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Effects of isotope disorder on energies and lifetimes of phonons in germanium
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The effects of isotope disorder on phonon energies and lifetimes have been measured by means of high-
resolution inelastic neutron scattering on a nearly maximally disordered70/76Ge single crystal~mass variance
g51.5231023!. Two theoretical approaches have been used to understand the observed effects: calculations
based on the coherent potential approximation and on large supercells, respectively. For the mass variance of
our sample, the two methods lead to rather similar results that agree with the experimental data. This agreement
is marginally better for the supercell calculations. Calculations performed for larger mass variancesg revealed,
however, that the two approaches yield significantly different results wheng is larger than 331023.
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I. INTRODUCTION

The influence of the isotopic composition of semicondu
tors on their physical properties has received consider
attention during the last decade. Several publications1–4 re-
view aspects such as the influence of the isotopic comp
tion on the lattice constant of germanium5–7 and of com-
pound semiconductors8,9 or the changes in the
renormalization of the fundamental gap due to electr
phonon coupling.9–12 The thermal conductivity is strongly
affected by isotope disorder, e.g., it is increased by a fa
of ten in isotopically pure germanium with respect to that
natural germanium crystals.13 In certain cases, isotope sub
stitution can be used either to discern the effects of isoto
disorder-induced phonon scattering from those stemm
from the anharmonic decay of phonons,14–16 or to tune the
effect of anharmonic decay channels.17 Isotopically con-
trolled multilayer structures of Ge, GaAs, GaP, and Si ha
been used successfully for the study of self-diffusion.18

In this paper, we investigate the effects of the isoto
composition on the energies and lifetimes of phonons in
Isotopic mass fluctuations in elemental semiconductors
resent a particularly simple form of disorder that involv
only mass fluctuations but no significant structural or fo
constant disorder. Phonons are thus well suited for the th
retical and experimental study of isotope disorder effe
We note that the statement ‘‘no force constant disorder’
not invalidated in any significant way by the above-cit
findings that the lattice constant and the electronic proper
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of Ge do in fact slightly depend on the isotopic compositio
these effects are so small that their influence can be tot
neglected in the framework of the present investigati
Therefore, disorder-induced effects on the energies and
times of phonons appear as an ideal testing ground for th
ries widely used for disordered systems like, e.g., the coh
ent potential approximation~CPA!. Germanium is especially
well suited for such a study for several reasons:~i! the range
of masses covered by its stable isotopes is rather large~i.e.,
from 70 to 76 amu!, ~ii ! it can be grown as single crysta
with a high degree of perfection, and~iii ! anharmonic effects
are relatively small, leading to long lifetimes in the absen
of isotope disorder.

However, earlier efforts to study isotope-disorder-induc
effects on phonons remained unsatisfactory for a numbe
reasons. To begin with, high precision~first-order! Raman
measurements are confined to optical phonons at the ce
of the Brillouin zone. Due to the vanishing one-phonon de
sity of states at theG point optical phonon frequency,19 the
disorder effect on the linewidth is very small1 and has to
compete with the anharmonic broadening and also
asymmetry effects due to the finite penetration depth of
laser light.14–16 More indirect measurements of the phon
energies and lifetimes at other high symmetry points of
Brillouin zone such as infrared absorption, photolumine
cence or second-order Raman scattering suffer from in
ently poor experimental resolution and/or additional con
butions to the line shape that cannot be accura
disentangled.20 Inelastic neutron scattering is, in principle
10 510 © 1998 The American Physical Society
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TABLE I. Isotope masses, isotopic composition, average massesm̄, and mass variance parameterg of
natural Ge as well as the samples used in the experiment.

@amu# nat. Ge 70Ge 70/76Ge

70Ge 69.924249 20.5% .99.99% 42.7%
72Ge 71.922079 27.4% 2.1%
73Ge 72.923462 7.8% ,0.1%
74Ge 73.921177 36.5% 7.2%
76Ge 75.921401 7.8% 48.0%

m̄ @amu# 72.6323 69.9242 73.1326

g 0.58731023 ,1.031027 1.53231023
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the method of choice to investigate the phonon frequenc
and linewidths throughout the whole Brillouin zone. How
ever, the experimental resolution achieved in earlier neut
measurements was rather coarse compared with opt
methods and only a moderately disordered crystal of natu
isotopic composition was available to compare with an is
topically pure one, so that the error margins remain
large.20

On the theoretical side, the predictions of the CPA and
self-consistent Born approximation~SCBA! appeared to dif-
fer, even qualitatively.20 This is surprising in so far as the
disorder is rather weak, so that both perturbative approac
should give similar results. Indeed, later results of CPA c
culations on the effects of isotope disorder ina tin15 closely
resemble those of SCBA calculations for Ge. The combin
deficiencies on the experimental as well as the theoreti
side stimulated the present investigation.

In this work we present a comprehensive study of t
effect of isotope disorder on the phonon energies and li
times in germanium. The experimental situation was im
proved with respect to previous work in two respects: W
grew a Ge single crystal with an isotope disorder close to
maximum achievable~that would be70Ge0.5

76Ge0.5!, and we
used experimental setups with a considerably improved
ergy resolution. This enabled us to detect disorder-induc
line shifts and line broadenings with sufficient accuracy
check theoretical predictions quantitatively, at least with
the energy range of the optical phonons. On the theoret
side, we have not only checked and corrected previous C
results,20 but also employed a new technique, i.e., the sim
lation of isotope disorder using large supercells~SC’s!. The
comparison of both approaches with our experimental dat
based on the theoretically predicted spectral density functi
which may be strongly asymmetric, properly convolute
with the experimental resolution. We point out that the usu
approximation of the disorder-induced line shape as
Lorentzian contribution to the inverse lifetime may easi
lead to poor agreement between theory and experiment. F
thermore, we have extended the calculations to mass v
ances larger than those obtainable with Ge.

The paper is organized as follows: In Sec. II we discu
the experimental technique and describe the samples.
experimental data are presented in Sec. III, while Sec.
comprises a discussion of the details of the supercell cal
lations and those of the CPA. Both approaches are compa
in detail to each other in Sec. V and to our data in Sec. V
Earlier results are discussed in Sec. VII, whereas Sec. VII
devoted to the conclusions.
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II. EXPERIMENT

A. Samples

The undoped Ge samples we have used are a nearly
topically pure single crystal (70Ge) and a highly isotopically
disordered one (70/76Ge). Both samples are approximate
cylinders about 1 cm long, with a diameter of about 0.9 c
and have a similar crystal orientation. The mosaic spread
both samples was found to be smaller than 0.1°. The m
variance parameterg, which characterizes the isotopic ma
fluctuations in a monoatomic sample, is defined as

g5( ciF m̄2mi

m̄
G 2

,

whereci denotes the concentration of the isotope with m
mi . For convenience, we list the average massesm̄, and the
isotopic composition of our samples and that of natural g
manium together withg in Table I. Our 70/76Ge sample is
nearly maximally disordered, i.e., the mass variance par
eter g is close to the maximum value of 1.731023 obtain-
able with Ge for a perfect ‘‘fifty-fifty’’ alloy
(70Ge0.5

76Ge0.5).
Within the harmonic approximation (n;m̄21/2) we ex-

pect the phonon frequencies of the70Ge sample to be by a
factor of 1.0227 larger than those of the70/76Ge crystal.

