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Effects of s-d Interaction on Transport Phenomena 

Tadao KASUYA 

Physical Institute, Nagoya' University, Nagoya 

(Received March 3, 1959) 

The effects of the so-called s-d interaction on transport phenomena of ferromagnetic 

metals and alloys are discussed. Electrical and thermal conductivities and thermoelectric 

effect are calculated with the simple molecular field approximation, and an anomalous 

thermoelectric effect is expected in these substances. In sufficiently low temperatures, the 

disordering of spin system is described by the collective mode of spin wave. The calculations 

of transport coefficient by using the spin wave approximation are also carried out. 

§ 1. Introduction 

In ferromagnetic metals and alloys the most characteristic interaction is the 

so-called s-d interaction, namely, the spin exchange interaction between the con

duction and the unfilled inner shell electrons (hereafter referred to as c- and u

electrons respectively). One of the main effects of this interaction is the effective 

spin exchange interaction between u-electrons which were treated firstly by Zener1
) 

and in detail by us2
) and Yosida3

). The other one of the main effects is the scat

tering mechanism of c-electrons which has the important contribution to the trans

port phenomena. The effects on the electrical resistivity are already treated by 

us4
) for ferromagnetic metals and by Yosida5

) for dilute alloys using the simple 

molecular field approximation. The problems concerning the effect on the super

conductivity we treated in another paper6). Here we treat the effects of s-d inter

action on the thermal resistivity and the thermoelectric force using the molecular 

field approximation. The anomalous thermoelectric force is expected to occur in 

these substances. The thermal conductivity by the spin diffusion seems to be also 

important because of the long range character of the s-d interaction. Furthermore 

the transport coefficient in sufficiently low temperatures are also calculated with the 

use of the spin wave approximation. 

§ 2. Fundalllcntal standpoints 

To solve the Boltzmann Equation rigorously, because for the discussion of 

the thermoelectric force careful treatment is required, we use here the following 

simplified model. 

(i) We assume that c-electron is reprsented by one band model with effective 

mass m and that the effect of s-d interaction is represented by the effective exchange 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/2

2
/2

/2
2
7
/1

9
3
4
7
3
6
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



228 T. Kasuya 

field He. Then the energy spectrum of c-electron is written as 

fi2 k2 
Et =-~---- + H 2m 'e,' 

where He IS approximated by 

(1) 

(2) 

where lz means the mean value of the z-component of the total angular momentum 

j nz located in each magnetic ion, J (0) the s-d exchange integral, Ni the number 

of magnetic ions per unit volume, therefore in metals Ni=N, and g the Lande's 

g-factor. In most cases, He is much smaller than the Fermi energy (. 

Oi) The other scattering mechanisms than the s-d exchange interaction, such 

as electron-phonon and electron-non magnetic impurity atoms, are neglected in our 

treatment. These effects are discussed in later sections. 

(iii) The Hamiltonian of the s-d interaction is given by 

HSd= (g-l) IN . ~ ~ 2J exp{i(k~k')Rn}[ {A(lk-k'l) I (g-l) -J(lk-k'l)jnZ} 
k kl Un 

a;+ akl+ + {A(lk-k'l) I (g-l) +J(lk-k'l)jnz}at_ aicl-

, - J ( 1 k - k' 1 ) j;: ai:+ a'~1 _ - J ( 1 k - k' 1 ) j;; at, - ak + J , (3) 

where ak1i and at1i mean respectively the creation and annihilation operators of 

electron with wave vector k and spin quantum number J)= ± 1/2, J(q) the ex

change integral and A (q) the interacti9n except the exchange integral. 

(iv) The energy level of Un} may be very complicated both in metals and 

dilute alloys. However, we use here the most simplified model that the energy 

level of j n is represented by the single molecular field Ho such as 

Hmag= - ~ Hoj,;,z, (4) 
n 

and thus the distribution of j~ is given by 

w (jz) =exp (HoIe! ICT) I~ exp (l-IoIj ICT). (5) 
jz 

(v) The scattering matrix element is given by the Born approximation. The 

transition probability, where the spin direction of c-electron does not change, namely, 

the first two processes of Eq. (3), is given by 

{V _ (N- 1 (y-1)2I J (g) 1

2 {j;- j;}, in metals 

±(q) -lNi IN2 {IA(q) 12+ (g-1)2IJ(q) j2j;=F2(g-1) Re(J(q)A(q»],J, 

In dilute alloys, (6) 

where lz and ;; mean the values of Ie and j z2 averaged by using Eq. (5). 

