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Abstract Inspired by the Standard Model Extension, we
have investigated a possible scenario arising from the Lorentz
symmetry violation governed by a background tensor field on
a scalar field subject to the Klein–Gordon oscillator, where
this possible scenario gives rise to a linear central potential.
We analyse the behaviour of the relativistic quantum oscil-
lator under the influence of a Coulomb-type scalar poten-
tial in this background. Then, we solve the Klein–Gordon
equation analytically and discuss the influence of the back-
ground which violates the Lorentz symmetry in the relativis-
tic energy levels.

1 Introduction

In recent years, in order to observe more accurately the
atomic nuclei, some investigations, taken into account the
hydrogen atom, have considered to change the orbital elec-
tron by a muon, and they have shown that the proton radius is
little different [1]. On the other hand, there is a line of research

which argue that the fine structure constant
(
α = e2

h̄c

)
is

slowly changing [2,3], and this fact can imply the light
velocity variation. Such variation can be consequence of the
Lorentz symmetry violation (LSV). It has been extensively
studied and applied in various branches of physics [4–15].

The development of the spontaneous symmetry breaking
of Lorentz (LSV) in quantum field theory has allowed the for-
mulation of a new model that aims to go beyond the Standard
Model which has been known in the literature as Standard
Model Extension (SME) [16,17]. In the SME there are the
fermionic and gauge sectors which are modified by back-
ground tensors that are manifested by expected vacuum of
more fundamental fields [17]. In particular, the gauge sector
is divided in the sectors CPT-odd and CPT-even [18].
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In the context of non-relativistic quantum mechanics,
through the nonminimal coupling of the term CPT-odd,
inspired by gauge sector of the SME, there are studies in
geometric phases [18], holonomies [19], on a Dirac neu-
tral particle inside a two-dimensional quantum ring [20], on
Aharonov–Bohm-type effect [21] and Landau-type quantiza-
tion [22]. Recently, also by nonminimal coupling, the CPT-
even term, inspired by gauge sector of the SME, has been
applied in the analysis of the relativistic quantum dynamics of
a scalar field under effects of central potentials induced by the
LSV, for example, Coulomb-type potential [23], harmonic-
type and linear-type potentials [24,25] and the Klein–Gordon
oscillator under effects of a Coulomb-type potential induced
by the LSV [26]. However, the Klein–Gordon oscillator was
not investigated under the effects of a central linear potential
induced by the LSV caused by the presence of a background
tensor field.

Inspired by the relativistic oscillator model for the spin-
1
2 fermionic field known as the Dirac oscillator [27,28],
Bruce and Minning have proposed a relativistic oscillator
model for the scalar field which it was known in the liter-
ature as the Klein–Gordon oscillator [29] that, in the non-
relativistic limit, is reduced to the oscillator described by the
Schoröndinger equation [30]. The Klein–Gordon oscillator
has been studied by a PT -symmetric Hamiltonian [31], in
noncommutative space [32,33], in spacetime with cosmic
string [34], in a spacetime with torsion [35], in a Kaluza–
Klein theory [36], with noninertial effects [37] and under
effects of linear and Coulomb-type central potentials [38–
40].

In this paper, we have investigated the effects of a linear
central potential induced by the LSV provided by the pres-
ence of a background tensor field on a scalar field subject to
the Klein–Gordon oscillator. This analysis is made through
the nonminimum coupling into the Klein–Gordon equation.
Then, we search for relativistic bound state solutions to the
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Klein–Gordon equation, where we have shown that analyti-
cal solutions can be achieved.

The structure of this paper is as follows: in Sect. 2, we
introduce a possible scenario of the LSV defined by the pres-
ence of a background tensor field (KF )μναβ which governs
the LSV out of the SME, and thus, the possible scenario of
the LSV induces a linear central potential; in Sect. 3, we
generalize our analysis by inserting a Coulomb-type central
potential by modifying the mass term of the Klein–Gordon
equation and determining solutions of bound states for the
scalar field subject to the effects of the LSV; in Sect. 4, we
present our conclusions.

2 Klein–Gordon oscillator under effects of a linear
central potential induced by the LSV

Inspired by the CPT-even sector of the SME [16–18], we can
investigate the relativistic quantum dynamic by a massive
scalar field under the effects of the LSV by introducing a
nonminimal coupling into the Klein–Gordon equation given
by p̂μ p̂μ → p̂μ p̂μ − g

4 (KF )μναβFμνFαβ , where g is a cou-
pling constant, Fμν = ∂μAν − ∂ν Aμ is the electromagnetic
tensor and (KF )μναβ is the constant background tensor field
that governs the LSV out of the SME [16,17] and describes
the anisotropy of the spacetime by creating preferred direc-
tions in the spacetime. Thus, the Klein–Gordon equation is
given in the form (h̄ = c = 1):

p̂μ p̂
μφ − g

4
(KF )μναβF

μνFαβφ − m2φ = 0, (1)

where p̂μ = i∂μ and m is the rest mass of the scalar field.
The Klein–Gordon oscillator [29] allows us to write the

