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ABSTRACT

Keywords: Multivariate rational interpolation, multivariate adaptive sampling, model-based

parameter estimation, surrogate modelling, computer-aided design.

A robust and efficient adaptive sampling algorithm for multivariate, multiple output rational

interpolation models, based on convergents of Thiele-type branched continued fractions, is

presented. A variation of the standard branched continued fraction method is proposed that uses

approximation to establish a non-rectangular grid of support points. Starting with a low order

interpolant, the technique systematically increases the order by optimally choosing new support

points in the areas of highest error, until the desired accuracy is achieved. In this way, accurate

surrogate models are established by a small number of support points, without assuming any a

priori knowledge of the microwave structure under study. The technique is illustrated and

evaluated on several passive microwave structures, however it is general enough to be applied to

many modelling problems.

OPSOMMING

Sleutelwoorde: Multi-veranderlike rasionale interpolasie, multi-veranderlike aanpasbare

monstememing, model-gebaseerde parameter afskatting, surrogaat modelering, rekenaargesteunde

ontwerp.

'n Robuuste en effektiewe aanpasbare monstememingsalgoritme vir multi-veranderlike, multi-

uittree rasionale interpolasiemodelle, gegrond op konvergente van Thiele vertakte volgehoue

breukuitbreidings, word beskryf. 'n Variasie op die konvensionele breukuitbreidingsmetode word

voorgestel, wat 'n nie-reghoekige rooster van ondersteuningspunte gebruik III die

funksiebenadering. Met 'n lae orde interpolant as beginpunt, verhoog die algoritme stelselmatig die

orde van die interpolant deur optimal verbeterde ondersteuningspunte te kies waar die grootste fout

voorkom, totdat die gewensde akuraatheid bereik word. Hierdeur word akkurate surrogaat modelle

opgebou ten spyte van min inisiele ondersteuningspunte, asook sonder voorkennis van die

mikrogolfstruktuur ter sprake. Die algoritme word gedemonstreer en geevalueer op verskeie

passiewe mikrogolfstrukture, maar is veelsydig genoeg om toepassing te vind in meer algemene

modelleringsprobleme.
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CHAPTER 1: INTRODUCTION

1.1 Introduction

T h e in c re a s in g n e e d o f a f ir s t-p a s s s u c c e s s le v e l to re d u c e th e c o s t o f th e d e s ig n o f m ic ro w a v e

c irc u i ts h a s p la c e d e n h a n c e d d em a n d s o n c om p u te r -a id e d d e s ig n (C A D ) to o ls . F u r th e rm o re , th e

s tr in g e n t d e s ig n sp e c if ic a t io n s a n d th e in c lu s io n o f e f fe c ts s u c h a s m a n u fa c tu r in g to le ra n c e s in th e

d e s ig n n e c e s s i ta te s th e u s e o f o p tim is a t io n -b a s e d c om p u te r a lg o r i thm s a n d s ta t is t ic a l a n a ly s is

m e th o d s su c h a s M o n te C a r lo a n a ly s is a n d y ie ld -d r iv e n o p tim is a t io n . T h is le a d s to a h ig h ly

re p e t i t iv e c om p u ta t io n a l p ro c e s s , i .e . n um e ro u s e v a lu a t io n s o f a m o d e l o f th e p h y s ic a l s tru c tu re

b e in g d e s ig n e d . H e n c e , a m o d e l o f th e m ic ro w a v e s tru c tu re is re q u ire d th a t is n o t o n ly h ig h ly

a c c u ra te , b u t a ls o c om p u ta t io n a l ly e f fe c t iv e .

C om p u ta t io n a l e le c trom a g n e tic (C EM ) a n a ly s is te c h n iq u e s , w h ic h a re c om p u te r s o lu t io n s o f

M axw e ll 's e q u a t io n s , c a n p ro v id e m o d e ls w ith h ig h a c c u ra c y fo r a m ic ro w a v e s tru c tu re o v e r a

c e r ta in ra n g e o f f re q u e n c y a n d /o r p h y s ic a l d im e n s io n s . H ow e v e r , th e c om p u ta t io n a l e f fo r t r e q u ire d

c a n b e c om e e x c e s s iv e , e s p e c ia l ly fo r la rg e a n d c om p le x s tru c tu re s . E m p ir ic a l c ir c u i t- th e o re t ic

m o d e ls , i f th e y e x is t , a re c om p u ta t io n a l ly v e ry e f fe c t iv e , b u t th e ir a c c u ra c y o v e r a w id e b a n d a n d

p a r t ic u la r ly a t h ig h e r f re q u e n c ie s b e c om e s q u e s t io n a b le d u e to th e ir in a b i l i ty to m o d e l a l l p a ra s i t ic

a n d c o u p lin g e f fe c ts . N ew m o d e ll in g te c h n iq u e s th a t e s ta b l is h s u r ro g a te m o d e ls fo r m ic ro w a v e

s tru c tu re s p ro v id e a so lu t io n to th is p re d ic am e n t . S in c e su r ro g a te m o d e ls d ire c t ly f i t d a ta f rom

C EM s im u la t io n s , th e ir m o d e l a c c u ra c y is h ig h , a n d th e e v a lu a t io n o f s u r ro g a te m o d e ls is fa s t ,

a l lo w in g h ig h ly re p e t i t iv e m o d e l e v a lu a t io n s in o p tim is a t io n a n d y ie ld -d r iv e n d e s ig n . C u r re n t

m o d e ls in c lu d e lo o k -u p ta b le s , in te rp o la t io n te c h n iq u e s a n d a r t i f ic ia l n e u ra l n e tw o rk s [1 ] , [2 ] .

L o o k -u p ta b le s re q u ire th e g e n e ra t io n o f a d a ta b a s e , w h e re d a ta p o in ts a re d e te rm in e d in a m u lt i -

d im e n s io n a l (u s u a l ly u n ifo rm ) g r id , a n d th e am o u n t o f s to ra g e sp a c e in c re a s e s e x p o n e n tia l ly a s th e

d im e n s io n in c re a s e s . T h e n um b e r a n d s e le c t io n o f th e s e d a ta p o in ts m a y n o t b e o p tim a l , w h ic h

le a d s to in a c c u ra te m o d e ll in g o r o v e rs am p lin g . U su a l ly lo w o rd e r p o ly n om ia l in te rp o la t io n

te c h n iq u e s a re em p lo y e d to d e te rm in e v a lu e s b e tw e e n g r id p o in ts a n d h e n c e o n ly m ild n o n -

l in e a r i t ie s c a n b e h a n d le d [3 ] , [4 ] .

A r t i f ic ia l n e u ra l n e tw o rk s a re m a s s iv e ly c o n n e c te d p a ra l le l n e tw o rk s o f s im p le p ro c e s s in g u n its

c a l le d n e u ro n s , w ith a n in p u t/o u tp u t m a p p in g b e in g re p re s e n te d in th e fo rm o f in te rc o n n e c t io n

w e ig h ts . T h e ir d e s ig n m im ic s th e o rg a n is a t io n a n d p e r fo rm a n c e o f b io lo g ic a l n e u ra l n e tw o rk s in

th e n e rv o u s sy s tem o f th e b ra in . A r t i f ic ia l n e u ra l n e tw o rk s c a n le a rn a n d g e n e ra l is e f rom d a ta , a re
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easy to implement and ar~ very fast to evaluate. Once properly selected and trained, they have the

ability to model highly non-linear functions with high dimensionality, since the size of the neural

network does not increase exponentially with dimension. However, they require networks with the

right topology, high numbers of training and testing examples, and often excessive training times

[5], [6].

Interpolation techniques, as artificial neural networks, reqUIre only storage of the interpolant

coefficients, and in addition normally require the smallest amount of data, i.e. CEM analyses, to

establish a model. Therefore, model building can be much faster than look-up table or neural

network models. Interpolation models are fast to evaluate and hence are well suited for circuit

optimisation and statistical design [7]-[10].

1.2 Interpolation models

While polynomial functions are often used as interpolants, rational functions yield better results for

functions containing poles or for meromorphic functions. Polynomial interpolation is prone to wild

oscillations and an acceptable accuracy is sometimes achieved only by polynomials of intolerably

high degree [11], [12].

A rational function can be constructed by calculating the explicit solution of a system of

interpolatory conditions, by starting a recursive algorithm, or by calculating the convergent of a

continued fraction [13], [14]. The use of continued fractions as interpolants is a computationally

efficient method [15] and gives accurate numerical results [16], [17]. Recursive algorithms on the

other hand, are accurate, but determine a value of the interpolant directly from tabulated data

without calculating the coefficients. Hence, they become computationally inefficient for a large

number of function evaluations. This method was applied in [18] using the Bulirsch-Stoer

algorithm [19]. The technique of solving a system of interpolatory conditions, while used most

often [18], [20]-[28], is generally accepted to be the least accurate method. Usually a least squares

fit is used. In [21] and [29] the authors used the total least squares method, which allows for some

suppression of the effects of noise in the data. Several authors have applied the interpolation

technique to the method of moments, for which derivatives with respect to frequency can be

calculated and integrated into the interpolation model [20]-[22].

The orders of interpolants are generally determined heuristically or estimated. With no a priori

knowledge of the problem, this can easily lead to over-determined interpolants, requiring high

numbers of support points. When CEM techniques are used for the generation of the support
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points, it is of utmost importance to m inim ise the required number, especially for the multi-variable

case. This can only be achieved by the use of adaptive sampling schemes, where the order of the

function is gradually increased until a desired accuracy is reached. In tum , this requires that a

suitable error function exists and that unequally spaced support points can be used [30]. Published

error functions include the difference between two interpolation models that either use different

data sample sets and/or are of different rational polynom ial orders [18], [23], [25], [26].

The extension of a single variable rational interpolant to a multi-variable rational interpolant is not

trivial since a large degree of freedom in the choice for the numerator and denom inator polynom ials

exists. Only a few multivariate sampling algorithm s have been published. In [18] the authors use a

rectangular grid of support points and recursive univariate interpolation to establish the

multidim ensional interpolation space. They also mention establishing a multivariate function by

solving a linear system of equations. In [26] multivariate polynom ials are used to build a model for

the geometrical parameters at a single frequency and rational interpolation is used to combine these

polynom ials to determ ine the entire interpolation space.

In this dissertation a novel adaptive sampling algorithm for general multivariate interpolation

models is presented. The interpolation model is based on a Thiele-type branched continued fraction

representation of a multivariate rational function. The coefficients of the rational interpolant and

the evaluation of the function values are determ ined in a recursive manner, providing a

computationally efficient and numerically accurate interpolation technique. The standard branched

continued fraction interpolation technique, which requires a fully filled rectangular grid of support

points, is adapted here to allow sampling on a non-rectangular grid. Support points can therefore be

placed optim ally in the interpolation space, which w ill result in a reduction of the number of CEM

analyses. An error estim ate is obtained as a natural consequence of the recursion formulas. The

proposed technique constructs sets of single parameter interpolants at optim al points in a (D -l)-

variable space. The univariate interpolants are in tum used to form bivariate, trivariate and finally

D -variable functions. S tarting w ith low order interpolants, the adaptive sampling algorithm

systematically increases the order by optim ally choosing new support points in the areas of highest

error, until a m athematical model w ith the required accuracy is achieved.

To model multi-port m icrowave discontinuities, a multiple output interpolation model is defined,

which consists of a set of rational interpolants, where each interpolant models one of the output

parameters/ports. For this case, a single global error function is defined incorporating all the output

parameters, and is used for the selection of the same set of support points for all the interpolants.
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T h e a l g o r i t h m i s f u l l y a u t o m a t i c , d o e s n o t r e q u i r e d e r i v a t i v e s a n d i s w id e l y a p p l i c a b l e . T h e

t e c h n i q u e i s e v a l u a t e d o n s e v e r a l p a s s i v e m i c r o w a v e s t r u c t u r e s w i t h e r r o r s o f l e s s t h a n 0 .2 5 % b e i n g

a c h i e v e d i n a l l c a s e s . T h i s m o d e l a c c u r a c y i s m o r e t h a n a d e q u a t e f o r t h e p u r p o s e s o f d e s i g n i n g

m o s t m i c r o w a v e c i r c u i t s .

1.3 About the dissertation

T h e a im o f t h i s d i s s e r t a t i o n i s t o d e v e l o p t h e t h e o r y f o r a n a d a p t i v e s a m p l i n g a l g o r i t h m f o r

m u l t i v a r i a t e , m u l t i p l e o u t p u t r a t i o n a l i n t e r p o l a t i o n m o d e l s a n d t o i n v e s t i g a t e t h e n u m e r i c a l

p e r f o rm a n c e . U s e i s m a d e o f s e v e r a l C E M a n a l y s i s t e c h n i q u e s , w h i c h a r e r e f e r e n c e d , b u t a r e n o t

d i s c u s s e d a s t h e m a th e m a t i c a l d e r i v a t i o n s o f t h e s e t e c h n i q u e s a r e b e y o n d t h e s c o p e o f t h i s

d i s s e r t a t i o n .

T h e p r im a r y o r i g i n a l c o n t r i b u t i o n s o f t h i s w o r k a r e [ 3 1 ] - [ 3 5 ] :

• t h e d e v e l o p m e n t o f a r o b u s t a d a p t i v e s a m p l i n g a l g o r i t h m f o r i n t e r p o l a t i o n m o d e l s ,

• t h e e x t e n s i o n t o m u l t i v a r i a t e i n t e r p o l a t i o n m o d e l s ,

• t h e e x t e n s i o n t o m u l t i p l e o u t p u t i n t e r p o l a t i o n m o d e l s .

T h e s e c o n d a r y c o n t r i b u t i o n s a r e :

• t h e a d a p t a t i o n o f t h e s t a n d a r d b r a n c h e d c o n t i n u e d f r a c t i o n t o a l l o w a n o n - r e c t a n g u l a r g r i d o f

s u p p o r t p o i n t s ,

• t h e a p p l i c a t i o n o f a c c u r a t e a n d c o m p u t a t i o n a l l y e f f i c i e n t m u l t i v a r i a t e r a t i o n a l i n t e r p o l a n t s ,

r e p r e s e n t e d b y T h i e l e - t y p e b r a n c h e d c o n t i n u e d f r a c t i o n s , t o t h e m o d e l l i n g o f e l e c t r o m a g n e t i c s -

b a s e d d e v i c e s ,

• t h e a p p l i c a t i o n o f t h e m e th o d t o a g g r e s s i v e s p a c e m a p p i n g [31],

• t h e a p p l i c a t i o n o f t h e m e th o d t o r o o t - f i n d i n g [ 3 2 ] .

T h e t h e o r y o f T h i e l e - t y p e b r a n c h e d c o n t i n u e d f r a c t i o n s h a s b e e n p r e s e n t e d f o r t h e b i v a r i a t e c a s e i n

[ 3 6 ] a n d i t i s g e n e r a l i s e d f o r t h e m u l t i v a r i a t e c a s e i n c h a p t e r 2 o f t h i s d i s s e r t a t i o n . T h e m u l t i v a r i a t e

a d a p t i v e s a m p l i n g a l g o r i t h m f o r t h e i n t e r p o l a n t p r e s e n t e d i n c h a p t e r 2 i s e x p o u n d e d i n c h a p t e r 3 .

T h e p r o p o s e d t e c h n i q u e i s e v a l u a t e d i n c h a p t e r 4 f o r t h e u n i v a r i a t e c a s e a n d i n c h a p t e r 5 f o r t h e

m u l t i v a r i a t e c a s e b y a p p l y i n g i t t o s e v e r a l e l e c t r o m a g n e t i c s - b a s e d d e v i c e m o d e l l i n g p r o b l e m s .

F i n a l l y , c h a p t e r 6 c o n t a i n s p o s s i b l e e x t e n s i o n s t o t h e t h e o r y p r e s e n t e d h e r e a n d a c o n c l u s i o n .
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CHAPTER 2: R A T IO N A L IN T E R P O L A T IO N

T h e m u l t iv a r ia te in te r p o la t io n u s e d in th i s d i s s e r ta t io n , h a s a s s ta r t in g p o in t th e m o r e s im p le

u n iv a r ia te r a t io n a l in te r p o la t io n . I n o r d e r to e a s e u n d e r s ta n d in g o f th e f o rm e r , a d e ta i l e d e x p o s i t io n

o f th e la t t e r i s f i r s t g iv e n .

2 .1 U n iv a r ia te R a t io n a l I n te r p o la t io n

R a t io n a l in te r p o la t io n d e f in e s a n a n a ly t i c f u n c t io n f f i o f th e c o m p le x v a r ia b le r a s a q u o t ie n t o f tw o

p o ly n o m ia l s N((r) a n d Du(r),

(1)

w ith C ; ; th e o r d e r o f th e n u m e r a to r , u th e o r d e r o f th e d e n o m in a to r , a n d P k a n d qk th e p o ly n o m ia l

c o e f f ic ie n t s . T h e r a t io n a l in te r p o la n t f f i p r o v id e s a n a p p r o x im a t io n o n a n in te r v a l [r(O), r(l)] o f th e

f u n c t io n S(r) th a t w e a r e t r y in g to m o d e l . S in c e th e r e a r e C ;;+u+ I u n k n o w n c o e f f ic ie n t s ( q o i s

c h o s e n a r b i t r a r i ly ) , a s e t ofN+l=C;;+u+l s u p p o r t p o in t s (r(i); S i ) , w i th i=O, 1 , " ',N a n d S i= S ( r ( i ) ) ,

a r e r e q u i r e d to c o m p le te ly d e te rm in e ffi(r). ffi(r) i s th e n a c u r v e p a s s in g th r o u g h th e o r d in a te s S i a t

th e a b s c i s s a s r(i) f o r i=O, 1 , . . . , N . I t i s a s s u m e d th a t ffi(r) e x is t s a n d h a s n o u n a t ta in a b le s u p p o r t

p o in t s [ 3 7 ] , [ 3 8 ] .

