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Abstract—This letter deals with the problem of evaluating the
effect of a cylindrical metallic cavity on the radiation of a planar
longitudinally polarized Bessel beam launcher, as it could arise
in applications related to microwave heating or plasma ignition.
A full analytical model is developed to extract fundamental physics
insight of the problem at hand. Full-wave numerical simulations by
COMSOL multiphysics are used to validate the proposed model,
showing fair agreement between simulations and theoretical pre-
dictions.

Index Terms—Bessel beam, Green’s function, metallic cavity,
near-field, radiation.

I. INTRODUCTION

IN SOME engineering applications, such as near-field focus-
ing [1], [2], [3], [4], [5], [6], near-field communications [7],

wireless power transfer [8], ground-penetrating radars [9], opti-
cal micromanipulation [10], [11], and imaging [12], [13], [14],
[15], beam diffraction has to be minimized in such a way to not
to lose energy and also to focus it in specific spatial regions.
Nondiffractive waves, i.e., a family of solutions of Helmholtz
equation that does not undergo diffraction when propagating
in free-space, have been introduced and investigated in the last
decade [16], [17], [18]. Among them, Bessel beams are interest-
ing both from the historical and technical viewpoints. Indeed,
since their early introduction by Durnin in 1987 [19], [20] in
the optical regime, they have been profitably adopted to radiate
well collimated and focused beams in free space [13], [21].
Pure Bessel beams cannot be radiated in free space, since they
would require infinite energy or, equivalently, infinite radiating
apertures. In this sense, they can be considered as a nonphysi-
cal solution, such as plane waves. However, limited-diffractive
beams, i.e., Bessel beams focused up to a finite distance called
nondiffractive range (NDR), can be instead effectively radiated
by finite apertures and carry finite energy. This latter does
not constitute a limitation in real-life applications, since the
appropriate choice of both aperture size and imposed radial
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wavenumber on it allows predicting the achievable NDR and, in
turn, designing launchers to satisfy application-oriented specific
requirements.

Interestingly, in the last decade, high-efficiency Bessel beams
have been successfully designed at microwaves and millimeter
waves [2], [22], by exploiting different but complementary
approaches, such as holography on radial-line slot arrays [4],
[6], [9], metasurfaces [23], or leaky-wave-based approaches [3].
Moreover, mature planar technologies, such as printed circuit
board (PCB), are available for compact Bessel-beam launcher
fabrication so that real applications of Bessel beams at mi-
crowaves and millimeter waves do not represent only an ide-
alization, but instead a promising reality.

Bessel beams launchers have been studied mainly for radi-
ation in free space, but they can also find applications when
radiating in confined environments, such as cavities. Indeed, the
presence of a strong axial (i.e., longitudinal) electric field com-
ponent, as happens in longitudinally polarized Bessel beams [4],
would allow accelerating charged particles [24], [25]. Similarly,
the spatially distributed field obtained by multiple Bessel beam
reflections inside metallic cavities paves the way to the use
of such structures for microwave heating. Moreover, the com-
pression of plasmas inside metallic cylindrical cavities together
with their interaction with RF and microwave fields, with RF
and microwave fields, allows exciting them in plasma ignition
systems [26], [27], [28]. Thus, the presence of metallic cavities
needs to be accurately modeled. Indeed, a closed metallic cavity
introduces a numerable (i.e., discrete) set of modes for field
expansion that perturbs Bessel beam radiation and needs to be
accurately considered through the appropriate Green’s function.
As a limit case, if cavity dimensions are really large in terms
of wavelength (b→ +∞), the discrete set of supported modes
tends to be almost continuous (thus, resembling free-space
continuous spectrum); hence, the beam reconstructed inside the
cavity resembles the Bessel beam radiated in free space, as
expected.