B. Neutron scattering

The investigation of the optical phonons by inelastic ne
tron scattering was carried out on the 2T-triple axis sp
trometer located at a thermal beam tube of the ORPH
reactor at the Laboratoire Le´on Brillouin, Saclay. Horizon-
tally and vertically focusing Cu-220 and PG-002 crysta
were used as monochromator and analyzer, respectively.
tails of the instrument have been described in Ref. 21.

The final energy was kept fixed atEF53.55 THz orEF
53.25 THz, which allowed us the use of a PG filter in t
scattered beam to suppress second-order contaminations
energy resolution of our setup was between 8.7 and 13 c21

@~full width at half maximum! FWHM#, depending on the
phonon energy~250 to 300 cm21! and the focusing condi-
tions.

In order to keep errors associated with an off-center po
tion of the samples to a minimum, the samples were ca
fully aligned with the help of a laser beam. Furthermore,
phonon measurements were repeated after turning the sa
by 180° and the two energy values obtained in this way w
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10 512 PRB 58A. GÖBEL et al.
averaged. By this procedure, we believe to have reduced
errors resulting from potential off-center positions of t
samples to a negligible size. A further check of the alignm
dependence was performed by repeating a large part o
measurements after a second alignment for both sam
The data obtained in the two runs agreed well with ea
other. Averaging the values of the two runs leads to the fi
results. To a first approximation disorder-induced effe
should be proportional to the product of the mass varian
the square of the frequency and the one-phonon densit
states~DOS!.22 Hence, it is important to cover a frequenc
range in the experiment where the DOS varies from v
small to large and again to vanishingly small, i.e., from ab
250– 300 cm21.23

We originally intended to focus our efforts on theD28(O)
branch,24 because it would have given us the opportunity
study the energy dependence of the disorder-induced
shifts and linewidths on a single branch for the whole ene
range of interest under very good experimental conditi
~large momentum transfers, favorable selection rules, g
focusing conditions!. However, we soon became aware
the fact thatD28(O) phonons show a very appreciable broa
ening in a certain energy range, even in the absence of
tope disorder, which is probably due to anharmonic dec
This makes it difficult to extract the additional line broade
ing associated with isotope disorder in a quantitative way.
a consequence, we resorted to the investigation of two o
branches, i.e., theD5(O) and theS3(O) branches, along
which the anharmonic broadening was found to be much
severe, although not always negligible. Unfortunately, t
advantage had to be paid for by less favorable selec
rules, so that the observed intensities sometimes conta
non-negligible contributions from another branch. The w
in which we dealt with this problem will be described in Se
III A. The final measurements were carried out around
~2,4,4!-reciprocal lattice points, i.e., going fromQ5(2,4,4)
to Q5(1,4,4) or fromQ5(2,4,4) toQ5(2, 3.5, 3.5) for the
measurements of theD5(O) and theS3(O) branches, re-
spectively. All measurements were performed at amb
conditions for the sake of a precise positioning of t
samples.

The investigation of the acoustic phonons was perform
on the IN20 spectrometer at the Institut Laue-Langev
Grenoble. Isotope disorder effects similar to those expec
for the optical phonons are predicted for the acoustic one
the frequency range from 50 to 120 cm21, where the DOS
exhibits a marked peak stemming from the flat transve
acoustic branches. Although the magnitude of the disord
induced shift and broadening is expected to be about
times less than in the optical range, it might be possible
observe them if a suitable focusing geometry is chosen
reciprocal space, for which the inclination of the resoluti
ellipsoid matches the slope of the dispersion surface. Par
larly favorable conditions have been achieved by using
elastically bent perfect Si-111 monochromator and analy
with a rather weak curvature.25

The present measurements were carried out in three a
cent frequency ranges of 24–34, 39–67, and 67– 98 cm21 in
the~4,2,2!, ~0,4,4!, and~4,0,0! Brillouin zones corresponding
to the TA phonon branchesL3(A),D5(A),S3(A),
respectively.24 All the scans were performed in theE
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5constant mode in order to minimize mechanical positio
ing errors of the spectrometer. At each energy transfer, b
symmetry related scans atQW and2QW were performed. The
two peak positions did not differ by more than 531024 re-
ciprocal lattice units~r.l.u.! and their mean was used in th
further evaluation. The consistency of the data is further s
ported by the fact that no significant difference was fou
between the results obtained in two independent experim
separated by one year!

III. EXPERIMENTAL RESULTS

A. Optical branches

The phonon energiesn obtained along the high symmetr
directionsD andS, extracted by fitting Gaussians to the me
sured spectra, are shown in Fig. 1 for both crystals. We h
adjusted the frequency of the nearly isotopically pure70Ge
crystal for the difference in the average mass of the t
crystals, i.e., we have divided the measured frequencies
1.0227. Therefore, within the harmonic approximation
gether with the virtual crystal approximation~VCA!, the
phonon frequencies of both crystals should coincide and
ascribe the remaining differencesdn5ndisordered2nordered in
the phonon energies shown in Fig. 1 to disorder-induc
scattering. The energiesncorr ~corrected for the harmonic
mass dependence! obtained for the phonons of the70Ge
sample are listed in Table II together with the disord
induced shiftdn observed for the70/76Ge sample.