E q u a t io n ( 1 ) i s r e p r e s e n te d b y a c o n v e r g e n t o f a c o r r e s p o n d in g T h ie le c o n t in u e d f r a c t io n , a s s h o w n

in e q u a t io n ( 2 ) . E a c h r a t io n a l e x p r e s s io n ffikCr) i s a k
th

o rd e r p a r t i a l f r a c t io n e x p a n s io n o f

e q u a t io n ( 1 ) , to g e th e r c o n s t i tu t in g a s e t o f in te r p o la n t s w h ic h e x h ib i t in c r e a s in g a c c u r a c y a s k

in c r e a s e s , r e a c h in g a c o n v e r g e n t v a lu e a t k = N .

r _riO)
91ir) = S o + (I)

(
(I) ( 0 » ) r - r

rp I r , r + « 2 ) ( I ) ( 0 » )
rp2 r ,r,r + ...

r - r(k-I)

... + (k) (k-I) (0)
rp k(r , r , ... , r )

k = O ,l ," ',N ( 2 )

T h e in v e r s e d i f f e r e n c e s qJk, a r e th e p a r t i a l d e n o m in a to r s o f e q u a t io n ( 2 ) , a n d a r e e s s e n t ia l ly th e

c o e f f ic ie n t s th a t d e f in e ffik(r). T h e in v e r s e d i f f e r e n c e s a r e d e te rm in e d r e c u r s iv e ly f r o m th e s u p p o r t
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po in ts and a re d e fin ed in equa tio n (3 ) [19 ].

( i) (k-I)

(
( i) ( k - I ) (0 )) _ y - y

q J k Y , Y , . . . , Y = (i) ( k - 2 ) (0 )) ( k - l ) ( k - 2 ) (0 )) ,

q J k - 1 Y , Y , . . . , y - q J k - 1 Y , Y , . . . , y

i=I,2, ... ,N

(3 )

i=k, k+ 1 , ... , N ; k=2, 3 , ... , N

T he in te rpo la tio n fun c tio n 91k( y ) can be ev a lu a ted num erica lly w ith th e th ree -te rm recu rren ce

re la tio n s g iv en in equa tio n (4 ) in itia lised w ith N o ( Y ) = So , N \ ( Y ) = q J \ ( y ( l ) , y ( O » ) N o + ( y _ y ( O » ) ,

D o ( y ) = l , and D \ ( y ) = q J \ ( y ( l ) , y ( O » ) [3 9 ]. A s a con sequence o f th e con tin u ed frac tio n fo rm u la tio n

s= v = k / 2 fo r k e v e n and S = ( k + 1 ) / 2 and v = ( k - 1 ) / 2 fo r k o d d .

N

k

( y ) = q J / y ( k l , y ( k - I ) , . . . , y ( O ) ) N
k

_
1

( y ) + ( y _ y ( k - I ) ) N
k

_
2

( y ) }

D () ( k ) ( k - l ) (0 )) D () ( ( k - l ) ) D ()
k Y = q J k Y , Y , . . . , Y k - l Y + Y - Y k - 2 Y

9 t

k

( y ) = N k ( y )

D k ( y )

k = 2 , 3 , ... , N

k = 0 , 1 , ... , N

(4 )

T he de riv a tiv e o f 91k( y ) w ith re sp ec t to y can be ca lcu la ted recu rs iv e ly by tak ing th e d e riv a tiv e s o f

equa tio n (4 ) in itia lised w ith 8 N o( Y ) = 0 8 D
o

( Y ) = 0 8N,
(y ) = 1 and 8Dl(y ) = 0 i.e .

, 8 y ' 8 y , 8 y 8 y '

k = 2 , 3 , ... , N

(5 )

k =1 ,2 , ... , N .

S im ila rly , a ll h ig h e r o rd e r d e riv a tiv e s o f 9 1 k ( Y ) can be ca lcu la ted .

T he com pu ta tio n a l e ffo rt in d e te rm in ing th e co e ffic ien ts q J k ( Y k , Y k - l , ' . ' , Y o ) fo r k = 1 ,2 ," ', N u sing

th e recu rren ce re la tio n s in equa tio n (3 ), is Y zN (N +1 ) d iv is io n s and N (N + 1 ) sub trac tio n s . T o

eva lu a te N N (y ) o r D N ( y ) w ith th e recu rren ce re la tio n s in equa tio n (4 ), requ ire s 2N -1

m u ltip lica tio n s , N add itio n s and N sub trac tio n s . In to ta l, to ev a lu a te 91N (y ) requ ire s 4N -2

m u ltip lica tio n s , 1 d iv is io n , 2N add itio n s and 2N sub trac tio n s .

A s th e accu racy o f 9 1 ( y ) ove r a ce rta in y rang e is requ ired to in c rea se , th e o rd e r o f th e in te rpo la tin g

ra tio n a l po lynom ia l in c rea se s . T h is in c rea se in th e d eg ree o f freedom o f 9 1 ( y ) can cau se a ze ro in

th e num era to r and a ze ro in th e d enom in a to r po lynom ia ls to o ccu r a t a lm o st p rec ise ly th e sam e

po sitio n . A t th ese po le /ze ro com b in a tio n s L 'H o sp ita l 's ru le is app lied fo r th e ev a lu a tio n o f th e

in te rpo la tio n fun c tio n , i.e . 91
k

( y ) - + 8 N
k

( Y ) / 8 D
k

( y ) .

8 y 8 y

6



2 .2 Multivariate Rational Interpolation

T h e m u ltiv a r ia te ra tio n a l fu n c tio n is d e f in ed in eq u a tio n (6 ) , w h e re Yd, w ith d = 1 ,2 , ... , D ,

re p re sen ts th e D com p lex v a r ia b le s . T h e in te rp o la tio n fu n c tio n 9 { (Y I, Y2, ... , Yo) w ill b e eq u a l a t

th e su p p o rt p o in ts to th e fu n c tio n S (y I, Y2, ... , Yo), th a t is b e in g m od e lle d , a n d w ill a p p ro x im a te

S (n , Y2, , Yo) b e tw een th e su p p o rt p o in ts . T h e se t o f su p p o rt p o in ts a re rep re sen ted b y

(
(i,) (i, ) Y (io) . S ). . = 0 1 ... N d = 1 2 ... D ad S - S ( (i,) (i, ) ... (io)) F

YI 'Y2 , , 0 ' il,;,,"',;o ' ld " , d, "" n il,;,,.",io - Yl 'Y2 , ,Yo . or

th e m om en t it is a s sum ed th a t th e su p p o rt p o in ts a re p la c ed o n a fu lly f ille d , n o t n e c e ssa r ily

eq u id is ta n t, re c ta n g u la r g r id , a n d h en ce th e fu ll se t is g iv en b y th e C a rte s ia n p ro d u c t o f th e su p p o rt

P
o in ts fo r e a ch v a r ia b le i e {y(O) y(1) ... y(NIl} x {y(O) y(1) ... y(N,)} x ... x {y(O) y(1) ... y(No)} A

, • . 1 '1 "1 2 '2 "2 0 '0 "0 .

m e th o d an a lo g o u s to th e u n iv a r ia te c a se fo r d e te rm in a tio n an d ev a lu a tio n o f th e m u ltiv a r ia te

ra tio n a l in te rp o lan t is u sed . In th e fo llow in g p a rag rap h s th e g en e r ic eq u a tio n s fo r th e m u ltiv a r ia te

ra tio n a l in te rp o la tio n te ch n iq u e a re g iv en . In th e lite ra tu re th e se eq u a tio n s a re g iv en ex c lu s iv e ly fo r

th e b iv a r ia te c a se .

(6 )

T h e in te rp o la tio n fu n c tio n 9 { (Y I , Y2, ... , Yo) is re p re sen ted b y th e co n v e rg en t o f a m u ltiv a r ia te

T h ie le - ty p e b ran ch ed co n tin u ed fra c tio n o f th e fo rm

(7 )

N o te th e u se o f I(}} IYi) to in d ic a te a fu n c tio n I o f v a r ia b le } } w ith Yi b e in g d e f in ed fo r th e fu n c tio n

fiYi,}}).

C om pa red to th e u n iv a r ia te co n tin u ed fra c tio n , e q u a tio n (2 ) , e a ch o f th e co n s ta n t p a r tia l

d en om in a to rs is re p la c ed w ith a m u ltiv a r ia te fu n c tio n 9{;J Y 2 ' Y 3 ' ... , Yo I Yl(iIl), w h ich h a s o n e le s s

v a r ia b le th an 9 { (Y l , Y2, ' .. , Yo) an d is d e f in ed w ith Y I c o n s ta n t a n d eq u a l to YI(i,). E ach

9{i,(Y2' Y3'.", Y o I yii,») c an in tum b e rep re sen ted b y a co n tin u ed fra c tio n a s sh ow n in eq u a tio n (8 ) ,

w h e re 9 { (y Y ... Y I y(ill y(i,») is d e f in ed a t Y = y(ill an d Y = y(i,)
; , 3 ' 4 ' , 0 1 , 2 1 1 2 2 .

T h e su b s titu tio n o f th e p a r tia l d en om in a to rs b y co n tin u ed fra c tio n s IS re p e a te d ly p e rfo rm ed

7



a c c o rd in g to e q u a tio n (9 ) . T h e n um b e r o f v a r ia b le s o f 9tid(rd+l,rd+2,"',rD Irl(iI),rii2),"',r~d»)

d e c re a se s w ith e v e ry s te p u n ti l th is fu n c tio n b e c om e s a u n iv a r ia te fu n c tio n

9tid(rD I r?') ,rii2), ... , r6 ~ lJ l) , in w h ic h c a se e q u a tio n (3 ) is u se d to d e te rm in e its c o e f f ic ie n ts a n d

e q u a tio n (4 ) is u se d to e v a lu a te it .

id _ I= O , 1 ," ',N d _ l, d=2,3,"',D-1 (9)

T h e c om p u ta tio n o f th e a b o v e m u ltiv a r ia te c o n tin u e d fra c tio n fo llow s a tre e - l ik e s tru c tu re , a n d is

th e re fo re c a lle d a b ra n c h e d c o n tin u e d fra c tio n (B C F ) . D if fe re n t fo rm s o f B C F s c a n b e c o n s tru c te d ,

d e p e n d in g o n th e w ay in w h ic h th e lis t o f su p p o r t p o in ts is e n um e ra te d [4 0 ]- [4 2 ] . T h e B C F u se d in

th is d is s e r ta t io n w a s d e f in e d b y S iem a sz k o [3 6 ] .

S im ila r to th e u n iv a r ia te c a se , e a c h o f th e B C F s o f e q u a tio n s (7 ) , (8 ) a n d (9 ) c a n b e e v a lu a te d b y

u s in g th re e - te rm re c u rre n c e re la tio n s g iv e n in e q u a tio n (1 0 ) fo r d = 1 , 2 , . . . , D - l , in it ia l is e d w ith :

Nk(Yd' Yd+I'"'' Y o )=

9ik(y d+I' Y d+2' ... , Yo I y;id ,y;i,), ... , y~k») Nk-I (y d' Yd+I' ... , Yo)+ (y d - y~k-I»)N k-2 (y d' Y d+I' ... , Yo)

Dk (y d' Y d+I' ... , Yo) =

9i/y d+I' Yd+2' ... , Yo I YI(it
) ,y;i,), ... , y~k») Dk_1(y d' Yd+I' ... , Yo)+ (y d - y~k-I») Dk_2 (y d' Y d+I' ... , Yo)

k = 2 , 3 , . . . , N d

(1 0 )

k = 0 , 1 , . . . , N d

In th is c a s e s e ts o f su p p o r t p o in ts a re c om b in e d to d e f in e se ts o f u n iv a r ia te in te rp o la tio n fu n c tio n s

w ith D -l v a r ia b le s c o n s ta n t. T h e u n io n o f th e se u n iv a r ia te in te rp o la tio n fu n c tio n s th e n g e n e ra te s

s e ts o f b iv a r ia te fu n c tio n s . S e ts o f b iv a r ia te fu n c tio n s c om b in e to fo rm th re e -v a r ia b le in te rp o la tio n

fu n c tio n s . T h e p ro c e s s is re p e a te d u n ti l a m u ltiv a r ia te in te rp o la tio n fu n c tio n w ith D v a r ia b le s is

d e te rm in e d .
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From the above formulation it follows that the determination of the coefficients for the multivariate

interpolant is equivalent to the determination of coefficients for a set of univariate functions. These

univariate functions are determined by repeatedly applying the set of recurrence relations given in

equation (11) for d= 1,2, ... , D-l.

j : ( ( i ) . ) - S( (i,) ( i , ) ( i ) )
' : > 0 Y d ' Y d + ! ' Y d + 2 ' . . . , Y D = YI , Y 2 , . . . , Y d ' Y d + I ' . . . ' Y D ,

i= 1,2, ... , N
d

(11)

i=k, k+ 1, ... , Nd; k=2, 3, ... , Nd

Then,

Note that the evaluation of equation (11) requires all the support points in { y ? ) , y ~ l ) , . . . ,Yt')}x

{ Y( O ) y(l) ..• y ( N 2) } x ... x { y ( O ) y(l) ••. y(No)} as assumed at the start of this section This
2'2"2 0'0"0' .

constriction of a rectangular grid of support points, which is an inherent characteristic of BCFs, is

not suited for an adaptive sampling algorithm that requires the freedom to choose arbitrary support

points in the interpolation space. Furthermore, it is expected that a number of the support points in

the grid are redundant. This point marks the end of the exposition of standard branched continued

fractions.

An important step to enable an adaptive scheme to be applied can now be taken. The constriction

of the rectangular grid is removed by approximating certain function values with the previously

determined interpol ants for those functions when evaluating the function

J = ( U d ) U r I ) (0). ) E f (11) fI d - l 2 D 1 th fI b
' = > i

d
Y d ' Y d ' . . . ' Y d ' Y d + l ' Y d + 2 ' . . . ' Y o . qualOn , or - , , ... , -, ereore ecomes

i=I,2, ... ,N
d

(13)

y ~ i ) _ r ~ k - I )

c ; k - l Y Y ) , r ~ k - 2 ) , . . . , r ~ O ) ; Y d + " r d + 2 ' . . . , r D ) - f f i k - l r d + " r d + 2 ' . . . , r D I r , ( i l ) , r ~ ; 2 ) , . . . , r ~ k - I » )

i=k, k+ 1, ... , Nd; k=2, 3, ... , Nd,

9
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a n d e q u a tio n (1 2 ) b e c om e s

T h is s im p le p ro c e d u re a l lo w s th e re c ta n g u la r ly sp a c e d su p p o r t p o in ts re q u ire d b y th e B C F to

e f fe c t iv e ly b e c a lc u la te d f rom m a th em a tic a l fu n c tio n s c o n s tru c te d f rom n o n - re c ta n g u la r ly sp a c e d

su p p o r t p o in ts . A few im p o r ta n t p o in ts s h o u ld b e n o te d .

( i) S in c e th e n um b e r o f s u p p o r t p o in ts fo r e a c h u n iv a r ia te fu n c tio n m ay b e d if fe re n t a c c o rd in g to

e q u a tio n (1 3 ) , th e o rd e rs o f th e B C F s , Nd, fo r d=2,3,"',D a re n ow fu n c tio n s o f th e ir

p o s i t io n s , i .e . N~l,i,;.,id-Il, a n d fo r im p lem e n ta t io n , e q u a tio n s (8 ) , (9 ) , (1 0 ) , (1 3 ) a n d (1 4 ) n e e d to

b e a d a p te d .

( i i ) S in c e e a c h m u lt iv a r ia te in te rp o la n t is th e c o n s tru c t o f a s e t o f lo w e r d im e n s io n a l in te rp o la n ts , i t

is im p o r ta n t to e n su re th a t th e a c c u ra c y o f th e s e lo w e r d im e n s io n a l in te rp o la n ts in c re a s e s a s th e

n um b e r o f v a r ia b le s d e c re a s e s .

( i i i ) T h e d e g re e s e ts o f th e n um e ra to r a n d th e d e n om in a to r p o ly n om ia ls a re c om p le te ly d e te rm in e d

b y th e fo rm o f th e B C F , w h ic h in tum is d e te rm in e d b y th e s tru c tu re o f th e su p p o r t p o in ts .

( iv ) D if fe re n t n um b e r in g s o f th e su p p o r t p o in ts p ro d u c e s d if fe re n t in te rp o la n ts w ith d is s im ila r

a c c u ra c ie s [1 6 ] . In te rp o la n ts a re m o re a c c u ra te w h e n th e su p p o r t p o in ts a re re n um b e re d so th a t

th e o rd e rs o f th e B C F s d e c re a s e fo r in c re a s in g b ra n c h e s o f th e B C F .

1 0



CHAPTER 3: ADAPTIVE SAMPLING ALGORITHMS

T h e d e te rm in a tio n o f a n a c c u ra te ra t io n a l in te rp o la n t m(y) re q u ire s th a t e n o u g h su p p o r t p o in ts , in

th e c a s e o f m ic row av e c irc u its , n o rm a lly C EM an a ly s e s , b e u s e d . In o rd e r to c a lc u la te th e

m in im um n um b e r a n d th e o p tim a l p o s it io n s o f th e s e su p p o r t p o in ts , a n a d a p tiv e s am p lin g a lg o r i thm

is p ro p o se d fo r a p p lic a t io n to th e ra t io n a l fu n c tio n a p p ro x im a tio n . In s e c tio n 3 .1 th e a d a p tiv e

s am p lin g a lg o r i thm fo r u n iv a r ia te m o d e ls w ith a s in g le o u tp u t p a ram e te r is g iv e n . T h e th e o ry is

e x te n d e d in s e c tio n 3 .2 to a llo w m u ltiv a r ia te s am p lin g a n d in s e c tio n 3 .3 th e fo rm u la tio n is g iv e n

fo r m u lt ip le o u tp u t m o d e ls .

