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Abstract

It is a contradiction to homogeneous material fatigue behavior characterized by widely used linear Paris law, welded-joint

fatigue issues need to be reassessed because fatigue crack growth behavior going through heterogeneous region will be

different. For a welded joint, log(da/dN) is no longer linearly related to log(DK) in heterogeneous region because of the
change in fatigue properties resulting from the welding process. Theoretical model of the fatigue crack growth rate

without artificial adjustable parameters was proposed by considering the effects of heterogeneity in a welded joint and

load-amplitude variation on fatigue crack growth curve. In this fatigue heterogeneous region, the relationship between
log(da/dN) and log(DK) is similar to a concave-down parabola. Predicted results from the proposed model agreed better

with the experimental data obtained from fatigue tests conducted in this study and open published literatures for welded

joints in comparison to the widely used Paris model.

Keywords

Cyclic loading, fatigue, fracture mechanics, life-cycle assessment, structural engineering

Date received: 23 November 2015; accepted: 19 July 2016

Academic Editor: Chow-Shing Shin

Introduction

Fatigue crack growth behaviors have been studied for

various types of widely used engineering structural

materials in the past several decades, and a number of

fatigue rate models have been establish with the help of

the stress and strain field ahead of the crack tip together

with a suitable failure criterion.1–7 However, most of

these fatigue rate models intrinsically contain adjustable

material parameters that need to be determined numeri-

cally or experimentally. So far, Paris model is the most

commonly used model which characterizes materials

fatigue behavior, and works well for the second stage of

fatigue in which fatigue crack growth rate (da/dN) is

nearly linearly correlated with stress intensity factor

range (DK) in a log–log coordinate space.3 However,

the linear relationship is only for homogeneous materi-

als, thus is not competent enough to characterize

heterogeneous materials because of the change in fati-

gue properties.8

It is a contradiction to homogeneous material fatigue

behavior characterized by widely used linear Paris law,

welded-joint fatigue issues need to be reassessed because

fatigue crack growth behavior going through heteroge-

neous region (HR) will be different. For a welded joint,
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log(da/dN) is no longer linearly related to log(DK) in

HR because of the change in fatigue properties resulting

from the welding process.

Because of its simplicity and wide general applica-

tions, Paris law remains to be the most popular fatigue

model to quantify fatigue crack growth,9 and it offers a

sound base for modifications and improvements. To

account for the effects of various factors on da/dN pre-

diction, a number of modifications to the Paris model

have been proposed, for instance, as follows: (1) the

fracture toughness of material and the stress ratio dur-

ing fatigue test were suggested to incorporate in the

Paris model as reported in Forman et al.;10 (2) based on

theoretical research and experimental validation, Barter

et al. proposed the following form: da/dN=C1a
(12m*/2)

(DKeff)
m* (C1, a*, m* are constants);11–13 and (3) an

effective DK (DKeff) was used instead of DK to account

for the effect of crack closure.14 Due to its simplicity

and wide general applications, fatigue Paris model offers

a sound base for further modifications and improve-

ments, for example, if ‘‘structural fatigue’’ issues need to

be reassessed when fatigue crack growth behavior goes

through dissimilar materials (e.g. welded joints).

Different to those aforementioned fatigue models

for homogeneous materials, the primary objective of

this study is to develop a fatigue rate model to predict

the da/dN of the HR in a welded joint under constant

amplitude loading with stress ratio (R) of 0, which

accounts for both heterogeneity and load-amplitude

effects. The da/dN predictions by the commonly used

Paris model and the proposed model were compared

and validated using open published experimental data.

Fatigue crack growth models

Effect of heterogeneity

Paris model is widely used to characterize material fati-

gue behavior, and works well for the second stage of

fatigue, in which log(da/dN) is nearly linearly corre-

lated with log(DK). According to the Paris formulation,

da/dN=c (DK)m, da/dN gradually increases with

increase in DK during fatigue crack propagation, which

is suitable for homogeneous materials. However, fati-

gue issues of welded joints need to be reassessed because

fatigue crack growth behavior going through HR, for

example, heat-affected zone (HAZ), melted parent

metal, or welded interfaces, will be different. It is highly

likely for HR in a welded joint, log(da/dN) is no longer

linearly related to log(DK) because of the change in fati-

gue properties resulting from the welding process; thus,

their relationship needs to be reformulated. By taking

weld-repaired infrastructure as an example, a transition

region exists between weld metal (WM) and infrastruc-

ture. Potential problems resulted from welding

process, for example, welding defects, cracking, resi-

dual stresses, and embrittlement, decrease the fatigue

resistance in the transition region. The transition

region that may consists of HAZ or part of it, melted

parent metal, WM or part of it, and welded interfaces

is the HR because of the change in fatigue properties

(Figure 1(a)). In this fatigue HR, log(da/dN) is no

longer linearly related to log(DK) and the potential

relationship needs to be reassessed, as shown in

Figure 1(b).