The linewidthsG ~FWHM! that we obtained from a fit of
a Gaussian to the measured spectra are shown in Fig. 2
the isotopically pure sample, there are three contribution
the linewidth: An instrumental contribution due to the fini
resolution in energy and momentum transfer, a contribut
due to anharmonic broadening and a contribution associ
with the nonvanishing scattering cross section of branch
other than those giving the main contribution@which was
D28(O) for the measurements along the~100! and S1(O)

FIG. 1. Phonon frequencies measured using inelastic neu
scattering at room temperature. The data obtained for the70Ge ~3
symbol! have been divided by 1.0227 to correct for the trivial ma
dependence.~a! D5(O), ~b! S3(O); Note also the different scales
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TABLE II. The phonon frequencies of the isotopically modified Ge crystals listed here were measu

the reduced wave vectorsqW at room temperature.ncorr denotes the phonon frequency measured for the70Ge
crystal after division by 1.0227 to correct for the trivial mass dependence;m21/2 and thus allow comparison
with the 70/76Ge. dn is the difference between the frequency found for the isotopically disordered an
corrected frequency of the isotopically ordered sample:@dn5n(70/76 Ge)2ncorr#. d G is the difference in the
phonon linewidths~FWHM! obtained for the isotopically disordered and pure sample.d G is gained from a
comparison of the observed linewidths with the spectrometer resolution as described in Sec. III A and
Errors indn andd G are smaller than 0.4 cm21.

qW 5(qx ,qy ,qz) ncorr @cm21# dn„S3(O)… @cm21# dG„S3(O)… @cm21#

~.50, .50, 0! 244.1 0.18 0
~.45, .45, 0! 252.1 0.26 0
~.40, .40, 0! 260.2 0.08 0
~.35, .35, 0! 268.2 0.01 1.41
~.30, .30, 0! 275.0 0.77 2.34
~.25, .25, 0! 281.3 1.07 2.14
~.20, .20, 0! 287.7 0.46 1.22
~.15, .15, 0! 291.6 1.51 1.44
~.10, .10, 0! 295.5 0.96 0

qW 5(qx ,qy ,qz) ncorr @cm21# dn„D5(O)… @cm21# dG„D5(O)… @cm21#

~1.0, 0, 0!a 270.9 0.32 1.73
~0.7, 0, 0! 272.0 0.31 1.73
~0.6, 0, 0! 273.9 0.66 2.05
~0.5, 0, 0! 276.5 1.23 2.22
~0.4, 0, 0! 280.9 1.41 1.36
~0.3, 0, 0! 286.4 1.56 1.19
~0.2, 0, 0! 292.2 1.77 0.91
~0.1, 0, 0! 296.6 1.47 0
~0.0, 0, 0! 297.8 1.03 0

aThis row denotes the average of measurements at severalqW points: qW 5(1,0,0),(.9,0,0),(.8,0,0). A com-
parison of these spectra is shown in Fig. 3.
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along the ~011! direction#. Contributions from D28(O)
phonons did not lead to noticeable distortions of theD5(O)
phonon peaks. For this reason, we fitted all these lines wi
single Gaussian. On the other hand, some of theS3(O) pho-
non lines were obviously distorted by contributions fro
S1(O) phonons. These peaks were fitted with two Gau
ians, whereby the energy separation of the two peaks
fixed according to the data of Nilsson and Nelin,24 their rela-
tive amplitude according to the calculated scattering cr
sections, and the width taken to be the same as that of
main line. When the contribution of theS1(O) phonons was
subtracted from the raw data, the corrected data points w
well described by a single Gaussian.

The scans were simulated on the basis of the calcul
four-dimensional resolution in energy and momentum tra
fer as well as the lattice dynamics of Ge modeled by
valence-force model. The instrumental parameters ente
into the resolution calculation were slightly adjusted so as
reproduce the observed linewidth of about 13 cm21 at the
zone centerG. The solid curves in Fig. 2 correspond to th
expected linewidths as a function of reduced wave vec
For the70Ge sample the observed linewidths for theD5(O)
phonons, which have a transverse optic character, are
described by the solid line, whereas the corresponding l
widths of theS3(O) phonons are systematically larger f
q.0.1 r.l.u. Presumably, the excess linewidth is due to
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wave-vector-dependent contribution from the anharmonic
Since we cannot model this additional anharmonic broad
ing, we deduced the dashed line from the data as
smoothed variation of the linewidth. Following this proc
dure, we define the additional broadening arising from i
tope disorder as the difference between the linewidths
tained from fits of Gaussians to the experimental spe
@d G5G~70/76Ge!2G~70Ge!#. In this manner, we are able t
extract the disorder-induced broadening with an overall
curacy of about 0.4 cm21. The disorder-induced broadening
d G are listed in Table II. The choice of the above procedu
does not imply that the disorder-induced broadening ha
Gaussian line shape. On the contrary, we will find in Sec
that the disorder-broadened phonons~without experimental
broadening! have line shapes which can vary from bein
Gaussian-like to being Lorentzian-like, depending on
length of the baseline obtained in the measurement. In a
tion to these, and for certain energy regimes, we also
very asymmetric profiles. We thus emphasize, that this p
cedure is solely applied, so that we obtain a number for~the
size of! the disorder-induced broadening from the data in
manner that can be consistently applied to the theoret
results. Furthermore, it is important to notice that we ha
included the anharmonic contribution to the phonon lin
width in the experimental resolution and consequen
slightly overestimated the latter. Although the intrinsic ph
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non linewidth in an ordered germanium crystal of abo
2 cm21 ~Ref. 26! at room temperature is not negligible, i
mass dependence is already small at low temperature16 and
becomes even smaller with increasing temperature. The s
holds for the mass dependence of the anharmonic shift.15,16

As a result, we can safely ignore these effects since they
much smaller than the disorder-induced shift and broad
ing. Finally, we point out that in evaluating the disorde
induced linewidth we made allowance for the energy dep
dence of the instrumental resolution, thus taking in
consideration the fact that the phonon energies of the
samples differed by 2.27%.

Phonon peaks at two differentqW points and frequency
regimes are shown in Fig. 3. While the disorder-induc
broadening in Fig. 3~a! is practically zero, a disorder-induce
shift is clearly observed at this frequency (;298 cm21). In
contrast, the phonons in the vicinity of theX point
(;272 cm21) exhibit a substantial broadening for th
disordered70/76Ge sample. This phonon peak is shown
Fig. 3~b! compared with the corresponding phonon of t
isotopically pure sample. The spectrum shows evidence
a Voigt profile ~i.e., a convolution of a Lorentzian with
a Gaussian27!; we will discuss in how far the assumption o
a symmetric Lorentzian disorder-induced broadening
justified in Sec. VI.