Due to the inherent azimuthal invariance of impressed mag-
netic current distribution that radiates a longitudinally polarized
Bessel beam [4], in this letter we focus on the radiation in
circular-symmetric perfect electric conductors (PEC) cavities by
considering both analytical modeling and full-wave simulations
for validation. Physics insight and relevant wave phenomena
connected to beam radiation in bounded domains are then high-
lighted.

The rest of this letter is organized as follows. In Section II, the
analytical formulation of the radiation in a cylindrical metallic
cavity of a magnetic current distribution, appropriately shaped
to radiate a longitudinally polarized Bessel beam in free space,
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Fig. 1. Geometry of the problem. An azimuthally invariant magnetic current
distribution shaped as a first-order Bessel function, able to radiate a longitudi-
nally polarized Bessel beam in free space, radiates inside a cylindrical metallic
cavity, thus exciting a perturbed field distribution inside it.

is presented. Then, in Section III, the model is compared with
full-wave simulations by COMSOL Multiphysics for validation.
Finally, Section IV concludes this letter.

II. PROBLEM FORMULATION

The geometry of the problem is depicted in Fig. 1. By as-
suming and suppressing throughout this letter the usual time-
harmonic convention ejω0t, being ω0 the operating angular
frequency, a finite azimuthally invariant magnetic current dis-
tribution of the form

M(ρ) =M0J1(kρaρ)Π
( ρ
2b

)
φ̂ (1)

is impressed at z = 0 and radiates inside a cylindrical metallic
cavity of radius b and heighth. In (1),Π(·) is the circular constant
function (Π(x/x0) = 1 if |x| ≤ x0/2,Π(x/x0) = 0 elsewhere),
M0 is the magnetic current complex amplitude, kρa = k sin θa
the imposed radial wavenumber, k the free-space wavenumber
at the operating frequency, and θa the so-called axicon angle.
For the sake of simplicity, cavity walls are assumed to be made
of PEC. As shown in detail in [4], the current distribution in (1)
is able to radiate a longitudinally polarized Bessel beam in free
space, i.e., a Bessel beam whose electric field z-component is
shaped as a zeroth-order Bessel function.

The objective of this letter is to analyze how the radiated beam
is perturbed by the presence of a cylindrical metallic cavity, since
in general the electromagnetic (EM) field inside it can be written
as a superposition of a numerable infinite set of modes, hence
the spectrum of the eigenvalues associated to Laplacian operator
is discrete. According to Marcuvitz–Schwinger formalism, the
EM field by impressed current distributions (either electric,J, or
magnetic, M) can be decomposed in its transverse (Et,Ht) and
longitudinal (Ez, Hz) components with respect to a prescribed
direction. For the problem at hand, it is convenient to use the
z-axis. Hence, the transverse EM field components can be writ-
ten as superposition of transverse electric (TEz) and magnetic
(TMz) modes [29], namely

Et(r) =
∑
m,n

V TM
mne

TM
mn(ρ) +

∑
m,n

V TE
mne

TE
mn(ρ) (2)

Ht(r) =
∑
m,n

ITM
mnh

TM
mn(ρ) +

∑
m,n

ITE
mnh

TE
mn(ρ) (3)

in which eTM,TE
mn (hTM,TE

mn ) are the TE/TM electric (magnetic)
vector mode functions, whereas V TM,TE

mn (ITM,TE
mn ) refer to com-

plex modal amplitudes, to be suitably determined. Due to φ-
invariance and azimuthal polarization of the impressed magnetic
current distribution (1), the EM field inside the cavity can be
represented only in terms of TM modes, so thatV TE

mn = ITE
mn = 0.