A multitude of open published experimental data

shows that log(da/dN) in fatigue HR of welded joints

first increases to a local maximum at a point termed the

weakest point of fatigue performance in this study, then

decreases gradually to a local minimum along with the

increase in log(DK),15–18 and the relationship between

log(da/dN) and log(DK) is similar to a concave-down

parabola. Assuming a parabolic fit for log(da/dN)–

log(DK) concave-down, da/dN for the HR of a welded

joint can be defined as

da

dN
= 10

c(DK)b+a lg (DK) ð1Þ

where ‘‘a,’’‘‘b,’’ and ‘‘c’’ are parameters related to the

configuration and dimensions of a welded joint, and

the weakest point of fatigue performance in the welded

joint.

The potential HR includes WM or part of it, melted

parent metal, HAZ or part of it, and weld interface(s).

According to equation (1), the log(da/dN)–log(DK)

curve from the HR of a welded joint is an ideal

concave-down parabola. It should be mentioned that

the fatigue curve of the HR may be part of a parabola

and will depend on the configuration, dimensions, and

weakest-point site of a welded joint.

Figure 1. Welded-joint fatigue issues: (a) a weld-repaired

infrastructure and (b) the potential da/dN versus DK curve.
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Effect of load-amplitude variation

Because equation (1) is an empirical model, fatigue

data at a given load amplitude (e.g. P0) are needed to

determine the values of parameters ‘‘a0,’’‘‘b0,’’ and ‘‘c0’’

in equation (1) by curve fitting. The values of these

parameters are subsequently used to calculate new val-

ues ‘‘a1,’’‘‘b1,’’ and ‘‘c1’’ to predict da/dN at a new load

amplitude (e.g. P1). The procedural steps for the model

formulation are as follows.

According to linear elastic fracture mechanics, the

stress components at a point near the crack tip during

fatigue tensile tests with load amplitude P can be writ-

ten as follows19

sx =sy =
(K1)p
ffiffiffiffiffiffiffiffiffi

2pg
p ð2Þ

where KI is the stress intensity factor and g is the polar

radius of the point near the crack tip.

For a given crack length, the above equations indi-

cate that the stress components near the crack tip are

functions of KI only because g is a constant. KI is a

function of the applied load, crack length, and sample

configuration and dimensions. For instance, as for the

widely used compact tension (CT) sample, the following

equation is used to determine stress intensity factor KI

KI =
P

B
ffiffiffiffiffi

W
p 3 f(a)=

P

B
ffiffiffiffiffi

W
p 3 f

a

W

� �

ð3Þ

According to equations (2) and (3), the stress value

at the crack tip, which corresponds to da/dN, increases

with applied load amplitude P; that is, for P1.P0,

((K1)p1=
ffiffiffiffiffiffiffiffiffi

2pg
p

).((K1)p0=
ffiffiffiffiffiffiffiffiffi

2pg
p

), and (da=dN)P1
.

(da=dN)P0
.