FIG. 2. Phonon linewidths obtained from a fit of a Gauss
profile for the isotopically ordered~3 symbol! and for the disor-
dered~s symbol! germanium samples along two optical branch

The solid lines represent the (v,qW ) dependence of the experiment
resolution. The dashed lines are a smoothed variation of the
widths observed on theS3(O) branch of the70Ge sample. The

jump at qW 5(0,0.22,0.22) is caused by the change in the fitt
strategy from one Gaussian to two Gaussians needed to take
tributions from other branches into account.
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B. Acoustic branches

We have performed neutron scattering measurement
acoustic phonons along theS3(A), D5(A), and L3(A)
branches. The ideal focusing conditions achieved using e
tically bent perfect Si crystals as monochromator and a
lyzer allowed us to observe very narrow phonon lines
which the number of data points on the line was limited
the minimum step size of the instrument drives. In Fig. 4
show phonon profiles that were obtained at an energy tra
fer of DE580 cm21 along theS3(A) branch. In order to
understand the origin of the asymmetric shapes of
scanned profiles we have calculated a 4D convolution o
model phonon dispersion for germanium with the instrum
tal resolution ellipsoid using the ResTrax program.28 While
these calculations reproduced rather closely the shapes o
observed profiles and their evolution with energy transf
they were not well suited for direct data fitting. Therefor

.

e-

on-

FIG. 3. Averaged and normalized phonon spectra obtaine
room temperature from theD5(O) branch. The energy of the70Ge
phonon was divided by 1.0227, so that the remaining differenc
energy is disorder-induced.~A! Spectra were obtained a

qW 5(0.1,0,0); dn„D5(O)…51.47 cm21. At this frequency
(;298 cm21) the disorder-induced line broadening is negligib

~B! For both samples the spectra are the average obtained atqW

points:~1,0,0!, ~0.9, 0, 0!, and~0.8, 0, 0!, which are observed at the
same energy. In the case of the isotopically pure70Ge sample
~3 symbol! we used a Gaussian to fit the data@dashed line,
G511.4 cm21 ~FWHM!#. In the case of the isotopic alloy70/76Ge
~s symbol! a Voigt profile was used~full line!, where the Gaussian
contribution to the linewidth was set to 11.4 cm21, corresponding
to the resolution obtained for the70Ge sample. The additiona
Lorentzian-like broadening was found to beGLor53.5 cm21

~FWHM!.
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PRB 58 10 515EFFECTS OF ISOTOPE DISORDER ON ENERGIES AND . . .
we have fitted the main part of the phonon lines with tw
Gaussians~compare Fig. 4!. The total width of about
5.6(3)31023 r.l.u. observed for the isotopically pur
sample, corresponds to 1.26(7) cm21 on the energy scale
This width will be convoluted with the Lorentzian contribu
tion of the isotope disorder whose width is predicted to
about one order of magnitude smaller (0.1 cm21). In such a
case the disorder-induced lifetime would broaden the
served profile by about seven percent, an effect just at
edge of what might be detectable in our experiment. Ho
ever, within the experimental error our data exhibit nea
the same profile widths for both samples. Possibly,
disorder-induced broadening was masked by a slight cha
of the instrumental linewidth associated with the change
the slope of the dispersion due to the trivial harmonic m
shift. Simulations showed that this change of the slope m
entail changes of the instrumental linewidth of the same s
as that of the expected disorder effect and thus might
hance or cancel the disorder-induced broadening. As a re
we have not been able to experimentally determine disor
induced line broadenings for the acoustic branches.

In order to evaluate the positions of the phonon peaks
have fitted them with a superposition of two Gaussians
were constrained to approximately the same widths for b
samples at a given energy transfer, and used the center o
Gaussian that describes the lowuqW u edge of the peak to defin
its position. TheqW values were then converted into energ
and corrected for the trivial mass dependence. As a re
the frequencies obtained for the disordered sample were
to 1 cm21 higher than for the ordered one with the differen
rising monotonically withuqW u from zero at the lower end to
the maximum value at the upper end of the investiga
range. A similar behavior was observed in different ene
ranges on the other branches. Consequently, we have
tained different energy shifts for phonons of similar energ

FIG. 4. Phonon lines obtained in constant energy scans (DE
580 cm21). The data, which correspond toS3(A) phonons, are not
corrected for the harmonic mass dependence. The solid and
dashed line represent fits of Gaussians to the main part of the
non peaks obtained for the70Ge and70/76Ge samples, respectively
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but with different propagation directions and polarization
Both the magnitude and the frequency dependence of
observed effect are in conflict with the theoretical predictio
and we suspect that they are due to systematic experime
errors hitherto not understood.

IV. THEORY

In an earlier publication, the isotope disorder in germ
nium was treated with the CPA as well as a SCBA. Surp
ingly, the predictions of the two theories differed qualit
tively from each other. Moreover, the SCBA results, but n
the CPA results for Ge, are similar to those of recent C
calculations for a similar system, i.e., isotopically disorder
a-Sn.15 This motivated us to repeat the CPA calculations
Ge, which indeed showed that earlier CPA results20 contain
numerical errors.

In addition to the CPA calculations, we thought it wort
while to apply a fundamentally different approach to t
problem of isotope disorder, i.e., by modeling our neutro
scattering experiments by means of SC’s. This approach
volves less approximations than the CPA and therefore
be expected to model the effects of isotope disorder m
realistically provided the size of the unit cell of the SC
sufficiently large.

A. Coherent potential approximation

The CPA was developed in order to treat scattering
disordered systems in a coherent fashion.29,30 The basic idea
is to let the periodic crystal potential be an unknowncomplex
function, which one determines self-consistently in such
way that the average scattering produced by real scatte
embedded in the effective material is zero. Isotope disor
is a particularly simple case, since the force constants do
depend on the kind of atom located at a specific site~diago-
nal disorder!, i.e., we assume that the lattice relaxati
around isotopeimpuritieshas a negligible effect on the forc
constants. Therefore, one can check the validity of the C
for materials that have a high degree of substitutional dis
der but a small perturbing potential. In the single-site CP
one considers a fictitious crystal in which the masses
assumed to be complex and frequency dependent. One
write the CPA mass in terms of the dimensionless s
energy ẽ(v2) as mCPA5m̄@12 ẽ(v2)#. This self-energy is
obtained self-consistently from the requirement that the
erage scattering vanishes, a condition that can be written31

ẽ~v2!5(
i

xi r i

11@ ẽ~v2!2r i #m̄v2G0$v
2@12 ẽ~v2!#%

,

~1!

wherexi is the fraction of the isotopei and m̄ the average
mass. The Green’s functionG0 and the dimensionless mas
deviationsr i are defined by

G0~v2!5
1

m̄
E r~v8!

v22v82 dv8, r i5
m̄2mi

m̄
. ~2!

Here the one-phonon density of statesr ~DOS! of the or-
dered crystal is assumed to be normalized to 1. Equation~1!
can be solved by iteration.

the
o-
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For the comparison of the CPA with SC results and w
the experimental data, we need the spectral density func
A(qW ,v) defined as the imaginary part of theqW -dependent
phonon Green’s function

A~qW ,v!5
1

p
ImS 2v~qW !

v22v2~qW !22v~qW !P~qW ,v!
D . ~3!

The phonon self-energyP(qW ,v) is related to the reduce
self-energyẽ(v2) used in the CPA formalism by

P~qW ,v!5
1

2

v2

v~qW !
ẽ~v2!. ~4!

For cubic symmetry29 and if Im@P(qW,v)#!v(qW) the spec-
tral density functionA(qW ,v) simplifies to

A~qW ,v!5
1

p
ImS 1

v2v~qW !2P~v!
D

5
1

p

GCPA~v!

