = 1
3

(
|YQ,3|2

m2
Q

+ |YU,3|
2

m2
U

)
U(mX ,mZ′) ,

(6.26)

The evolution equation for the Wilson coefficient CB of the operator shown in the
second line of (6.12) receives contributions from all of the remaining operators. The relevant
Feynman graphs are illustrated in figure 6. We obtain

d

d lnµ CB(µ) = γB CB −
gZ′g

′

12π2 Tr
(
CQ + 2Cu −Cd

)
− gZ′g

′

24π2 Cφ , (6.27)

with

γB = 7g2
Z′

48π2 + 41g′ 2

96π2 + λS
8π2 , (6.28)

where again all quantities on the right-hand side are evaluated at the scale µ. The quartic
coupling λS is defined as Lquartic = −λS

4 (S†S)2. The general solution of this equation reads

CB(mZ′) = CB(mX)UB(mX ,mZ′)

−
∫ mZ′

mX

dµ

µ

gZ′(µ)g′(µ)
12π2

[
Tr [CQ(µ) + 2Cu(µ)−Cd(µ)] + Cφ(µ)

2

]
UB(µ,mZ′) ,

(6.29)

– 31 –



J
H
E
P
0
2
(
2
0
2
1
)
2
0
4

Z ′

B S

Z ′

Z ′

B S

B B
Z ′ Z ′

Z ′ Z ′

Z ′ B Z ′ B

QL φ

Figure 6. Representative Feynman diagrams contributing to the mixing of the operators OijQ,u,d
and Oφ into OB (top row) and to the multiplicative renormalization of OB (bottom row). These
graphs must be supplemented by external-leg corrections (not shown).

where

UB(mX ,mZ′) = exp
[ ∫ mZ′

mX

dµ

µ
γB(µ)

]
. (6.30)

In the leading logarithmic approximation one should use the tree-level matching con-
dition CB(mX) = 0 along with the solutions (6.26) when evaluating expression (6.29). At
one-loop order, the running coupling gZ′(µ) satisfies the evolution equation

dgZ′

d lnµ = 13g3
Z′

48π2 + . . . . (6.31)

7 Conclusions

We have constructed an effective field theory describing the decays into SM particles of
a new heavy vector resonance with mass far above the electroweak scale. Our approach
implements a consistent expansion of the corresponding decay rates in powers of the ratio
of the electroweak scale and the resonance mass. It is completely model independent and
allows for arbitrarily complicated UV completions, which can have multiple heavy particles
beyond the vector resonance and additional sectors at scales higher than the resonance mass
itself. The light SM particles are described by collinear and soft fields in the language of
SCET, while the massive resonance is treated using a heavy-vector effective theory akin
to HQET. The latter is necessary to provide a consistent power counting as well as to
alleviate the issue of renormalizability in theories with massive vector bosons. For the
important example of a heavy Z ′ boson, which is a singlet under the SM gauge group,
we have constructed the operator basis for two-body (or two-jet) decays into SM particles
at leading and next-to-leading order in the power expansion, and we have expressed the
corresponding decay rates in terms of the Wilson coefficients of these operators. We have
also derived the RG evolution equations for the Wilson coefficients and solved them for a
few representative cases. In this way, large logarithmic corrections to the decay rates can
be resummed to all orders in perturbation theory, generally resulting in significant O(1)
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corrections. With the example of a massive color-octet vector resonance (e.g. a Kaluza-
Klein gluon), we have discussed the extension of our framework to the case of non-singlet
resonances. The formulation of the effective theory presented in this work is done in the
symmetric phase of the SM. As a consequence, for processes in which the characteristic
mass scales of the final states lie far below the electroweak scale, one would need to perform
an additional matching step onto SCETBSM operators defined in the broken phase, which
are invariant under SU(3)c×U(1)em. This matching is straightforward, and hence we have
not discussed it here in detail.