Because the fatigue crack growth curve from the HR

of a welded joint is a concave-down parabola in the

log–log coordinate space, log(da/dN) increases nonli-

nearly with the increase in log(DK) as the applied load

amplitude increases. As a result, the crack growth

curves from fatigue testing with different load ampli-

tudes cannot coincide for identical welded joints as

shown in Figure 2. For a specific welded joint, the fati-

gue resistance of the material ahead of the crack is gov-

erned hypothetically by the local stress range

perpendicular to the crack growth direction for tensile

(Mode I) loading.3 Taking as an example a point in the

fatigue crack growth path marked ‘‘A’’ in Figure 2, the

DK and da/dN are (DKA)P0
and ((da=dN)A)P0

, respec-

tively. If the load amplitude increases to P1, the corre-

sponding DK and da/dN become (DKA)P1
and

((da=dN)A)P1
, respectively. Thus, the ‘‘A’’ in the fatigue

curve of P0 was changed to ‘‘A#’’ in the new curve for

P1; likewise, the ‘‘O-point’’ was moved to ‘‘O#-point’’ in

fatigue crack growth curve for the respective load

amplitudes. Thus, for the HR of a welded joint, the

log(da/dN)–log(DK) curve translates to upper right

when the amplitude of cyclic loading increases. Vice

versa, the log(da/dN)–log(DK) curve translates to lower

left when the amplitude of cyclic loading decreases, for

example, from P0 to P2.

It should be mentioned that even after the transla-

tion of the log(da/dN)–log(DK) curve, the shape of the

curve is preserved. Additionally, the symmetry axis and

the vertex of the new fatigue curve for P1 are different

from those of the original fatigue curve for P0. In other

words, the proposed model given by equation (1) is suit-

able for the HR of a welded joint, but the parameters

‘‘a,’’‘‘b,’’ and ‘‘c’’ are different for different load ampli-

tudes even for the exact same sample.

On a concave-down parabola, the dependent vari-

able reaches its maximum on the axis of symmetry from

the view of mathematical knowledge. For example, for

a load amplitude of P0, log(da/dN) reaches its local

maximum ‘‘O,’’ at which point the following relation-

ship, is satisfied

lg (DKP0
)= � b0

2a0
ð4Þ

Likewise, for a load amplitude of P1, log(da/dN)

reaches its local maximum ‘‘O#,’’ at which point the fol-

lowing relationship, is satisfied

lg(DKP1
)=� b1

2a1
ð5Þ

For an identical sample, the weakest point of fatigue

performance is fixed; thus, the fatigue crack length at

which the local (log(da/dN))max occurs is a constant at

Figure 2. The effect of load-amplitude variation on the fatigue

curve translation in log–log coordinate space.
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different load amplitude which corresponds to a fixed

‘‘a’’ in equation (3).

For a specific welded-joint sample, the parameters

‘‘B,’’‘‘W,’’ and ‘‘d’’ are constants and independent of the

load amplitude; moreover, the site of the weakest point,

and thus the local (log(da/dN))max is fixed. Combining

equations (3)–(5), the following can be obtained

� b1

2a1
=lgP1 � lgP0 �

b0

2a0
ð6Þ

Considering only a narrow band near the weakest

point in a welded joint, it is assumed that the material

properties within the narrow band are homogeneous,

which is suitable for the Paris model. As for the narrow

band, the following formulation can be obtained

according to da/dN under fatigue test at load ampli-

tudes of P0 and P1

da

dN

� �

P1

=
da

dN

� �

P0

3
DKP1

DKP0

� �m

ð7Þ

According to proposed model, the local (log(da/dN))max

at load amplitudes P0 and P1 are, respectively

lg
da

dN

� �

A

=
4a0c0 � b2

0

4a0
ð8Þ

lg
da

dN

� �

A9

=
4a1c1 � b2

1

4a1
ð9Þ

Incorporating equations (8) and (9) into equation

(7), the following formulation can be obtained

4a1c1 � b2
1

4a1
=

4a0c0 � b2
0

4a0
+m3 lg

P1

P0

� �

ð10Þ

As the amplitude of cyclic loading increased from P0

to P1, the parabolic fatigue curve is translated to the

upper right of the coordinate space. The transformation

of the fatigue curve due to the change in load amplitude

is a result of the increased DK at corresponding points,

which leads to higher da/dN. In addition, the parabola

is stretched by a coefficient of more than one. Based on

a number of experimental data obtained from welded

joints, the coefficient of transformation of the fatigue

curve can be defined by the arithmetic mean of the two

load amplitudes; thus, the following formulation can be

obtained

a1 =lg
P0 +P1

2

� �

3 a0 ð11Þ

In summary, the proposed model accounting for

load-amplitude effects, based on the form of da/dN at

a given load amplitude P0, can be described by equa-

tions (6), (10), and (11).

Validation of the theoretical models

Fatigue model considering heterogeneity

To emphasize influence of the fatigue rate model on

curve fitting, the fittings of log(da/dN)–log(DK) to the

proposed model for the HR of three welded joints and

to the Paris model have been compared with the experi-

mental data of fatigue tests from literatures16,17,20 at a

given load amplitude (Figures 3–5).