@v2v~qW !2DCPA~v!#21GCPA
2 ~v!

, ~5!

with P(v)5 1
2 vẽ(v2). If the phonon density of states doe

not vary appreciably within the range of the main intensity
A(qW ,v), the quantities

DCPA~v!5
1

2
v Re@ ẽ~v2!#, and

GCPA~v!52
1

2
v Im@ ẽ~v2!#. ~6!

describe the shift and width, respectively, of a phonon p
having a Lorentzian shape. In Sec. V we shall show tha
Ge this applies well to the acoustic regime, whereas in
optical branches strong deviations from the symme
Lorentzian shapes do occur. In this case it is no longer p
sible to characterize the spectral density functionA(qW ,v) by
just two parameters.

The phonon density of states of the disordered sys
reff(v) is given by29

reff~v!5
2

pv
Im E r~v8!v82

v2@12 ẽ~v2!#2v82
dv8. ~7!

In Fig. 5 we show the calculated real and imaginary p
of the the disorder-induced phonon self-energy in the aco
tic and optical energy regime of Ge. These results prove
the oscillations seen in earlier CPA results are spurious.20 In
the optical regime, the real partDCPA(v) changes from being
negative (21 cm21) at 280 cm21 to being positive (2 cm21)
at 295 cm21. The imaginary partGCPA(v) attains a maxi-
mum value of 2.2 cm21 in the optical band. In the acousti
region (v<240 cm21) we find the self-energy effects to b
about ten times smaller than in the optical region.
on
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B. Supercell calculations

This approach is nonperturbative and exact within the
sumptions made by using harmonic and phenomenolog
force constants as well as finite cell sizes. Assuming t
isotope substitution leaves the lattice dynamical force c
stants unchanged, then the random filling of 50% of the
tice sites in a supercell with the lighter70Ge isotope and the
occupation of the remaining sites with the heavier76Ge
yields a perfect isotopic alloy. Using phenomenologic
models, like a valence force model~VFM! or the bond
charge model33 ~BCM!, to describe the lattice dynamic
within the harmonic approximation, we obtain the eigenf
quencies and the eigenvectors through a diagonalizatio
the dynamical matrix of the supercells. This procedure yie
the spectral density of statesD(qW ,v), i.e., the distribution of
the number of phonon states per frequency channel at a
tain wave vectorqW . In order to simulate the data obtained
an inelastic neutron scattering experiment, we weigh
spectral density of statesD(qW ,v) with the dynamical struc-
ture factors of the respective mode, wheres is calculated
from the momentum transfer and the eigenvectors obtai
in the diagonalization.

Results obtained from the supercells of finite size dep
on the particular mass configuration when filling the sup
cell with 70Ge and76Ge atoms. In order to reduce the effec
of the finite cell size, we averaged the spectra for seve
isotope configurations. Comparing the results for superc
of 64 and 216 atoms, respectively, and for different numb
of configurations, we came to the following conclusions:
the energy region of the optic branches, supercells of

FIG. 5. Real and imaginary part of the disorder-induced phon
self-energy obtained from CPA calculations. We have used
VFM for the case of an isotopically disordered alloy having t
same mass variance as our real sample~70.15

Ge0.5
75.85Ge0.5 , g51.52

31023!. Note that the scales to the left and to the right differ by
factor of 10.
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atoms and about 30 isotope configurations are sufficient
our purposes, since larger supercells yield practically
same results. In the energy region of the acoustic branc
however, a large computational effort was necessary to
rive at reliable results, e.g., using supercells of 216 atom
even more and many different configurations.

We checked in how far the calculated results for the p
jected spectral density of statessD(qW ,v) depend on which
of the equivalent crystallographic directions is chosen foqW
and on the polarization of the phonon branch that is imp
itly contained ins. We found that the energy of the phono
under consideration seems to be the only relevant param
a result that is implicit in the CPA approach. We al
checked to which extent the results depend on the underl
lattice dynamical model by using a VFM model and a bo
charge model.33 On average, both models give an equa
good description of the data reported by Nilsson and Neli24

but differ in detail as to how well particular phonon branch
are described. Both models yield very similar results for
sD(qW ,v) spectra; the differences can be largely underst
on the basis of the slightly different description of the ph
non dispersion and the resulting shapes of the DOS.
calculations presented in this paper are based on an exte
valence force model with two angular forces and Born-v
Kármán parameters reaching beyond the first-nea
neighbor.32 Compared to the commonly used BCM~Ref. 33!
it gives a somewhat better reproduction of the op
branches, allows the use of larger supercells in our prog
and the calculations are much faster. Using our VFM
dynamical matrix of the supercells were explicitly co
structed for each respective SC size and geometry. Un
specified differently, we used a cubic SC witha0
516.971 Å containing 216 atomic sites and 30 isotope c
figurations.

V. COMPARISON OF CPA AND SC

In order to compare the two different theoretical a
proaches that we have employed, we show examples o
spectral density function for the optical regime in Fig. 6~a!.
The full lines depictA(qW ,v) obtained in the CPA frame
work, while the symbols show the results of our superc
calculations. In both cases we have modeled the lattice
namics with the VFM while the area underneath each cu
has been normalized. Obviously, the spectral density fu
tions obtained from these fundamentally different a
proaches agree extremely well with each other. The
shapes and positions are similar and the respective am
tudes are in agreement, so that from the inspection
A(qW ,v) we cannot discern a systematic difference betw
the two approaches, at least not for the mass disorder of
70/76 sample (g51.5231023).

According to Fig. 5, the self-energy in the acoustic regi
(v<240 cm21) is an order of magnitude smaller than tho
in the optical branches. Therefore, supercell calculations
quire the use of larger cells and averages over sev
phonons with the same energy in order to achieve result
sufficient accuracy in the acoustic regime. The most fav
able condition is met in the vicinity of the peak in the DO
near 195 cm21. Calculations at this energy were carried o
or
e
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using an orthorhombic supercell of dimension 11.3
316.971328.285 Å3 containing 240 atomic sites. Thi
choice provides an improved sampling and allows the av
aging over three equivalent phonons. In Fig. 6~b! we show

the spectral density functionA(qW ,v) calculated within the
CPA in the acoustic regime as full lines and compare it to

result of the SC forv(qW )5195 cm21 shown as thes sym-
bol. Both approaches agree well with each other. For e
smaller frequencies the supercell results showed too m
noise for a meaningful comparison. In order to allow a co
parison between CPA and SC in the whole range of the
perimental studies we have carried out calculations fo
67/79 isotopic alloy, again with the orthorhombic cell co
taining 240 sites. In these calculations we have studied
phonons in theqW 5(j,0,0) and~j,j,0! directions at 80 cm21

and 86.7 cm21, which lie below and above the prominen
peak of the acoustic DOS. The results are shown in Fig. 6~c!.
We find that the phonon profiles are well approximated
Lorentzians but some asymmetry in the wings is clearly v
ible, both in the CPA and the SC results. From the go
agreement between CPA and SC we infer that the CPA p

FIG. 6. Comparison of the spectral density functions obtain
from supercell calculations~3, s, 1 symbols! and those obtained

within the CPA framework~solid lines!. ~A! Calculated forv(qW )
5276.5, 287.5, and 292.2 cm21 and~B,C! spectra for a number o
acoustic frequencies.
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vides reliable results also for the low energy range of
70/76 isotopic alloy.

