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A b s t r a c t  

A t i m e  accu ra te  approx imate  f a c t o r i z a t i o n  
(AF) a l g o r i t h m  i s  f o r m u l a t e d  f o r  s o l u t i o n  of the 
t h r e e  d imens iona l  uns teady  t r a n s o n i c  small - 
d i s t u r b a n c e  equat ion .  The AF a l g o r i t h m  cons is t s  
o f  a t i m e  l i n e a r i z a t i o n  procedure  coup led  w i t h  a 
Newton i t e r a t i o n  techn ique.  S u p e r i o r  s t a b i l i t y  
c h a r a c t e r i s t i c s  o f  t h e  new a l g o r i t h m  are 
demonstrated th rough  a p p l i c a t i o n s  t o  steady and 
o s c i l l a t o r y  f l o w s  a t  subson ic  and supersonic 
f r e e s t r e a m  c o n d i t i o n s  f o r  an F-5 f i g h t e r  wing. 
Fo r  steady f l o w  c a l c u l a t i o n s ,  t h e  s i z e  o f  the 
t i m e  s t e p  i s  c y c l e d  t o  ach ieve  r a p i d  conver-  
gence. For  unsteady f l o w  c a l c u l a t i o n s ,  t h e  AF 
a l g o r i t h m  i s  s u f f i c i e n t l y  robus t  t o  a l l o w  the  
s t e p  s i z e  t o  be s e l e c t e d  based on accuracy 
r a t h e r  than  on s t a b i l i t y  cons ide ra t i ons .  
There fo re ,  accu ra te  s o l u t i o n s  a r e  ob ta ined  i n  
o n l y  s e v e r a l  hundred t i m e  s t e p s  y i e l d i n g  a 
s i g n i f i c a n t  computa t iona l  c o s t  sav ings  when 
compared t o  a l t e r n a t i v e  methods. 
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I n t r o d u c t i o n  

P r e s e n t l y ,  c o n s i d e r a b l e  research  i s  be ing  
conducted t o  develop f i n i t e - d i f f e r e n c e  computer 
codes f o r  c a l c u l a t i n g  t r a n s o n i c  unsteady 
aerodynamics f o r  a e r o e l a s t i c  a p p l i c a t i o n s .  The 
computer codes a r e  be ing  deve loped t o  p r o v i d e  
accu ra te  methods o f  c a l c u l a t i n g  uns teady  
a i r l o a d s  f o r  t h e  p r e d i c t i o n  o f  a e r o e l a s t i c  
phenomena such as f l u t t e r  and d ivergence.  The 
most f u l l y  developed U.S. code f o r  t r a n s o n i c  
a e r o e l a s t i c  a n a l y s i s  o f  i s o l a t e d  p l a n a r  wings i s  
XTRAN3S.2 The code uses an a l t e r n a t i n g -  
d i r e c t i o n  i m p l i c i t  (ADI)  f i n i t e - d i f f e r e n c e  
a l g o r i t h m  t o  c a l c u l a t e  s teady  and unsteady 
t r a n s o n i c  f l o w s  i n  a t ime-march ing  fash ion .  
Several  terms o f  t h e  AD1 a l g o r i t h m  a r e  t r e a t e d  
e x p l i c i t l y ,  though, wh ich  l eads  t o  a t i m e  s t e p  
r e s t r i c t i o n  based on numer i ca l  s t a b i l i t y  
cons ide ra t i ons .  Exper ience w i t h  t h e  code has 
shown t h a t  f o r  a p p l i c a t i o n s  t o  p r a c t i c a l  wings 
w i t h  moderate t o  h i g h  sweep and tape r ,  v e r y  
smal l  t i m e  s teps  a re  r e q u i r e d  f o r  t h e  a l g o r i t h m  
t o  be n u m e r i c a l l y   table.^-^ Th is  s t a b i l i t y  
r e s t r i c t i o n  t y p i c a l l y  r e s u l t s  i n  thousands o f  
t i m e  s teps  r e q u i r e d  t o  o b t a i n  converged 
s o l u t i o n s ,  which g e n e r a l l y  i s  many more t i m e  
s teps  than  i s  necessary t o  r e s o l v e  t h e  p h y s i c s  
o f  t h e  problem. Such s o l u t i o n s  a r e  
c o m p u t a t i o n a l l y  expensive,  and thus ,  a e r o e l a s t i c  
a p p l i c a t i o n s  o f  XTRAN3S have g e n e r a l l y  been 
l i m i t e d .  An a l g o r i t h m  i s  t h e r e f o r e  d e s i r e d  
which i s  robus t  i n  comparison w i t h  t h e  AD1 
a l g o r i t h m  t o  a l l o w  f o r  e f f i c i e n t  a p p l i c a t i o n  t o  
a e r o e l a s t i c  problems. 