3.1 Univariate Adaptive Sampling

A n a tu ra l re s id u a l te rm em e rg e s f rom th e u n iv a r ia te ra t io n a l in te rp o la t io n fo rm u la tio n a s

I 1

2

9 l (y) - 9 l (y) . . . . . . . .
Ek (y) = k I HI ' w h Ic h p ro v Id e s a n e s tIm a te o f th e m te rp o la tIO n e r ro r . T h IS IS th e re la tIv e

(1 + 9 lk (y))2

sq u a re d e r ro r b e tw e e n th e c u r re n t e s t im a te o f th e in te rp o la n t a n d th e p re v io u s e s t im a te o f th e

in te rp o la n t i .e . b e fo re a d d in g th e la s t s u p p o r t p o in t . T h e re s id u a l d e c re a s e s a s k (o r th e d e g re e o f

f re e d om o f th e fu n c tio n ) in c re a s e s a n d is z e ro a t k-l su p p o r t p o in ts . T h e in te rp o la t io n m e th o d

fo rm u la te d in c h a p te r 2 is su ita b le fo r a n a d a p tiv e s am p lin g a lg o r i thm , s in c e it p ro d u c e s a n e r ro r

e s t im a te in a v e ry n a tu ra l w a y , a n d it w o rk s fo r u n e q u a lly sp a c e d su p p o r t p o in ts .

T h e a d a p tiv e a lg o r i thm is d e f in e d to w o rk in th e in te rv a l [y(O), y(l)]. A s a f ir s t s te p , a n a rb itra ry

th ird su p p o r t p o in t y(2) is s e le c te d w h ic h lie s in th e in te rv a l [y(O), y(l)]. T h is p o in t is re q u ire d s in c e

th e re s id u a l E 1 (y) c a n n o t p ro d u c e a n a p p ro p r ia te e r ro r e s t im a te . T h e c o e f f ic ie n t qJ 1 fo r m 1 (y) is

d e te rm in e d f rom th e su p p o r t p o in ts (y(O), S o ) a n d (y(2), S 2 ) , w h ile qJ2 fo r m2(y) is re c u rs iv e ly

u p d a te d u s in g e q u a tio n (3 ) a n d th e su p p o r t p o in t (y(l), S I) . T h e v a lu e s fo r Sk a t th e p o in ts y(k) a re

d e te rm in e d b y a C EM an a ly s is . D e f in e h a s th e in te rv a l [y(O), y(2)]. T h e re s id u a l E2(y) is e v a lu a te d

a t a la rg e n um b e r o f e q u i- s p a c e d s am p le p o in ts in th e in te rv a l h u s in g e q u a tio n (4 ) . A t th e

m ax im um o f th e e v a lu a te d s am p le p o in ts a n ew su p p o r t p o in t y(3) is s e le c te d .

F o r i te ra t io n k th e c h a ra c te r is t ic e q u a tio n is e v a lu a te d a t y(k) in o rd e r to d e te rm in e Sk. E q u a tio n (3 )

c a lc u la te s qJk re c u rs iv e ly . T h e re s id u a l Ek(y) is d e te rm in e d re c u rs iv e ly a t a la rg e n um b e r o f e q u i-

s p a c e d s am p le p o in ts o n th e in te rv a l Ik b y u s in g e q u a tio n (4 ) . A s sum in g th e la s t s u p p o r t p o in t

(y(k), Sk) w a s se le c te d in th e in te rv a l [y(i), y(j)], Ik is d e f in e d a s b o th th e in te rv a ls [y(O), y<i)] a n d

[y(j), y(l)]. T h e in te rv a l [y(i), y(j)] is e x c lu d e d s in c e it d o e s n o t p ro v id e a su ita b le e r ro r e s t im a te .

T h is in te rv a l 's s iz e g e n e ra l ly d e c re a s e s a s th e n um b e r o f su p p o r t p o in ts in c re a s e s a n d it v a r ie s o n

a lte rn a te i te ra t io n s . A t th e m ax im um o f th e e v a lu a te d re s id u a l a n ew su p p o r t p o in t (y(k+I), Sk+l) is
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cho sen , th e reby m in im iz in g th e re s id u a l. T h e p ro ce ss is rep ea ted un til th e re s id u a l b ecom es

a rb itra rily sm a ll. F ig . 1 show s a s tep in th e ex ecu tio n o f th e a lg o rithm , w ith th e n ew sam p le po in t

in d ica ted w ith an as te risk . I t is im po rtan t to no te th a t fo r a fu ll ite ra tio n , o n ly on e po in t is

d e te rm in ed v ia a C EM ana ly s is . A s a ll th e o th e r com pu ta tio n s tep s on ly requ ire th e ev a lu a tio n o f

th e in te rp o la tio n fun c tio n , th e com pu ta tio n a l e ffo rt is d ec rea sed sub s tan tia lly .

(2)
l .

] '-aX lS

F ig .1 . I llu s tra tio n o fth e un iv a ria te ad ap tiv e sam p lin g techn iq u e . T h e in te rp o lan ts 9t3(y), 9t4(y) and th e re s id u a l

E4(y) a re show n . T he as te risk in d ica te s th e n ew suppo rt p o in t.

T he ad ap tiv e sam p lin g a lg o rithm au tom a tic a lly se lec ts and m in im ise s th e num be r o f suppo rt p o in ts ,

an d it d o e s no t requ ire any a priori know ledg e o f th e dyn am ic s o f th e fu n c tio n in o rd e r to d e fin e an

in te rp o la tio n m ode l 9t(r). A few im po rtan t p o in ts sh ou ld b e no ted .

( i) T h e num be r o f equ i-sp aced ev a lu a tio n s o f th e re s id u a l is n o t c ru c ia l, a s lo ng as it is o f an o rd e r

la rg e r th an th e num be r o f suppo rt p o in ts . P lac in g th e suppo rt p o in ts p rec ise ly a t th e su cce ss iv e

m ax im a o f th e re s id u a ls m ay som e tim es s lig h tly d ec rea se th e num be r o f suppo rt p o in ts o f th e

fin a l m ode l. H ow eve r, th e d e te rm in a tio n o f su ch po in ts th ro ugh an ite ra tiv e sea rch a lg o rithm is

com pu ta tio n a lly exp en s iv e .

( ii) F o r h ig h ly non -lin ea r fu n c t~ on s ov e r th e p a ram e te r sp ace o f in te re s t, th e num be r o f suppo rt

p o in ts can b ecom e la rg e , c au s in g th e o rd e r o f th e ra tio n a l p o ly nom ia l to b ecom e la rg e and th e

a lg o rithm to b ecom e num erica lly un s tab le . T h e re fo re , th e num be r o f suppo rt p o in ts

au tom a tic a lly se lec ted by th e ad ap tiv e sam p lin g a lg o rithm is lim ited to N bd. If th e sam p lin g

a lg o rithm has no t conv e rg ed w hen th is lim it is re ach ed , th e suppo rt p o in ts in th a t in te rv a l a re

12



sorted in ascending order and subdivided into two new intervals. Each interval is in itialised

w ith Y2(Nbd+1) support points ifNbd is odd, or Y2Nbd+1 and Y2Nbdsupport points otherw ise. The

support point at the cut is used as the last support point in the first in terval and also as the first

support point in the second interval. H ence all previously determ ined support points are

reused, and more support points w ill be placed where needed. The intervals becom e sm aller

where the errors are larger. The adaptive sampling algorithm is repeatedly applied to each

subdivided interval until the interpolant for each interval has attained convergence. The result

is a set of interpolants each defined on a specific interval of the complete band that is being

modelled. D ecreasing Nbd produces a more accurate model at the expense of an increased

number of interpol ants, an increased number of support points and increased computation tim e.

(iii) Equi-ripple error can only be achieved if the function is known, in which case econom isation

[12], or specifically a Remes-type algorithm [43] can be used.

(iv) A s the accuracy of the model is required to increase, the accuracy of the CEM analysis

technique needs to increase. O therw ise, the interpolation process w ill try to model the error of

the CEM analysis and this w ill lead to an excessive number of support points being selected.

3.2 Multivariate Adaptive Sampling

The multivariate rational in terpolation formulation given in section 2.2 is essentially univariate in

nature. Therefore, an adaptive sampling algorithm can be applied that is sim ilar to that used for the

univariate case. Two different adaptive sampling algorithm s are considered. The first algorithm ,

based on equations (11) and (12), determ ines a set of support points in the interpolation space

placed on a fully filled , not necessarily equispaced, rectangular grid . The second algorithm places

support points on a non-rectangular grid and is based on equations (13) and (14). The interpolation

space is defined in rd E [r~O),r~I)] for d= 1,2 , .'.,D . A t initialisation an arbitrary set of points r~2)

are selected in the intervals [r~O), r~l)] .

An estim ate of the interpolation error for the partial in terpolants of equation (9) IS gIVen III

equation (15).

(15)
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The fun c tion Ek(Yd' Yd+I' ... , YD I Yl(il) ,yii2), ... , Y~~) is d e fin ed fo r th e va riab le Yd, w ith Yd+l, Yd+2, ... ,

YD defin ing th e po sitio n a t w h ich th e e rro r func tion can be eva lu a ted . T o reduce th e com pu ta tion a l

e ffo rt requ ired in eva lu a ting equa tion (15 ), e sp ec ia lly fo r a la rg e r num ber o f v a riab le s ,

Ek(Yd'Yd+I'''''YDly?),yii2), ... ,y~J) is on ly eva lu a ted a t Yd+l=Y~~, Yd+2=Y~~2,"',YD=yg).

P rac tica l ex am p les h ave show n th a t Ek (y d' Yd+l' ... , YD iY ?) ,yi
i2
), ... , Y~~) is la rg e ly independen t o f

th . b l 'd d th t O J ( I (il) (i2) (k») . t ~
e vana es Yd+l,Yd+2,''',YD, p rO V I e a nk Yd'Yd+1'''''YD Y I 'Y2 '''''Yd-I IS accu rae lo r

a ll k. D ue to th e renum bering o f th e suppo rt po in ts , a s m en tion ed in sec tion 2 .2 , it is n ecessa ry th a t

an e rro r func tion be ze ro a t a ll o f th e suppo rt po in ts in o rd e r to b e ab le to p lace a new suppo rt po in t

a t th e m ax im um of th is e rro r func tion . E va lu a tion o f th e e rro r func tion in equa tion (15 ), w ith th e

suppo rt po in ts in th e se rie s {y~O) ,y~l),"', y~Nd)}, w ill d e te rm ine a func tion w h ich is ze ro a t a ll o f th e

suppo rt po in ts ex cep t a t y~Nd). A d iffe ren t e rro r func tion can be de fin ed , w h ich is ze ro a t a ll o f th e

suppo rt po in ts ex cep t a t y~Nrl) , w hen th e la s t tw o suppo rt po in ts in th e se rie s a re sw apped a round .

A new erro r func tion , d e fin ed as th e p roduc t o f th e squa re roo t o f th e above tw o erro r func tion s , is

ze ro a t a ll o f th e suppo rt po in ts . A lthough th e sam e m ethod can be app lied to th e un iv a ria te case ,

th is h as no bene fit.

T he firs t m u ltiv a ria te ad ap tiv e sam p ling a lgo rithm , deno ted A SA t, con stru c ts th e m u ltiv a ria te

ra tion a l in te rpo lan t a s fo llow s:

1 . U sing th e un iv a ria te ad ap tiv e sam p ling a lgo rithm , con stru c t a un iv a ria te m ode l o f each

va riab le Yd over th e in te rv a l [y~O) ,y~I)], w ith a ll o th e r v a riab le s se t to th e ir m idpo in t v a lu es ,

. - (0 ) 1 ((I) (0» ) ~ -1 2 D d d I thO D "l.e . Ym -Ym + "2 Ym -Ym lo r m- , , ... , an m=t:-. n IS w ay , um vana te

in te rpo lan ts and th e ir re sp ec tiv e se ts o f suppo rt po in ts , each ly ing on a lin e c ro ss ing th rough

th e cen tre o f th e in te rpo la tion space , a re es tab lish ed .

2 . S o rt th e va riab le po sitio n s , d, in th e m u ltiv a ria te in te rpo lan t 9 t( Y l, Y2, ... , YD) so th a t th e

o rd e rs Nd o f th e in te rpo lan ts d e te rm ined in s tep 1 dec rease as d in c reases .

3 . G ene ra te a rec tangu la r g rid o f suppo rt po in ts from the po in ts d e te rm ined in s tep 1 , i.e . a ll th e

P
o in ts in {y(O) y(I) ... y(N1)} x {y(O) y(l) ... y(N2) } x ... x {y(O) y(l) ... y(ND)}

1 '1 "1 2 '2 "2 D 'D "D '

4 . C rea te a m u ltiv a ria te ra tion a l in te rpo lan t from the g rid o f suppo rt po in ts d e fin ed in s tep 3

u sing equa tion s (11 ), (12 ) and (3 ).

A SA I is expounded by m ean s o f a b iv a ria te ex am p le exem p lified in F ig . 2 . S tep 1 o f th e a lgo rithm

de te rm ines th e s ta r-sh aped suppo rt po in ts by m ean s o f a un iv a ria te in te rpo la tion a long th e

d im en sion s Y i and Y2 a t Yi
2
) and Y?) re sp ec tiv e ly . S in ce N 1 = 6 is sm a lle r th an N 2 = 7 in th e

exam p le , Y l and Y2 a re exchanged in th e in te rpo lan t. H ence , th e in te rpo lan t 9t(Y2,Yl) con sis ts o fa

un ion o f un iv a ria te in te rpo lan ts 9 t( Y i). In s tep 3 a g rid o f suppo rt po in ts is g ene ra ted by add ing th e

c irc le -sh aped suppo rt po in ts a s show n in F ig . 2 . 9t(Y2,Yd is c rea ted from th is rec tangu la r g rid o f
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suppo rt po in ts .

n(l) -0 -------0------ -'tl- - -0 0- ---- ---0
I I
I I

6 0 * 00 6
Q 0 * 00 Q
I I

o 0 * 00 0

rP) ~ * * * * *
I I

Q 0 * 00 Q
I I
I I
I I
I I
I I
I I

nCO) -« -------0 -- - - - - -'tl- - -0 0 - - - - - - --?
rICO) n(2) n(l)

F ig . 2 . Illu s tra tio n o fth e suppo rt po in t p lacem en t u s ing A SA I.

The second m u ltiv a ria te ad ap tiv e sam p ling a lgo rithm , deno ted A SA 2 , con stru c ts th e m u ltiv a ria te

ra tion a l in te rpo lan t a s fo llow s:

1 . S am e as fo r A SA 1 .

2 . S am e as fo r A SA 1 .

3 . In itia lise a m ode l w ith a rec tangu la r g rid o f suppo rt po in ts w ith th ree suppo rt po in ts a long

eve ry d im en sion , i.e . 3
D

suppo rt po in ts in {rl(0),r?),rl(2)}x{r~0),r~]),r~2)}x"'x

{ r
(O) r(l) r(2)}
o , 0 , 0 .

4 . C on stru c t a m u ltiv a ria te ra tion a l in te rpo lan t from the suppo rt po in ts u s ing equa tion s (13 ),

(14 ) and (3 ).

5 . S e lec t a d im en sion rd fo r se lec tion o f n ew suppo rt po in ts . I te ra te fo r d= D , D -l," ', 1 .

6 . S e lec t n ew suppo rt po in ts a t th e m ax im a o f th e e rro r func tion , equa tion (15 ), a t po s itio n s

a long rd.
7 . R enum ber th e suppo rt po in ts so th a t N~lh; ..,id-tl dec rease as th e num bering s id in c reases .

8 . R epea t s tep s 4 th ru 8 un til conve rg ence .

A SA 2 is expounded by m ean s o f a b iv a ria te ex am p le illu s tra ted in F ig . 3 . S tep 1 and step 2 a re th e

sam e as in A SA 1 . A ssum e N 2 is sm a lle r th an N \. In s tep 3 an in itia lisa tion g rid o f9 suppo rt po in ts

is g ene ra ted as show n by th e s ta r-sh aped suppo rt po in ts in F ig . 3 (a ). 91(YI,r2) is c rea ted from these

9 suppo rt po in ts . U sing th e un iv a ria te ad ap tiv e sam p ling a lgo rithm 91 0 (r 2 I rl(O») is com p le te ly

de te rm ined w ith a p rede fin ed accu racy by p lac ing suppo rt po in ts a t rl(O). Then 91 ](r 2 I rIO») is

d e te rm ined a t r](l). S in ce N ~O ) = 7 is b igge r th an N ~ I) = 6 , th e a lgo rithm con tinu es by de te rm in ing

912 (r 2 I rl(2») a t r?). W ith N ~2 ) = 8 , th e suppo rt po in ts a re renum bered so th a t th e suppo rt po in ts a t

15



rl(2) determ ine 9io, the support points at rl(O) determ ine 9i1 and the support points at rl(l) determ ine

9i2 in equation (7), and hence r~O), r~l) , r?) become r~l), rl(2) , rl(O) respectively, as shown in

Fig. 3(b). Then the error function is evaluated for rl at r?) and r?) is determ ined at the

maximum of this error. 9i
3
(r 2 I rl(3») is initialised w ith three support points at r~O), r~1) and r~2),

shown by the star-shaped support points in Fig. 3(b). Using the univariate adaptive sampling

algorithm 9i3(r21 r?») is completely determ ined at r?). The process is repeated until the error

function has reached its required accuracy.

rP) ~ - - - - - - - - - - - -- -",* - - - - - - - - - - - -- ---:r
I I

106
6 I
I I

Q 0 :
100
o I

r}~ t * +
I I

Q :
I 0 I

I I

: 0 6
I I
I I

r}O) --t --------------",* - - - - - - - - - - - - - - - t
rl(O) rl(2) rl(1)

(a)

rP) ~ - - ---~ - - - - - - -",* --- - - - - - - - - - - ---:r
I I

106
6
0

1

I I

Q 0 :

100
001

r}~ t * * +
I I

Q :
100 I

I I

: 0 6
I I

I I

n(O) --t -----~ -------"'* - - - - - - - - - - - - - - - t
n(1) n(3) n(O) r 1(2)

(b)

Fig. 3. Illustration of the support point placement using ASA2. (a) A fter three steps. (b) A fter the fourth step.