To illustrate our approach with a concrete example, we have performed the matching
procedure for the most relevant operators in a specific UV model, consisting of an extension
of the SM by a massive Z ′ boson of a new U(1)′ symmetry for a gauged Lµ − Lτ lepton
number, which is broken spontaneously by the VEV of a new scalar field. Via a set of heavy
VLQs the Z ′ boson also couples to the SM quarks. This model features two new-physics
scales: the mass scale of the VLQs and the VEV of the scalar field, which sets the mass of
the Z ′ boson. If these two scales are very hierarchical, large logarithms of their ratio can
be resummed by using a two-step matching procedure, which we have discussed in detail.

Our framework represents an economic way of obtaining compact analytic expressions
for the decay rates of new massive vector resonances, including the potentially sizable effects
from the resummation of double and single Sudakov logarithms. In contrast to performing
this resummation using parton showers, as is often done in phenomenological studies,
our approach does not require Monte Carlo tools but relies on solving simple differential
equations. Importantly, this allows for the inclusion of effects beyond the capabilities of
parton showers, including the resummation of electroweak logarithms and of logarithms
arising from the Yukawa interactions. Finally, the resummation can straightforwardly be
extended to higher orders in perturbation theory.

With the generalization to heavy particles with non-zero spin and resonances carrying
non-trivial SM charges, the present work constitutes two important generalizations of the
SCETBSM approach, which was originally introduced to study the decays of a hypothetical
spin-0 SM singlet resonance [5, 6]. All that is missing now is the long-awaited discovery of
some new heavy particle not contained in the SM of particle physics.
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A Operator basis at subleading order

Here we present a complete basis of O(λ3) two-jet operators relevant to the decays of
a heavy Z ′ boson. Without loss of generality we set x = 0 for the spacetime point at
which these operators are evaluated. This means that we do not need to include operators
containing coordinate vectors (such as insertions of x⊥ · ∂⊥) arising from the multipole
expansion of soft fields, which can in principle arise in higher orders [4]. The operators
listed below are genuine power-suppressed SCET operators. In addition there are time-
ordered products of the leading-order operators in (2.36) with power-suppressed terms in
the SCET or HVET Lagrangians.

Fermionic operators. A basis of operators in which a Z ′ boson couples to a pair of
fermions with equal chiralities can be chosen as

Oij1 = Π · Z ′v
(
Ψ̄i
n /A⊥s Ψj

n̄ − Ψ̄i
n̄ /A⊥s Ψj

n

)
,

Oij2 (u) = Π · Z ′v
(
Ψ̄i
n /A(u)⊥

n Ψj
n̄ − Ψ̄i

n̄ /A(u)⊥
n̄ Ψj

n

)
,

Oij3 (u) = g⊥µν Z
′µ
v

(
Ψ̄(u)i
n /vA⊥νn̄ Ψj

n + Ψ̄(u)i
n̄ /vA⊥νn Ψj

n̄

)
,

Oij4 (u) = ε⊥µν Z
′µ
v

(
Ψ̄(u)i
n /vA⊥νn̄ Ψj

n − Ψ̄(u)i
n̄ /vA⊥νn Ψj

n̄

)
,

Oij5 = (i∂µΠ · Z ′v)
(
Ψ̄i
nγ

µ
⊥Ψj

n̄ − Ψ̄i
n̄γ

µ
⊥Ψj

n

)
,

Oij6 = Π · Z ′v
(
Ψ̄i
n i
←→
/∂⊥Ψj

n̄ − Ψ̄i
n̄ i
←→
/∂⊥Ψj

n

)
.

(A.1)

Here and below, operators shown in gray can be omitted from the basis. Since the Z ′ boson
is a gauge singlet and hence does not interact, the matrix elements of operators including
a transverse derivative on the field Z ′µv , such as Oij5 , are proportional to the transverse
momentum of the Z ′ boson, and one can always choose a reference frame in which this
transverse momentum vanishes. The operator Oij6 can be eliminated using the equations
of motion for the fermion fields. When an operator contains more than one collinear
field in the same sector, these fields share the total collinear momentum in that sector.
A variable u ∈ [0, 1] then indicates the fraction of the large component of the collinear
momentum carried by one of the two fields, as indicated by the superscript “(u)” [5]. The
above operators are multiplied by corresponding Wilson coefficients, and in the effective
Lagrangian one must take these products plus their hermitian conjugates. The Wilson
coefficients of the operator Oij1 form the entries of a hermitian 3× 3 matrix in generation
space, while the Wilson coefficients of Oij2 can be arbitrary complex numbers. The Wilson
coefficients of the operators Oij3,4 satisfy the relations C∗ji3,4 (u) = −Cij3,4(1− u).