Klein–Gordon equation in (3+1) dimensions as follows [38]

−∂2φ

∂t2 − ( p̂ + imωρρ̂).( p̂ − imωρρ̂)φ

−g

4
(KF )μναβF

μνFαβφ − m2φ = 0, (2)

where ρ = √
x2 + y2 is the radial coordinate, ρ̂ is a unit

vector in the radial direction and ω is the angular frequency
of the Klein–Gordon oscillator. Note that we have written the
Eq. (2) by using the signature of the spacetime:

ds2 = −dt2 + dρ2 + ρ2dϕ2 + dz2. (3)

Another property of the background tensor field (KF )μναβ

is that it can be written in terms of 3×3 matrices, κDE , κDB ,
κHE and κHB , defined in Refs. [41–43] as:

(κDE )i j = −2(KF )0i0 j ;
(κHB) jk = 1

2
ε j pqεklm(KF )pqlm;

(κDB) jk = −(κHE )k j = εkpq(KF )0 j pq . (4)

Note that the matrices (κDE )i j and (κHB) jk are symmetric
while the matrices (κDB) jk and (κHE )k j are antisymmetric.
In this way, we can rewrite the Eq. (2) in the form

−∂2φ

∂t2 − ( p̂ + imωρρ̂).( p̂ − imωρρ̂)φ − g

2
(κDE )i j E

i E jφ

+ g

2
(κHB)i j B

i B jφ

−g(κDB)i j E
i B jφ − m2φ = 0. (5)

Let us consider a possible scenario determined by the
LSV considering the only nonzero component of the con-
stant background tensor field (κDB)i j being (κDB)13 = a
and by a field configuration given by [24]

�E = λ

2
ρρ̂; �B = B0 ẑ, (6)

where λ is a constant associated with a volumetric distribu-
tion of electric charges, B0 is a constant and ẑ is a unit vector
in the z-direction. It is important to note that the electric and
magnetic fields given in the Eq. (6) are external indepen-
dent background fields. This configuration has been studied
in induced electric dipole moment systems [44–47] and in
LSV possible scenarios [18,24,48,49].

Let us consider a particular solution to the Eq. (5) given in
terms of the eigenvalues of the z-component of the angular
momentum L̂ z = −i∂ϕ and of the eigenvalues of the z-
component of the linear momentum operator p̂z = −i∂z as

φ(ρ, ϕ, z, t) = e−i(E t−lϕ−kz) f (ρ), (7)

where f (ρ) is the radial wave function, l = 0,± 1,± 2, . . .

are eigenvalues of the angular momentum and −∞ < k <

∞ are eigenvalues of the z-component of the linear momen-
tum. Then, substituting the Eqs. (6) and (7) into the Eq. (5),
we obtain the ordinary differential equation

d2 f

dρ2 + 1

ρ

d f

dρ
− l2

ρ2 f − aB0gλρ

2
f − m2ω2ρ2 f

+(E2 − m2 − k2 + mω) f = 0. (8)

We proceed with a change of variables given by  =√
mωρ, and thus, we rewrite the Eq. (8) in the form

d2 f

d2 + 1



d f

d
− l2

2 f − α f − 2 f + β f = 0, (9)

where we define

α = aB0gλ

2(mω)3/2 ; β = 1

mω
(E2 − m2 − k2 + mω). (10)

By imposing that f (ρ) → 0 when  → 0 and  → ∞,
then, the function f () can be written as follows:

f () = |l|e− 1
2 (+α)h(), (11)

where h() is an unknown function.
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By substituting the Eq. (11) into the Eq. (9), we note that
the function h() is a solution to the following second order
differential equation:

d2h

d2 +
[
(2|l| + 1)


− α − 2

]
dh

d

+
[
β + α2

4
− 2 − 2|l| − α

2
(2|l| + 1)

]
h = 0. (12)

The Eq. (12) is called as the biconfluent Heun equation [50,
51] and the function h() is the biconfluent Heun function,

that is, h() = hB

(
2|l|, α, β + α2

4 − 2 − 2|l|, 0; 
)

.

