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1   Introduction
The thermal efficiency of gas turbine is an important

factor that strongly affects the CO2 emission reduction
and the prevention of global warming, and in order to
make significant improvements in this efficiency, the
increase in the turbine inlet temperature (TIT) is required.
For this reason, Ni-base single crystal (SC) superalloys
were developed for the applications in gas turbines in order
to achieve increasingly higher operating temperatures.1)

The gas turbine blades and vanes made of SC superal-
loy show complex mechanical properties, because of its
anisotropic properties. On the actual blades and vanes,
the orientation of [001] in the radial direction is the well-
established manufacturing method. However, the in-plane
crystal orientation is conventionally not controlled. The
effect of elastic anisotropy is being researched through
the comparison between the isotropic and the anisotropic
analyses2)~4) and thermal stress analysis of SC during
growth.2), 5) Anisotropy in multiaxial creep and fatigue
has also been investigated.6)~10) The elastic matrix com-
ponents of face-centred-cubic SC have been expressed by
Miyazaki et al in terms of an arbitrary Cartesian coordi-
nate system.11)

On the other hand, it is difficult to evaluate structural
strength of turbine blades and vanes, because of their
complicated shapes and working environment. Simple
models as cylinder and simple thermal loads have been
reported in most published papers.5), 7), 12) Very few

attempts have been made at the structural strength of SC
turbine blades and vanes under the real shapes13) and
operating environment. However, as the SC turbine blades
and vanes are expensive, it is desired to make the best use of
the anisotropy reconcile with the operating environment.
The structural strength characteristics, and its depen-
dency on the crystal orientation should be investigated.
In this paper, the effects of the in-plane crystal orientation
on the structural strength of turbine vanes were investi-
gated for broad applications of the SC in the gas turbine
industry. 

2   Analytical Modeling Descriptions
The analytical model is of a 1st stage gas turbine vane

of 1400℃ class and the material used was SC superalloy
TMS-75. Figure 1 (a) shows the analytical model of a tur-
bine vane. In Fig. 1, the dimensionless parameter H cor-
responds to the vane height, where H0% and H100% rep-
resents the hub and tip of the turbine vane, respectively.
In the same manner, the dimensionless parameter L
represents the external surface position as shown in
Fig. 1 (b). The leading edge and trailing edge are located
at 0% and 100% positions, respectively. The pressure side was
set as negative and the suction side as positive. X, Y and
Z-axis represent the axial, circumferential and radial
direction of the vane respectively. The crystal orientation
relative to the basis is described by θ , the angle between 
SC [100] direction and X-axis, in which the Z-axis coin-
cides with the [001] crystallographic direction as shown
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in Fig. 1 (c). When considered in terms of the simple
cylindrical coordinate system, the matrix components of
SC are known to be dependent on θ and varies cyclically
with a period of 90°.2), 5) Similar variations were expected
in this study, thus, 6 cases were considered with various
values of θ in the range from 0° to 75° at 15° intervals. The
thermal load and gas pressure were imitating those in
the operating condition of a 1400℃ class gas turbine,14)

and the temperature distribution on the external surfaces
of the turbine vane at different cross-sections is shown in
Fig. 2. Analysis was done with Nastran for Windows
Visual 2003. The geometry of the vane was meshed by
tetrahedral elements, with 106042 elements and 33318
nodes (see Fig. 3). As shown in Fig. 3, the nodes on the
surface of the outer and inner sidewalls were constrained.4)

The analysis of creep rupture life and data processing
were carried out by an existing evaluation system.14)

3   Formulation, FEM Analysis Results
and Discussion

3. 1   Formulation
For cubic single crystals, when the X, Y and Z-axes

coincide with the crystallographic axes (Fig. 1 (c), θ = 0°),
there are only three independent elastic constants c11, c12

and c44 as expressed in Eq. (1).11), 15)

(1)

Here, indices 1, 2 and 3 indicate the crystallographic axes
of the material (SC). For practicality, Eq. (1) is described by
the Eq. (1a).

(1a)

When θ ≠ 0° as shown in Fig. 1 (c), direction cosine
from the crystallographic axes to Cartesian coordinate is
described as Eq. (2).
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Fig. 1   Analysis model (a), normalized position in cross-section of vane (b) and single crystal direction with θ degree (c).