Moreover, the radiated EM field expansion in (2) and (3) can be
reduced to a single n-dependent series. Hence, for the problem
at hand the transverse field expressions reduce to

Et(r) =
∑
n

V TM
0n eTM

0n (ρ), Ht(r) =
∑
n

ITM
0n hTM

0n (ρ). (4)

The longitudinal EM field component can be calculated by the
differentiation of (4) as

Ez(r) = (jωε)−1[∇t · (Ht × ẑ)− Jz] (5)

Hz(r) = (jωμ)−1[∇t · (ẑ×Et)−Mz] (6)

being Jz (Mz) the z-component of electric (magnetic) current
that in the following will be assumed to vanish, since (1)
represents a purely transverse current distribution. TMz vector
mode functions can be written as the transverse gradient of a
normalized set of scalar mode functions ψTM

mn, namely

eTM
mn(ρ) = −∇tψ

TM
mn(ρ)

kTM
t,mn

, hTM
mn(ρ) = ẑ× eTM

mn(ρ) (7)

being kTM
t,mn the transverse wavenumber associated with TM

modes. For the special case of circular cylindrical cavity cross
section, bounded by a PEC wall [29], ψTM

mn can be expanded
in terms of mth-order Bessel functions; hence, vector mode
functions (7) become

eTM
mn (ρ) = − exp(−jmφ)

b
√
πkTM

t,mnJm+1(kTM
t,mnb)

·

·
[
m
√
2

ρ
Jm(kTM

t,mnρ)p̂− kTM
t,mnJm+1(k

TM
t,mnρ)ρ̂

]
(8)

hTM
mn (ρ) = − exp(−jmφ)

b
√
πkTM

t,mnJm+1(kTM
t,mnb)

·

·
[
j
m
√
2

ρ
Jm(kTM

t,mnρ)p̂− kTM
t,mnJm+1(k

TM
t,mnρ)φ̂

]
(9)

in which p̂ =
(
ρ̂− jφ̂

)
/
√
2 and kTM

t,mn = χmn/b, being χmn

the zeros of mth-order Bessel functions, and n ∈ N0.
To calculate the z-dependence of the forced EM field inside the

cavity expressed by (1), an equivalent multimodal transmission-
line approach is exploited [29], according to which modal
voltage generators vTM

mn , whose amplitude can be calculated by
projecting the transverse magnetic current distribution on the set
of magnetic vector mode functions, namely

vTM
mn ≡ vTM

0n =

∫∫
S

M(ρ) · h∗
mn(ρ)dS =

2
√
πM0

J1(kTM
t,0nb)

·

·k
TM
t,0nJ1(kρab)J0(k

TM
t,0nb)− kρaJ0(kρab)J1(k

TM
t,0nb)

k2ρa − (kTM
t,0n)

2
(10)

being S the cross-sectional surface, are placed at the section
z′ = 0 of z-oriented transmission lines, terminated on a short
circuit at z = h.
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By calculating (10), only modal voltage coefficients of order
m = 0 contribute (i.e., do not vanish) to EM field expansion (2)
and (3); thus, the double series used for field expansion can be
simply replaced by a single n-dependent series. For this reason,
in the following, the replacement mn→ 0n will be adopted to
take into account the previous consideration. By using (10), the
modal voltages V TM

0n and currents ITM
0n are then calculated at

each generic section z as

V TM
0n =

2
√
πM0

J1(kTM
t,0nb)

[
cos(kTM

z,0nz)− cot(kTM
z,0nh) sin(k

TM
z,0nz)

]
·

· k
TM
t,0nJ1(kρab)J0(k

TM
t,0nb)− kρaJ0(kρab)J1(k

TM
t,0nb)

k2ρa − (kTM
t,0n)

2

ITM
0n =

2j
√
πM0

J1(kTM
t,0nb)

[
sin(kTM

z,0nz) + cot(kTM
z,0nh) cos(k

TM
z,0nz)

]
·

· k
TM
t,mnJ1(kρab)J0(k

TM
t,mnb)−kρaJ0(kρab)J1(kTM

t,mnb)

k2ρa − (kTM
t,mn)