The purpose o f  t h i s  paper i s  t o  d e s c r i b e  
t h e  development o f  a t ime-accu ra te  approx imate  
f a c t o r i z a t i o n  (AF) a l g o r i t h m  f o r  s o l u t i o n  o f  t h e  
unsteady t r a n s o n i c  sma l l  -d i s tu rbance  (TSD) 
equat ion .  The AF a l g o r i t h m  i n v o l v e s  a l o c a l  
t i m e  l i n e a r i z a t i o n  procedure  coup led  w i t h  a 
Newton i t e r a t i o n  techn ique  wh ich  i s  based on 
work r e c e n t l y  r e p o r t e d  by Shankar, Ide ,  
Gorsk i .  and Osher' and Shankar and Ide.' I n  
Refs. 7 and 8, these concepts were developed f o r  
t h e  f u l l  - p o t e n t i a l  equa t ion  and t h e  r e s u l t i n g  
a l g o r i t h m  was shown t o  be  v e r y  r o b u s t  f o r  
a p p l i c a t i o n  t o  e i t h e r  s teady  o r  o s c i l l a t o r y  
t r a n s o n i c  f l o w  problems. The o b j e c t i v e s  o f  t h e  
p resen t  research  were t o :  (1) deve lop  a s i m i l a r  
AF a l g o r i t h m  f o r  s o l u t i o n  o f  t h e  unsteady TSD 
equat ion ,  ( 2 )  v a l i d a t e  t h e  new a l g o r i t h m  by 
making comparisons w i th  a v a i l a b l e  exper imen ta l  
da ta  as w e l l  as w i t h  r e s u l t s  computed u s i n g  t h e  
XTRAN3S AD1 a l g o r i t h m ,  and ( 3 )  i n v e s t i g a t e  t h e  
robus tness  and e f f i c i e n c y  o f  t h e  new s o l u t i o n  
procedure.  The paper p resen ts  a d e s c r i p t i o n  o f  
t h e  AF a l g o r i t h m  a long  w i t h  r e s u l t s  and 
comparisons which assess t h i s  new c a p a b i l i t y .  
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Governing Equa t ions  

I n  t h i s  sec t i on  t h e  equa t ions  gove rn ing  t h e  
flow a r e  b r i e f l y  desc r ibed  i n c l u d i n g  t h e  TSD 
equa t ion  and boundary c o n d i t i o n s .  D e t a i l s  o f  
the c o o r d i n a t e  t r a n s f o r m a t i o n  t o  map t h e  
p h y s i c a l  domain i n t o  t h e  computa t iona l  domain 
a l s o  a r e  given. 

TSD Equa t ion  

The f l o w  i s  governed by t h e  m o d i f i e d  TSD 
e q u a t i o n  wh ich  may be w r i t t e n  i n  c o n s e r v a t i o n  
law fo rm as 

a f 2  + af3 = 0 
a f o  a f l  

a t  ax ay az 
- + - + -  

where 

f o  = - AQt  - BO, 

fl = EQx + Fqx 2 + GqY 2 

f 2  = Oy + HQXqy 

f 3  = Qz 

The c o e f f i c i e n t s  A, E. and E a r e  d e f i n e d  as 

( 3 )  
2 A = M2, R = 2M , E = 1 - M2 

Several  cho ices  a r e  a v a i l a b l e  f o r  t h e  
c o e f f i c i e n t s  F, G, and H depending upon t h e  
assumptions used i n  d e r i v i n g  t h e  TSD equation.' 
I n  t h i s  s tudy ,  t h e  c o e f f i c i e n t s  a re  d e f i n e d  as 

1 
F = - 7 ( V  + 1)M2 

1 2 
G 7 ( Y  - 3)M 

n 

H = - ( Y  - l )ML 

Boundary C o n d i t i o n s  

Boundary c o n d i t i o n s  imposed upon t h e  f l o w  
f i e l d  a r e  

F a r  upstream: = n  (5a )  

Fa r  downstream: ox + 9t = 0 (5b)  

F a r  above and below: 3, = 0 ( 5 c )  

Far  spanwise: Oy = 0 (5d)  

Symmetry p lane:  qy = 0 (5e )  

T r a i l i n g  wake: 

where [ ] i n d i c a t e s  t h e  jump i n  t h e  i n d i c a t e d  
q u a n t i t y  across  t h e  wake. The w ing  f l o w -  
tangency boundary c o n d i t i o n  i s  

+ +  
Q, = f; + f t  

wh ich  i s  imposed a t  t h e  mean p lane  o f  t h e  wing. 
The p l u s  and minus S u p e r s c r i p t s  i n d i c a t e  t h e  
upper and lower  w ing  Surfaces, r e s p e c t i v e l y .  

Coord ina te  T rans fo rma t i  on 

The f i n i t e - d i f f e r e n c e  g r i d s  i n  bo th  t h e  
p h y s i c a l  and computa t iona l  domains a r e  c o n t a i n e d  
w i t h i n  r e c t a n g u l a r  r e g i o n s  and conform t o  t h e  
w ing  p lan form.  Regions i n  t h e  p h y s i c a l  domain 
such as t h e  swept and/or t ape red  wing a re  mapped 
i n t o  r e c t a n g u l a r  r e g i o n s  i n  t h e  computa t iona l  
domain u s i n g  t h e  shear ing  t r a n s f o r m a t i o n  

where E ,  n, and c a r e  t h e  nondimensional  
computa t iona l  c o o r d i n a t e s  i n  t h e  x ,  y, and z 
d i r e c t i o n s ,  r e s p e c t i v e l y .  The TSD equa t ion  
(Eq. ( 1 ) )  may then be expressed i n  compu ta t i ona l  
coo rd ina tes  as 