Fig. 2   Temperatures of different cross-sections on the
external surfaces of the turbine vane.

Fig. 3   The mesh distribution and boundary condition. 
The DOF of the nodes on the surfaces (☆) were
partly constrained.
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(2)

In this case, the elastic constant matrix [A′] in Cartesian
coordinate is determined by the coordinate transformation
rule of Eq. (3).16)

(3)

Here, [T] is the coordinate transformation matrix17), 18)

and is formulated as Eq. (3a)．

(3a)

Then the elastic constant matrix can be expressed as
Eq. (4).

(4)

with
(4a)
(4b)
(4c)
(4d)
(4e)

Equation (4) is essentially in accordance with the
results of Miyazaki et al.11) Values of c11, c12 and c44 on the
SC superalloy TMS-75 were shown in Table 1. To discuss
the effects of θ on the elastic constant, the relationship
curves between c′11, c′12, c′44, c′14 and θ were produced as
shown in Fig 4 (a), by using the values of c11, c12, c44 for a

temperature of 700℃, which is close to the average tem-
perature of the external and inner surfaces of the turbine
vane (blade). The variation of c′11, c′12, c′44 with their values
at θ = 0° as the reference, is shown in Fig. 4 (b). From
Fig. 4, it is clear that c′11, c′12 and c′44 strongly depend on θ
in the sine function with a period of 90°, and the maxi-
mum changes were by over 30%, 45% and 60%, respec-
tively.

Next, the effects of the crystal orientation θ on von
Mises stress were investigated using Eq. (5) :

(5)
Equation (5) can be rewritten as Eq. (6) through Eq. (4).

(6)

with

(7)

(7a)

(7b)

(8)

(8a)

(8b)

(8c)

From Eqs. (6) to (8), σ is not only dependent on θ , but
also related to many factors such as the elastic constant
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Fig. 4   Relations between the elastic constants and θ, (a) absolute value, (b) relative value.

Table 1   Values of elastic constants of the SC superalloy TMS-75.
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of material, thermal environment, gas pressure and model
shape. The FEM method was used to analyze the effects
of θ on the structural strength, because of the consideration
required for the complex shape and loads of the vane.

3. 2   Results and Discussion
The anisotropy of the creep deformation and plastic

deformation are not considered as an initial stage of the
research, and the structural strength is investigated using
the parameter of the von Mises stress and a creep rupture
time calculated by the Larson Miller curve as reported.4)

3. 2. 1   Von Mises Stress First, the variation of
stress in the turbine vane with θ in the range of 0° to 90°

was studied. Figure 5 (a) shows the average stress of the
101 points which uniformly located on the external surfaces
of the turbine vane in four different cross-sections; H2%,
H30%, H70%, and H98%. There were cases where the aver-
age stress of each surface depended strongly on θ , such as at
H2%, however there were also cases, such as at H70% where
it was unaffected. The relationship between nodal stress and
θ for the position H70% of the vane is shown in Fig. 5 (b).
It shows that the nodal stress is strongly dependent on θ in
the cross-section at H70%. In other words, in general von
Mises stress is dependent on θ . In addition, Miyazaki et
al reported that a cylindrical model subjected to two-

dimensional thermal loading has a symmetrical stress dis-
tribution with a cyclical period of 90°.2),5) In the case of a
vane, the von Mises stress cyclic variation has a period of 90°

in terms of θ , but, does neither have simple sine functions
as the c′11 and c′12 nor symmetrical distributions, because the
shape and the loading of the vane are not symmetrical.

The stress difference between the cases of θ = 0° and
45° were examined. Nodal stresses in three different
cross-sections (H10%, H50%, H90%) are shown in Fig. 6.
The von Mises stress differences are normalized by the
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Fig. 5   Distribution of von Mises stress, the means of
H and L (see Fig. 1 (b)).