Obviously, the commonly used Paris law fails to pre-

dict the da/dN in the HR of the welded joints indicating

the linear relationship is not competent enough to pre-

dict fatigue rate from heterogeneous materials (e.g.

Figure 3. Comparison of fatigue rate model fitting and experimental data for API 5L X65 weldment after hydrogen-charging in Tsay et

al.16 (a) Comparison of Paris model fitting and experimental data and (b) comparison of proposed model fitting and experimental data.
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welded joints). That is because welded-joint fatigue

issues belong to structural fatigue; thus, the fatigue

crack growth behavior going through HR will be differ-

ent because of the change in fatigue resistance resulting

from the welding process. Comparison of Figures 3–5

illustrates how each model affects the fitting results of

da/dN in the HR of welded joints. For each of the three

welded joints, the fitting fatigue curve from the pro-

posed model, which accounts for heterogeneity of fati-

gue properties, are better consonant with the open

published experimental data from fatigue tests in com-

parison to the Paris model. As the log(da/dN)–log(DK)

curve is a typical concave-down parabola, da/dN

increases to a local (log(da/dN))max at a point termed

the weakest point of fatigue performance, then

decreases gradually to a local (log(da/dN))min, and

finally returns to its steady-state rate as the crack

advances through the HR.

Fatigue model considering heterogeneity and

amplitude effects

To emphasize the effects of both heterogeneity and

load-amplitude variation on da/dN prediction, fatigue

tests were carried out for identically samples under the

same fatigue loading conditions but at different load

Figure 4. Comparison of fatigue rate model fitting and experimental data for EH36 TMCP steel weldment in Tsay et al.16

(a) Comparison of Paris model fitting and experimental data and (b) comparison of proposed model fitting and experimental data.

Figure 5. Comparison of fatigue rate model fitting and experimental data for weld-repaired Bisplate80 with a soft buffer layer in

Zhang et al.20 (a) Comparison of Paris model fitting and experimental data (PM: parent metal) and (b) comparison of proposed

model fitting and experimental data.
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amplitude, 25 and 30kN in this section. In present sec-

tion, fatigue data at a given load amplitude

(P=P0=25kN) are used to determine the values of

parameters ‘‘a0,’’‘‘b0,’’ and ‘‘c0’’ in equation (1) by curve

fitting. The values of these parameters are subsequently

used to calculate new values ‘‘a1,’’‘‘b1,’’ and ‘‘c1’’ to pre-

dict da/dN at a new load amplitude (P=P1=30kN).

Specimen and fatigue test. The parent metal (PM)

employed in this study was Bisplate80. Flux cored arc

welding was used as the joining process for these com-

ponents while CO2 was used as the shielding gas.

Extended compact tension (E-CT) specimens with

through-the-thickness notches for fatigue were

machined according to the specifications of ASTM

E647 (23) (10mm thick). The welded blocks were then

sliced and machined into the required dimensions as

shown in Figure 6. The WM region was centered in the

gauge length of the tensile specimens, and the crack

length was measured from the loading line.

The fatigue crack growth tests were performed at

room temperature using hydraulic fatigue testing

machine Instron 8501 with a load capacity of 100kN.

Constant amplitude tensile loads with a haversine wave-

form at a frequency of 5Hz were used with the R of 0

throughout the tests. The Paris fatigue curves for weld-

repaired Bisplate80 were measured twice with two iden-

tical specimens under the same loading condition but at

different load amplitude, 25 and 30kN, respectively.

Fatigue model prediction and experimental data. The pre-

dicted log(da/dN)–log(DK) curve obtained from pro-

posed model prediction (accounting for both

heterogeneity and fatigue-curve translation effects) for

the HR of weld-repaired Bisplate80 (Figure 7) and that

obtained from the Paris model prediction (Figure 8)

have been compared with the experimental data of fati-

gue test at a load amplitude of P=30kN (named

as P1). Comparison between Figures 7 and 8 illustrates

how fatigue model affects the predicting results of

da/dN in the HR of a welded joint as the predicted

results from the proposed model agree better with the

experimental data in comparison to the Paris model.