Furthermore, we assumed that (]z- j~) and in dilute alloys the positions of 

magnetic ions are perfectly at random and have no correlation in each other. On 
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Effects of s-d Interaction on Transport Phenomena 229 

the other hand, the transition probabilities, where the spin directions change each 

other, namely, the last two processes of Eq. (3), are given by 

(7) 

where ± mean respectively the process~s in which the spin direction of c-electron 

becomes ±. Also in the above treatment we assumed that there are no correlation 

between magnetic ions. It is noticeable that between V ± (q) there is a relation 

where 

V+ (q) =e); V_ (q), 

x=Ho/!CT. 

(8) 

(9) 

Using these assumptions, both the drift and collision terms of Bloch equations 

concerning c-electrons with ± spin directions are written as 

(of± (k) /dt) drift f~ (c±) vjICT· [(eF - flO -C± !CflT], (10) 

(of±(k)/ot)cou=2rr/n· ~ [W±(jk-k'j) {f±(k') (l-j'-±(k» 
kl 

-f±(k) (l-j,-±(k'» } o (E;.±-Ekn 

+ {V± (jk-k'!)j~ (k') (1-f± (k» 

- V=!'(lk-k'l)f,-±(k) (l-f:;:(k'» }o(E,/-Ek1±Ho)], (11) 

where the directions of the electric field F and the temperature gradient fl Tare 

chosen in the x axis, h (c) means 

and 

fl (c) = [(ec+ 1) (1 +e- E
) ]-I, 

c±= (E,/-()/lcT. 

Further considering that f± (1£) is written as 

where 

f±(k) fo(c±) +k);C±(c±)f~(c±), 

fo(c) =[es +l]-l, 

and restricting to the linear theory, the collision terms become 

+ V:;: (lk-k'l)f~ (c±)f~ (-c± =t= x) {I~/ C=!' (c± ± x) 

-k."C±(c±) }O(Ek±-Eld~± (Ho-2J-Ic»]. 

(12) 

(13) 

(14) 

(15) 

(16) 

Then, the Bloch equations are solved easily and give the following results 

(17) 

where 
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230 T. Kasuya 

2k± ~± 

1 J 3 1 1 +e-
E J A±(c) =-- W+(q)q dq+------ --~-- V=f(q)qdq 

4k 3 ~ 2k 1 + e-C:=fx , ' 
± 0 ± 'I) 

± 

and 

~ 3. Results 

The electric current J J; and the thermal flow Q~ are given by 

where 

and 

jxl e= Loo (eF -f7() - LQ1ICf7T, 

QxIICT=L10 (eF-J7() -Ln lcJ7T, 

-00 

It is easily seen that Onsager's relations, L p.li = Lv,!, is satisfied. 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

Using the conductivity tensor L, we can calculate the various transport 

coefficients. But since the formula of L is still very complicated, we use here the 

following approximations. 

(1 ) We assume that W ± (q) and V ± (q) do not depend on q in the range 

o < q < 2ko, where ko is the effective wave vector at Fermi surface determined by 

(28) 

(2) Because J I (, He! (, Hoi He and IC T I He, and furthermore J I A in dilute 

alloys, are sufficiently smaller than unity, we adopt only the leading terms con

cerning these factors. 

Then L is written as 
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Effects of s-d Interaction on Transport Phenomena 

r ~ ~. I -~:~CW~j-' in metals 

L" =l2~ :; -~; {1+ X:~'-w::1':-T;{~'l in dilute alloys 

where 

w. _ (N- t (g-I)2J2(0) {J;- (]);}, in metals 

o-lNi/N
2. {A2(0) + (Y-I)2J2(0)j;}, in dilute alloys 

W t =N/N2 
·2(g-I)A(0)J(0)]en in dilute alloys 

V=Ni/N
2

• (g-I)2J 2(0) {j2+ j- ;;-]z}' 

F(E) = (I+e- 5)/(I+e-C
-

X), 

and ]z, J;, etc., are given by 

- _ ·2 2j-I 2 
J ~-J - --~-+ ~--~-~.-~--~~-~~~.-

o e" _ 1 C el: - 1) 2 

~_?L±_~ .~ _________ ?_C?Ltll ____ ~, 
e(2,i+l)l:_1 (eX-I) (e(2 j +1)l:_I) 

]2 _ (J~ ~) 2 = ______ ! ___ ~_~_~ __ ~~ __ ~~._(?j + 1)2 __ 
?: v' (eD-I) (I-e-') (e(2,ifl)"'_1) Cl-e-(2j +l») 

l + j - j;- fz == -~-!-- i-- {j +~(0{it~--I-~" 
1 

1 } . 