2

being kTM
z,0n = −j

√
(kTM

t,0n)
2 − k2 the longitudinal modal

wavenumbers, whose branch cut is chosen in such a way to
guarantee the damping of nonpropagating modes (i.e., evanes-
cent) away from the source region (i.e., at z′ = 0). Finally, by
substituting the previous expressions for modal voltages and
currents in (2) and (3), the transverse EM field excited inside the
cavity by the current distribution given by (1) is

Et(r) = − 2M0

b
ρ̂
∑
n

{
J1(k

TM
t,0nρ)

J2
1 (k

TM
t,0nb)

·

·
[
cos(kTM

z,0nz)− cot(kTM
z,0nh) sin(k

TM
z,0nz)

]
·

· k
TM
t,0nJ1(kρab)J0(k

TM
t,0nb)−kρaJ0(kρab)J1(kTM

t,0nb)

k2ρa−(kTM
t,0n)

2

}

(11)

Ht(r) =
2jM0

b
φ̂
∑
n

{
J1(k

TM
t,0nρ)

J2
1 (k

TM
t,0nb)

·

·
[
sin(kTM

z,0nz) + cot(kTM
z,0nh) cos(k

TM
z,0nz)

]
·

· k
TM
t,0nJ1(kρab)J0(k

TM
t,0nb)−kρaJ0(kρab)J1(kTM

t,0nb)

k2ρa−(kTM
t,0n)

2

}
.

(12)

Similarly, by using (5), the EM field longitudinal component
(i.e., z-component) can be calculated as

Ez(r) = − 2M0

bωε

∑
n

{
kTM
t,0nJ0(k

TM
t,0nρ)

J2
1 (k

TM
t,0nb)

·

·
[
sin

(
kTM
z,0nz

)− cot
(
kTM
z,0nh

)
cos

(
kTM
z,0nz

)]·
· k

TM
t,0nJ1(kρab)J0

(
kTM
t,0nb

)−kρaJ0(kρab)J1(kTM
t,0nb

)
k2ρa−(kTM

t,0n)
2

}

(13)

Hz(r) = 0. (14)

The previous equations reveal interesting features of radiated
field inside the cavity. Indeed, transverse (longitudinal) field
component is shaped as a first (zeroth)-order Bessel function
in the radial direction, thus they vanish (exhibit a maximum) on
the z-axis. Moreover, the effects of cavity top wall on radiated
EM field (i.e., stationary waves due to multiple reflections) are
taken into account by the z-dependent term. On the other hand,
the contribution of PEC cavity lateral walls to radiated field
is instead considered by the b-dependent fraction occurring in
(11) and (12) and (13) and (14), which in general diverges when
kt,0n → kρa.

The theoretical procedure outlined to evaluate (11)–(12) and
(13)–(14) allows developing very fast numerical codes for field
evaluation in cylindrical (or even more involved) cavities by
forced currents known a priori (as happens, for instance, when
specific launchers are designed in free space and then placed
in closed EM environments), and it is also really helpful for
further theoretical generalizations. In Section III, a comparison
of the presented analytical model versus full-wave simulations
is provided to show the correctness and effectiveness of the
approach.

III. NUMERICAL RESULTS AND VALIDATION

To validate the theoretical approach discussed in Section II
versus a full-wave simulator (COMSOL multiphysics), three
examples of cavities are proposed in the following, all fed by
the magnetic current distribution (1), with an axicon angle [2]
of θa = 15◦, and free-space wavenumber normalized to the
wavelength (k = 2π rad/m). Indeed, as it has been demon-
strated in [4] and [6], (1) is able to radiate a longitudinally
polarized limited-diffractive Bessel beam in free space. Instead,
when it radiates inside a PEC cavity, cavity mode discretization
unavoidably occurs, as shown theoretically in (13) and (14)
and in (15) and (16). Thus, the Bessel beam radiated in free
space is dramatically perturbed by the presence of PEC walls; in
particular, stationary patterns due to multiple reflections by PEC
lateral and top walls arise, which should be carefully considered
in the description of radiated EM field.