The Eq. (12) contains two singular points: the origin, a
regular singular point, and infinite, an irregular singular point
[50]. Since the origin is a regular singular point, the Eq. (12)
has at least one solution around this point given by the power
series [52]

h() =
∞∑
j=0

b j
j . (13)

Then, from the Eq. (12), we obtain the recurrence relation

b j+2 = [δ + α( j + 1)]b j+1 − (γ − 2 j)b j

( j + 2)( j + 2 + 2|l|) (14)

with the coefficients b1 and b2 are (where we are considering
b0 = 1)

b1 = δ

(1 + 2|l|) = α

2
;

b2 = 1

2(2 + 2|l|)
[
(δ + α)b1 − γ

]

= 1

4(1 + |l|)
(

αδ

2
+ α2

2
− γ

)
, (15)

where we define

γ = β + α2

4
− 2 − 2|l|; δ = α

2
(2|l| + 1). (16)

Solutions of bound states can be determined by imposing
that the recurrence relation (14) is truncated giving, then, the
following conditions

bn+1 = 0; γ = 2n, (17)

where n = 1, 2, 3, . . . is the radial mode. With the aim to
obtain the energy for the stationary states, let us discuss a
particular case of the radial mode n = 1 which, from the
physical point of view, represents the lowest energy state
of the system. This means that we want to construct a first
degree polynomial to biconfluent Heun series (13). Then, for
n = 1 in the condition bn+1 = 0, we have b2 = 0, then, let
us assume that the angular frequency of the Klein–Gordon
oscillator can be adjusted in such a way that the condition

bn+1 = 0 is satisfied for any value of n, and thus, we have
obtained the relation

ωl,1 = 1

2m
3

√(
aB0gλ

2

)2

(2|l| + 3). (18)

The Eq. (18) gives us the allowed values for the angular fre-
quency of the Klein–Gordon oscillator corresponding to the
radial mode n = 1. For the lowest energy state of the sys-
tem, this permit us to construct a first degree polynomial to
the biconfluent Heun series (13). Since the allowed values
of the Klein–Gordon oscillator frequency are determined by
the quantum numbers {l, n}, we have labelled ω = ωl,n . In
addition, we have that the allowed values of the relativistic
quantum oscillator angular frequency depend on the param-
eters that establish the scenario of the LSV, a, B0, g and λ.

From the condition γ = 2n, we obtain the expression

Ek,l,n

= ±
√
m2 + k2 + 2mωl,n

(
1

2
+ n + |l|

)
− (aB0gλ)2

16m2ω2
l,n

,

(19)

which considering n = 1 gives us the allowed values of the
relativistic energy for the lowest energy state of the quantum
system

Ek,l,1

= ±

√√√√
m2 + k2 + 3

√(
aB0gλ

2(2|l| + 3)

)2 [(
3

2
+ |l|

)
(2|l| + 3) − 1

]
.

(20)

We can note that the presence of the linear central poten-
tial induced by LSV modifies the energy spectrum of a scalar
field subject to the Klein–Gordon oscillator [29,30]. On the
other hand, the lower energy state is determined by the radial
mode n = 1, in contrast to the quantum number n = 0 as
obtained in Ref. [29]. Another quantum effect from the pos-
sible scenario of LSV is that the angular frequency of the
Klein–Gordon oscillator has restricted values determined by
the quantum numbers of the system and the parameters asso-
ciated with spacetime anisotropy, which allow us to obtain a
polynomial solution to the biconfluent Heun series.

3 Klein–Gordon oscillator under effects of a linear
central potential induced by the violation of the
Lorentz symmetry and Coulomb-type interaction

The standard procedure of inserting central potentials into
relativistic wave equations is through the minimum coupling
p̂μ → p̂μ − q Aμ, with q A0 = V (�r), where q is the charge
of the scalar field and V (�r) = V (r) is a central potential
[53]. Another procedure of inserting central potentials into
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relativistic wave equations is presented in Ref. [53], which is
done by modification of the mass termm → m+S(�r), where
m is the rest mass and S(�r) is the non-electromagnetic central
potential. This procedure was used to study Landau quantiza-
tion in cosmic string spacetime [50], quark–antiquark inter-
action [54], scalar field in spacetime with torsion [55], the
Aharonov–Bohm effect in spacetime with global monopole
[56], effects of a central linear potential on a scalar field
in Gödel-type spacetime [57] and for a Dirac particle [58].
In this work, we consider a scalar potential proportional to
the inverse of the radial distance, then, the mass term of the
Klein–Gordon equation becomes [38,53]

m → m + c

ρ
, (21)

where c is a constant that characterizes the Coulomb-
type potential. In the context of quantum mechanics, the
Coulomb-type potential was studied in an atom with per-
manent electric dipole moment [59,60], in an Aharonov–
Casher system [61], in a Kaluza–Klein theory [62] and in
electric quadrupole moment systems [63,64]. Therefore, by
considering the background of the LSV in the previous sec-
tion, the general form of the Klein–Gordon radial equation
which describes the interaction of a scalar field subject to the
Klein–Gordon oscillator plus Coulomb-type scalar potential
(2) is given by

d2 f

d2 + 1



d f

d
− ι2

2 f − η


f − α f − 2 f + β f = 0, (22)

where we follow the same steps of the Eq. (2) to the Eq. (9)
and define the new parameters