Fig. 6   Distribution of von Mises stress of the nodes in
different cross sections for the cases of θ = 0° and 45°.



stress for θ = 0°, shown in the figure in % unit. From Fig. 6,
the difference in von Mises stress between θ = 45° and 
θ = 0° exceeds ± 20% on more than one occasion. The
extreme values of the von Mises stress variation are 75%
and −38% as shown in Fig. 6 (a) and (c), respectively. The
peaks and troughs are located at the leading edge (Fig. 6,
☆), suction side (Fig. 6,↑) and pressure side (Fig. 6 (b),
(c) : △) for each cross-section. But they are mainly near
the leading edge (Fig. 6, L = −25% ~ +25%). In this study,
only three cross-sections in the cases of θ = 0° and 45°

were compared, and it is expected that the differences in
von Mises stress will become greater as the number of
the investigated cross-sections and θ values increase.

3. 2. 2   Creep Rupture Life Creep rupture life tr

is estimated by Eq. (9).

(9)

where, T is absolute temperature (K), C is constant (20), and
Pf is the Larson Miller parameter. Pf is decided by the
Larson Miller curve in Fig. 7, which is in accordance with
the von Mises stress obtained by FEM analysis. Strictly
speaking, anisotropy of the Larson Miller curves of the SC
superalloys should be considered, but in this analysis, the
Larson Miller curve of the SC superalloys with [001] was
used for all the direction as an approximation. The approxi-
mation is applied, because data of creep anisotropy is lim-
ited, and it seems to us difficult to obtain the anisotropy
of the Larson Miller curves from the limited data ever
published. In Fig. 7, the points are experimental values and
the broken line is the extrapolation.

The relationship between θ and the creep rupture life
with respect to the mean value for each cross-section and
the nodes at H70% are shown in Fig. 8 (a), (b), respec-
tively. Since the same temperature applies to all cases in
this study, the creep rupture life is strongly dependent on
Pf. Therefore, the creep rupture life is reduced when von
Mises stress is high, and the creep rupture life of the
vane depends on θ . 

In order to discuss the change in creep rupture life, the
average values of Log10 tr were calculated for the pressure
side, suction side and leading edge separately. The change
in the creep rupture life Δt was expressed in Eq. (10), in
terms of the maximum tmax, minimum tmin of the 6 cases
with various θ values and tθ 0 of the case θ = 0° that were
considered in this study.   

(10)
From the result calculated by Eq. (10), Table 2 shows

that the change in the creep rupture life with θ was more
than 20% for the pressure and suction sides of the vane,
and a large change was found for the leading edge over
70%. Thus, the creep rupture life strongly depended on θ .

From the results, it is clear that the strength of the SC
superalloy turbine vane is influenced strongly by the in-
plane crystal orientation and also by other factors such as
the model shape and load. This dependency is especially
significant near the leading edge. Therefore, these differ-
ences cannot be ignored, and careful considerations are
required for the model shape and the load in the design
of SC superalloy turbine vanes. 
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Fig. 7   LM curve of SC superalloy TMS-75.

tr
P f TC T= −( )10

Fig. 8   Creep rupture time distribution of vane.

Table 2   Variation of creep rapture time normalized by that
with θ = 0°(%).

Δt t t t% max min( ) = −( ) ×10 10 10 1000θ
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4   Conclusions
In this paper the effects of the cross-sectional in-plane

crystal orientation on the structural strength of the gas
turbine vane of 1400℃ class were investigated using the
FEM analysis. The material of the turbine was the single-
crystal superalloy TMS-75. The results obtained in pre-
sent work are :

(1) Some of the elastic constants in the expression for
the model were sine function of θ with a period of 90°.
Maximum variations of c′11, c′12, c′44 were by over 30%, 45%
and 60% respectively for θ of 0 to 90 degree.

(2) The von Mises stress dependency on θ was
examined. It was not only dependent on θ but related to
many factors such as the elastic constant of material,
thermal environment, gas pressure and model shape. The
dependency of the structural strength of the vane on the
crystallographic orientation was found to be complex.

(3) It was clear from the FEM analysis that the effects of
θ on the structural strength of the turbine vane are par-
ticularly strong near the leading edge where it is mostly
prone to fracture.

In the future, the effects of the crystal orientation,
model shape and load on the structural strength will be
estimated in more detail, and turbine blades will also be
investigated. Also the anisotropy of creep deformation
and the plastic deformation should be considered in the
next step of the research.   
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