As can be seen in Fig. 6~a!, A(qW ,v) can exhibit strongly
asymmetric line shapes. In fact,A(qW ,v) for v(qW )5276.5
and 292.2 cm21 show long tails towards the energy range
a higher DOS~compare Fig. 7!. The most pronounced asym
metries occur when the unperturbed phonon frequencyv(qW )
lies in a region in which the real and imaginary part of t
self-energy,DCPA andGCPA, respectively, vary strongly as
function of frequency. A constantD ~G! can be directly in-
terpreted as a shift~width! of a Lorentzian. However, from
the asymmetric shapes of the peaks it is clear that this id
tification is not straightforward in those regions that enco
pass precipitous drops in the flanks of the phonon densit
states.

We show the DOSr~v! in the frequency range of th
optical branches as the solid line in Fig. 7 obtained from
VFM for the case of a perfect crystal~VCA!. Calculating the
density of states for these two methods of treating disor
we find some difference between the results of the two
proaches: In Fig. 7 we show the DOS of the disordered s
tem obtained from the SC and CPA ass symbols and a
dashed line, respectively. We note that the small differen
in the energy range from 282– 294 cm21 become more pro-
nounced for larger mass variances, for which the SC D
starts to exhibit pronounced peaks, while the CPA DOS
mains unstructured. For mass differences correspondin
Si-Ge alloys, we found that the SC DOS shows three ra
sharp peaks, while the CPA DOS does not.

We have checked in how far the width of the isoto
disorder-induced scattering, i.e., the width ofA(qW ,v), de-
pends on the size of the mass varianceg in our supercell

FIG. 7. The density of states in the region of the TO phono
obtained from our VFM model for the case of a perfect crys
~VCA! is depicted by the solid line. Thes symbols display the
DOS obtained from the SC, while the dashed line shows the D
which results from the CPA. The projections of the SC DOS on
heavy and light masses are represented by then and h symbols,
respectively. Here, we used the root sampling method at about 1

qW points in the irreducible part of the Brillouin zone to calculate t
DOS of a tetragonal SC containing 96 atoms. The channel widt
0.16 cm21. The results shown are the average of 15 isotope c
figurations.
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calculations employing the VFM lattice dynamical mode
The investigated supercells were 50/50 mixtures rang
from 73/73 to 67/79 isotopes, which corresponds to a m
variance of up to 6.75531023. We have chosen the varianc
of the frequencŷ v2&2^v&2 for the characterization of the
width of the spectral density function, a quantity that is i
dependent of the individual shape ofA(qW ,v). This quantity
is plotted in Fig. 8 versus the mass varianceg for a phonon
of v(qW )5276.5 cm21 with a strongly asymmetric line shap
@see Fig. 6~a!# and is compared to the predictions of th
CPA. We observe a deviation from linearity aboveg53
31023 and excellent agreement between the results fr
CPA and SC in the whole range of the figure. Up tog53
31023 good agreement is also found for the spectral den
functions, whereas characteristic deviations show up bey
this value. This is demonstrated at the bottom of Fig. 9 wh
we find indications of a three peak structure in the SC res
~marked by arrows! that are not well reproduced by the CPA
With increasing mass variances these structures bec
more pronounced and for very large values ofg, they corre-
late with a three peak structure observed in Raman studie
Si-Ge alloys.34 A more detailed discussion of this topic
beyond the scope of the present work.

We would like to note that the use of the termsdisorder-
induced shift and broadeningcould be misleading within the
supercell approach. These expressions tend to be used i
framework of perturbational calculations, where they den
corrections due to phonon-phonon interactions, which are
duced by the mass defects. In contrast, however, the dyn
cal matrices occurring in the framework of the supercell c
culations can be diagonalized with a high precision. Th
calculations yield a manifold of phonon statesD(qW ,v) hav-
ing a zero width. In this approach the isotope disord
induced broadening, which is clearly observed in Fig. 3~b!,
appears to be due to the scatter of the 3N eigenfrequencies
~N is the number of atoms in the supercell!, obtained for

s
l

S
e

50

is
-

FIG. 8. Variance of the frequency of the spectral density fu

tion A(qW ,v) as a function of mass varianceg calculated with the
CPA ~s! and the SC~n!. The solid line represents the proportion
ality to the mass varianceg found for g,331023 extended to
larger values ofg.



ng
d
c

om

m
di
a
a

ca
e
rs
er

c
, i
a
um
he
w
om
is

re-
We
dth,
ints
the
lly

ula-
PA.

he
out
ata
me-

in
ed
,

n

try
e-
nor

ary
. 5.
s,

e

om
ian

line
for
ase
nce

ob-
he

PRB 58 10 519EFFECTS OF ISOTOPE DISORDER ON ENERGIES AND . . .
each isotope occupation of the supercell around the si
frequencies of the respective branches obtained from the
namical matrix in the VCA. Therefore, the width of the spe
tral density functionsD(qW ,v) obtained within the SC pic-
ture does not stem from a reduced lifetime resulting fr
disorder scattering~homogeneous broadening!, but from a
broad spectral density of discrete states that is ensemble
eraged over many different isotope distributions. In the sa
way the shift does not occur in the sense of a correspon
real part of a self-energy but is determined by the ex
shape of the spectral density function together with the p
ticular experimental resolution.