(1) Electrical conductivity (J. 

(J is given by 

231 

(29) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

and Loa is given by Eq. (29). The formula of Loa differs from that of the earlier 

papers4
)5) because the degrees of the approximation to solve the Bloch equations 

are not equal. Nevertheless, the main charactor that (J increases with the increasing 
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232 T. Kasuya 

magnetic order, that is the increase of x, is of course equal. The electrical reSIS

tivity at absolute zero temperature and in the state of no magnetic order are 

given by 

{

o in metals 

(<T-'),,~o= 32~; :::' iN(O) + (,q-l)'j'J'(O) -2(g-1)jJ(O)A(O)~£:f, 

m dilute alloys, ( 41) 

and 

(42) 

in dilute alloys. 

It is also easily seen from the above mentioned char actor that the electrical 

resistivity decreases when the external magnetic field is applied because x increases 

by the application of the external magnetic field. 

In metals, if F( E) is replaced approximately by unity, the result of [Il is 

obtained, namely 

0-- 1 = 37[ _ ~_(g:-1)2J2(0) (J' 2 +J'-J-:-J--) in metals. (43) 
2 Ne2 n( " z, 

(2) Thermal conductivity /Co and Lorentz number L. 

ICo and L are given by 

( 44) 

( 45) 

As is seen in Eqs. (29), (30) and (31), LlO and LOl are much smaller than Loa 

and Lll and thus we can write 

i 
IC2 J E2f1 i E) dE I r j~ (E) dE 

L= e
2 

W o+ VF(E) / J W o+ VF(E) 

7[2 1C
2 

{I _ (g - 1 ) 2 _~[~ (0) x
3 

3 e2 
7[2 A 2 (0) 1 - e - ,. 

m metals, 

(46) 

In dilute alloys. 

In metals L has a nearly constant value (1[2/3) (IC/ e) 2 over the whole range of x. 

This result is caused by the assumption of the isotropic scattering. As is seen in 

later section, if this assumption is not adopted L changes markedly from the value 

(1[2/3) (IC/ e) 2. 

(3) Absolute thermoelectric power e>. 
e> is given by 
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Effects of s-d Interaction on Transport Phenomena 

IS =_~_ L Ol • 

e Loo 

233 

(47) 

In metals, neglecting Wo compared to VF(c) , we obtain (see Appendix I) 

the following simplified approximated expression, 

IS=-~-- {-~~-~f--+2-~~}+;~;}. (48) 

The first term corresponds to the ordinary mechanism, namely this is characteristic 

of the isotropic scattering. The second term is characteristic 6f the s-d interaction 

and it is noticeable that this term is dominant than the first in sufficiently low 

temperature and remains to be of the finite value in absolute zero temperature. 

However, in general, there exists a some kind of lattice imperfection and thus Wo 

remains the finite value Bo. Then in sufficiently low temperature Bobecomes 

larger than VF(c) and IS is written as 

2.80 

2.40 

2.00 

0.16 

0.12 

o.os 

(c) 

---L-

0.4 0.6 

Scales of the ordinate, 2.00, 2.40 and 

2.80 should be read as 0.20, 0.24 and 0.28, 

respectively. 

---
TM/Tc 

t 
I t=T/T(; 

0.8 1.0 1.2 1.4 1.6 

Fig. 1 The graph of (0 (elK) versus TIT" (Gd) 

(a) means ®~nn~;' namely the anomalous part of (0 calculated by 

simple molecular field approximation. 

(b) means ®~~~l, namely the anomalous part of ® calculated by 

spin wave approximation. 

(c) means ®nor, namely the normal part of e and is given by 

0.011 t. 

(49) 
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The temperature range where the 

above equation is applicable cor

responds to that where the electrical 

resistance is nearly determined by 

the residual resistance. In Eq. 

( 45) it is noticeable that the 

second term is proportional to 

( V! Bo) 2 and the term proportional 

to V! Bo vanishes. This result is 

owing to the assumption that J(q) 

does not depend on q. In general, 

if J (q) depends on q the term 

proportional to (V! Bo) exists. 