a i  
+ - [ - S &  a c  E ,  = 0 

A1 t e r n a t i n g - O i  r e c t i o n  Imp1 i c i  t A 1  g o r i  thin 

An a l t e r n a t i n g - d i r e c t i o n  i m p l i c i t  a l g o r i t h m  
was developed i n  Ref. 2 f o r  s o l u t i o n  o f  t h e  
m o d i f i e d  TSD equa t ion  (Eq. ( 1 ) ) .  Th is  a l g o r i t h m  
forms t h e  b a s i s  o f  t h e  XTRAN3S computer code 
wh ich  can be used t o  c a l c u l a t e  s teady  and 
uns teady  t r a n s o n i c  f l o w  f i e l d s  about p l a n a r  
wings i n c l u d i n g  a e r o e l a s t i c  de fo rma t ion  
e f f e c t s .  The program i S  capab le  Of t r e a t i n g  
e i t h e r  f o r c e d  harmonic o r  a e r o e l a s t i c  t r a n s i e n t  
t y p e  mot ions. D e t a i l s  of t h e  a l g o r i t h m  
development and s o l u t i o n  procedure  a r e  g i v e n  i n  
Ref. 2. The o r i g i n a l  XTRAN3S code used a s imp le  
g l o b a l  s h e a r i n g  t r a n s f o r m a t i o n  which r e s t r i c t e d  
a p p l i c a t i o n s  t o  wings w i t h  m i l d  sweep and tape r .  
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A l t e r n a t i v e  c o o r d i n a t e  t r a n s f o r m a t i o n s  3 - 5  were 
subsequen t l y  developed t o  a l l o w  a p p l i c a t i o n  t o  
p r a c t i c a l  wings. A l though t h e  code now can be 
a p p l i e d  t o  more genera l  p lan forms,  seve ra l  o f  
t h e  te rms o f  t h e  TSO e q u a t i o n  a r e  t r e a t e d  
e x p l i c i t l y  i n  t h e  AD1 a l g o r i t h m  which leads  t o  a 
t i m e  s t e p  r e s t r i c t i o n  based on numerical  
s t a b i l i t y  cons ide ra t i ons .  F o r -  a p p l i c a t i o n  t o  
w ings  w i t h  moderate t o  h i g h  sweep and taper ,  
ve ry  smal l  t i m e  s teps  a r e  r e q u i r e d  f o r  the 
a l g o r i t h m  t o  be n u m e r i c a l l y  s tab le .  Fo r  
example, a sumnary o f  s e l e c t e d  t i m e  s teps  and 
number o f  s teps  p e r  c y c l e  i s  l i s t e d  i n  Tab le  1, 
t h e  va lues  of which a r e  taken  f rom Refs. 3-6. 
Cases a r e  t a b u l a t e d  f o r  t h r e e  wings which 
i n c l u d e  t h e  F-5 w i t - 1 9 , ~ ~ ~  t h e  RAE t a i l ~ l a n e , ~  
and t h e  6-1 wing.6 (The c a l c u l a t i o n s  f o r  these 
wings were performed u s i n g  d i f f e r e n t  
compu ta t i ona l  g r i d s  and d i f f e r e n t  coo rd ina te  
t r a n s f o r m a t i o n s . )  As shown i n  t h e  t a b l e ,  the 
s t a b i  1 i t y  r e s t r i c t i o n  t y p i c a l  l y  r e s u l t s  i n  
thousands of  t i m e  s teps  r e q u i r e d  t o  o b t a i n  
converged s t e a d y - s t a t e  s o l u t i o n s  and thousands 
o f  s teps  p e r  c y c l e  o f  f o rced  harmonic or 
a e r o e l a s t i c  mot ion.  These s o l u t i o n s  are 
c o m p u t a t i o n a l l y  expensive,  and thus ,  a e r o e l a s t i c  
a p p l i c a t i o n s  of  XTRAN3S have g e n e r a l l y  been 
l i m i t e d .  

To i n v e s t i g a t e  t h e  s t a b i l i t y  problem o f  the 
AD1 a l g o r i t h m ,  a numer ica l  s t a b i l i t y  ana lys i s  
was per fo rmed f o r  t h e  F-5 wing. Shown i n  F ig .  1 
a r e  t h e  r e s u l t i n g  s t a b i l i t y  boundaries 
c a l c u l a t e d  u s i n g  t h e  a l g o r i t h m  s t a r t e d  f rom an 
i n i t i a l  u n d i s t u r b e d  f l ow .  The boundar ies  were 
de termined by f i r s t  s e l e c t i n g  a s tep  s i z e  o f  A t  
= 0.05 and r u n n i n g  t h e  a l g o r i t h m  u n t i l  the 
s o l u t i o n  d i ve rged  caus ing  program f a i l u r e .  The 
s tep  s i z e  was then s u c c e s s i v e l y  reduced and the 
c a l c u l a t i o n s  repeated  u n t i l  t h e  boundary was 
determined. The a n a l y s i s  was performed for 
f rees t ream Mach numbers of M = 0.6, 0.8, 0.9, 
and 0.95. As shown i n  t h e  f i g u r e ,  t h e  AD1 
a l g o r i t h m  i s  u n s t a b l e  i n  t h e  r e g i o n  above and t o  
t h e  r i g h t  o f  t h e  boundar ies ;  t h e  a l g o r i t h m  i s  
s t a b l e  i n  t h e  r e g i o n  below and t o  the  l e f t .  The 
s t a b i l i t y  boundar ies  i n d i c a t e  t h a t  a very  small 
s t e p  s i z e  i s  r e q u i r e d  t o  o b t a i n  s t a b l e  s o l u t i o n s  
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u s i n g  t h e  AD1 a lgo r i t hm.  I n  fac t ,  t h i s  s t e p  
s i z e  i s  e x c e s s i v e l y  sma l l  as demonstrated by t h e  
f o l l o w i n g  example. The number o f  s teps  p e r  
c y c l e  N,. f o r  o s c i l l a t o r y  f low,  i S  de termined f o r  
a g i v e n  t i m e  s tep  by 