To make a fair comparison between the analytical model and
full-wave simulations, the relative error

ερ,z =
|Ean

ρ,z − Esim
ρ,z |

|Esim
ρ,z |

(15)

has been introduced, in which Ean,sim
ρ,z are the ρ-z electric field

components, obtained by the analytical model (apex ‘an’) or by
full-wave simulations (apex ‘sim’).

In the first one, a PEC cavity of radius b = 6λ and height
h = 10λ is supposed. The normalized electric field z- and ρ-
component maps have been calculated by using the analytical
model, shown in Fig. 2(a) and (d), and full-wave simulations,
as shown in Fig. 2(b) and (c). The relative error (magnitude)
between analytical and full-wave field calculations is reported
in Fig. 2(c) and (f) for z- and ρ-components, revealing very low
values (on average <0.5%). Hence, both field components are
very well reproduced, together with field maxima, minima, and
stationary patterns, thus showing a fair reproduction of reflec-
tions by lateral and top walls. Thus, the physics of the problem
at hand is analytically reproduced by closed-form expressions.

In Fig. 3, a similar approach has been followed by considering
an elongated cavity of radius b = 5λ and height h = 16λ. Also
in this case, a remarkable agreement between analytical and
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Fig. 2. Field radiated by (1) inside a cavity of radius b = 6λ and height
h = 10λ. Normalized electric field z-component calculated by using (a) the
analytical model and (b) full-wave simulations. Normalized electric field ρ-
component calculated by using (d) the analytical model and (e) full-wave
simulations. Relative error between analytical and full-wave field calculation:
(c) z-component and (f) ρ-component.

Fig. 3. Field radiated by (1) inside an elongated cavity of radius b = 5λ and
height h = 15λ. Normalized electric field z-component calculated by using (a)
the analytical model and (b) full-wave simulations. Normalized electric field
ρ-component calculated by using (d) the analytical model and (e) full-wave
simulations. Relative error between analytical and full-wave field calculation:
(c) z-component and (f) ρ-component.

Fig. 4. Field radiated by (1) inside a short cavity of radius b = 10λ and
height h = 5λ. Normalized electric field z-component calculated by using (a)
the analytical model and (c) full-wave simulations. Normalized electric field
ρ-component calculated by using (b) the analytical model and (d) full-wave
simulations. Relative error between analytical and full-wave field calculation:
(e) z-component and (f) ρ-component.

numerical field reconstruction is shown, since the relative error
is on average below 0.5%.

Finally, to assess the proposed method also in the case of
short cavities (h < b), an example of radius b = 10λ and height
h = 5λ has been presented in Fig. 4. As it can be inferred
from color maps in Fig. 4(e) and (f), the relative error in z-ρ
electric field component reconstruction is on average of the same
order of magnitude of other examples. It is worth noting that,
in correspondence of field nulls or minima, the denominator in
(15) becomes very close to zero; hence, it seems that the error in
field reconstruction in the presence of minima is large; however,
it is a fictitious result, inherently associated with the definition
of relative error.

The proposed method is really fast, since it is analytic and
requires only a summation over a few n orders. As a rule of
thumb for summation truncation over n-index, one has to guar-
antee that kTM

z,0n is real. In the presented examples, Nmax = 20
guaranteed high accuracy in field reconstruction.

IV. CONCLUSION

In this letter, the radiation of a longitudinally polarized
limited-diffractive Bessel beam inside a cylindrical metallic
cavity has been discussed in detail. A full analytical model has
been developed to highlight relevant involved wave phenomena.
Moreover, a numerical validation of the analytical model by a
full-wave simulator has been presented, showing a remarkable
agreement between the two methods. The proposed analysis is
motivated by forthcoming applications of focused Bessel beams
in near-field in bounded metallic domains, such as for microwave
heating and plasma ignition.
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