If required, interval subdivision as mentioned in section 3.1 for the univariate case is applied to the

variable ro.
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3.3 Multiple output interpolation models

For the modelling of functions with more than one complex numbered output parameter, I.e.

Si i ...i being multi-dimensional complex numbered vectors, the model mCYI, Y2, ... , Yo) consists
I' 2, ,D

of a set of interpolants, where each interpolant models one of the output parameters. Hence,

(16)

where m(e>C Y I, Y2, .'., Yo), e = 1,2, .'., E, are interpolants that model entries in the E-dimensional

output vector.

A CEM analysis generally produces all the output parameters, usually scattering parameters, with

little more effort than it needs to determine one output parameter. In order to select the support

points for the model mCn, Y2, .'., Yo) efficiently in the parameter space, the same set of support

points are selected for all of the interpolants m(e)c y), e = 1,2, ... , E. This will lead to a reduction in

the total number of CEM analyses compared to the case where separate sets of support points are

determined for each interpolant.

The basis of this technique lies in the definition of a global error function incorporating all the

output parameters. Define an error function as:

e = 1,2, ... , E. (17)

Th fi. (e) (i) (i) (k) h' h' h f h. d..d I
e error unctIOn Ek (Yd'Yd+I""'YDIYI' ,Yz"""Yd-I)' W IC IS t e error 0 eac In IVI ua

interpolant, was defined in section 3.2 and is zero at all of the support points.

The adaptive sampling algorithm for the multiple output interpolation models, denoted ASA3, is

identical to ASA2 defined in section 3.2 with the difference that the error function in equation (17)

is used and new support points are placed at the maxima of this error function. Therefore all the

error functions of the individual interpolants are taken into account when selecting a new support

point.
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C H A P T E R 4 : R E S U L T S - U N IV A R IA T E A D A P T IV E S A M P L IN G

I n th i s c h a p te r th e r e s u l t s a r e s h o w n f o r tw o a p p l i c a t io n s o f th e u n iv a r i a t e a d a p t iv e s a m p l in g

a lg o r i t h m . F i r s t l y , i t w a s im p le m e n te d in to a n a g g r e s s iv e s p a c e m a p p in g o p t im i s a t io n t e c h n iq u e f o r

th e d e s ig n o f a r e c t a n g u la r w a v e g u id e f i l t e r w i th c a p a c i t i v e s t e p d i s c o n t in u i t i e s [ 3 1 ] . S e c o n d ly , i t

w a s a p p l i e d to th e c a l c u l a t i o n o f t r a n sm is s io n l in e c h a r a c t e r i s t i c s b y th e tw o - d im e n s io n a l M e th o d -

o f -L in e s o f tw o - a n d th r e e - l a y e r s h i e ld e d p la n a r s t r u c tu r e s [ 3 2 ] .

4 .1 R e c ta n g u la r w a v e g u id e f i l t e r w i th c a p a c i t i v e s t e p d i s c o n t in u i t i e s

A g g r e s s iv e s p a c e m a p p in g (A S M ) i s w e l l - k n o w n a s a t e c h n iq u e to o p t im i s e a m ic r o w a v e c i r c u i t

u s in g th e m in im u m n u m b e r o f f in e m o d e l (C E M ) s im u la t io n s a n d t r a n s f e r r in g th e b u lk o f C P U

in te n s iv e o p t im i s a t io n to th e c o a r s e m o d e l ( e m p i r i c a l c i r c u i t - t h e o r e t i c m o d e l ) p a r a m e te r s p a c e [ 4 4 ] ,

[ 4 5 ] . T h e A S M te c h n iq u e i t e r a t i v e ly e s t a b l i s h e s a m a p p in g b e tw e e n th e s p a c e s o f th e d e s ig n

p a r a m e te r s o f th e tw o m o d e l s . D e f in e th e v e c to r s X o s a n d X em a s th e d e s ig n p a r a m e te r s o f th e c o a r s e

a n d th e f in e m o d e l s r e s p e c t iv e ly , a n d R o s ( x o s ) a n d R em (x e m ) a s th e c o r r e s p o n d in g m o d e l r e s p o n s e s .

P a r a m e te r e x t r a c t io n i s u s e d to d e t e rm in e X o s , w h o s e r e s p o n s e m a tc h e s th e f in e m o d e l r e s p o n s e a t

Xe m f o r e v e r y s p a c e m a p p in g i t e r a t i o n . A b r i e f r e v i e w o f A S M is g iv e n in A p p e n d ix A .

T h e n u m b e r o f f r e q u e n c y p o in t s u s e d to d o th e p a r a m e te r e x t r a c t io n in th e A S M te c h n iq u e i s

u s u a l ly c h o s e n a r b i t r a r i l y . I t i s im p o r t a n t th a t th i s n u m b e r b e k e p t a s sm a l l a s p o s s ib l e to m in im is e

th e C E M e v a lu a t io n t im e . H o w e v e r , c h o o s in g th i s n u m b e r to o sm a l l c a n c a u s e th e p a r a m e te r

e x t r a c t io n p r o c e d u r e to f a i l , w h ic h in tu m c a u s e s th e A S M a lg o r i t h m to c o n v e r g e s lo w ly , o s c i l l a t e

o r e v e n d iv e r g e [ 4 6 ] . F a i lu r e o f th e w h o le A S M p ro c e d u r e m a y r e s u l t i f t h e p a r a m e te r e x t r a c t io n i s

n o t u n iq u e , f a l l s in to a lo c a l m in im u m d u e to s e v e r e r e s p o n s e m is a l ig n m e n t a t in i t i a l i s a t i o n , o r i f t h e

c o a r s e m o d e l c a n n o t a d e q u a te ly m o d e l th e f in e m o d e l r e s p o n s e . N o rm a l ly , t h e w a y to g u a r a n te e

g o o d p a r a m e te r e x t r a c t io n i s to u s e a s u f f i c i e n t ly l a r g e n u m b e r o f f r e q u e n c y p o in t s . T h e in t e g r a t io n

o f th e u n iv a r i a t e a d a p t iv e s a m p l in g a lg o r i t h m in to th e A S M o p t im i s a t io n e n s u r e s th a t f o r e v e r y

A S M i te r a t i o n ( i ) t h e n u m b e r o f C E M a n a ly s e s a r e m in im is e d a n d ( i i ) e n o u g h f r e q u e n c y p o in t s c a n

b e u s e d f o r th e p a r a m e te r e x t r a c t io n .

T h e a d a p t iv e s a m p l in g a lg o r i t h m c r e a t e s th e m o d e l 9 1 ( f l x e m ) w i th th e m l l l im u m n u m b e r o f

f r e q u e n c y s u p p o r t p o in t s . 9 1 ( f l x e m ) i s a n a p p r o x im a t io n o f th e f in e m o d e l r e s p o n s e R em (x e m ) , w h ic h

i s v a l id f o r th e p a r a m e te r v e c to r X em o v e r th e d e s i r e d in t e r p o la t i o n in t e r v a l . G iv e n 9 1 ( f l x e m ) , a n

a r b i t r a r i l y l a r g e n u m b e r o f f r e q u e n c y p o in t s c a n b e c h o s e n to e n s u r e th e n o n - f a i l u r e o f th e

p a r a m e te r e x t r a c t io n s t e p . N o te th a t th e A S M te c h n iq u e c o m b in e d w i th th e a d a p t iv e s a m p l in g
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a lgo rithm requ ires the convergence o f th ree ite ra tive p rocesses, nam ely (i) adap tive sam pling to

estab lish 91 (fl xem ); (ii) param eter ex trac tion to determ ine X os, w hose response m atches 91 (fl xem );

and (iii) space m app ing to find Xem tha t p roduces the op tim al response acco rd ing to design

spec ifica tions.

T he design o f a rec tangu lar w avegu ide filte r w ith e igh t capac itive steps as show n in F ig . 4 is

considered . T he design spec ifica tion fo r the filte r is a reflec tion coeffic ien t IS III~-25 dB in the

range [9 GH z, 11 GH z]. T he design is fo r a standard W R90 rec tangu lar w avegu ide and the

capac itive step leng ths are a ll chosen to be 2 mm . The filte r is symm etric w ith e igh t op tim isa tion

variab les (L I, L 2 , L 3 , L 4 , C 1 , C 2 , C 3 , C 4) as defined by the coarse (transm ission line) m odel in

F ig . 4 (a). T he fine m odel is a m ode-m atch ing so lu tion com bined w ith the genera lised sca tte ring

m atrix [47 ]. T he param eter ex trac tion op tim isa tions are d riven by a BFGS quasi-N ew ton m ethod

w ith a m ixed quad ra tic and cub ic line search p rocedu re [48 ]. £1 norm ob jec tives are used

th roughou t the A SM algo rithm . The inpu t param eter x :s ' which p roduces the op tim al response , is

de term ined by a m in im ax op tim isa tion on the coarse m odel, a lso using the BFGS quasi-N ew ton

m ethod . T he response Ros( x :s ) is show n in F ig . 5 (do tted line).

(a )

(b)

F ig . 4 . T he coarse m odel (a) and the physica l struc tu re (b ) o f the rec tangu lar w avegu ide filte r w ith capac itive step

d iscon tinu ities .

S tandard A SM assum es tha t X os and X em describe the sam e physica l param eters , w h ich is no t the

case here . T he capac itance and the transm ission line leng th fo r a w avegu ide step can be ca lcu la ted

using the m ode-m atch ing techn ique fo r severa l va lues o f the gap open ing . In te rpo la tion o f these

values estab lishes a m app ing from the c ircu it m odel variab les Xem to the physica l w avegu ide

d im ensions. S ince the A SM techn ique com pares R os(xos) and R em (xem ) th is m app ing is inco rpo ra ted

in to the A SM .
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F requ en cy [G H z l

F ig . 5 . R espon se 91 (fl x em) (so lid lin e ) a t in itia lisa tio n w ith 19 suppo rt p o in ts (d iam ond s) and th e op tim a l re spon se

(do tted lin e ). S uppo rt p o in ts sm a lle r th an -45 dB are show n a t -4 5 dB .

T ab le 1 . C onve rg en ce o f 91 (fl x em ) de te rm in ed by th e un iv a ria te ad ap tiv e sam p lin g a lg o rithm .

I91k(f I xcm)-91k -l(fl xcm)1 [dB]

k Suppo rt p o in ts [G H z]

3 [8 , 1 0 , 1 2 ]

4 9 .2 2

5 1 \.1 0

6 9 .6 6

7 8 .8 2

8 1 \.6 8

9 8 .8 8

10 1 \.2 0

II 8 .4 2

12 10 .3 4

13 9 .4 8

14 1 \.3 6

15 10 .9 0

16 8 .2 2

17 8 .5 4

18 8 .1 0

19 10 .6 8

M ean

-20 .0

-1 6 .0

-1 6 .7

- 1 8 .7

- 2 3 .9

-2 2 .1

- 4 .5

-1 0 .0

-5.3

- 2 4 .4

-2 6 .4

- 3 5 .1

- 4 2 .3

- 2 9 .7

- 4 \.6

- 5 9 .1

- 8 9 .2

M ax

-5.4

- \.6

30 .3

10.6

- 1 6 .1

3.7

10 .3

- 0 .9

34 .0

13 .9

-1 1 .2

- 1 1 .1

- 3 4 .2

-2 8 .4

- 2 9 .7

- 3 4 .7

-4 2 .9

A s a firs t s tep a un iv a ria te m ode l 9 1 (fl x~ ~ ) w ith x~~ = X :s w as c rea ted w ith th e ad ap tiv e sam p lin g

a lg o rithm fo r th e re fle c tio n co e ffic ien t S 11 . T he in te rp o la tio n in te rv a l is d e fin ed fo r

fE [8G H z , 12G H z] and th e in itia l su ppo rt p o in ts w e re cho sen a t 8G H z , 10G H z (a rb itra ry ) and

12 G H z . T he conv e rg en ce o f th e ad ap tiv e sam p lin g a lg o rithm is show n in T ab le 1 . A fte r sev e ra l

ite ra tio n s , i.e . w hen th e o rd e r o f th e in te rp o la tio n po ly nom ia l is su ffic ien tly la rg e to m ode l th e

re spon se ad equ a te ly , th e re s id u a l conv e rg e s v e ry qu ick ly . C onve rg en ce w as assum ed w hen th e

m ax im um ab so lu te e rro r b e tw een th e cu rren t e s tim a te o f th e in te rp o lan t and th e p rev io u s e s tim a te

o f th e in te rp o lan t w as sm a lle r th an -40 dB . T he ab so lu te e rro r w as ev a lu a ted a t 5 00 equ i-sp aced

po in ts o v e r th e in te rp o la tio n in te rv a l. F ig . 5 (so lid lin e ) show s th e re spon se o f th e m ode l 9 1 (fl x~ ~ )

w ith on ly 19 suppo rt p o in ts (d iam ond s). T h e fin e and th e co a rse m ode l re spon se s d iffe r

s ig n ific an tly du e to th e ev an escen t m odes coup lin g b e tw een cap ac itiv e s tep s .
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F o r th e p a ram e te r e x tr a c t io n s te p 3 0 f re q u e n c y p o in ts e q u a l ly s p a c e d o v e r th e f r e q u e n c y b a n d w e re

u s e d . T h e A SM o p tim is a t io n c o n v e rg e d to th e s o lu t io n w ith in 2 i te r a t io n s . T h e re s u l t is s h o w n in

F ig . 6 . T a b le 2 a n d T a b le 3 s h o w X o s a n d X em r e s p e c t iv e ly a f te r e v e ry A SM ite ra t io n . T a b le 4 l is ts

Xem t r a n s fo rm e d to th e p h y s ic a l w a v e g u id e d im e n s io n s (F ig . 4 (b ) ) . T h e a d a p t iv e s am p lin g

a lg o r i th m c o n v e rg e d w ith 1 9 , 1 9 a n d 2 0 i te r a t io n s fo r e v e ry A SM ite ra t io n . T h e re fo re , in to ta l 5 8

C E M ev a lu a t io n s w e re re q u ir e d .

0

.5

.1 0

.1 5

= .2 0

::.
-

,£ £ -2 5

.3 0
,.
•

.3 5 i
:

.4 0

.4 5

7 8 9 1 0 I I

F re q u e n c y [G H z )

12 13

2 0 .9 1 1

6 4 .2 5 7

5 4 .1 3 8

2 1 .0 1 4

4 3 .2 5 9

3 2 .3 6 6

6 2 .1 5 2

1 0 0 .5 8 0

2 1 .1 1 9

6 1 .8 6 5

5 2 .4 7 2

2 0 .9 1 5

4 2 .5 9 9

3 1 .9 6 8

6 2 .9 4 5

1 0 1 .0 9 3

F ig . 6 . R e s p o n s e lR ( f l x em ) ( s o l id l in e ) a f te r th e s e c o n d A SM ite ra t io n w ith 2 0 s u p p o r t p o in ts (d iam o n d s ) a n d th e

o p t im a l r e s p o n s e (d o t te d l in e ) .

Table 2 . A SM ite ra t io n s o f th e c o a r s e m o d e l .

P a ram e te r

2 0 .3 3 2 2 1 .2 6 2

6 5 .1 9 6 6 5 .6 3 1

5 4 .5 5 9 5 5 .3 1 6

2 0 .7 8 3 2 1 .3 2 6

4 4 .4 3 4 4 2 .7 7 2

3 3 .3 8 0 3 1 .7 8 3

6 2 .3 4 0 6 1 .2 2 4

1 0 0 .4 7 4 1 0 0 .1 9 4

C a p a c i ta n c e v a lu e s in p F ,

le n g th v a lu e s in d e g re e s re la t iv e to 1 0 G H z

Table 3 . A SM ite ra t io n s o f th e f in e m o d e l .

P a ram e te r

2 0 .9 1 1 2 1 .4 9 0

6 4 .2 5 7 6 3 .3 1 8

5 4 .1 3 8 5 3 .7 1 7

2 1 .0 1 4 2 1 .2 4 5

4 3 .2 5 9 4 2 .0 8 4

3 2 .3 6 6 3 1 .3 5 1

6 2 .1 5 2 6 1 .9 6 4

1 0 0 .5 8 0 1 0 0 .6 8 6

C a p a c i ta n c e v a lu e s in p F ,

le n g th v a lu e s in d e g re e s re la t iv e to 1 0 G H z
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T ab le 4 . A SM ite ra tio n s o f th e f in e m o d e l p h y s ic a l d im en s io n s .