ι2 = l2 + c2; η = 2c

√
m

ω
. (23)

By analysing the asymptotic behaviour of the possible
solutions to the Eq. (23), we can write the function f () in
terms of an unknown function H() as

f () = |ι|e− 1
2 (+α)H(). (24)

Then, substituting the Eq. (24) into the Eq. (22), we obtain
the biconfluent Heun equation [50,51]:

d2H

d2 +
[
(2|ι| + 1)


− α − 2

]
dH

d

+
[
β + α2

4
− 2 − 2|ι| − α

2
(2|ι| + 1) − η



]
H = 0,

(25)

where H() is the biconfluent Heun function determined by

H() = HB() =
(

2|ι|, α, β + α2

4 − 2 − 2|ι|, 2η; 
)

. By

following the steps from the Eq. (13) to the Eq. (15), we
obtain the recurrence relation:

b j+2 = [δ̄ + α( j + 1)]b j+1 − (γ̄ − 2 j)b j

( j + 2)( j + 2 + 2|ι|) , (26)

and the coefficients (with b0 = 1)

b1 = α

2
+ η

(1 + 2|ι|) ;

b2 = 1

4(1 + |ι|)
×

[
αδ̄

2
+ ηδ̄

(1 + 2|ι|) + α2

2
+ αη

(1 + 2|ι|) − γ̄

]
,

(27)

where we define

γ̄ = β + α2

4
− 2 − 2|ι|; δ̄ = α

2
(2|ι| + 1) + η. (28)

As seen in the previous section, we can determine solu-
tions of bound states by truncating the recurrence relation
(26) which gives us the conditions

bn+1 = 0; γ̄ = 2n, (29)

where n = 1, 2, 3, . . .. For n = 1, as in the previous section,
the condition bn+1 = 0 yields b2 = 0. By using the Eq. (27),
then, the condition b2 = 0 yields a third degree algebraic
equation given by

ω3
l,1 − 2c2m

(1 + 2|ι|)ω
2
l,1 − aB0cgλ(1 + |ι|)

m(1 + 2|ι|) ωl,1

− (aB0gλ)2(2|ι| + 3)

32m3 = 0, (30)

where we have labelled ω = ωl,n . It is well-known that a
third-degree algebraic equation has at least one real solution,
by the Eq. (30), is the solution that gives the possible val-
ues of the angular frequency of the Klein–Gordon oscillator.
This effect yields a polynomial solution to the biconfluent
Heun series. In particular, the real solution of the Eq. (30)
is very long, therefore, we do not write it. In addition, we
can also see, from the Eq. (30), that the allowed values of
the angular frequency of the Klein–Gordon oscillator depend
on the quantum numbers of the system {l, n}, with parame-
ter associated to the Coulomb-type central potential and the
parameters associated with the background of the LSV. Note
that, by making g → 0 we recover the Minkowski space-
time and the allowed values of the angular frequency of the
Klein–Gordon oscillator for n = 1 calculated in Ref. [38].
Now, by making c = 0, we recover the allowed values of the
angular frequency of the Klein–Gordon oscillator calculated
in previous section.

From the condition γ̄ = 2n, we obtain the expression

E2
k,l,n = m2 + k2 + 2mωl,n

(
1

2
+ n +

√
l2 + c2

)

− (aB0gλ)2

16m2ω2
l,n

(31)
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Then, with the real solution of the Eqs. (30) and (31) we can
determine the allowed values of the relativistic energy for the
radial mode n = 1, that is, Ek,l,1.

4 Conclusion

We have analyzed the effects of LSV on a scalar field subject
to the Klein–Gordon oscillator. The background is character-
ized by the presence of a constant tensor field from LSV, and
it has allowed us a possible scenario which induces a linear
central potential. The presence of this linear central potential
induced by LSV modifies the energy profile of the system
and the lower energy state is determined by the radial mode
n = 1 instead of the quantum number n = 0. By restricting
the angular frequency values of the Klein–Gordon oscillator,
then the angular frequency of the relativistic oscillator has
allowed values defined by the quantum numbers of the sys-
tem and parameters associated with LSV. Then, a polynomial
solution to the Heun biconfluent series can be achieved.

In addition, in order to generalize our analysis by modify-
ing the mass term of the Klein–Gordon equation, we insert a
Coulomb-type potential where we have shown that the quan-
tum effects from the influence of the linear central poten-
tial and a Coulomb-type potential modify the energy profile
of the relativistic oscillator. This restrict the values of the
angular frequency of the Klein–Gordon oscillator. They are
defined by the quantum numbers of the system and param-
eters associated with LSV in order to obtain a polynomial
solution to the Heun biconfluent series. In this case, we have
shown that the allowed values of the angular frequency of
the relativistic quantum oscillator associated with the radial
mode n = 1 are determined by a third degree algebraic equa-
tion.
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