RAE 50.20 0.27 2.41 0.0075 isno 70 Hz, p i t c h  lono 
33 Hz. p i t c h  21-100 

6-1 67.5" 0.38 1.85 0.002 r e p o r t e d  a e r o e l a s t i c  6000 
n o t  

N =TI 
k A t  ( 9 )  

I f  t h e  maximum a l l o w a b l e  t i m e  s tep  i s  0.01 and 
t h e  reduced f requency  k i s  0.1. t h e n  Eq. ( 9 )  
i n d i c a t e s  t h a t  over  3000 s teps  p e r  c y c l e  a r e  

- r e q u i r e d  f o r  numer ica l  s t a b i l i t y .  T h i s  i s  an 
o r d e r  o f  magnitude m r e  s teps  than i s  necessary 
f o r  accu ra te  a e r o e l a s t i c  c a l c u l a t i o n s .  

To f u r t h e r  i n v e s t i g a t e  t h e  problem, 
s t a b i l i t y  boundar ies  were ob ta ined  f o r  s e v e r a l  
l e a d i n g  edge sweep ang les  by shear ing  t h e  F-5 
p l a n f o r m  a f t .  Values s e l e c t e d  f o r  t h e  sweep 
ang le  i n c l u d e  A = 32O, t h e  a c t u a l  sweep o f  t h e  
F-5 wing, and A = 45"  and 60'. Shown i n  F ig .  2 
a r e  t h e  r e s u l t i n g  s t a b i l i t y  boundar ies  f o r  t h e  
f r e e s t r e a m  Mach number of 0.9. The boundar ies  
i n d i c a t e  t h a t  as t h e  sweep inc reases ,  
s m a l l e r  t i m e  s teps  a r e  r e q u i r e d  f o r  numer i ca l  
s t a b i l i t y .  For  t h e  A = 60" case, f o r  example, 
t h e  maximum a l l o w a b l e  t i m e  s tep  i s  app rox ima te l y  
0.002. 

Approximate F a c t o r i z a t i o n  A l g o r i t h m  

An approx imate  f a c t o r i z a t i o n  a l g o r i t h m  was 
deve loped as an a l t e r n a t i v e  s o l u t i o n  o f  t h e  
m o d i f i e d  TSD e q u a t i o n  (Eq. ( 1 ) ) .  I n  t h i s  
s e c t i o n ,  t h e  AF a l g o r i t h m  i s  desc r ibed  i n  d e t a i l  
i n c l u d i n g  t h e  mathemat ica l  f o r m u l a t i o n ,  
f i n i  t e - d i  f f e r e n c e  d i s c r e t i z a t i o n ,  boundary 
c o n d i t i o n s ,  and s o l u t i o n  procedure.  

Genera 1 Descr i p t  i on 

The AF a l g o r i t h m  c o n s i s t s  o f  a t i m e  
l i n e a r i z a t i o n  procedure  coup led  w i t h  a Newton 

Tab le  1 Summary o f  s e l e c t e d  t ime s teps  and s teps  per  c y c l e  u s i n g  
t h e  XTRAN3S AD1 a l g o r i t h m  r e p o r t e d  i n  Refs.  3-6. 
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und is tu rbed  f l o w  pas t  t h e  F-5 wing. 

80 - 

60 - 

40 - 

20 - 

l ime step, A! 

Numer ica l  s t a b i l i t y  boundar ies o f  t h e  
AD1 a l g o r i t h m  computed from an i n i t i a l  
und is tu rbed  f l o w  pas t  t h e  F-5 w ing  f o r  
v a r i o u s  sweep angles.  

i t e r a t i o n  technique. For  unsteady f l o w  
c a l  c u l  a t  I ons , t h e  sol  u t i  on procedure  i n v o l  ves 
t w o  steps. F i r s t ,  a t i m e  l i n e a r i z a t i o n  s t e p  
( d e s c r i b e d  be low)  i s  performed t o  de termine an 
e s t i m a t e  o f  t h e  p o t e n t i a l  f i e l d .  Second, 
Newton I t e r a t i o n s  are per fo rmed t o  p r o v i d e  t i m e  
accuracy.  More s p e c i f i c a l l y ,  t h e  TSD equa t ion  
(Eq. (1)) i s  w r i t t e n  i n  genera l  fo rm as 

where pn+l represents  t h e  unknown p o t e n t i a l s  a t  
t i m e  l e v e l  (n+ l ) .  The Newton i t e r a t i o n  s o l u t i o n  
t o  Eq. (10 )  i s  then g i ven  by t h e  f i r s t  o r d e r  
T a y l o r  s e r i e s  

4 

* 
I n  Eq. ( l l ) ,  $I i s  t h e  c u r r e n t l y  a v a i l a b l e  va lue  

o f  qn+l  and A$ = @n+l - $I*. Dur ing  convergence 
o f  t h e  Newton i t e r a t i o n  procedure,  AQ w i l l  
approach ze ro  so t h a t  t h e  s o l u t i o n  w i l l  be g i ven  

by gn+' = $ *. I n  genera l ,  o n l y  one o r  two 
i t e r a t i o n s  a r e  r e q u i r e d  t o  ach ieve  accep tab le  
convergence s i n c e  t h e  Newton i t e r a t i o n  process  
i s  q u a d r a t i c a l l y  convergent.  For steady f l o w  
c a l c u l a t i o n s ,  Newton i t e r a t i o n s  a r e  n o t  used 
s i n c e  t i m e  accuracy  i s  n o t  necessary when 
ma r c h i  ng t o  s teady  -5 t a t e .  