P a ram e te r x~~ x~~ x~~

B, 3 .8 6 0 8 3 .7 8 4 4 3 .8 3 3 2

Bb 1 .2 8 7 5 1 .3 0 9 9 1 .3 4 5 7

Be 1 .5 7 0 2 1 .5 8 4 2 1 .6 2 7 1

Bd 3 .8 4 7 1 3 .8 1 6 5 3 .8 6 0 2

L, 6 .2 4 9 4 6 .1 2 5 1 6 .1 7 3 4

Lb 5 .2 7 9 6 5 .1 6 4 0 5 .2 2 4 0

Le 8 .3 0 5 8 8 .2 8 6 7 8 .3 8 6 2

Ld 1 2 .3 1 4 0 1 2 .3 3 1 8 1 2 .3 6 8 0

A ll v a lu e s in m m

T h e d e s ig n w a s re p e a te d u s in g th e A SM a lg o r ithm w ith o u t th e a d ap tiv e sam p lin g a lg o r ithm w ith

th e n um b e r o f e q u a lly sp a c ed fre q u en c ie s N s fo r th e p a ram e te r e x tra c tio n s te p se t to 1 9 . T h e

p a ram e te r e x tra c tio n d id n o t p ro p e r ly a lig n th e tw o re sp o n se s a t in itia lis a tio n a s sh ow n in F ig . 7

(re so n an c e a t a b o u t 1 0 .1 G H z sh o u ld h av e b e en a t a b o u t 1 1 G H z ) c au s in g th e A SM a lg o r ithm to

co n v e rg e s low ly . T o com p a re th is w ith th e p re v io u s e x am p le , th e re su lt is sh ow n in F ig . 8 a f te r 2

A SM ite ra tio n s . I t is c le a r th a t th e A SM is fa r f rom ach ie v in g co n v e rg en c e . T h e A SM co n v e rg ed

a f te r 8 ite ra tio n s re q u ir in g 1 7 1 C EM ev a lu a tio n s . T h e ad ap tiv e sam p lin g a lg o r ithm sh ow s a

s ig n if ic a n t im p ro v em en t o v e r th is re su lt .

o

-5

-10

-1 5

= -2 0
." ,

r£ 2 5

-3 0

-3 5

-4 0

-4 5

7 8 9 1 0 1 1

F req u en cy IG H z l

1 2 1 3

F ig . 7 . T h e f in e m o d e l re sp o n se (so lid lin e ) a n d th e re sp o n se d e te rm in ed b y th e p a ram e te r e x tra c tio n o p tim isa tio n

(d o tte d lin e ) w ith 1 9 eq u a lly sp a c ed fre q u en cy p o in ts (d iam o n d s ) a t in itia lis a tio n .

T h e d e s ig n w a s th en re p e a te d fo r v a r io u s v a lu e s o f N s . T h e re su lts a re ta b u la te d in T ab le 5 . T h e

A SM e rro r is th e sum o f th e d if fe re n c e b e tw een x ~ ~ )an d x :
s
n o rm a lis e d w ith re sp e c t to x :

s
'

F a ilu re o f c o n v e rg en c e is in d ic a te d b y 0 0 . W ith N s ch o sen la rg e (7 0 , 5 0 an d 3 0 ) th e p a ram e te r

e x tra c tio n o p tim isa tio n co n v e rg ed an d th e A SM a lg o r ithm co n v e rg ed q u ic k ly . In th is c a se , N s is

p ro p o r tio n a l to th e n um b e r o f C EM ev a lu a tio n s . D e c re a s in g N s c au se s th e A SM op tim isa tio n to

d iv e rg e o r c o n v e rg e s low ly , d u e to th e p a ram e te r e x tra c tio n s te p fa llin g in to lo c a l m in im a .
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0

-5

-10

-1 5

= -2 0

::.
-

~ 2 5

I

-3 0 o .

-3 5

-4 0

-4 5

7 8

. .. .. ... . .. .... . . ... . . . ...-.. . . .. .. ... . ... ..... .. ... .. o ... .. .. o .

.. .. •.. , .. , .. . .
I. , .. . ..

9 1 0 II 1 2 1 3

F re q u e n c y IG H z l

F ig . 8 . T h e f in e m o d e l re sp o n se (so lid lin e ) a f te r th e s e c o n d A SM ite ra tio n w ith th e p a ram e te r e x tra c tio n o p tim is a tio n

u s in g 1 9 e q u a lly sp a c e d f re q u e n c y p o in ts (d iam o n d s ) . T h e 'd o tte d lin e re p re s e n ts th e o p tim a l re sp o n se .

T a b le 5 . A SM ite ra tio n s fo r v a r io u s N s in th e p a ram e te r e x tra c tio n s te p ,

A SM e rro r < 1 0 -" A SM e rro r < lO -
lO

N um b e r o f N um b e r o fC EM N um b e r o fC EM

fre q u e n c ie s , N , A SM ite ra tio n s e v a lu a tio n s A SM ite ra tio n s e v a lu a tio n s

70 2 210 2 210

50 2 150 2 150

30 2 90 3 120

25 0 0 0 0 0 0 0 0

23 46 9 230

22 0 0 0 0 0 0 0 0

19 8 171 8 171

15 5 90 9 150

10 0 0 0 0 0 0 0 0

4 .2 M o d a l p ro p a g a tio n c o n s ta n ts o f sh ie ld e d p la n a r s tru c tu re s

T h e c a lc u la tio n o f th e p ro p a g a tio n c o n s ta n ts o f m o d e s in q u a s i- T EM m ic row av e s tru c tu re s is a

w e ll-k n ow n p ro b lem in li te ra tu re [4 9 ] - [5 3 ] , a n d in c re a s in g ly o f in te re s t in h y b r id n um e r ic a l a n a ly s is

te c h n iq u e s in c o rp o ra tin g M o d e -M a tc h in g [5 4 ] - [5 6 ] ' In th e c a s e o f sh ie ld e d p la n a r s tru c tu re s , th e

tw o -d im en s io n a l M e th o d -o f -L in e s (M oL ) o ffe rs a v e ry e f f ic ie n t a n a ly s is o p tio n , a s i t in v o lv e s

d is c re tiz a tio n o f th e tw o -d im en s io n a l H e lm h o lz e q u a tio n in o n ly o n e d ire c tio n [5 7 ] - [6 0 ] . T h is

re su lts in a n um b e r o f c o u p le d d if fe re n tia l e q u a tio n s , w h ic h a re d e -c o u p le d u s in g m a tr ix te c h n iq u e s .

T h e re su lt is a n um b e r o f u n c o u p le d d if fe re n tia l e q u a tio n s , e a c h d e sc r ib in g a tra n s fo rm ed f ie ld o r

p o te n tia l a lo n g a line in s te a d o f a t a s in g le p o in t , h e n c e th e n am e M e th o d -o f -L in e s . T h e e lim in a tio n

o f d is c re tiz a tio n in o n e d im en s io n is th e k e y fe a tu re o f th e M oL an d re su lts in re d u c e d c om p u te r

s to ra g e re q u irem en ts a n d re d u c e d ru n - tim e s . T h e tw o -d im en s io n a l M oL h a s b e e n sh ow n b y

n um e ro u s a u th o rs to b e fa s t , a c c u ra te a n d e f fe c tiv e . H ow ev e r , in th is m e th o d , a s in m an y o th e r

fo rm u la tio n s , th e p ro p a g a tio n c o n s ta n ts o f th e m o d e s a re c a lc u la te d b y so lv in g th e fu n c tio n in
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equation (18), a severely non-linear function w ith an infin ite number of solutions, norm ally

interspersed w ith an infin ite number of poles, together w ith very sharp non-zero local m inim a. For

loss-less problem s, the zeros can be purely real, purely im aginary or complex.

fCy) = det[YCy)] = 0 (18)

As the existence of poles in the equation to be solved creates significant problem s for m ost root-

finding algorithm s, a number of attem pts to find pole-free solutions have been published. These

include pole-free form ulations [61], the use of a singular-value decomposition m ethod (SVD ) [62],

and finding the pole-positions analytically and either rem oving them , as reported in [57], or

searching betw een them [56]. O f these, the SVD method seem s to produce the best results, at the

cost of creating a function w ith a discontinuous first derivative, m aking the use of fast gradient root-

finding algorithm s difficult.

The adaptive sampling algorithm establishes, w ith the m inim um number of evaluations of the

characteristic equation (18), an accurate approxim ation iR(y) to the characteristic function f(y).

The approxim ation can be w ritten as the ratio of two polynom ials, of which only the pole-free

num erator needs to be solved for the zeros of the function according to equation (4). An added

advantage of the polynom ial representation is that the derivatives of the function can easily be

calculated using equation (5), enabling the use of gradient root-finding algorithm s. N either the

evaluation of the num erator nor its derivative are computationally expensive. Two sets of m odels

are created , one for the real axis iR(y= a) and one for the im aginary axis iR(y= jf3) to determ ine all

the propagation constants for both the propagating and evanescent m odes respectively . A lthough it

is possib le to create a model iR(y) in the complex y-plane using the theory of section 2.1 , such a

model requires a large number of support points in order to achieve the required accuracy. A s

typical problem s exhibit sm all numbers of zeros in the complex y-plane, a constrained root finding

algorithm is applied directly to the characteristic equation.

A first order N ew ton-Raphson root-finding m ethod is applied to the models iR(y) and a bisection

search is used when the form er failed [63]. The m axim um New ton-Raphson step size was lim ited

to 10% of the search interval. The zero suppression technique [64] is used to prevent the root

finding algorithm to converge to the sam e root tw ice. It im plies that the derivative used in the

New ton-Raphson m ethod is changed to:

(19)

where ~i are the Nr previously found roots. The advantage of th is technique, as opposed to deflation
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where the po lynom ial N(y) is d iv ided by Y-C;i exp lic itly so as to g ive a low er o rder po lynom ial, is

tha t the accu racy of a new roo t is no t sensitive to the erro rs incu rred in ca lcu la ting the p rev ious

roo ts. T he roo t find ing algo rithm is in itia lised at the low est Y value in the in terva l and fo rced to

search in the positive Y d irec tion un til it reaches the h ighest y value in the search in terva l. T o

ensu re tha t roo ts on the border o f the in terva l are found , the roo t find ing algo rithm is a llow ed to

search past the h ighest y value by I % of the band .

T he accu racy of the m odels 91(y) is requ ired to be h igh to ensu re tha t the roo t positions o f 91(y) are

accu ra te and that 91(y) does no t m iss any roo ts, w h ich are found in the charac teristic equation (18 ).

A s described in sec tion 2 .1 , th is dem and on accu racy can cause the adap tive sam pling algo rithm to

produce po le /zero com binations, w ith the resu lt tha t m ore zeros are determ ined than are p resen t in

the charac teristic equation . W e therefo re test the valid ity o f a ll zeros found by the roo t find ing

algo rithm . If a roo t is c lo ser than 10-
3
to a po le , it is e lim inated . T he po les are found by do ing a

first o rder N ew ton-R aphson search ofD (y ) in the v ic in ity o f the roo ts.

T he com plex con jugate roo ts, i.e . the com plex propagation constan ts , in the com plex y-p lane are

found d irec tly from the charac teristic equation (18 ) by using a secan t search m ethod , w h ich requ ires

tw o charac teristic equation evalua tions per ite ra tion . T he search space is d iv ided in to a num ber o f

areas in the P d irec tion . In each area the search is constra ined w ith in tha t area by d iv id ing the

charac teristic equation by the fo llow ing equation

(a)( a - all)(fJ - fJ,)(fJ - fJlI)' (20 )

and lim iting the N ew ton-R aphson step size to fa ll w ith in th is area . au is the upper lim it on the rea l

ax is , and PI and flu are respective ly the low er and upper lim its on the im ag inary ax is. S ince the

im ag inary part o f the com plex roo ts is genera lly sm all, the size o f the areas is p rog ressive ly

increased fu rther aw ay from the a-ax is . T he areas w ere a llow ed to sligh tly overlap to ensu re tha t

roo ts on the border are found .

The m ax im um step size w as lim ited to 20 % of the d iagonal o f the search area and zero suppression

as m en tioned above is used . In the a d irec tion the a lgo rithm w as started at N st d ifferen t positions to

p reven t it from converg ing to loca l m in im a and to allow it to search the w ho le area . T he fo llow ing

starting positions w ere used :

2 i + 1 . ( )
--au + JO.05 fJlI - fJ, + fJlI ,
2N

st

i=O , 1 , " ',N st-l (21 )

The techn ique w as tested on tw o exam ples: a sh ie lded m icrostrip line struc tu re and a cen tred slo t
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un ila te ra l f in lin e s tru c tu re . F o r th e ad ap tiv e sam p lin g a lg o rithm w e lim ited th e m ax im um o rd e r o f

th e ra tio n a l p o ly nom ia l in an in te rv a l (N bd ) to 2 9 . T h e re s id u a l Ek(r) a s d e fin ed in sec tio n 3 .1 in an

in te rv a l w as ev a lu a ted a t 5 00 po in ts an d conv e rg en ce w as a ssum ed w hen th e m ax im um va lu e o f

th is re s id u a l w as sm a lle r th an -8 0 dB . F o r th e ro o t f in d in g a lg o rithm s th e m ax im um num be r o f

ite ra tio n s a llow ed un til co nv e rg en ce w as 30 and conv e rg en ce w as a ssum ed w hen th e s tep s iz e w as

sm a lle r th an 10 -
5
. F o r th e com p lex ro o t f in d in g a lg o rithm th e num be r o f d iv is io n s in th e p d ire c tio n

w as cho sen to b e 3 and N s t w as cho sen a s 15 (c lo se s t to a -ax is ) , 1 0 and 5 (fu rth e s t from a-ax is ) fo r

th e th ree a rea s .

4 .2 .1 S h ie ld ed m ic ro s tr ip lin e

T he lo ss -le ss sh ie ld ed m ic ro s tr ip lin e s tru c tu re is sh ow n in F ig . 9 . T h e reg io n sea rch ed fo r ro o ts

w as cho sen a s [0 ,j2 .9 7 9 ] o n th e im ag in a ry ax is an d [0 ,2 ] o n th e rea l ax is . O n ly th e ev en o rd e r

m odes w e re ca lcu la ted and un ifo rm d isc re tiz a tio n w as u sed . T ab le 6 show s th e suppo rt p o in ts

se le c ted by th e ad ap tiv e sam p lin g a lg o rithm afte r ev e ry ite ra tio n fo r th e m ic ro s tr ip lin e a t 2 0 G H z .

T h e p ro p ag a tio n con s tan ts a re n o rm a lised w ith re sp ec t to th e fre e sp ace w av e num be r k o , i .e .

rlko = alko +jplko. O n th e rea l ax is th e in te rv a l w as au tom a tic a lly d iv id ed in to tw o in te rv a ls , a l

an d a2, w hen th e num be r o f su ppo rt p o in ts re ach ed 29 . T h e sh ad ed a rea s sh ow th e 29 suppo rt

p o in ts b e fo re in te rv a l d iv is io n . B o th th e m ean and th e m ax im um re la tiv e e rro rs a fte r ev e ry

ite ra tio n , a s w e ll a s th e ro o ts fo und in each in te rv a l a re sh ow n .

F ig . 9 . C ro ss -sec tio n o f th e sh ie ld ed m ic ro s tr ip lin e . A ll d im en s io n s a re g iv en in m illim e tre s .

F ig . 1 0 show s th e in te rp o la tio n m ode l re sp on se and th e suppo rt p o in ts fo r th e m ode l co n s tru c ted

ov e r in te rv a l a2. F ig . 1 1 show s th e re s id u a l Ek(r) a t co nv e rg en ce o f th e ad ap tiv e sam p lin g

a lg o rithm and th e re la tiv e e rro r b e tw een th e ch a rac te ris tic eq u a tio n re sp on se and th e in te rp o la tio n

m ode l re sp on se , i.e . id e t[Y (Y )][- ff ik iY )I . F ig . 1 2 show s th e ca lcu la ted num era to r an d d enom in a to r
1+ d e t Y(y)

po ly nom ia ls an d th e ir re sp ec tiv e d e riv a tiv e s o f th e fu n c tio n g iv en in F ig . 1 0 .
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T a b l e 6 . A d a p t i v e s a m p l i n g a l g o r i t h m i t e r a t i o n s f o r s h i e l d e d m i c r o s t r i p l i n e ( F i g . 9 ) a t 2 0 G H z . T h e s h a d e d a r e a s

s h o w th e s u p p o r t p o i n t s u s e d f o r i n i t i a l i s a t i o n o n t h e f 3 - a x i s , a n d t h o s e d e t e rm in e d b e f o r e i n t e r v a l d i v i s i o n o n t h e a - a x i s .

P r o p a g a t i o n c o n s t a n t s a r e n o rm a l i s e d w i t h r e s p e c t t o t h e f r e e s p a c e w a v e n u m b e r k o .

j j 3 E [ 0 ; j 2 .9 7 9 ] a, E [ 0 ; 1 .4 6 3 ] a2 E [ 1 .4 6 3 ; 2 ]

S u p p o r t Ek(y) [ d B ] S u p p o r t Ek(y) [ d B ] S u p p o r t Ek(y) [ d B ]

k p o i n t s M e a n M a x p o i n t s M e a n M a x p o i n t s M e a n M a x

I
. • • . ., • • 0 . . . . . • . •: ]

....0. .,
1 .4 6 3

"'1
~

)2 j I .4 8 9 . . . 0 .1 3 6 I 1 .4 9 5.
3 j 2 .9 7 9 : ) 4 .8 4 1 .1 0 .4 9 7 I 1 .5 5 9

4 j 1 .1 1 0 - 2 2 .6 1 1 .8 0 .5 8 9

1
1 .5 8 3 .