In dilute alloys, 0 is written 

as 

T. Kasuya 

e!:.. 
IC 

0.16 

0.14 -

0.12 

0.10 

0.08 

0.06 

0.04 

0.02 

0 0.2 0.4. 0.6 t=T/Tc 

Fig. 2. The graph of ® (elK) verSus TIT" (the dilute 

alloy of 1.8% Cll~MIl) 

(a) means the anomalous part of ®. 

(b) means the normal part of ® and is given by 

0.0008 t. 

0=~ 11'''(- 2(gA!iii'iQlJ"(j'+ j-- j,-J") J :;~J (50) 

As mentioned above, if J (q) depends on q the term proportional to V! "Vo should 

appear. For example, if we assume that J(q) is written by 

(51) 

the following term apears. 

(52) 

This term IS nearly of the same order of magnitude as the second term of Eq. 

(50) . 

The more detailed comparison between the normal term and the anomalous 

terms are given in Figs. 1 and 2. (see § 5) 

§ 4. Calculations by spin wave approximation 

In the preceding sections we calculated transport coefficients using the simplest 

molecular field model. But in sufficiently low temperatures, the magnetic ordered 

state may be represented by some kind of collective mode. In dilute alloys, 

however, it is a very complicated problem to treat the ordered state on the col

lective description. On the other hand, in metals the collective description of the 

ordered state is possible as was done in the previous paper.2J Therefore we treat 

in this section only the metaltic ferromagnetics such as rare earth metals. 

To perform the calculation we use the following model. (i) The magnetic 

spin system is always in the local thermal equilibrium. The justification of this 
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Effects of s-d Interaction on Transport Phenomena 235 

assumption may be fairly complicated because in a rigorous treatment the phonon 

system should be also considered, and then the so-called U mklapp process becomes 

important. (2) We assume here that the collective mode of the spin system is 

represented by the so-called spin wave mode and that the energy spectrum of the 

spin wave with wave vector Ji is written by 8(k). 

(iii) Because we consider only sufficiently low temperature range, we adopt only 

the process in which only the one spin wave quantum is emitted or absorbed. 

(iv) The square of the transition matrix element is given by 

(53) 

where ± correspond respectively to the emission and the absorption of the spin 

wave, and N(q) means the distribution function of the spin wave with wave vector 

q in the thermal equilibrium, namely 

[ 
E (q) J-1 

N(q) = exp~T~~-1 . (54) 

Then we can write the Bloch equations concerning the electrons of :1: spin 

directions. The drift terms are same as Eq. (10). In collision terms of Eq. 

(11), the first term proportional to W ± (q) vanishes because it represents two spin 

wave processes, and only the last two terms are available substituting Eq. (53) 

for V ± (q) and E (q) for Ho. Now, however, because it is impossible to solve these 

Bloch equations rigorously, we use here the technique of the total balance method.7) 

The assumptions adopted for the following calculation are as follows. (v) We 

adopt only the lowest terms concerning HelC and ICT/C. (vi) In Eq. (14) we 

assume that C± (c) is approximately written as 

(55) 

Then the total balance method means that the Bloch equations are multiplied 

respectively by k.c and c-:J:;k.c and then integrated by dk. These equations mean 

respectively that the change of the total value ofk.c and c±k.c (or the total current 

and thermal flow) by drift effect and collision mechanisms are balanced in steady 

state, and from these four equations we can determine cg and CJ;. It is easily 

shown that in the case of electron-phonon interaction this method gives the same 

result as that of the second order variational method obtained by Sondheimer and 

Wilson. 7
)8) (see Appendix II). I-Iere we omit the detailed process of the calcu

lation (see Appendix II) and give only the final results. Rewriting C;. such as 

C;=¢'t(eF-vC) -¢'"j;ICVT, v=O, 1, 

conductivity tensor L In Eq. (26) is obtained as follows, 

Loo =6;2 ICJ (¢o:. k±D, 

(56) 

(57) 
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where 

T. Kasuya 

Ln =--i8- -~fz(¢r; k±~), 

LOl =6;2- -T--{ (¢~ k±~) + -~2-/f- (¢r; k±~) } , 

LlO = 1 __ ~I_ {' __ ? __ ICI (¢o:: k±~) + (¢=~ k±~)} , 
18 n 2 ( -

(
J..lJ1L k 3) -- k 3 J..lJ!L + " 3 J..lJIL 
\I':l: ±O - +0 'P+ "'-0 \1'-0 

(58) 