Mat hemat i c a l  Formul a t  i on 

The AF a l g o r i t h m  i s  fo rmu la ted  by f i r s t  
app rox ima t ing  t h e  t i m e  d e r i v a t i v e  terms ( Q t t  
and Q x t  te rms)  by second-order  accu ra te  
f i n i  t e - d i  f fe rence  fo rmulae .  By subs t i t u t  i ng 

Q = ? + AQ i n t o  t h e  TSD equa t ion  and n e g l e c t i n g  
squares o f  d e r i v a t i v e s  of A Q  (wh ich  i s  
e q u i v a l e n t  t o  a p p l y i n g  Eq. (11) te rm by te rm) ,  
each t e r m  o f  Eq. (1 )  may then be r e w r i t t e n  as 

* 

* n n -1  
3@x - 4$x + 9, 38 

2 A t  - 2M QX 
- B  

Sumning these  f o u r  terms and r e a r r a n g i n g  g i v e s  

36 
2At "x 2 AV + -  

2A 

A t  
- 

a - = 

t 



2+* - 59n + 4 p  - p - 2  

39, - 49, + 0, 

0 - A  
. A t 2  

n n - 1  

2At - 8  

*2 + - a *  (EO, + FOi2 + 6 4 ~ ~  
ax 

a *  * *  
aY 

+ - (4lY + H@x@y) 

The r i g h t - h a n d  s i d e  o f  Eq. (13)  i s  s imp ly  the  
TSD equa t ion  w h i c h '  may be eva lua ted  us ing 

known p o t e n t i a l s  < ,  gn, f-' , and k-' . The 
l e f t - h a n d  s i d e  o f  Eq. (13)  c o n s i s t s  o f  terms 
c o n t a i n i n g  AO and i t s  s p a t i a l  d e r i v a t i v e s .  A t  

convergence O* approaches Q ~ + '  50 t h a t  A@ 
vanishes and t h e  l e f t - h a n d  s i d e  becomes zero. 

Equa t ion  (13) i s  t rans formed i n t o  
compu ta t i ona l  coo rd ina tes  u s i n g  Eq. ( 7 )  and i s  
r e w r i t t e n  i n  conserva t i on  form f o r  s o l u t i o n  by 
approx imate  f a c t o r i z a t i o n .  Each te rm i s  
m u l t i p l i e d  by At2/(2A) and t h e  l e f t - h a n d  side 
i s  a m r o x i m a t e l v  f a c t o r e d  i n t o  a t r i p l e  product 
o f  o p e r a t o r s  y i e l d i n g  

L E l l C  L L A@ = - R ( @ * ,  gn, Q'-', On-') 

where 

1 F3 = -  
E X  

15d) 

15e) 

15f) 

n n - 1  
39E - 4+E + 

2 A t  - 8  

Equa t ion  (14)  i s  so l ved  u s i n g  t h r e e  sweeps 
th rough  t h e  g r i d  by s e q u e n t i a l l y  a p p l y i n g  t h e  
o p e r a t o r s  LE, L,, and L e  as 

E - sweep: L A? = - R (16a 1 E 

c - sweep: L~ AQ = A; ( 16c )  

S p a t i a l  D i s c r e t i z a t i o n  

C e n t r a l  d i f f e r e n c e  formulae a r e  employed 
f o r  a l l  o f  t h e  d e r i v a t i v e s  on t h e  l e f t - h a n d  
s i d e s  o f  Eqs. (16)  except  f o r  t h e  second te rm i n  
t h e  L E  o p e r a t o r  ( f rom t h e  Qxt te rm)  wh ich  i s  
backward d i f f e r e n c e d  t o  m a i n t a i n  s t a b i l i t y  and 
t h e  t h i r d  t e r m  i n  t h e  L g  o p e r a t o r  wh ich  i s  
s p l i t  i n t o  s t reanw ise  and spanwise components. 
The r e s u l t i n g  terms a re  c e n t r a l l y  d i f f e r e n c e d  a t  
subson ic  p o i n t s  and t h e  streamwise terms a r e  
upwind b iased  a t  superson ic  p o i n t s  u s i n g  t h e  
Murman' type-dependent m i  xed d i f f e r e n c e  
opera to r .  The terms on t h e  r i g h t - h a n d  s i d e  o f  
t h e  E - sweep a re  a l s o  approx imated u s i n g  
c e n t r a l  - d i f f e r e n c e  o p e r a t o r s  except  f o r  t h e  
q x t  t e rm which i s  backward d i f f e r e n c e d  and f o r  
terms i n  t h e  streamwise d i r e c t i o n  wh ich  a r e  
upwind b iased  a t  superson ic  p o i n t s .  F o r  
example, t h e  te rm 

i s  r e w r i t t e n  as 
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where Gs and GN are t h e  s t reamwise  and 
spanwise components o f  t h e  cons tan t  G ,  
r e s p e c t i v e l y ,  de f i ned  as 