\ 1
5 j 2 .8 7 7 - 4 7 .9 - 3 4 .4 0 .6 2 5 , 1 .5 9 5

1

6 j 1 .0 9 8 - 1 1 .9 4 .5 0 .7 3 3 I 1 .6 0 3
,
. ,
'j

7 j 2 .9 5 5 - 5 .0 3 4 .7 1 .0 0 0 1 .6 2 3 ~
8 j 2 .7 8 2 2 7 .2 7 5 .7 1 .0 3 4 1 .8 7 6 .1
9 j 1 .2 6 0 6 .3 3 0 .1 1 .0 6 6 1 .9 4 0 '

,
~

,
1

1 0 j 2 .6 3 3 3 .0 3 9 .2 1 .1 0 6 1 1 .9 5 6 j

1 1 jO .6 8 0 - 3 8 .6 - 6 .6 1 .1 9 4

j
1 .9 6 0

" I1 2 j 2 .3 9 4 - 2 .7 3 7 .7 1 .3 5 1 1 .9 6 8

1 3 jO .8 3 6 - 4 .2 3 5 .2 1 .3 6 7 1 .9 7 2
j

1 4 jO .5 7 3 - 1 9 .8 2 0 .5 .1 .3 8 7 1 .9 9 6 ; 1

1 5 jO .7 0 4 - 1 3 .4 2 4 .7 1 .4 6 3 I - 5 0 .2 - 3 5 .6 2 .0 0 0
: 1

- 1 3 .9 3 2 .5
1

1 6 jO .4 9 5 1 6 .7 6 8 .2 0 .5 5 1 - 1 8 .8 2 5 .0 1 .8 2 8 - \ . 3 3 5 .9

1 7 jO .5 9 7 - 1 8 .9 5 .5 0 .2 4 3 - 4 8 .4 - 0 .9 1 .4 7 6 3 .2 4 3 .2

1 8 jO .4 9 0 - 4 7 .8 - 0 .8 1 .4 6 0 - 6 7 .4 - 4 8 .7 1 .6 1 0 - 2 .9 4 0 .6

1 9 j l . 9 0 4 - 6 .9 2 7 .5 0 .0 6 7 - 8 1 .9 - 6 2 .0 1 .7 5 6 - 6 4 .8 - 3 3 .0

2 0 jO .3 0 4 - 8 1 .7 - 4 7 .0 1 .4 4 5 - 8 1 .5 - 6 5 .7 1 .6 0 1 - 5 4 .5 - 1 4 .3

2 1 jO .8 0 6 - 5 5 .5 - 9 .9 0 .0 2 3 - 7 2 .4 - 5 5 .4 1 .7 9 2 - 8 4 .8 - 5 9 .5

2 2 jO .4 7 2 - 6 5 .6 - 4 0 .3 0 .1 3 8 - 8 4 .7 - 7 0 .5 1 .7 5 1 - 4 0 .1 2 .3

2 3 jO .0 6 6 - 9 6 .0 - 5 3 .4 0 .3 3 4 - 1 0 4 .0 - 8 3 .0 1 .7 5 9 - 1 0 1 .8 - 5 8 .6

2 4 jO .4 2 4 - 1 0 5 .0 - 6 7 .3 1 .7 9 4 - 1 3 9 .2 - 1 0 8 .7

2 5 j l . 9 8 8 - 1 3 0 .8 - 9 5 .9

jO .5 9 4 5 7 1 .4 9 7 8

R o o t s jO .7 2 5 1 1
0 .5 5 1 9 2

1 .6 1 0 2

f o u n d j 1 .1 0 2 7 1 .7 5 8 9

j 2 .7 1 0 6 1 .8 7 4 4

0 .8

- 0 .6

< > S u p p o r t p o i n t s

- 0 .8

-1
1 .5 1 5 5 1 .6 1 .6 5 1 .7 1 .7 5 1 .8 1 .8 5 1 .9 1 .9 5 2

a/ko

F ig . 1 0 . R e s p o n s e 9{(y) w i t h 2 5 s u p p o r t p o i n t s ( d i a m o n d s ) f o r t h e s t r u c t u r e o f F i g . 9 a t 2 0 G H z . T h i s i s t h e s e c o n d

i n t e r v a l , i . e . az, o n t h e a - a x i s a s c h o s e n b y i n t e r v a l d i v i s i o n . S u p p o r t p o i n t s l a r g e r t h a n + /_ 1 0
7 1

a r e s h o w n a t + / _ 1 0
7 1

r e s p e c t i v e l y .

2 7



o

- -& - E s tim a te d e rro r

-+ - T ru e e rro r

-5 0

= -'C

: ; : :-1 0 0
Q•..•..
O J

OJ

>
~ -1 5 0

;:;
~

-2 0 0

-2 5 0

1 .5 1 .5 5 1 6 1 .6 5 1 .7 1 .7 5 1 8 1 8 5 1 .9 1 .9 5 2

a1ko

F ig . 11. T h e re la tiv e e rro r e s tim a te d b y th e ad ap tiv e sam p lin g a lg o r ithm a t co n v e rg en c e an d th e re la tiv e e rro r b e tw een

th e ch a ra c te r is tic e q u a tio n re sp o n se an d th e in te rp o la tio n m od e l re sp o n se (F ig . 1 0 ) .

8 0

6 0

1 0 0

8 0

6 0

4 0

2 0

o

-2 0

-4 0

-6 0

-8 0

~ N(a) x 1 0
2 4

-+ - D ( a) x 1 0 -4 6

1 .5 1 .5 5 1 .6 1 .6 5 1 .7 1 .7 5 1 .8 1 .8 5 1 .9 1 .9 5

a/k
o

(a )

-4 0

-6 0

-8 0

-1 0

~ N'(a) x 102 3

-+ - D'( a) x 10.4 7

1 .5 1 .5 5 1 .6 1 .6 5 1 .7 1 .7 5 1 .8 1 .8 5 1 .9 1 .9 5

a/k
o

(b )

F ig . 1 2 . T h e in te rp o la tio n m od e l re sp o n se (F ig . 1 0 ) sp lit in to its (a ) n um e ra to r N(a) an d d en om in a to r D(a)

com po n en ts a n d (b ) th e ir re sp e c tiv e d e r iv a tiv e s .

T h e ev en o rd e r p ro p ag a tio n co n s ta n ts y/ko o f th e f irs t s ix m od e s a t 2 0 G H z a re lis te d in T ab le 7

to g e th e r w ith H u an g 's re su lts [5 3 ] . H u an g u sed th e s in g u la r in te g ra l e q u a tio n m e th o d to d e te rm in e

th e p ro p ag a tio n co n s ta n ts . F ig . 1 3 sh ow s a ll th e ev en o rd e r m od e s v e rsu s fre q u en cy . E v an e sc en t

m od e s y/ko = a/ko a re p lo tte d in th e o p p o s ite d ire c tio n .

T ab le 7 . P ro p ag a tio n co n s ta n t y/ko o f th e f irs t s ix ev en o rd e r m od e s fo r th e m ic ro s tr ip lin e (F ig . 9 ) a t 2 0 G H z .

M ode 1 M od e 2 M od e 3 M od e 4 M od e 5 M od e 6

H u an g [5 3 ) j2 .7 0 8 6 jl.l0 3 1 jO .7 2 4 9 9 jO .5 9 4 1 8 0 .5 5 2 7 4 0 .7 7 1 6 2 :tjO .1 5 3 4 5

T h is M e th o d j2 .7 1 0 6 jl.lO n jO .7 2 5 1 1 jO .5 9 4 5 7 0 .5 5 1 9 2 0 .7 5 3 0 4 :tjO .1 4 3 3 8
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T h e n u m b e r o f c h a r a c t e r i s t i c e q u a t i o n e v a lu a t i o n s t o d e t e rm in e a l l t h e p r o p a g a t i o n c o n s t a n t s v e r s u s

f r e q u e n c y i s s h o w n in F ig . 1 4 e v a lu a t e d in i n c r e m e n t s o f 0 .1 G H z . T h e c o m p le x i t y o f t h e f u n c t i o n

in c r e a s e s a s f r e q u e n c y in c r e a s e s a n d s o th e n u m b e r o f c h a r a c t e r i s t i c e q u a t i o n e v a lu a t i o n s i n c r e a s e .

F r o m 1 6 .4 G H z th e n u m b e r o f d i v i s i o n s o n th e a - a x i s i n c r e a s e s t o tw o , a n d a t 2 2 .3 G H z a n d

2 3 .0 G H z a n d f r o m 2 3 .2 G H z th e n u m b e r o f d i v i s i o n s i s t h r e e . F i g . 1 5 s h o w s th a t b e tw e e n 3 a n d 1 5

e v a lu a t i o n s a r e r e q u i r e d p e r d e t e rm in a t i o n o f a n im a g in a r y o r a r e a l r o o t o v e r t h e i n t e r v a l o f

i n t e r e s t . T h e c a l c u l a t i o n o f r o o t s v i a a p r e v io u s l y p u b l i s h e d t e c h n iq u e [ 5 6 ] r e q u i r e d b e tw e e n 1 0 0

a n d 3 0 0 e v a lu a t i o n s o f t h e c h a r a c t e r i s t i c e q u a t i o n to d e t e rm in e th e r o o t s b e tw e e n a d j a c e n t p o l e s .

N o t e t h a t t h e n u m b e r o f p o l e s o v e r t h e i n t e r v a l o f i n t e r e s t i s b e tw e e n 3 a n d 8 , r e s u l t i n g i n a t y p i c a l

r e d u c t i o n o f a f a c t o r 1 0 0 in c o m p u t a t i o n a l e f f o r t .

3

2 52 01 5

-2
1 0

- 1 .5

-1

,
, '

2 .5 ---------..-------------------------------t -----------------------..-------------------r--- ------- ------ ------- ------- ------------
, ', ,
, ', ,, ,
, ', '

2 --------------..----------------..----------~-----..--..----------------------------------t----- --- --- ------------ ------------- ..-. ,

--+- C o m p le x R o o t s ! !. ,
1.5 --- ---------- ------ ---------- ---------- ..--t ------- --- ------- ------ -------------- --- ---1--- ------ ..--- ---------- ..---

, ', ', ,, ,
, '

1 --------.--------..-----.....---------- - - - 1 - - - - - - - - - - - - - - - . - - - - - - - - - - - - - '

-0.5

o

0 .5

Frequency [GHz]

F ig . 1 3 . E v e n o r d e r p r o p a g a t i o n c o n s t a n t s y= a+j/3 n o rm a l i s e d w i t h k o v e r s u s f r e q u e n c y f o r t h e s h i e l d e d m ic r o s t r i p l i n e

s t r u c t u r e ( F ig . 9 ) .
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8 0

7 0

~ 6 0

.~
o s

=
• • 5 0..
< U

~ 4 0

U...
Q

• • 3 0
< U

. c

E

Z 2 0

1 0

o
1 0 1 5 2 0

F r e q u e n c y (G H z ]

( a )

2 5

1 5 0 0

'"=
. : :

~ 1 0 0 0

• •..
"
: t
I J . l

U...
o..

1:: 5 0 0

E
=
Z

o
1 0 1 5 2 0

F r e q u e n c y (G H z )

( b )

r = a + jp

2 5

F ig . 1 4 . T h e n u m b e r o f c h a r a c t e r i s t i c e q u a t io n e v a lu a t i o n s v e r s u s f r e q u e n c y r e q u i r e d b y th e a d a p t iv e s a m p l in g

a lg o r i t h m to e s t a b l i s h a m o d e l f o r th e s h i e ld e d m ic r o s t r i p l i n e s t r u c tu r e w i th ( a ) y=jjJ a n d y= a, a n d ( b ) y=a+jjJ.

2 0

o
1 0 1 5 2 0

F r e q u e n c y IG H z l

2 5

F ig . 1 5 . T h e n u m b e r o f c h a r a c t e r i s t i c e q u a t io n e v a lu a t i o n s p e r n u m b e r o f r o o t s f o u n d v e r s u s f r e q u e n c y f o r b o th y= jjJ

a n d y= a f o r th e s h i e ld e d m ic r o s t r i p l i n e s t r u c tu r e ( F ig . 9 ) .

4 .2 .2 U n i l a t e r a l f i n l i n e

T h e g u id e w a v e l e n g th A i s e v a lu a t e d f o r th e u n i l a t e r a l f i n l i n e w i th a c e n t r e d s lo t a s s h o w n in

F ig . 1 6 . T h e w a v e l e n g th in s id e th e g u id e i s 2n/ Po, w h e r e Po i s t h e d o m in a n t m o d e . F ig . 1 7 s h o w s

th e g u id e w a v e l e n g th A n o rm a l i s e d w i th th e f r e e s p a c e w a v e l e n g th 1 0 v e r s u s f r e q u e n c y f o r d i f f e r e n t

v a lu e s o f th e s lo t w id th , w . T a b le 8 c o m p a r e s th e c o m p u te d r e s u l t s w i th th o s e g iv e n in [ 6 5 ,

T a b le 4 .4 ] , w h e r e s p e c t r a l d o m a in f o rm u la s a n d m o d a l a n a ly s i s w e r e u s e d .

3 0
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Fig . 16 . C ross-section ofthe centred slo t unilateral fin line. A ll d im ensions are given in m illim etres.
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0 .88 ---i--t--It
0.86

26 28 30 32 34 36

Frequency [GHz)

38 40

Fig . 17 . N orm alised guide w avelength AI Ao versus frequency for the centred slo t unilateral fin line structure (F ig . 16).

The slo t w idth w is given in m illim etres.

Table 8 . Comparison of the guide w avelength ,1,/,1,0 for the unilateral fin line structure (F ig . 16) w ith w = 0.5 mm .

».10

Frequency [GHz] M odal analysis [65] Spectral dom ain [65] This M ethod

26.0 1 .1096 1.0200 1.0192

30.0 0 .9791 0.9794 0.9789

35.0 0 .9491 0.9494 0.9490

40.0 0 .9302 0.9304 0.9301

4.3 Conclusions

The exam ples presented in th is chapter illustrate the use of the adaptive sam pling algorithm for the

m odelling of univariate problem s. In the first exam ple, the adaptive sam pling algorithm was

in tegrated in to the ASM optim isation technique, w hich provided an autom atic and efficien t w ay to

m inim ise the CEM frequency evaluations. A n arbitrary num ber of frequency poin ts required by the

param eter extraction optim isation can be calculated from the surrogate m odel, w hich ensured the
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n o n - f a i lu r e o f th e p a r am e te r e x t r a c t io n s te p . T h e n ew te c h n iq u e w o rk e d w e l l w h e n a p p l ie d to th e

d e s ig n o f a lo w -p a s s c o m p a c t r e c ta n g u la r w a v e g u id e f i l te r w i th c a p a c i t iv e s te p d is c o n t in u i t ie s .

I n th e s e c o n d e x am p le , th e a d a p t iv e s am p l in g a lg o r i th m w a s a p p l ie d to th e tw o -d im e n s io n a l

M e th o d -o f -L in e s te c h n iq u e fo r th e c a lc u la t io n o f t r a n sm is s io n l in e c h a r a c te r i s t ic s o f tw o - a n d th r e e -

la y e r s h ie ld e d p la n a r s t r u c tu r e s . A n e f f ic ie n t s e le c t io n o f a m in im um n um b e r o f p ro p a g a t io n

c o n s ta n t s u p p o r t p o in ts d e f in e d a n a c c u r a te r a t io n a l f u n c t io n m o d e l f o r th e c h a r a c te r i s t ic e q u a t io n to

w h ic h a f a s t r o o t f in d in g a lg o r i th m w a s a p p l ie d . T h e a p p l ic a t io n o f th e m e th o d to th e a n a ly s e s o f a

s h ie ld e d m ic ro s t r ip l in e s t r u c tu r e a n d a u n i la te r a l f in l in e s t r u c tu r e r e q u i r e d ty p ic a l ly b e tw e e n 3 a n d

1 5 e v a lu a t io n s o f th e c h a r a c te r i s t ic f u n c t io n to d e te rm in e a n im a g in a ry o r a r e a l z e ro .

3 2



CHAPTER 5: R E S U L T S - M U L T IV A R IA T E A D A P T IV E S A M P L IN G

A n u m b e r o f tw o - a n d th r e e - d im e n s io n a l m o d e l s w e r e c r e a t e d f o r s t a n d a r d m ic r o w a v e c i r c u i t s f o r

v e r i f i c a t i o n o f th e a d a p t iv e s a m p l in g a lg o r i t h m s . T o d e te rm in e th e a c c u r a c y o f th e m o d e l s , t h e y

h a d to b e e v a lu a t e d o n a n in d e p e n d e n t e v a lu a t io n d a ta s e t , s im i l a r to th e v a l id a t io n p r o c e d u r e s

a p p l i e d to n e u r a l n e tw o r k m o d e l s . I n th e f o l lo w in g e x a m p le s , t h e r e l a t i v e s q u a r e d e r r o r Em b e tw e e n

th e f u n c t io n a n d th e m o d e l w a s c a l c u l a t e d o n r e c t a n g u la r e q u i - s p a c e d g r id s w i th 3 0
2
g r id p o in t s f o r

th e b iv a r i a t e c a s e s a n d a 2 0
3
g r id p o in t s f o r th e t r i v a r i a t e c a s e s . I n a l l c a s e s , b o th th e m e a n a n d th e

m a x im u m e r r o r s in d B a r e s h o w n f o r m o d e l s o f v a r y in g s i z e . N o n e o f th e s e m o d e l s w e r e r e d u c e d

in s i z e a f t e r a f i t w a s o b ta in e d , in c o n t r a s t t o t e c h n iq u e s w h e r e th e o r d e r o f th e in t e r p o la n t i s

g u e s s e d b e f o r e h a n d , a n d th e in t e r p o la t i o n f u n c t io n ( c a l c u l a t e d b y a h ig h n u m b e r o f C E M a n a ly s e s )

i s s y s t e m a t i c a l ly r e d u c e d a f t e rw a r d s . S e c t io n 5 .1 i l l u s t r a t e s r e s u l t s o f th e a d a p t iv e s a m p l in g

a lg o r i t h m s , A S A I a n d A S A 2 [ 3 3 ] - [ 3 5 ] , f o r th e m u l t iv a r i a t e s in g le o u tp u t m o d e l s , a n d s e c t io n 5 .2

s h o w s th e r e s u l t s o f th e a d a p t iv e s a m p l in g a lg o r i t h m , A S A 3 , f o r th e m u l t iv a r i a t e m u l t i p l e o u tp u t

m o d e l s a l l o f w h ic h a r e a p p l i e d to s e v e r a l p a s s iv e m ic r o w a v e s t r u c tu r e s .