(59) 

(60) 

(61) 

(62) 

and adopting only the leading terms with respect to KT / E (qo) , where qo means 

the maximum wave vector of spin wave mode, we obtain 

(¢o:: k±~) =T~:~;-' 

(riP k ~) - 27I'2 k 4 ____[x J __ _ 
'- ± ±o -3- 0 Lx J rx3J- rx2]2' 

(¢% k±~) = _2_7I'2_ ko 6_3.! __ ~1_:_ 
3 (Lq

2xJ 

7I'2 4 He (LX2] Lq
2
X

2
] 1 ) + ---- ko --------- ------ ---+ 3 ~_--- --__ -----

3 ([x] [x3
] - [X 2

]2 [q2x] 47I' [x] + [x3
] , 

where Lf(q, x)] such as [q2x] means the following value, 

For example, we calculate transport coefficients in some simple cases. 

Case A. E (q) = Eoq/qo, J(q) =Jo. 

In this case L f (q, x)] is written as 

where 

_ 1 He ko 
xo------------- --- -, 

t ( qo 

and from Eqs. (40), (57) and (63) we obtain 

0- =-~--~~ -J(g--tz~)iJ?-(~~r ~4 ¢4 (r\ xo) , 

(63) 

(64) 

(65) 

(68) 

(69) 
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Effects of s-d Interaction on Transport Phenomena 237 

L=--;: __ ~4_ (!: ) 2 t2/ {l--¢-;Cr~~~5-j:~~\ ;;~y} , (70) 

o =: ;' Kr j 1+ + (f:/ ~ t ( +¢,(tC
" ~~(t~~: ~g:- ¢~(;-" :r,j' 

+ -4-;2-¢~(t-~:~:;':¢~(rl,~J)}' (71) 

and where 

(72) 

When Xo is sufficiently smaller and rl is sufficiently larger than unity, we can 

replace ¢n (r\ x o) by ¢n( co, 0). The values of ¢n (co, 0) are gIVen as follows, 

¢2( co, 0) =3.29, ¢3( co, 0) =7.22 
(73) 

Then (]" IS proportional to T-\ L to T2 and 18 is written as 

18 =-;- _~2 __ K r {I + 4 ( _!~_) 2 Ii; ~ 7~} . (74) 

When Xo is sufficiently larger than unity, that IS, III very low temperature range, 

we can replace ¢n (rr, x o) by 

CJ) 

¢n (rr, xo) => j' xn e-;C dx 

Xo 

(75) 

and thus (]" is proportional to e 1
:
O

• On the otherhand, the denominators of Land 

18 vanish if we take only the leading term of Eq. (75). Therefore we must 

calculate the values of L and ~ in such a very low temperature range using the 

full expressions as given in Appendix II. However, in such a very low tempera

ture range, we must consider the following facts that (i) The approximation to 

replace C±(c) by C~+C;c becomes very poor. (ii) The Raman process in which 

one spin wave is absorped and the other one emitted becomes important because 

in this process there are no lower limit with respect to q. (iii) Furthermore, in 

actual case, the transport phenomena of such a low temperature range are de

termined mostly by residual resistance. The more detailed calculation by consi

dering such a circumstance may be carried out in future. 

Case B 

In this case [f(q2, x) ] is written as 
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238 T. Kasuya 

where 
KT 

t -
-~-, (77) 

Eo 

and thus we obtain 

(78) 

(79) 

When Xo is sufficiently smaller and rl larger than unity we can replace 

¢n(r\ xo) by ¢n(m, 0) as was shown in Eq. (73). However, this replacement is 

impossible for the function ¢l (r\ x o) because ¢l (r\ xo) diverges logarithmically in 

the limit of xo->O. Considering the above fact, (5 is proportional to T- 2 and L 

proportional to T. While e is written as 

(81) 

and in this case, too, the anomalous term becomes large because the value of 

He! Eo is in general of the order of 10 and In Xo is not so large (see § 5) . 

In the case of antiferromagnetic ordering the same treatment is possible (see 

Appeneix II). For example, the explicit results of the case A are given as follows. 

(82) 

(83) 

e--~- n
2 
~T 1+n

2
(qo/ko)2t

2
{1- (l/4n

2
) ¢6 (t-l)/¢4 (t-l) } 

- e 3 r; 1+ (n2/3) (qo/ko)2t2{1- (1/2n2) ¢o (t-- 1)/¢4(t-l) } , 
(84) 

where 

(85) 

and t=KT/ Eo. 