(18 )  
2 1 GS = 1 - M , GN = 7 ( Y  - 1) M2 - 1 

I n  Eq. (17b), 6~ i s  a c e n i r a l  d i f f e r e n c e  
o p e r a t o r  and 06 i s  t he  Murman type-dependent 
mixed d i f f e r e n c e  opera to r  t h a t  depends upon t h e  

s f g n  of E + 2F$x. 
* 

I n  t h e  p resen t  coding o f  t h e  AF a l g o r i t h m ,  
t h e  t i m e - d e r i v a t i v e s  a r e  implemented f o r  
v a r i a b l e  t i m e  s tepp ing  t o  a l l o w  f o r  s t e p - s i z e  
c y c l i n g  t o  acce le ra te  convergence t o  
s teady -s ta te .  I n  these c a l c u l a t i o n s  t h e  s tep  
s i z e  i s  c y c l e d  us ing  a s tandard  geomet r i c  
sequence. Also,  s ince  t h e  Lg. L,, and L e  
o p e r a t o r s  o n l y  con ta in  d e r i v a t i v e s  i n  t h e i r  
r e s p e c t i v e  coo rd ina te  d i r e c t i o n s ,  a l l  t h r e e  
sweeps may be vec to r i zed .  Th is  i s  i n  c o n t r a s t  
w i t h  t h e  AD1 a l g o r i t h m  where o n l y  t h e  s t reamwise  
sweep i s  v e c t o r i z a b l e .  

Time-Li n e a r i  z a t i o n  Step 

An i n i t i a l  es t imate  of t h e  p o t e n t i a l s  a t  
t i m e  l e v e l  (n.1) i s  requ i red  t o  s t a r t  t h e  Newton 
i t e r a t i o n  process. This e s t i m a t e  i s  p r o v i d e d  by 
p e r f o r m i  ng a t ime-1 i n e a r i  z a t  i o n  c a l c u l a t i o n .  
The equa t ions  governing t h e  t ime-1  i n e a r i  z a t  i on 
s tep  a r e  d e r i v e d  i n  a s i m i l a r  f a s h i o n  as t h e  
equa t ions  f o r  Newton i t e r a t i o n .  The o n l y  
d i f f e r e n c e  i s  t h a t  the equat ions  a r e  fo rmu la ted  
by l i n e a r i z i n g  about t ime l e v e l  ( n )  r a t h e r  than 
t h e  i t e r a t e  l e v e l  (*) .  So by s u b s t i t u t i n g  

$ = Q + A Q  i n t o  the  TSD equa t ion  (Eq. (1 ) )  and 
n e g l e c t i n g  squares o f  d e r i v a t i v e s  o f  A ~ J .  t h e  
t i m e - l i n e a r i z a t i o n  step may be w r i t t e n  as 

n 

where t h e  opera to rs  Lg, L,, and L a r e  
d e f i n e d  by Eqs. (15a), (15b), and \15c) ,  

r e s p e c t i v e l y ,  w i t h  D* rep laced  bv 6 1 ~  i n  
t h e  d e f i n i t i o n s  of ~1 and F2 (Eqs. - ( 1 5 d )  and 
15(e) ) .  

Boundary C o n d i t i o n s  

The boundary c o n d i t i o n s  a r e  n u m e r i c a l l y  
imposed by r e d e f i n i n g  t h e  LE, L,, and L 
o p e r a t o r s  i n  Eq. (14)  as w e l l  as t h e  r i g h t - h a d  
s i d e  R, a t  t h e  a p p r o p r i a t e  g r i d  p o i n t s .  The 
e q u a t i o n  t o  be so l ved  a t  boundary g r i d  p o i n t s  
may t h e n  be w r i t t e n  s y m b o l i c a l l y  as 

L c  L, L,  A$ - R 

where t h e  " t i l d e "  i n d i c a t e s  t h a t  t h e  q u a n t i t y  
has been m o d i f i e d  o r  r e w r i t t e n  t o  account f o r  

t h e  boundary c o n d i t i o n s .  I n  t h e  f o l l o w i n g  
subsec t ions ,  t h e  numer ica l  t rea tmen t  o f  each o f  
t h e  boundary c o n d i t i o n s  i s  desc r ibed  i n  d e t a i l .  

3. - The w ing  f low- tangency  boundary 
c o n d i t i o n  (Eq. ( 6 ) )  i s  imposed w i t h i n  t h e  

d i f f e r e n c i n g  o f  t h e  a ( $  ) /a5  te rm which appears 
5 

i n  R (Eq. (159) )  on t h e  r i g h t  hand-side of Eq. 
(14)  and w i t h i n  t h e  Lc  o p e r a t o r  i n  t h e  t i m e -  
1 i n e a r i  z a t i o n  s t e p  f o r  unsteady c a l c u l a t i o n s .  

I n  genera l ,  t h e  a ( g  ) / a ,  t e rm i S  approximated by c 

where t h e  d e r i v a t i v e s  on t h e  r i g h t - h a n d  s i d e  a r e  
w r i t t e n  about h a l f - n o d e  p o i n t s .  The w ing  i s  
l o c a t e d  e q u i d i s t a n t l y  between g r i d  l i n e s  so t h a t  
i n  t h e  p lane  d i r e c t l y  above t h e  w ing  t h e  

d e r i v a t i v e  i n  Eq. ( 2 1 )  i s  r e p l a c e d  'ck-1/2 

by (f: + ft)n+l and i n  t h e  p lane  below t h e  w i n g  

* 

the ':k+1/2 d e r i v a t i v e  i n  Eq. (21)  i s  

rep laced  by (f; + f t )  n + l  . The L L  o p e r a t o r  i s  

i s  d e f i n e d  then  t o  be equal  t o  4"' - Q .  