A basis of operators in which a Z ′ boson couples to a pair of fermions with opposite
chiralities can be chosen as

Qij1 = Π · Z ′v
(
Ψ̄i
L,nΦ0Ψj

R,n̄ − Ψ̄i
L,n̄Φ0Ψj

R,n

)
= mZ′ O

ij
ψLψR

,

Qij2 (u) = Π · Z ′v
(
Ψ̄i
L,nΦ(u)

n Ψj
R,n̄ − Ψ̄i

L,n̄Φ(u)
n̄ Ψj

R,n

)
,

Qij3 (u) = Π · Z ′v
(
Ψ̄i
L,nΦ(u)

n̄ Ψj
R,n̄ − Ψ̄i

L,n̄Φ(u)
n Ψj

R,n

)
,

Qij4 (u) = g⊥µν Z
′µ
v

(
Ψ̄(u)i
L,n Φn̄ /v γν⊥Ψj

R,n + Ψ̄(u)i
L,n̄ Φn /v γν⊥Ψj

R,n̄

)
.

(A.2)
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The Wilson coefficients of these operators can be arbitrary complex numbers. There is
no need to include an operator analogous to Qij4 with g⊥µν replaced by ε⊥µν , because rela-
tion (2.30) can be used to relate such an operator to Qij4 .

Operators containing two Higgs fields. A basis of operators in which a Z ′ boson
couples to a pair of Higgs doublets can be chosen as

P1 = g⊥µν Z
′µ
v

(
Φ†nA⊥νn̄ Φ0 + Φ†n̄A⊥νn Φ0

)
= O

‖
Aφ ,

P2 = ε⊥µν Z
′µ
v

(
Φ†nA⊥νn̄ Φ0 − Φ†n̄A⊥νn Φ0

)
= O⊥Aφ ,

P3 = g⊥µν Z
′µ
v

(
Φ†nA⊥νn̄ Φs + Φ†n̄A⊥νn Φs

)
,

P4 = ε⊥µν Z
′µ
v

(
Φ†nA⊥νn̄ Φs − Φ†n̄A⊥νn Φs

)
,

P5 = g⊥µν Z
′µ
v

(
Φ†nAν

s Φn̄ + Φ†n̄Aν
s Φn

)
,

P6 = ε⊥µν Z
′µ
v

(
Φ†nAν

s Φn̄ − Φ†n̄Aν
s Φn

)
,

P7 = g⊥µν Z
′µ
v

(
Φ†n i
←→
∂ ν⊥Φn̄ + Φ†n̄ i

←→
∂ ν⊥Φn

)
,

P8 = ε⊥µν Z
′µ
v

(
Φ†n i
←→
∂ ν⊥Φn̄ − Φ†n̄ i

←→
∂ ν⊥Φn

)
,

P9(u) = g⊥µν Z
′µ
v

(
Φ†nA(u)⊥ν

n Φn̄ + Φ†n̄A
(u)⊥ν
n̄ Φn

)
,

P10(u) = ε⊥µν Z
′µ
v

(
Φ†nA(u)⊥ν

n Φn̄ − Φ†n̄A
(u)⊥ν
n̄ Φn

)
,

P11(u) = g⊥µν Z
′µ
v

(
Φ(u)†
n A⊥νn̄ Φn + Φ(u)†

n̄ A⊥νn Φn̄
)
,

P12(u) = ε⊥µν Z
′µ
v

(
Φ(u)†
n A⊥νn̄ Φn − Φ(u)†

n̄ A⊥νn Φn̄
)
,

P13 = g⊥µν (i∂ν⊥Z ′µv )
(
Φ†nΦn̄ + Φ†n̄Φn

)
,

P14 = ε⊥µν (i∂ν⊥Z ′µv )
(
Φ†nΦn̄ − Φ†n̄Φn

)
.