VI. COMPARISON OF THEORY AND EXPERIMENT

When comparing our experimental results with theoreti
predictions, we are confronted with the difficulty that th
spectral density functions cannot be described by a unive
function like a Gaussian or a Lorentzian and that the exp
mental resolution~‘‘slit width’’ ! is larger than the intrinsic
widths of the spectral density functions. The latter effe
tends to smear out details in the line shapes and will
general, allow us to compare only integral quantities char
terizing the width and the average frequency of a spectr
In order to put the analysis on a common footing with t
analysis of the experimental data, we proceeded as follo
We convoluted the spectral density functions obtained fr
either CPA or SC with a Gaussian profile whose width
given by the experimental resolution~compare Fig. 2!. From
a Gaussian fit of this result an excess width~broadening,
dG5Gfit2Gexp! and a shift@dn5nfit2n(qW )# with respect to

FIG. 9. Comparison of the spectral density function obtain

from a SC with CPA results forv(qW )5276.5 cm21. ~A! 69/77Ge,
g53.00231023, average of four phonons.~B! 67/79Ge, g56.755
31023, average of six phonons.
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the VCA results were determined.
We have analyzed our experimental and theoretical

sults in the above manner and compare them in Fig. 10.
find good agreement between them for the excess wi
whereby the supercell calculations reproduce the data po
somewhat better. The agreement is not quite as good for
shift: The experimental points appear to lie systematica
above the theoretical curves. Again, the supercell calc
tions seem to reproduce the data points better than the C
A further improvement can be obtained if we apply to t
experimental data a constant frequency shift of ab
20.3 cm21. Such a systematic error in the experimental d
may arise from geometrical effects associated with the so
what different shape of the samples or from uncertainties
their isotopic composition. Assuming that the disorder
sample contained 1% more70Ge than listed in Table I and
consequently, that the crystal lacked 1% of76Ge we find that,
within the virtual crystal approximation, its optical phono
frequencies should increase by about 0.15 cm21. Our ex-
perimental data for the two branches and two high symme
directions in the optical region show no indication of a d
pendence of disorder-induced effects on the polarization
on the particular reduced wave vectorqW of the phonon, in
agreement with the theoretical analysis.

The results of Fig. 10 are related to the real and imagin
parts of the disorder-induced self-energy displayed in Fig
The convolution of the strongly asymmetric line profile

d

FIG. 10. Disorder-induced shift and broadening obtained fr
the convolution of the spectral density function with the Gauss
experimental resolution~Gexp511 cm21, FWHM!. The solid line
depicts the results of the supercell calculations and the dashed
those obtained within the CPA. In both cases we used the VFM
the lattice dynamics. The calculations were performed for the c
of an isotopically disordered alloy having the same mass varia
as our real sample~70.15

Ge0.5
75.85Ge0.5 , g51.5231023!. The squares

show the disorder-induced effects measured on theS3(O) branch,
which has longitudinal character. The diamonds show those
tained on theD5(O) branch, which has transverse character. T
experimental errors indn anddG are smaller than 0.4 cm21.



r-
th
ga

re

pr
hi
e
s

i

re
e
a

s

-

pe

w
20
,
e

io
oi
e
a
th

we
nted

the
on

of
ral
eri-
we

fts,
the
tal,

the-

an

ced
-
igh
ind-
he
nt

ced
s-
val-
be-
In

ous
ects

ry

lled

lcu-
lcu-
the

he
not
the

he
lcu-
ly.
et-

iso-
ed

the
ted
tion

r,

is

in

n
o

10 520 PRB 58A. GÖBEL et al.
which result from Eq.~5!, with a Gaussian leads to a smea
ing of the structures and a reduction of the amplitudes of
curves plotted in Fig. 5. In particular, the pronounced ne
tive real part in Fig. 5 near 275 cm21 is strongly reduced.

Having shown that the experimental data and the theo
ical predictions are in good agreement for quantities such
the average shift and broadening, we next consider the
dicted asymmetry of the spectral density function. T
asymmetry is resolved for theX point phonon spectra of th
disordered 70/76Ge sample with a rather good statistic
A(qW ,v) is shown in Fig. 11 as the narrow peak~dotted line!
for v(qW )5274 cm21. The convolution ofA(qW ,v) with the
Gaussian spectrometer resolution yields the solid line in F
11 ~Gexp511.7 cm21, compare Fig. 2!. It is clear from Fig.
11 that the properly convoluted spectral density function
produces the small shoulder on the high-energy side of thX
point spectrum rather convincingly. In contrast, a fit of
symmetric Gaussian~dashed line! describes the data les
well. We have shifted the experimental data~s symbol! by
1.1 cm21 since our VFM model was fitted to low
temperature neutron data.

VII. EARLIER RESULTS

A number of earlier publications deal with the isoto
disorder effects in germanium.14,16,20,35,36In particular, the
energy dependence of the disorder-induced self-energy
investigated both theoretically and experimentally in Ref.
On the experimental side, Raman and neutron scattering
well as infrared transmission and photoluminescence exp
ments, were carried out. On the theoretical side, calculat
were performed using the CPA and the SCBA. Etcheg
et al. report that there is reasonably good agreement betw
theory and experiment for the CPA, whereas the SCBA w
found not to reproduce the energy dependence of
disorder-induced shifts in the region;270– 310 cm21.20

FIG. 11. The spectral density functionA(qW ,v) calculated with
the CPA for a phonon at the X point compared to the correspond
neutron results~s symbol!. Dotted line: CPA result; solid line:
after convolution with the experimental resolutio
@Gexp511.7 cm21, see Fig. 2~B!#; dashed line: fit of a Gaussian t
the solid line.
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From the present study and additional SCBA calculations
come to the conclusion that the theoretical results prese
in Ref. 20 are incorrect. Especially, the Re@SCPA(v)# results
of Figs. 3 and 9 of Ref. 20 in the region;270– 310 cm21

are qualitatively in error, so that the preference given to
CPA over the SCBA in Ref. 20 must have been based
computational errors.

Comparing the experimental results presented in Fig. 9
Ref. 20 to SC and CPA results calculated by us for natu
Ge, we found good agreement between theory and exp
ment for the disorder-induced line broadening. Hereby,
note that our recalculatedGCPA(v) does not differ strongly
from those shown in Fig. 9 of Ref. 20. Regarding the shi
we now understand why only small effects were seen in
earlier neutron experiments of a natural germanium crys
since our present simulations yield shiftsDCPA(v) that are
about three times smaller than those expected from the
oretical results of Ref. 20. At theG point, the shift observed
by neutrons was about two times smaller than the Ram
value of Ref. 20. However, the smallG point shift was con-
firmed by the most recent data16 obtained from our70/76Ge
sample using Raman scattering at 10 K. A disorder-indu
shift of dn511.06(4) cm21 was found that compares fa
vorably with our present neutron result and reflects the h
accuracy achieved in the neutron measurements. With h
sight, it was practically hopeless to extract shifts from t
former neutron data for natural germanium with sufficie
accuracy to test different theories. As for the shifts dedu
from optical experiments, we found that the photolumine
cence data are in reasonable agreement with theory. The
ues evaluated from IR transmittance, however, show a
havior that is not consistent with the present theories.
conclusion, not too much can be learned from the previ
data of Ref. 20, mainly because the disorder-induced eff
are so small in natural Ge.

In Ref. 36 Fuchs and co-workers report additional ve
low-intensity features between 270 and 295 cm21 in the Ra-
man spectra of isotopically disordered germanium, so-ca
band modes. Similar results were obtained ina tin.15 In Fig.
4 of Ref. 36, the experimental results are compared to ca
lations of incoherent scattering based on earlier CPA ca
lations, which clearly cannot account for the data, since
latter predict a vanishing intensity around;282 cm21. Ear-
lier calculations of the coherent scattering intensity of t
band modes yielded negligible intensities and thus were
presented in Ref. 36. Our present CPA results improve
situation.