5 .1 S in g le o u tp u t m o d e l s

5 .1 .1 S t r ip l i n e c h a r a c t e r i s t i c im p e d a n c e - 2 v a r i a b l e s

A b iv a r i a t e m o d e l m (w /h ,E r) w a s c r e a t e d w i th th e a d a p t iv e s a m p l in g a lg o r i t h m f o r th e c h a r a c t e r i s t i c

im p e d a n c e Z o (w /h ,E r) o f a h o m o g e n e o u s s y m m e t r i c s t r i p l i n e a s s h o w n in F ig . . 1 8 . T h e v a r i a b l e s

a r e : t h e s t r i p w id th - to - h e ig h t r a t i o w /h a n d th e r e l a t i v e d ie l e c t r i c c o n s t a n t E r o f th e s u b s t r a t e . T h e

s t r i p c o n d u c to r w a s a s s u m e d to b e in f in i t e s im a l ly th in , t h u s Z O (w /h ,E r) c a n b e c o m p u te d u s in g th e

e x a c t f o rm u la , w h ic h i s d e r iv e d u s in g a c o n f o rm a l t r a n s f o rm a t io n [ 6 6 ] . N o te th a t in p r a c t i c e , a

C E M a n a ly s i s w i l l b e u s e d . T h e m o d e l i s e s t a b l i s h e d f o r th e p a r a m e te r s w /h E [ 0 .0 5 ,1 ] a n d

E r E [ 1 ,2 5 ] , w h ic h d e f in e th e in t e r p o la t i o n s p a c e . A t in i t i a l i s a t i o n , th e 9 c h o s e n s u p p o r t p o in t s

p r o d u c e m (w /h ,E r) w i th th e m a x im u m e r r o r e q u a l to - 1 6 .4 d B . T a b le 9 s h o w s th e c o n v e r g e n c e o f

th e m o d e l s u s in g A S A 1 a n d A S A 2 a s th e n u m b e r o f s u p p o r t p o in t s in c r e a s e . W i th e q u iv a l e n t

a c c u r a c i e s ( - 5 7 d B ) th e m o d e l c o n s t r u c t e d b y A S A 2 r e q u i r e d 7 f e w e r s u p p o r t p o in t s th a n A S A I .

T h e r e s p o n s e o f th e in t e r p o la t i o n m o d e l m (w /h ,E r) w i th 3 6 s u p p o r t p o in t s c o n s t r u c t e d w i th A S A I

a n d i t s r e l a t i v e s q u a r e d e r r o r Em(w/h,Er) a r e s h o w n in F ig . 1 9 . F ig . 2 0 r e p r e s e n t s th e r e s p o n s e o f

th e in t e r p o la t i o n m o d e l m (w /h ,E r) w i th 2 9 s u p p o r t p o in t s c o n s t r u c t e d w i th A S A 2 a n d i t s r e l a t i v e

s q u a r e d e r r o r Em(w/h,Er), w h ic h i s l e s s th a n - 5 6 d B in th e in t e r p o la t i o n s p a c e .

3 3



I':
w

~I
h

Fig. 18. C ro s s s e c t io n a l v ie w o f th e s t r ip l in e .
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Num ber of

support po in ts

12

16

20

30

42

N um ber of

support po in ts

12

15

25

35

42

Tab le 9 . C onvergence of~ (w /h , E ,-) de term ined by ASA I and ASA2 for the strip line exam ple .

ASA I ASA2

Num ber of £m (W /h ,E ,) [dB] Num ber of £m (W /h ,E ,) [dB]

support po in ts M ean M ax support po in ts M ean M ax

9 -29 .3 -16 .4 9 -29 .3 -16 .4

16 -40 .4 -25 .9 14 -33 .0 -18 .5

24 -42 .4 -30 .0 21 -42 .4 -29 .1

36 -74 .5 -58 .8 29 -72 .3 -56 .9

5 .1 .2 C apacitive step in rectangu lar w avegu ide - 2 variab les

B ivaria te m odels 91 II (f, h ) and 9121(f,h ), and 9111(f,/) and 9121(f,/), w ere created fo r the reflec tion

and transm ission coeffic ien ts, i.e . S Il(f,h ) and S21(f,h ), and S II(f,/) and S21(f,I), o fa capacitive step

in a rectangu lar w avegu ide as illu stra ted in F ig . 21 . The variab les are : frequency f and gap heigh t

h ; and frequency f and gap leng th I. The m odels w ere constructed fo r a standard W R90 rectangu lar

w avegu ide . The capacitive step w as analysed using the m ode m atch ing m ethod com bined w ith the

genera lised scattering m atrix [47]. T he m odels 911 l(f,h ) and 9121(f,h ) are estab lished w ith

f E [7 GH z, 13 GH z], hE [2 mm , 8 mm ] and 1= 2 mm . The convergence of the m odels using ASA I

and ASA2 as the num ber o f support po in ts increases is tabu la ted in T ab le 10 and Tab le 11 . The

responses o f the in terpo la tion m odels 9111(f,h ) and 9121(f,h ) w ith 44 support po in ts each determ ined

w ith A SA 2 and their re la tive squared erro rs are show n in F ig . 22 and F ig . 23 respectively .

Tab le 10 . C onvergence O f~ ll(f, h ) determ ined by ASA I and ASA2 for the capacitive step exam ple .

ASA I ASA2

£ ,,([, h ) [dB] Num ber of £ ll(f, h ) [dB]

M ean M ax support po in ts M ean M ax

-34 .4 -20 .3 IS -52 .5 -35 .4
-54 .5 -45 .7 20 -61 .4 -44 .9
-57 .5 -45 .0 22 -62 .5 -48 .2
-68 .2 -50 .5 37 -76 .2 -51 .1
-81 .0 -70 .1 44 -93 .2 -82 .3

Tab le 11. Convergence of ~21(f, h ) determ ined by ASA I and ASA2 for the capacitive step exam ple .

ASA I ASA2

£21([, h ) [dB] Num ber of £21(f, h ) [dB]

M ean M ax support po in ts M ean M ax

-51 .3 -38 .0 13 -52 .3 -44 .8
-52 .3 -38 .0 18 -61 .8 -51 .9
-65 .3 -53 .6 22 -64 .6 -28 .4
-82 .2 -61 .2 37 -91 .5 -71 .3
-90 .1 -78 .5 44 -94 .1 -80 .7
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b

a

F ig . 21 . C ro ss sec tiona l v iew and side v iew of the capac itiv e step .

h (mm] 2 7
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F ig . 22 . A SA 2 : C apac itiv e step exam p le . M agn itude (a ) and phase (b ) responses O f9{ lI(f, h ) w ith 44 suppo rt po in ts

and its e rro r E II(f, h ) (c ).
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F ig . 2 3 . A SA 2 : C a p a c it iv e s te p e x am p le . M ag n itu d e (a ) a n d p h a s e (b ) re sp o n se s O f9 \2 1 ( f , h ) w ith 4 4 su p p o r t p o in ts

a n d its e r ro r £ 2 1 ( f , h ) (c ) .

T h e m o d e ls 9111(f,1) a n d 9 1 21( f ,1 ) a re e s ta b lis h e d w ith fE [7G H z , 1 3G H z ] , IE [0 .5 m m , 5m m ] a n d

h = 5 m m . T a b le 1 2 sh ow s th e c o n v e rg e n c e o f th e m o d e ls u s in g A SA 2 a s th e n um b e r o f su p p o r t

p o in ts in c re a s e s . T h e re sp o n se s o f th e m o d e ls 9 1 11( f , I ) a n d 9 1 21( f , I ) w ith 4 5 a n d 4 2 su p p o r t p o in ts

a n d th e ir re la t iv e sq u a re d e r ro rs a re sh ow n in F ig . 2 4 a n d F ig . 2 5 re sp e c tiv e ly . W ith e q u iv a le n t

n um b e r o f su p p o r t p o in ts th e e r ro rs o f th e m o d e ls d e te rm in e d b y A SA 2 te n d to b e le s s b y u p to

1 0 dB com p a re d to th o s e d e te rm in e d b y A SA 1 .
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N um ber o f

su ppo rt p o in ts

12

17

21

45

T ab le 12 . C onv e rg en ce o f9 1d f, l) and 91 21(f , l) d e te rm in ed by A SA 2 fo r th e cap ac itiv e s tep ex am p le .

91 11(f, l) 91 2,(f, l)

£1 I(f , l) [dB ] N um be r o f £ ,,(f , l) [dB ]

M ean M ax suppo rt p o in ts M ean M ax

-4 2 .3 -2 2 .1 12 -5 4 .8 -3 8 .0

-5 7 .1 -4 0 .2 16 -5 6 .7 -3 6 .2

-6 1 .1 -5 0 .7 19 -6 5 .6 -5 1 .8

-8 2 .5 -6 3 .8 42 -8 9 .3 -7 1 .1
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F ig . 2 4 . A SA 2 : C ap ac itiv e s tep ex am p le . M agn itu d e (a ) and ph ase (b ) re sp on se s o f 9 1 11(f , l) w ith 45 suppo rt p o in ts

an d its e rro r E ll(f , l) (c ) .
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F ig . 25 . A SA 2 : C apac itiv e step exam p le . M agn itude (a ) and phase (b ) responses o f9 l21(f, l) w ith 42 suppo rt po in ts

and its e rro r E21(f, l) (c ).

5 .1 .3 Induc tive posts in rec tangu la r w avegu ide - 2 variab les

B ivaria te m odels m ll(f, w ) and m 21(f,w ) w ere crea ted fo r the re flec tion and tran sm ission

coeffic ien ts , i.e . S ll(f, w ) and S21 (f,w ), o f tw o perfec tly conduc ting round posts cen tred in the E -

p lane o f a rec tangu la r w avegu ide as show n in F ig . 26 . T he variab les a re : frequency f and post-

spac ing w . T he d iam ete r o f the posts d w as se t to 2 mm and the m odel w as construc ted fo r a

standard W R90 rec tangu la r w avegu ide w ith f E [7 GH z, 13 GH z] and w E [4 mm , 18 mm ]' A

m om en t m ethod techn ique is u sed to ana ly se th is s truc tu re [67 ]. T ab le 13 and T ab le 14 exem p lify

the convergence o f the m odels m 11(f,w ) and m 21(f,w ) using A SA I and A SA 2 as the num ber o f

suppo rt po in ts increase . T he responses o f the in te rpo la tion m odels 91II(f, w ) and 9121(f, w ) w ith 53

and 57 suppo rt po in ts respec tive ly estab lished w ith A SA 2 and the ir re la tiv e squared erro rs a re

show n in F ig . 27 and F ig . 28 .
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w

F ig . 26 . C ross sectional v iew and top v iew of the inductive posts.
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F ig . 27 . A SA2: Inductive post exam ple . M agnitude (a) and phase (b) responses of9 lI,(f, w ) w ith 53 support po in ts

and its erro r £I,(f, w ) (c).
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N um b e r o f

s u p p o r t p o in ts

1 8

3 6

48

T a b le 1 3 . C o n v e rg e n c e o f9 l 1 1 ( f , w ) d e te rm in e d b y A S A I a n d A S A 2 fo r th e in d u c t iv e p o s ts e x am p le .

ASAI ASA2

£ I l ( f , w ) [d B ] N um b e r o f £ I l ( f , w ) [d B ]

M e a n M a x s u p p o r t p o in ts M e a n M a x

-3 2 .4 -1 6 .8 1 8 -3 8 .1 -2 3 .7

-3 9 .8 -1 3 .8 2 8 -6 7 .2 -4 9 .2

-8 8 .4 -7 3 .8 5 3 -9 1 .5 -7 3 .7

N um b e r o f

s u p p o r t p o in ts

1 8

36

4 8

5 6

T a b le 1 4 . C o n v e rg e n c e o f 9 l 2 1 ( f , w ) d e te rm in e d b y A S A I a n d A S A 2 fo r th e in d u c t iv e p o s ts e x am p le .

ASAI ASA2

£ 2 1 ( f , w ) [d B ] N um b e r o f £ 'I ( f , w ) [d B ]

M e a n M a x s u p p o r t p o in ts M e a n M a x

-3 8 .1 -2 5 .1 2 3 -5 9 .1 -4 1 .6

-3 9 .6 -9 .2 3 0 -5 2 .1 -2 7 .4

-8 9 .8 -6 8 .6 5 1 -7 6 .8 -5 1 .3

-9 0 .4 -6 4 .9 5 7 -8 7 .9 -7 2 .5
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F ig . 2 8 . A S A 2 : In d u c t iv e p o s t e x am p le . M a g n i tu d e (a ) a n d p h a s e (b ) r e s p o n s e s o f 9 l 2 1 ( f , w ) w ith 5 7 s u p p o r t p o in ts

a n d i ts e r ro r E21(f, w ) (c ) .
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5.1.4 Capacitive step in rectangular waveguide - 3 variables

A trivariate model m ll(f,h ,l) w as constructed for the reflection coefficient, l.e. SII(f,h ,l) of a

capacitive step in a rectangular waveguide as shown in Fig. 21. The variables are: frequency f, gap

height h and step length l. The model was created for a standard WR90 rectangular waveguide.

The capacitive step is analysed using the mode matching method [47]. Two sets of models were

established w ith different interpolation spaces, i.e. a) f E [8 GHz, 12 GHz], h E [3 mm , 7 mm ] and

l E [1 mm , 4mm ]; and b) f E [7 GHz, 13 GHz], hE [2mm , 8 mm ] and l E [0.5 mm , 5 mm ]. Table 15

and Table 16 show the results using ASA I and ASA2 respectively . For the sm aller interpolation

space the models constructed by ASA I and ASA2 attain an error sm aller than -95 dB w ith

approxim ately 920 support points. ASA2 has a faster convergence than ASA I. For the larger

interpolation space ASA 1 failed to produce a model w ith good accuracy, due to the non-optim al

placem ent of the support points, while ASA2 achieved an error of sm aller than -58 dB w ith 2142

support points.

Table 15. Convergence of 91 11(f, h , l) determ ined by ASAI for the capacitive step example.

f E [8 GHz, 12 GHz], f E [7 GHz, 13 GHz],

h E [3mm ,7 mm ], h E [2mm ,8 mm ],

I E [I mm ,4 mm ] IE [0 .5mm ,5 mm ]

Number of E,,(f, h, l) [dB ] Number of E,,(f, h, l) [dB ]

support points M ean M ax support points M ean M ax

64 -65.1 -49.5 150 -56.6 -31.1

180 -82.2 -55.5 294 -62.0 -30.1

294 -85.3 -59.5 576 -59.3 -15.1

512 -100.8 -63.1 1300 -81.0 -32.1

832 -108.2 -76.6 1716 -83.2 -35.0

936 -109.3 -96.8 2730 -70.0 -26.7

Table 16. Convergence of91 1,(f, h , l) determ ined by ASA2 for the capacitive step example.

f E [8 GHz, 12 GHz],

h E [3mm ,7 mm ],

IE [1mm ,4mm ]

Number of E,,(f, h, l) [dB ]

support points M ean M ax

115 -70.7 -21.9

164 -75.5 -46.7

300 -86.6 -57.8

379 -89.9 -75.8

496 -107.3 -86.0

645 -108.3 -94.4

917 -109.1 -97.5

f E [7 GHz, 13 GHz],

h E [2mm ,8 mm ],

I E [0 .5mm ,5 mm ]

Number of E,,(f, h, l) [dB ]

support points M ean M ax

343 -55.5 -15.3

593 -67.0 -31.4

737 -76.5 -40.0

871 -79.5 -47.0

1375 -91.7 -47.7

1758 -96.1 -54.7

2142 -97.2 -58.1

5.1.5 Iris in rectangular waveguide - 3 variables

A trivariate model m21(f, a, b) was created for the transm ission coefficient, i.e. S21(f, a, b) of an iris

in a rectangular waveguide as illustrated in Fig. 29. The variables are: frequency f, gap w idth a

and gap height b. The model was constructed for a standard WR90 rectangular waveguide w ith
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f E [8 GHz, 12 GHz], a E [8 m m , 15 m m ], b E [1 m m , 3 m m ] and 1= 1 m m . The iris is analysed using

the m ode m atching m ethod [47]. Table 17 and Table 18 show the results using ASA 1 and ASA2.

ASA I failed to produce a m odel w ith good accuracy, due to the non-optim al placem ent of the

support poin ts, w hile ASA2 achieved an error of sm aller than -52 dB w ith 736 support poin ts.

Fig . 29 . Iris in rectangular w aveguide.

Table 17. Convergence of 9\2I(f, a , b) determ ined by ASA 1 for the iris exam ple.

Num ber of £21(f, a , b) [dB ]

support poin ts M ean M ax

252 -37.9 -3 .6

1120 -46.2 -7 .4

1440 -44.3 -1 .5

Table 18. Convergence of 9\21(f, a , b) determ ined by ASA2 for the iris exam ple.

Num ber of £2,(f, a , b) [dB ]

support poin ts M ean M ax

168 -50.0 -18.0

247 -56.9 -19.5

328 -63.2 -31.1

560 -66.5 -33.1

736 -72.7 -52.6

5.2 M ultip le output m odels

B ivariate, m ultip le output m odels w ere constructed for the sam e structures as given in section 5.1 ,

w here single output in terpolation m odels w ere constructed for each of the scattering param eters.

This w as done in order to illustrate the efficiency of the m ultip le output m odels relative to that of

the single output m odels.

5.2 .1 Capacitive step in rectangular w aveguide - 2 variables

A bivariate, m ultip le output m odel 91(f, h) w as created for the reflection and transm ission

coefficients, i.e . S II(f,h) and S21(f,h), of a capacitive step in a rectangular w aveguide as shown in

F ig . 21 and the results are tabulated in Table 19. Table 20 show s the results for the m odel 91(f, l),
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which models SII(f, l) and S21(f, l). The parameters for both models 91(f, h) and 91(f, l) are the same

as those given in section 4.2.2 . Comparison of these results w ith those of Table 10, Table 11 and

Table 12, where separate models were constructed for the reflection and the transm ission

coefficients, shows that w ith equivalent model accuracies the total number of support points is

halved.

Table 19. Convergence of9{(f, h) determ ined by ASA3 for the capacitive step example.

Number of £ll(f, h) [dB ) £2I(f, h) [dB )

support points M ean M ax M ean M ax

15 -52.5 -35.4 -54.8 -37.0
20 -61.3 -44.6 -66.1 -47.2
22 -62.5 -48.3 -65.0 -36.4
37 -76.3 -51.2 -89.9 -65.0
42 -96.4 -85.2 -98.5 -85.7

Table 20. Convergence of 9{(f, l) determ ined by ASA3 for the capacitive step example.