(A.3)

The operators P13 and P14 can be omitted from the basis if one chooses a reference frame
in which the transverse momentum of the Z ′ boson vanishes. The Wilson coefficients
Ck of the operators Pk with k = 5, 6, 7, 8 are real, while the Wilson coefficients of P11,12
satisfy C∗11,12(u) = C11,12(1 − u). The remaining Wilson coefficients can be arbitrary
complex quantities.

Operators containing two or three gauge fields. A basis of operators in which a Z ′

boson couples to a pair of gauge fields can be chosen as

R1 = Z ′µv
(
A⊥anµ i

←→
∂ ν⊥A

⊥a
n̄ν + A⊥an̄µ i

←→
∂ ν⊥A

⊥a
nν

)
,

R2 = ε⊥να Z
′µ
v

(
A⊥anµ i

←→
∂ ν⊥A

⊥α,a
n̄ −A⊥an̄µ i

←→
∂ ν⊥A

⊥α,a
n

)
,

R3 = ε⊥µν Z
′µ
v

(
A⊥α,an i

←→
∂ ν⊥A

⊥a
n̄α

)
,

R4 = ε⊥µα Z
′µ
v

(
A⊥α,an i

←→
∂ ν⊥A

⊥a
n̄ν −A

⊥α,a
n̄ i

←→
∂ ν⊥A

⊥a
nν

)
,

R5 = (i∂⊥µ Z ′µv ) A⊥α,an A⊥an̄α ,

R6 = (i∂µ⊥Z
′ν
v )
(
A⊥anµ A⊥an̄ν + A⊥an̄µ A⊥anν

)
, (A.4)

R7 = ε⊥αβ (i∂⊥µ Z ′µv ) A⊥α,an A
⊥β,a
n̄ ,

R8 = ε⊥νβ (i∂µ⊥Z
′ν
v )
(
A⊥anµ A

⊥β,a
n̄ −A⊥an̄µ A⊥β,an

)
,
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R9 = ε⊥µα (i∂µ⊥Z
′ν
v )
(
A⊥α,an A⊥an̄ν −A

⊥α,a
n̄ A⊥anν

)
,

R10 = ig⊥µν Z
′µ
v

(
v ·A⊥an A

⊥ν,a
n̄ + v ·A⊥an̄ A⊥ν,an

)
= 1
mZ′

Õ
‖
AA ,

R11 = iε⊥µν Z
′µ
v

(
v ·A⊥an A

⊥ν,a
n̄ − v ·A⊥an̄ A⊥ν,an

)
= 1
mZ′

Õ⊥AA .

Because of the relation

ε⊥µν ε
⊥
αβ = g⊥µα g

⊥
νβ − g⊥µβ g⊥να (A.5)

it is not necessary to consider operators in which the indices are contracted with two ε⊥ρσ
symbols. The operators R5 to R9 can be omitted from the basis if one chooses a reference
frame in which the transverse momentum of the Z ′ boson vanishes. The operators R10
and R11, which involve the small components of the gauge fields, can be eliminated using
the equations of motion. Generalizing a relation derived in ref. [21] for the case of QCD
interactions, we obtain

ω (n·Aa
n)ω = 2i∂⊥ν

(
A⊥ν,an

)
ω

+
∫ ω

0
dω′

2ω′

ω
ifabcA

(
A⊥ν,bn

)
ω−ω′

(
A⊥cnν

)
ω′
− 2g2

A

ω

∑
ψ

(
Ψ̄n /̄ntaAΨn

)
ω

−2g2
A

∫ ω

0
dω′

ω−2ω′

ω

(
φ†n

)
ω−ω′

taA (φn)ω′−2g2
A

(
φ†n t

a
Aφ0−φ†0 t

a
Aφn

)
ω
. (A.6)