In antiferromagnetic ordering, He becomes zero and thus the anomalous term of e; 

proportional to He! r; disappears. 
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Effects of s-d Interaction on Transport Phenomena 239 

§ 5. Conclusions and discussions 

0) By s-d interaction, anomalous thermoelectric force as well as electrical 

and thermal resistivities appears both in ferromagnetic metals ·and alloys. 

(ii) For the more qualitative discussions we take Gd as an example of fer

romagnetic metals. Then using a free electron model we can obtain the following 

values. 

n/N=3, (= 1.2 X 10-11 erg., 

j=7/2, 

H c=1.75X10- 12]z/j erg. 

J o=2.5 X 10-13 erg-, 

(86) 

If we assume that there is only the s-d exchange interaction, Ho IS written as 

(87) 

and Hrn IS determined experimentally by the paramagnetic Curie temperature Tp 

such as 

(88) 

and thus m Gd we obtain 

Tp=300o K, Hm =8 X 10-15 erg=57Ic. (89) 

Eo IS also determined experimentally by T M as follows, 

Eo= j.----r - (-.- /CTM=/CTM (3 ( 3) (3)} 2/3 • 

t 2j 2 - 2 ., 
(90) 

where T M is obtained as an effective Curie temperature by extrapolating the 

. magnetization curve of the range where T3/2 law is applicable in a good approx

imation. In Gd we obtain the following results. 

Eo = 5.8 X 10-14 erg., 

xo=-~~-( {c :: r = ~-, (91) 

and the T 3
/
2 law of the magnetization curve IS applicable still up to 200oK. In 

Fig. 1 the curve of 0 is plotted as a function of T. Experimental value of .~ IS, 

however, not available. 

(iii) As is well-known, the electrical reSIstIVIty by the ordinary electron 

phonon interaction, say PeT)) is proportional to T 5 in temperature sufficiently lower 

than the Debye temperature. While the resistivity by s-d exchange interaction, 

say P8(I> is proportional to T2 from Eq. (78). Therefore the following behaviour 

of P is expected that in sufficiently low temperature P8(l overcomes PeT) and p is 

proportional to T2. In Gd, however, the temperature dependence of p differs from 
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240 T. Kasuya 

the expected behaviour. This result seems to be owing to the fact that in rare earth 

metals the temperature dependence of Pep may be fairly different from that of the 

ordinary theory because of the complicated band structure and thus it is very 

difficult to separate pinto (lep and P,<rl in good accuracy. For example, the electrical 

resistivity of La at sufficiently low temperature is rather proportional to T. Recently 

Mannari pointed out that in Fe P changes with T2 in low temperature.
g

) In the 

transition metals, too, Pep seems to be fairly different from that of the ordinary 

theory as is seen in Pd and Wand thus it is still ambiguous whether this tempera

ture dependence is due to the s-d interaction or not. 

(iv) In rare earth metals the thermal conductivity has not so far been measured. 

In the above calculations we neglected the thermal flow due to spin diffusion or 

spin wave flow. But it seems for me that the effect of spin diffusion may be 

important because of the long range character of the s-d interaction. The more 

detailed discussion about this point may be made in future. 

(v) For an example of dilute alloys we take up here the Cu-Mn alloys as 

one of the simplest substances because Mn+ + is in the state of 5 S and has no 

orbital momentum. Notwithstanding of this circumstance the actual magnetic state 

of Cu-Mn alloys seems to be fairly complicated and the interactions other than the 

s-d interaction seems to be important for the magnetic ordering. However, with 

respect to the electrical and thermal resistivities the results of Eqs. (40) and (44) 

do not depend so sensitively on the character of the magnetic ordering and the, 

agreement with the experimental results is fairly good as was shown by Yosida.5
) 

While the anomalous part of 8 depends so sensitively on the character of the 

magnetic ordering. For example, if the magnetic spins are in a state of some 

kind of the antiferromagnetic ordering, the anomalous part of 8 disappears. 

However, on the other hand, for the applicability of Eq. (50) it is not necessary 

that there appears the resultant magnitude of the magnetization because Eq. (50) 

does not depend on the direction of Jz. For example, Eq. (50) is applicable even 

in the case that the ferromagnetic ordering exists only in the limited range of the 

mean free path of the conduction electron's spin. Therefore the measurement of 

8 may give a certain knowledge about the magnetic ordering of dilute alloys. 