Number of £,,(f, l) [dB ) £2I(f, l) [dB )

support points M ean M ax M ean M ax

12 -42.8 -22.1 -54.0 -36.6
18 -59.0 -47.9 -65.0 -55.2
22 -61.1 -51.2 -65.4 -55.2
46 -82.4 -63.8 -86.3 -69.0

5.2.2 Inductive post in rectangular waveguide - 2 variables

A bivariate, multiple output model 91(f, w ) for an inductive post in a rectangular waveguide as

shown in Fig. 26 was created for the reflection and transm ission coefficients, i.e. SII(f, w ) and

S21(f,w ). The results are shown in Table 21. The param eters for the models 91(f, w ) are the same

as those given in section 4.2.3 . Comparison of these results w ith those of Table 13 and Table 14,

where separate models were constructed for the reflection and the transm ission coefficients, shows

that w ith equivalent model accuracies the total number of support points is approxim ately halved.

Table 21. Convergence of9{(f, w ) determ ined by ASA3 for the inductive post example.

Number of £ll(f, w ) [dB ) £2I(f, w ) [dB )

support points M ean M ax M ean M ax

23 -61.7 -43.4 -58.7 -41.2
29 -69.3 -54.5 -67.2 -51.6
45 -77.8 -59.6 -78.4 -67.2
56 -87.8 -64.1 -85.7 -70.1
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5 .2 .3 L ong itud ina l s lo t in comm on broad w all o f tw o rec tangu la r w avegu ides -

3 variab les

A m ultiv a ria te , m u ltip le ou tpu t m ode l m (f, I, d ) w as crea ted to charac te rise a long itud ina l s lo t in the

comm on broad w all o f tw o rec tangu la r w avegu ides as illu stra ted in F ig . 30 . T he sca tte ring

param ete rs tha t com p le te ly define such a d iscon tinu ity a re S II(f, I,d ), S 21 (f,I, d ) and S31 (f,I, d ). T he

po rt num bers a re show n in F ig . 30 w ith po rt 1 be ing the inc iden t po rt. T he variab les a re : frequency

f, s lo t leng th I and slo t d is tance from the w avegu ide sidew all d . T he m odel w as estab lished fo r a

standard W R90 rec tangu la r w avegu ide w ith fE [8GH z,12GH z], IE [3 .5mm ,10mm ],

dE [1 mm , 11 mm ], s lo t he igh t t = 2 .54mm and slo t w id th w = 0 .5 mm . T he struc tu re is ana ly sed

using the m ethod o f m om en ts [68 ]. T ab le 22 show s the accu racy o f the m odel as the num ber o f

suppo rt po in ts in c rease . A n erro r o f sm alle r th an -58dB w as ach ieved fo r a ll o f th e sca tte ring

param ete rs w ith on ly 577 suppo rt po in ts . F ig . 31 show s the m ax im um re la tiv e erro rs

Eil(f,!) = m ax Eil(f, I, d ) fo r a ll o f th e m odelled sca tte ring param ete rs o f the m u ltip le ou tpu t
dE [l,11 ]

in te rpo la tion m odel w ith 577 suppo rt po in ts .

CD CD

II ft :::::J c ::

} 0 0 )

I. • I
a

d

n
-H-

w

F ig . 30 . C ro ss sec tiona l v iew , top v iew and side v iew of the long itud ina l s lo t in the comm on broad w all o f tw o

rec tangu la r w avegu ides .

T ab le 22 . C onvergence o f9 \(f, I, d ) de te rm ined by A SA 3 fo r the capac itiv e step exam p le .

N um ber o f £11 (f, I, d ) [dB ] £21 (f, I, d ) [dB ] £31 (f, I, d ) [dB ]

suppo rt po in ts M ean M ax M ean M ax M ean M ax

301 -58 .2 -14 .2 -62 .8 -39 .4 -60 .3 -17 .7
403 -66 .0 -35 .9 -73 .5 -51 .8 -70 .0 -38 .8
536 -71 .3 -47 .8 -70 .6 -48 .8 -74 .0 -48 .0
577 -73 .6 -57 .7 -78 .5 -63 .3 -76 .8 -59 .8
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support po in ts fo r the sca tte ring param eter S il (f, I, d), (a) i = 1 , (b ) i = 2 , (c) i = 3 .

5 .3 C onclusions

In th is chap ter the adap tive sam pling algo rithm app lied to m ultivaria te , m u ltip le ou tpu t m odels w as

evaluated on a num ber o f passive m icrow ave circu its . E rro rs o f sm aller than 0 .25 % in the

in terpo la tion space w ere ach ieved in all cases. T h is m odel accu racy , w h ich depends on the num ber

o f support po in ts , is m ore than adequate fo r the purposes o f design ing m ost m icrow ave circu its . It

is show n that the adap tive sam pling algo rithm , w hich p laces support po in ts on a non-rec tangu lar

g rid , converges faster than an algo rithm that p laces support po in ts on a rec tangu lar g rid . T he

adap tive sam pling algo rithm for the m ultip le ou tpu t m odels requ ires approx im ate ly the sam e

num ber o f support po in ts as by the adap tive sam pling algo rithm for the sing le ou tpu t m odel.

In summ ary , the resu lts show clearly tha t the adap tive sam pling algo rithm can be used to good

effec t in the m odelling of m icrow ave circu its .
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CHAPTER 6: EXTENSIONS AND CONCLUSIONS

6.1 Extensions

D ifferen t rational in terpo lan ts can be constructed from a sing le set of support po in ts w ith vary ing

degrees of accuracy . The m ethod presen ted in th is d isserta tion is general in the sense that it w as not

tuned for specific problem s. H ow ever, d ifferen t num berings of the support po in ts m ay produce

better resu lts especially if know ledge of the function being m odelled can be incorporated in to the

m odelling algorithm .

In th is d isserta tion the support po in ts are essen tia lly selected for a num ber of sing le variab le

functions in a m ultivariab le in terpo lation space, w hich is com putationally effic ien t. H ow ever, a

m ultivaria te in terpo lation technique that has the ab ility to choose support po in ts to tally arb itrarily in

the in terpo lation space m ay be m ore optim al. This requires a d ifferen t type of in terpo lan t from the

one used in th is d isserta tion . Such a m ethod w ill be com putationally less effic ien t, because the

w hole in terpo lation space needs to be searched for the selection of new support po in ts.

The m odelling of h igh ly non-linear functions can cause the order of the in terpo lan t to becom e large,

w hich can cause the in terpo lan t to becom e num erically unstab le . In th is case the in terpo lation space

needs to be subdiv ided in to sm aller in terpo lation spaces. The univariate adaptive sam pling

algorithm autom atically d iv ides the in terpo lation in terval in to sm aller in tervals w hen the order of

the in terpo lan t becom es too large. In the m ultivaria te case subdiv ision is on ly applied to the set of

un ivariate in terpo lan ts from which the m ultivaria te in terpo lan t is estab lished . A possib le ex tension

would be to au tom atically d iv ide the w hole m ultivaria te in terpo lation space in to sm aller

in terpo lation spaces w hen required .

The m ost im portan t ex tension to the m ultivaria te adaptive sam pling algorithm presen ted here w ould

be the developm ent of a m ethod that can handle CEM analyses w ith sign ifican t num erical errors.

A n in terpo lan t w ill create a curve that passes through all o f the support po in ts. Therefore,

num erical errors w ill be incorporated in to the m odel, w hich im plies a h igh order in terpo lan t. For

these cases an approxim ant to the function being m odelled would need to be found so that it be

approxim ated rather than rep licated .

6.2 Conclusions

In th is d isserta tion an accurate and robust adaptive sam pling algorithm was developed that used

m ultivaria te rational in terpo lan ts based on Thiele-type branched continued fractions to m ap a m ulti-
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dimensional complex numbered input vector to a multi-dimensional complex numbered output

vector. The multivariate interpolant was established from a combination of a set of univariate

interpolants. Starting with low order interpolants, the technique systematically increased the order

by optimally choosing new support points in the areas of highest error, until an accurate

mathematical model with the desired accuracy was achieved.

The standard branched continued fraction interpolation technique, which required a fully filled

rectangular grid of support points, was adapted to allow sampling on a more optimal non-

rectangular grid. The coefficients of the rational interpolant and the evaluation of the function

values were determined in a recursive manner, which made the sampling algorithm fast and

efficient. An error estimate was obtained as a natural consequence of the recursion.

The adaptive sampling algorithm automatically and efficiently selected and minimised the sample

points, which allowed model development without any a priori knowledge of the microwave

structure under study.

The method was evaluated on a number of passive microwave circuits. In all cases an error of less

than 0.25 % in the interpolation space was achieved. It was shown that the adaptive sampling

algorithm, which placed support points on a non-rectangular grid, was superior to an algorithm that

placed support points on a rectangular grid. Comparison of the adaptive sampling algorithms for

single and multiple output models showed that the number of support points determined for a

multiple output model was equivalent to that determined for a single output model.

In conclusion, the method presented here offers a viable technique for the creation of multi-input

multi-output surrogate mathematical models for physical problems. Although the method was

applied only to the CEM field, it is widely applicable and is in no way restricted to the specific

examples shown here.
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ApPENDIX A: S P A C E M A P P IN G O P T IM IS A T IO N

A .I In tro d u c t io n

D if fe re n t m o d e ls , a " c o a r s e " m o d e l a n d a " f in e " m o d e l , m a y o f te n d e s c r ib e a m ic ro w a v e c ir c u i t .

T h e f in e m o d e l is c o n s id e re d v e ry a c c u ra te b u t c o m p u ta t io n a l ly v e ry in te n s iv e , w h i le th e c o a r s e

m o d e l is s im p le a n d fa s t b u t le s s a c c u ra te o r h a s l im ite d v a l id i ty r a n g e . T h e c o a r s e m o d e l m a y b e

a n e m p ir ic a l c i r c u i t - th e o re t ic m o d e l o r a c o a r s e - r e s o lu t io n C E M m o d e l . T h e f in e m o d e l ty p ic a l ly is

a C E M f ie ld - th e o re t ic m o d e l , o r i t c a n b e a la b m e a s u re m e n t . C o a r s e m o d e ls a re s u i ta b le fo r

i te r a t iv e d e s ig n o p t im is a t io n , w h i le f in e m o d e ls a re o f te n l im ite d to d e s ig n v a l id a t io n d u e to th e ir

h ig h c o m p u ta t io n a l c o s t .

S p a c e m a p p in g p ro v id e s a l in k b e tw e e n th e c o a r s e a n d th e f in e m o d e ls . T h e te c h n iq u e c o m b in e s

th e a c c u ra c y o f th e f in e m o d e l w ith th e s p e e d o f th e c o a r s e m o d e l . T h e b u lk o f C P U in te n s iv e

o p t im is a t io n is d o n e in th e c o a r s e m o d e l p a ra m e te r s p a c e .

A .2 S p a c e M a p p in g T h e o ry [4 4 ]

L e t th e c o a r s e m o d e l a n d f in e m o d e l in p u t p a ra m e te r s b e d e n o te d b y v e c to r s X o s a n d X e m

re s p e c t iv e ly . X o s is d e f in e d in th e o p t im is a t io n s p a c e X o s . X e m is d e f in e d in th e C E M s p a c e X e m .

T h e X o s s p a c e a n d th e X e m s p a c e m o d e l r e s p o n s e v e c to r s a re d e n o te d b y R o s (x o s ) a n d R e m (x e m )

r e s p e c t iv e ly . R e m (x e m ) is c o n s id e re d v e ry a c c u ra te b u t c o m p u ta t io n a l ly v e ry in te n s iv e w h ile

R o s (x o s ) is f a s t b u t le s s a c c u ra te .

S p a c e m a p p in g (S M ) n e e d s to f in d a m a th e m a tic a l l in k b e tw e e n th e in p u t p a ra m e te r s o f th e c o a r s e

m o d e l a n d th e in p u t p a ra m e te r s o f th e f in e m o d e l . D e f in e a n o n - l in e a r v e c to r fu n c t io n P th a t m a p s

th e in p u t p a ra m e te r s o f th e f in e m o d e l o n to th e in p u t p a ra m e te r s o f th e c o a r s e m o d e l a s fo l lo w s :

(2 2 )

T h e S p a c e m a p p in g p ro b le m is th e n , to f in d th e m a p p in g s o th a t th e re s p o n s e s o f th e tw o m o d e ls

a re th e s a m e , i .e .

(2 3 )

T h e in p u t p a ra m e te r x :s ' w h ic h p ro d u c e s th e o p t im a l r e s p o n s e in X o s , i s d e te rm in e d b y p e r fo rm in g

c o n v e n t io n a l d e s ig n o p t im is a t io n e n t i r e ly in th e X o s s p a c e [6 9 ] . T h e in v e r s e m a p p in g p-
1

i s u s e d to

f in d th e S M s o lu t io n in X e m f ro m x :s ' a s s h o w n in e q u a t io n (2 4 ) . T h e m a p p e d s o lu t io n x
em

m a y
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not be the true optimum X:m•

(24)

The analytical form of P is not available and has to be found by an iterative process, starting from

the point x~~= x:
s
. At the lh iteration, x~~ is obtained by applying p-l using the current estim ate

of P namely p(j)-l, . ,

XU) = pcwl(x' )
em os •

The SM solution is reached when the CEM analysis at x~~ produces the desired response, i.e.

(25)

(26)

where 11.11 indicates a suitable norm and E is a small positive constant. The two models are now

aligned and equation (24) is used to determ ine the input parameter in Xem ,

- - U)
X
em

- X
em

,

With no solution reached, parameter extraction is used to determ ine x~~) as follows:

(27)

(28)

In words, parameter extraction determ ines the input parameters of the coarse model, x~~), whose

response matches the fine model response at x~~. x~) is determ ined through optim isation in Xos

from the data provided by the CEM analysis at x~~ .

Having determ ined x~~ and x~~),the mapping P at the lh iteration is calculated. Various methods

have been proposed to determ ine P [70]. In this dissertation the aggressive space mapping

technique (ASM ) is used and is discussed in section A .3. The ASM optim isation process is

illustrated graphically in Fig. A I.

A.3 Aggressive Space M apping [45]

The aggressive space mapping algorithm aggressively uses every CEM analysis to optim ise the

design. A quasi-New ton iteration in conjunction w ith first-order derivative approximations updated

by the classic B royden formula refines the mapping.

55



D efin e a se t o f n o n -lin e a r eq u a tio n s :

f (x em ) = P (x em ) - X :s .

A s th e 8M a lg o rithm co n v e rg e s to a 8M so lu tio n , x ~ ) ~ x :
s
• T h e g o a l is X~~+l) = x :

s
o r

(2 9 )

(3 0 )

A qu a s i-N ew to n ite ra tio n is u sed to so lv e th e se t o f n o n -lin e a r eq u a tio n s in (3 0 ) . A ssum in g f c an b e

lin e a r ised lo c a lly , th e n ex t ite ra te is :

w h e re hU ) so lv e s th e lin e a r sy s tem

X(j+I) = xU) + h(j)
em em , (3 1 )

(3 2 )

T h is fo llow s from th e T ay lo r se r ie s ex p an s io n o f (2 8 ) ab o u t x ~ ~ (ig n o rin g h ig h e r o rd e r

d e r iv a tiv e s ) : f (x ~ .:1+ h (j) ):::::f (x ~ ~ )+ J (x ~ ~ )h (j). BU) ap p ro x im a te s th e Ja co b ian m a tr ix

(3 3 )

A dap tin g th e B ro y d en fo rm u la [7 1 ] , B is u p d a ted a c co rd in g to eq u a tio n (3 4 ) an d in itia lise d w ith

B(O) eq u a l to th e id en tity m a tr ix .

A.4 ASM assumptions

f ( (j+I)) h (j)I"

B(j+I) = B(j) +_x_em _

h (j)I" h (j)
(3 4 )

• A co a rse m od e l an d a fin e m od e l a re av a ila b le

• X o s an d X em h av e th e sam e d im en s io n a lity

• X o s an d X em d e sc r ib e th e sam e ph y s ic a l p a ram e te rs

• P ex is ts an d is o n e -to -o n e w ith in som e lo c a l m od e llin g reg io n en com p a ss in g th e 8M so lu tio n

• fo r a g iv en X em i ts im ag e X o s c an b e fo u n d b y a su ita b le p a ram e te r ex tra c tio n p ro c ed u re an d th is

p ro c e ss IS um qu e

5 6



x, x, x , x ,

X~

•

XI XI X I

COARSE \IOD EL FIXE ~10DEL COARSE ~ lODEL n :\E ),fO DH

(a ) (b )

X, X, X, X,

-I x~~ : x~~pll'

• •
x;):)

• •
XI X, XI

COARSE )'IO D £L FL\E MODEL COARSE )'IO D £L F I:'\E ) 'lO D EL

(c ) (d )

X, X ,
X"m

•
•

•
XI X,

COARSE ~ lODEL Fl:'\E \IODEL

(e )

F ig . A t. Illu s tra tion o f agg ressiv e space m app ing : (a ) in itia lisa tion , (b ) perfo rm ing coarse m ode l param ete r ex trac tion

to m atch the fin e m ode l response , (c ) app ly ing the inverse tran sfo rm ation to ob ta in the fin e m ode l po in t, (d ) perfo rm ing

coarse m ode l param ete r ex trac tion , (e ) app ly ing the upda ted inverse tran sfo rm ation .

A.S Im p lem en ta tion o f th e A SM algo rithm

(I) _ •
In itia lise : x em - xos

B (l) = I (th e iden tity m atrix )

f( (I»)_p( (I») •
x em - x em - xos

j=1

S top if Ilf(x~~ )11 ~ f/

Ite ra tion j: So lve BU )hU ) = -f(x~~ ) fo r hU)

Set xU + J
) = xU ) + hU )

em em

Com pu te f(xU +
1» )= p (xU +

1» )_ X .
em em os

S top if Ilf(x~~+ I))11 ~ f/

U pdate BU ) to BU + l)

Setj=j+ 1 ; N ex t ite ra tion .

'7 is a sm all po sitiv e constan t.
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