Here gA is the relevant gauge coupling, taA are the generators of the gauge group, and the
structure constants fabcA are defined by the Lie algebra [taA, tbA] = ifabcA tcA. For the case
of U(1)Y , taA = Y is the hypercharge generator and the structure constants vanish. The
sum in the third term on the right-hand side runs over all chiral fermion multiplets of
the SM that are charged under the corresponding gauge group. The terms involving the
Higgs doublet are present for the cases A = B,W only. Following [21] we use the label
formalism, where ω denotes the eigenvalue of the momentum operator Pn = in̄ · ∂ acting
on n-collinear fields. In order to apply this relation to the last two operators in (A.4) we
use that v · A⊥an = v·n̄

2 n · A⊥an . The operators generated by eliminating the field n · A⊥an
using relation (A.6) are, in the order of appearance, of the form Ri with i = 1, . . . , 9, of the
form (A.7) below, of the form O3 and O4, of the form P11 and P12, and of the form of P1
and P2. The last term on the right-hand side of (A.6), in particular, implies relation (2.40).

Finally, several operators exist in which a Z ′ boson couples to three gauge fields. They
are of the generic form

Z ′µv A⊥ν,an Aα,b
s A

⊥β,c
n̄ + (n↔ n̄) ,

Z ′µv A(u)⊥ν,a
n A⊥α,bn A

⊥β,c
n̄ + (n↔ n̄) ,

(A.7)

where the Lorentz and color indices must be contracted in an appropriate way. If the three
gauge fields refer to the same gauge group, the index contractions must be performed using
the εabc symbol for SU(2)L and the fabc or dabc symbols for SU(3)c. Alternatively, one
gauge field can be the hypercharge boson and the other two refer to SU(2)L or SU(3)c, in
which case their indices must be contracted using the δab symbol. Note that the operators
in the second line carry four transverse Lorentz indices, while for those in the first line the
indices µ and α can be arbitrary.
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B Mass diagonalization in the vector-like quark model

In matrix notation, the mass terms in the vector-like quark model shown in (6.2) and (6.3)
can be written in the form

Lm + LY = −Q̄RM
†
Q

(
QL

QL

)
− ŪLM †

U

(
UR
uR

)
− D̄LM †

D

(
DR
dR

)
+ h.c. , (B.1)

where M †
X = (mX

u√
2Y
†
X) with X = Q,U,D are 1 × 4 matrices in all three cases. The

squared mass matrices are given by

MXM
†
X =

 m2
X

u√
2 mXY

†
X

u√
2 mXYX

u2

2 YXY
†
X

 ,
M †

XMX = m2
X + u2

2 Y †XYX ≡M
2
X .

(B.2)

The first one has eigenvalues MX and 0 (three times), corresponding to the physical mass
MX of the VLQ and the masses of the three light SM quarks in the limit where electroweak
symmetry breaking is neglected. The second squared mass matrix is simply a number. We
can diagonalize the hermitian matrix MXM

†
X by means of the unitary transformation

U †XMXM
†
XUX = diag(M2

X , 0, 0, 0) , (B.3)

where

UX =
(

cX −sX 0 0
sX ŶX cX ŶX n1

X n2
X

)
. (B.4)

We have defined the quantities

cX = mX

MX
, sX = u√

2MX

(
Y †XYX

)1/2
, ŶX = YX(

Y †XYX
)1/2 , (B.5)

which satisfy c2
X + s2

X = 1 and Ŷ †X ŶX = 1. The complex unit vectors niX with i = 1, 2
are defined such that Ŷ †XniX = 0 and ni†Xn

j
X = δij . The three unit vectors {ŶX ,n1

X ,n
2
X}

form an orthonormal basis in generation space. The mass eigenstates of the left-handed
SU(2)L doublets and right-handed SU(2)L singlets are related to the interaction states by
the matrices U †Q and U †U,D, respectively. Written out in components, this gives

(QL)mass = cQQL + sQ Ŷ
†
QQL , (QL)mass =


cQ Ŷ

†
QQL − sQQL

n1 †
Q QL

n2 †
Q QL

 , (B.6)

and similarly for the other cases. The second relation, in particular, implies(
Ŷ †QQL

)
mass = cQ Ŷ

†
QQL − sQQL. It then follows that

QL = cQ (QL)mass − sQ
(
Ŷ †QQL

)
mass . (B.7)

Analogous relations hold for the right-handed components UR and DR of the SU(2)L-singlet
VLQs.
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