(f: + f t )  - (f,' + ft 1 

m o d i f i e d  i n  t h e  t i m e - l i n e a r i z a t i o n  s tep  s i n c e  A$ 

Analogous t o  t h e  a ( $ ,  ) / 3 c  m o d i f i c a t i o n s ,  t h e  

A9rk,1,2 te rm i n  L c  i s  rep laced  by 

a t  g r i d  p o i n t s  i n  t h e  

te rm p lane  above t h e  wing, and t h e  A +  

n 
i n  L e  i s  rep laced  by 
a t  g r i d  p o i n t s  i n  t h e  p lane  below t h e  wing, 
S ince  these terms a r e  known q u a n t i t i e s ,  they a re  
b rough t  t o  t h e  r i g h t - h a n d  s i d e  of Eq. (16c )  
which r e s u l t s  i n  a b i d i a g o n a l  5 - sweep 
equat  i on. 

Wake. - The wake boundary c o n d i t i o n  (Eqs. 
( S f )  and ( 5 9 ) )  i s  s i m i l a r  t o  t h e  w ing  
f low- tangency  boundary c o n d i t i o n  i n  t h a t  i t  i s  

imposed w i t h i n  t h e  ) / a &  t e rm and t h e  

r i g h t - h a n d  s i d e  o f  t h e  - sweep. The wake 
c i r c u l a t i o n  r i s  c a l c u l a t e d  f rom Eq. (59 )  wh ich  
i s  e q u i v a l e n t  t o  

n 

n n + l  

5k+1/2 

- (f; + f t )  
n + l  

(f; + f t )  

r + r  = O  x t  

S t a r t i n g  f rom t h e  t r a i l i n g  edge va lue  g i ven  by 
- t h e  c i r c u l a t i o n  i s  convec ted  'TE = 'TE - ' T E '  

downstream by i n t e g r a t i n g  Eq. (22 )  u s i n g  
second-order  a c c u r a t e  f i n i t e -d i  f f e rence 
approx ima t ions  f o r  P x  and rt,. The wake 
c i r c u l a t i o n  i s  i n c o r p o r a t e d  w i t h i n  t h e  s o l u t i o n  
procedure  by r e q u i r i n g  t h a t  t h e  p e r t u r b a t i o n  
v e l o c i t y  i n  t h e  v e r t i c a l  d i r e c t i o n  be cont inuous  

+ 

1 
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ac ross  t h e  wake (Eq. ( 5 f ) ) .  T h i s  c o n d i t i o n  i s  
s a t i s f i e d  by d e f i n i n g  

R e s u l t s  and D iscuss ion  

a t  g r i d  p o i n t s  i n  t h e  p lane  above t h e  wake, and 
by d e f i n i n g  

* * 
- ('k+l 

6 
''k+1/2 'k+l - 'k 

a t  g r i d  p o i n t s  i n  t h e  p lane  below t h e  wake. 
S i m i l a r  s u b s t i t u t i o n s  a r e  made f o r  terms i n  t h e  

L o p e r a t o r  by r e p l a c i n g  +* in Eqs. (23) by A$ 

and by r e p l a c i n g  r *  i n  Eqs. (23) by r"' - r*. 
Since t h e  c i r c u l a t i o n  terms a r e  known 
q u a n t i t i e s ,  they  a re  brought  t o  t h e  r i  g h t  -hand 
s i d e  o f  Eq. (16c)  which r e s u l t s  i n  a m o d i f i e d  
c - sweep equat ion.  

F 

- The symmetry c o n d i t i o n  
(Eq. mposed a t  t h e  p l a n e  o f  t h e  wing 
r o o t  j = J by r e q u i r i n g  t h a t  

and 

Equa t ions  (24a) and (24b) a f f e c t  terms which 
appear on t h e  r i g h t - h a n d  s i d e  o f  Eq. (14). 
Equa t ion  (24b) causes two terms i n  F 1  (Eq. 
(15d) )  t o  vanish.  The Ln o p e r a t o r  (Eq. (15b)) 
i s  a l s o  m o d i f i e d  a t  j = J by r e q u i r i n g  t h a t  

wh ich  r e s u l t s  i n  an upper b i d i a g o n a l  n - sweep 
e q u a t i o n  a t  t h e  w ing  r o o t .  The c o n d i t i o n  a t  t h e  
f a r  spanwise boundary (Eq. (5d) )  i s  i d e n t i c a l  t o  
t h e  symmetry c o n d i t i o n  (Eq. ( 5 e ) )  and thus  i s  
t r e a t e d  s i m i l a r l y .  

F a r f i e l d .  - The f a r f i e l d  boundary 
c o n d i m q s .  (Sa) ,  (5b), and ( 5 c ) )  a r e  
imposed by w r i t i n g  f i n i t e - d i f f e r e n c e  
approx ima t ions  f o r  t hese  equat ions ,  c a s t i n g  them 
i n  t h e  fo rm o f  Eq. (20), and i n c l u d i n g  them w i t h  
t h e  sys tem o f  s imu l taneous equa t ions  which 
r e s u l t s  f rom Eq. (14) f o r  s o l u t i o n .  