In Fig. 12 we show the Raman signal stemming from t
disorder-induced band modes together with the CPA ca
lation from Ref. 36 as the solid and dotted lines, respective
The Raman intensity was obtained by subtracting a symm
ric Lorentzian that represented the Raman signal of an
topically pure sample from that of an isotopically disorder
70Ge0.5

76Ge0.5 sample~compare Fig. 2 in Ref. 36!. Here, it
needs to be pointed out that the finite resolution of
DILOR Raman spectrometer used in Ref. 36 was neglec
in the analysis. We have checked that a Gaussian resolu
between 0 cm21 ~ideal case! and 2.5 cm21, that corresponds
to the typical resolution of this DILOR spectromete
changes the amplitude of the band modes in70/76Ge from
;0.002 to;0.012, when the maximum of the main line

g
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normalized to one. Furthermore, the subtraction of the m
Raman line~without having it convoluted with the spectra
resolution! results in additional uncertainties which rend
the band mode intensity above;294 cm21 unreliable.
Therefore, we cannot reconstruct the absolute band m
intensity and can only make a qualitative comparison. D
spite these quantitative uncertainties we find a very g
qualitative agreement of our new CPA results with the R
man data between 270 and 294 cm21 in the following way:
From Eq.~3! and using Eq.~6!, i.e.,

P~v!5
1

2
v Re@ ẽ~v2!#1 i H 2

1

2
v Im@ ẽ~v2!#10.3 cm21J ,

we obtain the spectral density functionA(qW ,v). The
0.3 cm21 in the imaginary part of P~v! represent a
frequency-independent anharmonic broadening and co
spond to the 0.6 cm21 FWHM of an isotopically pure Ge
crystal at low temperatures.16 To account for the spectrom
eter resolution we convolutedA(qW ,v) with a Gaussian of
2.0 cm21 FWHM. Then we subtracted the convolution of
Lorentzian ~0.6 cm21 FWHM! with a Gaussian~2.0 cm21

FWHM!, i.e., the simulation of the symmetric optical zon
center phonon obtained in an ordered crystal. The resu
shown as the dashed line in Fig. 12 after it was divided
two. This adjustment reflects the uncertainty in reconstru
ing the absolute intensity of the band modes. Comparing
dashed line with the Raman line we conclude that the pro
CPA calculation of the coherent scattering intensity toget
with the experimental resolution effects are able to pred
the frequency dependence of the band mode intensity

FIG. 12. Comparison of our CPA results with earlier Ram
experiments and CPA calculations by Fuchset al. The intensity
scale is obtained by setting the maximum of the main Raman lin
one. The solid and dotted lines are reproduced from Fig. 4 of R
36 and represent the Raman signal of disorder-induced band m
in 70Ge0.5

76Ge0.5 and their CPA calculation, respectively. Th
dashed line depicts our CPA simulation of the Raman band m

signal@v(qW )5302.2 cm21#. Its intensity was divided by a factor o
2.
in
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that the strong intensity of the incoherent scattering p
sented in Ref. 36 might have arisen from the numerical pr
lems of Ref. 20.

From Refs. 22 it is expected that the disorder-induc
broadeningd G should be proportional to the one-phono
density of states@d G;t21;gv2r(v)#. However, the SC
calculations ofd G for optical phonons having different wav
vectors, polarizations, and frequencies deviate by as muc
a factor of 2 from this relation, revealing that the abo
formula, based on second order perturbation theory, is on
crude approximation that neglects the potential asymmetr
A(qW ,v).

VIII. CONCLUSION

We have presented a comprehensive study of the in
ence of isotope disorder on the phonons in Ge by mean
inelastic neutron scattering and corresponding lattice
namical calculations using either the CPA or supercells~SC!.
Germanium is particularly well suited for such a study due
the existence of stable isotopes with differences of up to
in their atomic masses and a strongly peaked phonon den
of states in the optical region of TO phonons, exhibiti
steep flanks on both sides of the peak, its rather harmo
lattice potential, and an excellent knowledge of its phon
dispersion relation. We have used the CPA and SC
proaches to calculateA(qW ,v) for a sample containing a
50/50 mixture of the70Ge and76Ge isotopes. In the acousti
regime the resulting disorder leads to symmetric profiles
the shifts and widths are determined by the real and ima
nary parts of the phonon self-energy. In the optical branc
the steep flanks in the phonon density of states lead to
nounced asymmetries in the spectral density functions wh
are observed in the phonon scans. These asymmetrie
A(qW ,v) are reproduced by the CPA as well as by the
calculations and the association of the real and imagin
part of the self-energy with a shift and broadening, resp
tively, does not longer hold. Experiment and SC results f
ther confirm the assumption of the single-site CPA that i
cubic structure the phonon profiles do not depend on
direction of propagation nor on the polarization of the ph
non. Our analysis demonstrates that for this composition,
this particular mass variance, the CPA accounts very well
the isotope disorder effects in the phonon profiles. T
present CPA calculation improves previous results of Ref.
that probably suffered from convergence problems in the
eration process.

When comparing the results of the theoretical approac
to the experimental data, we find that, within the experim
tal uncertainty, the latter are well described by both theo
ical methods. However, we find small, albeit systematic, d
ferences between the shifts and broadenings obtained
the two calculations. Moreover, the experimental data for
disorder-induced shift seem to be better reproduced by
SC approach rather than the CPA. Further evidence for p
sible limitations of the elegant CPA are differences in t
DOS calculated for the disordered solid when compared
SC results. Furthermore, for larger differences in the isot
masses characteristic structures in the spectral density f
tions of optical phonons are calculated within the SC a
proach, which are not well reproduced by the CPA, althou
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for an average quantity such as the variance of the freque
the agreement between CPA and SC is still perfect. Base
this work we cannot predict if similar results are to be e
pected for all systems. It might be that the shortcomings
the CPA are particularly pronounced in the case of Ge
cause of the low coordination number in the diamond str
ture and the extreme dominance of the first-neighbor in
action. Because of the low coordination number there will
many clusters where one light~heavy! atom is surrounded by
light ~heavy! atoms only and because of the short range
the atomic interactions in germanium the vibrational sp
trum of the central atom of such clusters will closely r
semble that of a solid consisting of light~heavy! atoms only.
This situation will not be properly described by the stand
u

e

H

C

E

.

a

.

.

cy
on
-
of
e-
c-
r-
e

of
c-
-

d

CPA, a limitation that might be resolved when using a CP
that is extended to clusters, as proposed in Refs. 37–40.
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