For a more quantitative discussions we take up the sample of 1.8 atomic per cent 

Mn IO
) which was chosen by Yosida for the discussion of the anomalous electrical 

resistivity. Then using the free electron model we obtain the following values. 

(o--1)r=o=4.6p ohm=5.1 X 10-18 e.s.u., 

g=2, j=5/2, N i /N=0.018, (92) 

(= 1.1 X 10-11 erg., N=8.5 X 1022 c.c-1
., 

A(O) =3.4 X 10-12 erg., J(O) ==0.7 X 10-12 erg., 
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AUects of sod Interaction on Transport Phenomena 241 

H c =3.15 X 10-14 erg., T p ",-20o K. 

From the above value it is easily seen that the term proportional to Heir; in Eq. 

(52) is smaller than that proportional to J (0) / A (0) and thus we can use Eq. 

(50) in a good approximation. The graph of 8 given by Eq. (50) is plotted in 

Fig. 2. The anomalous thermoelectric effect is very much larger than the normal 

part. For example, the maximum value of the anomalous part is 350 times of 

the normal part at looK. 

Even in the case of non-ferromagnetic ordering, the anomalous part of e is 

observable by applying strong magnetic field. For example, using a simplest model, 

we can replace Ho by 

(93) 

and taking only the linear terms with respect to the external field H, we obtain 

8= K {7'(2 !!_I ___ !y2(g_1)2/(j+l)2( J(0)_)3 (Jj~)2}. (94) 
e 3 r; 9 A(O) KT 

For example, taking the above data of 1.8% Mn-Cu alloy, we obtain 

6= :- ~2 -~;{1-13 i~6;~;~-} , (95) 

and we can see that when the external field of 104 gauss IS applied the anomalous 

part dominates the normal part in the temperature range lower than 22°K. 

Measurement of (0 in various Cu alloys has been carried out so farU
) and 

the anomalously large values of 8 were observed in samples which exhibit resist

ance anomalies. It seems to me that one of the mechanisms of such anomalous 

thermoelectric power may be what is considered in this paper. However, because 

8 depends sensitively on the ordered states of impurity atoms or the band struc

ture of Cu and these are considered as fairly complicated in Cu alloys (the sign 

of 8 in pure Cu is inverse from that predicted by the free electron model), the 

detailed qualitative comparison between our theoretical and experimental values is 

not tried here. Measurement in a strong magnetic field or in alkaline metals is 

desired. 

(vi) The mechanism of anomalous thermoelectric power may be recognized 

as follows. When temperature gradient f7 T exists, the electron distribution function 

f(.k) changes from the thermal equilibrium values as shown in Fig. 3a. On the 

other hand, the inelastic scattering causes a mixing as shown in Fig. 3a and thus 

the stationary distribution function becomes such as shown in Fig. 3b. If there 

are no other different circumstances between the systems of ± spin electron, the 

situation of Fig. 3b exhibits no anomalous thermoelectric current. However, if 

there are some differences between ± spin electrons, for example, the difference of 

the transition probability of elastic scattering in dilute alloys or the existence of 

the effective field in metallic ferromagnetics, the anomalous thermoelectric current 

flows as shown in Fig. 3c and thus 8 ano appears. 
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Fermi level 

Fermi level , 

T. Kasuya 

(a) (b) 

E- (k)' 
E- (k) 

displacement 

of electron 
---t---::::;:;~'---+---------jl~-------Y----- distribution 

E- (k) E(k) 

(c) 
(d) 

function in 

k space. 

displacement 

of electron 

distribution 

function in 

k space. 

Fig.3 Illustration of the mechanism of the anomalous thermoelectric power. (a), (b) and 

(c) show the mechanism of anomalous thermoelectric power. (d) shows the mechanism 

of normal thermoelectric power 6 nor ' 611.01' is proportional to the difference of the 

displacements CD and ®, and thus usually of the order of KT/(. 