The da/dN was calculated for the weld-repaired

Bisplate80 under constant amplitude fatigue at a load

amplitude P1=30kN according to the Paris formula,

and is

da

dN
= 2:2313 10

�12
3 (DK)3:188 ð12Þ

Based on the da/dN formulations for the weld-

repaired Bisplate80 under constant amplitude fatigue at

a given load amplitude P0=25kN, the values of the

Figure 6. Schematic representation showing welded-joint

specimen: (a) welding process, (b) weld-block after removing

weld reinforcement, (c) E-CT sample of welded HSLA, and (d)

schematic of E-CT specimen.

Figure 7. Comparison of Paris model prediction and

experimental da/dN of weld-repaired Bisplate80 at a load

amplitude of P = 30 kN.
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corresponding new parameters ‘‘a1,’’‘‘b1,’’ and ‘‘c1’’ for

the proposed model were calculated from the expres-

sions in equations (6), (10), and (11). Thus, under

constant amplitude fatigue at P=30kN, da/dN for-

mulation for the HR of the weld-repaired Bisplate80

was obtained and is

da

dN
= 10

�92:5755
3 (DK)88:519�22:4787 lg (DK) ð13Þ

For the weld-repaired Bisplate80, the correlation

coefficient (gPro= 0:9316) from the proposed model

prediction, which account for both heterogeneity and

amplitude effects, were higher than the reference values

(gParis = 0:7470) obtained from the Paris model predic-

tion, and the corresponding mean squared errors were

lower (sPro = 2:89643 10
�13
\sParis = 1:02953 10

�12);

these differences emphasize the influence of the fatigue

rate model on da/dN prediction.

Discussion

Experimental results reported in a number of references

indicate that the log(da/dN)–log(DK) curve could be

modeled as a concave-down parabola for the HR in a

welded joint. Due to the heterogeneity resulted from

welding process, the value of log(da/dN) changes nonli-

nearly with log(DK) in welded joints, which is strongly

dependent on the configuration of the joint. For a given

welded joint, the fatigue crack growth curve translation

is closely related to the load amplitude owing to the

nonlinear relation between log(da/dN) and log(DK),

and fatigue test results at a known load amplitude are

needed to calculate the parameters in equation (1) for

any other load amplitude. Basing on fatigue data at

known load amplitude, this study was to propose a fati-

gue rate model to predict the da/dN of the HR in a

welded joint at any new load amplitude. Compared to

the Paris fatigue model, the proposed model is superior

in three respects: (1) it is capable of predicting the rela-

tionship of the da/dN to the DK for the H-region of

welded joints, (2) it accounts for both joint heterogene-

ity and load-amplitude effects, and (3) it did not contain

any material parameters that required prior experimen-

tal or numerical determination.

For the weld-repaired Bisplate80 in this study, the

value of the mean square errors s associated with the

proposed model is one order of magnitude smaller than

the corresponding value for the Paris model. The results

also show that the correlation coefficient g, indicating

the agreement between experimental and predicted

results, for the proposed model is above 0.93, which is

much higher than the corresponding value of approxi-

mately 0.74 for the Paris model. Hence, it can be con-

cluded that the accuracy of the proposed model is

better than the widely used Paris model.

Conclusion

To emphasize the influence of the fatigue rate model

on da/dN prediction accuracy, a novel fatigue crack

growth model for HR of welded joints was proposed in

this study and validated in details using experimental

data of constant amplitude fatigue tests (open pub-

lished and carried out in the study). From this study,

the following conclusions can be obtained:

1. Predicted results from the proposed model

agreed better with the experimental data in

comparison to the widely used Paris model.

2. Fatigue data at a given load amplitude are

needed to determine the values of parameters

related to the configuration and dimensions of a

welded joint and the weakest point of fatigue

performance in the welded joint by curve fitting

and then to calculate new values of parameters

to predict da/dN at any new load amplitude.

3. A fairly good agreement existed between the

predicted da/dN–DK relationship and the corre-

sponding experimental data. Satisfactory agree-

ment was obtained for HR of a welded joint.

It should also be mentioned that the influences of

crack closure, residual stresses, and the load history

have not been considered in this study. As the above-

mentioned factors are structure/specimen geometry

dependent, this complicated issue is beyond the scope

Figure 8. Comparison of proposed model prediction and

experimental da/dN of weld-repaired Bisplate80 at a load

amplitude of P = 30 kN.
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of this article and can only be dealt with in the future

in a separate paper.
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