Appendix I 

The integrals to be solved are such as 

(AI) 

When n means an even number, we can write the integrand as follows, 

(A2) 

The first integral is easily performable. The second integral is also performable 

using the following relation, 

(A3) 

Thus In IS obtained as follows, 

10=1/2. (l+e-.c), 

12 = 1[2/6· (1 + e-~'), etc. (A4) 

When n means an odd number, we can calculate In as follows, 
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Effects of s-d Interaction on Transport Phenomena 243 

In= -1/2· (l-e-:
C

) J:co en :c {-(~-s+~i}<i+e~-Ey-} de 

=~(l-e-X) roo E
n
-

1 

de. 
2 J -co (es + 1) (1 +e- S

) 

(A5) 

Thus 

(A6) 

Appendix II 

The equations of the total balance with respect to k.c and e±kx are written as 

dv±=j)~ v=O 1 ~, , (A7) 

where 

d o - 1 {kH (F f') rr2 /C T k 3 
± - 6nZh :1:0 e - p"" - '-2-- T 0 /C 

(AS) 

d 1±=_1 __ { n2l!,_!_ k03(eF-,.,() __ ,,!_2_p±o /C PT} 
6 rr2fl 2 ( r - 3' , 

(A9) 

£J~=_1_ ,'111-
2
/C7' ~I~~L-:-l)2rCO e derqo dq ± qIJ(q) 12 

12n3 fl5 N J-oo JkoIfch (eS±X+1) (l-e- S) (l-e=FX) 

X l- (,q2"'~'" - k0
2 + k02'2X /CT - k0

2 e_/C~) (C £. + (e± x) C~~) 
( (-r -r 

(A10) 

Because, as is seen from Eq. (61), the quantities we reqUIre are (k;o~~'!), we 

transform {C ±} into {Q~v, f3 v} as follows, 

k3 C'J k3 CV - (.) 
+0 +- -0 --jJv' 

(All) 

(A12) 

Then the matrix to determine {a\, {iv} is written by using the approximation to 

adopt only the leading terms with respect to leT / ( and Hj ( as follows. 

eF-p( 
/CpT 

o 
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244 T. Kasuya 

x
2 

2xJ+----o 
2 ' 

where 

J=ko2 He , 
( 

and f(q, x) means (in Eq. (66) it is written as [f(q, x)]) 

_~~2,!:}; j(~-l)~Jqof(q, x~qIJ2(q) 1

2
dq

. 

2n ft4 N J koNe/'; (e"-l) (l-e- X
) 

o 

o 

o 

(AI3) 

(AI4) 

(AI5) 

From the above matrix, we can easily· obtain the required quantities as follows. 

(i) 

where 

D= a 

~{( 4n
2 

x ±~3) ~-l (7r
2 
x_=- ~3/~1 

6 

(AI6) 

(AI7) 

Because the available wave vector q of the spin wave is much smaller than ko in 

low temperature, we pick up only the leading term with respect to q/ ko. Then 

we obtain 

(AIS) 

(ii) (AI9) 

where 
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Effects of s-d Interaction on Transport Phenomena 

D,,= 

( 

2 q2) X2 

- .2ko. -2· 2-' 

and taking only the leading terms respecting q/ ko we obtain 

(~~ k~o) =_~~2_ k04 ~_~J~l __ . 
3 [xJ[X 3J_[X 2J2 

(iii) 

2 

- 2xLl- -~-(j 
2 ' 

o 

- k0
2( 4n2x+x3) +q2 (n2x~_~~/2) 

6 

245 

(A20) 

(A21) 

(A22) 

and taking only the leading. terms with respect to q/ ko, we obtain the result of 

Eq. (65). 

If one wihes to obtain the ordinary results of electron-phonon interaction, the 

following simplification should be made. (i) The behaviours of the electron systems 

with ± spin directions are' equivalent and thus in the matrix of Eq. (A13) fio and 

fil should be put zero and the second and fourth lines of the matrix be omitted. 

(ii) The effect of the scattering mechanisms becomes twice that in the above case 

because in the present case the two mechanisms corresponding to the emission and 

absorption of phonons are available. (iii) The transition probability given by Eq. 

(53) should be replaced by the ordinary value of electron-phonon interaction. 

Then the matrix to determie a o and a 1 becomes such as 

a o 

x 3 leT 
k0

2
---

2 

1 {3k 2 a 2 (2 x
3 

) } -3- 0 X +q n X - 2 ' 

eF - p( !CpT 

2 

n k 6 

3 0 

(A23) 

and this gives just the same result as that calculated by Sondheimer and Wilson 

using the second order variational method. 
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246 T. Kasuya 

In the case of the antiferromagnetic ordering, the situation IS just the same 

as that of the electron phonon interaction and the matrix of (A23) is also ap

plicable. The explicit forms of (¢~!J1~~o) are given as follows. 

k0
6 

(¢o:.. k~o} = (A24) 
q2;-' 
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