C a l c u l a t i o n s  were per fo rmed f o r  t h e  F-5 
w ing  t o  assess t h e  accuracy  and e f f i c i e n c y  o f  
t h e  AF a lgo r i t hm.  The w ing  has a f u l l - s p a n  
aspec t  r a t i o  o f  3.16. a l e a d i n g  edge sweep a n g l e  
of 31.9', and a t a p e r  r a t i o  o f  0.28. The 
a i r f o i l  s e c t i o n  o f  t h e  F-5 w ing  i s  a m o d i f i e d  
NACA 65A004.8 a i r f o i l  wh ich  has a drooped nose 
and i s  symmetr ic a f t  of 40% chord. The AF 
r e s u l t s  a r e  compared w i t h  p a r a l l e l  c a l c u l a t i o n s  
performed u s i n g  t h e  A01 a lgo r i t hm.  I n  these  
c a l c u l a t i o n s  i d e n t i c a l  g r i d s  and c o o r d i n a t e  
t rans fo rma t ions  (Eq. ( 7 ) )  were used t o  a l l o w  f o r  
a d i r e c t  comparison between AF and AD1 r e s u l t s .  
The g r i d  and t r a n s f o r m a t i o n  were i d e n t i c a l  t o  
those  used i n  Ref. 4. Furthermore, t h e  r e s u l t s  
a r e  compared w i t h  t h e  exper imen ta l  da ta  f rom an 
F-5 wing model t e s t e d  by Tijdeman, e t  a l .1°  I n  
Ref. 10, s teady  and o s c i l l a t o r y  p r e s s u r e  
d i s t r i b u t i o n s  were measured a t  e i g h t  span 
s t a t i o n s  a long  t h e  wing. The s t a t i o n s  were 

l o c a t e d  a t  t i  = 0.18, 0.36, 0.51, 0.64, 0.72, 
0.82, 0.88, and 0.98. I n  t h i s  paper,  
comparisons a r e  p resen ted  a t  t h e  f i r s t ,  t h i r d ,  
f i f t h ,  and seventh span s t a t i o n s .  The t e s t s  
covered t h e  Mach number range f rom M = 0.6 t o  
1.35. I n  t h i s  s tudy ,  two Mach number cases were 
s e l e c t e d  f o r  a p p l i c a t i o n  of t h e  new a l g o r i t h m .  
The f i r s t  case, h e r e i n  r e f e r r e d  t o  as Case 1, 
was chosen t o  have t h e  same f r e e s t r e a m  
c o n d i t i o n s  as i n v e s t i g a t e d  i n  Refs. 3 and 4. I n  
Case 1, t h e  f rees t ream Mach number was 0.9 and 
t h e  mean ang le  of a t t a c k  was 0". A t  t hese  
c o n d i t i o n s ,  b o t h  steady and unsteady r e s u l t s  
were ob ta ined.  The unsteady c a l c u l a t i o n s  were 
per fo rmed f o r  t h e  r i g i d  w ing  p i t c h i n g  
h a r m o n i c a l l y  about a l i n e  p e r p e n d i c u l a r  t o  t h e  
r o o t  a t  t h e  r o o t  midchord.  The second case, 
h e r e i n  r e f e r r e d  t o  as Case 2. was chosen t o  
assess t h e  performance of t h e  AF a l g o r i t h m  f o r  
superson ic  f rees t ream c o n d i t i o n s .  I n  Case 2, 
t h e  f rees t ream Mach number was 1.1 and t h e  mean 
ang le  o f  a t t a c k  was no. No AD! c a l c u l a t i o n s  
were a t tempted f o r  t h i s  case s i n c e  t h e  a l g o r i t h m  
i s  u n s t a b l e  f o r  superson ic  f rees t ream cases f o r  
swept wings. 

Case 1: M = 0.9 and a 0 = 0" 

Fo r  Case 1. s teady  c a l c u l a t i o n s  were 
per fo rmed u s i n g  bo th  t h e  A01 and AF a l g o r i t h m s .  
The AD1 r e s u l t s  were o b t a i n e d  u s i n g  a c o n s t a n t  
s tep  s i z e  o f  A t  = 0.01 which i s  t he  same as t h a t  
r e p o r t e d  i n  Refs.  3 and 4. These c a l c u l a t i o n s  
were per fo rmed f o r  a t o t a l  o f  4000 t i m e  s teps .  
The AF r e s u l t s  were ob ta ined  by c y c l i n g  t h e  s t e p  
s i z e  th rough  a range o f  va lues  between A t  = 0.05 
and 5.0. A t o t a l  o f  400 t i m e  s teps  were run. A 
comparison of s teady -s ta te  convergence between 
t h e  AD1 and AF a l g o r i t h m s  i s  shown i n  F i g .  3. 

AD1 s o l u t i o n  has been reduced t o  a d A @ a  p r  x i m a t e l y  in the 
A f t e r  4000 t i m e  s teps ,  t h e  maximum 

10-6.5 whereas t h e  AF s o l u t i o n  has ach ieved  
s i m i l a r  convergence i n  l e s s  than  400 steps. The 
t o t a l  l i f t  and moment i n  t h e  AF s o l u t i o n  were 
converged a f t e r  app rox ima te l y  100 steps. Steady 
c a l c u l a t i o n s  were a l s o  per fo rmed f o r  t h e  h i g h  
sweep case o f  A = 60". t o  f u r t h e r  assess t h e  
convergence c h a r a c t e r i s t i c s  o f  t h e  two 
a lgo r i t hms .  The AD1 r e s u l t s  were ob ta ined  u s i n g  
a cons tan t  s t e p  s i z e  of A t  = 0.002 and t h e  AF 
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Compa r i son of s t eddy -s t a t  e con vergence 
between t h e  AD1 and AF a l g o r i t h m s  f o r  
t h e  F-5 w ing  sheared t o  11 = 60" a t  
M = 0.9 and a,, = 0". 

r e s u l t s  were ob ta ined  by c y c l i n g  t h e  s t e p  s i z e  
th rough  a range of values between A t  = 0.05 and 
0.5. A comparison of  t h e  s t e a d y - s t a t e  
convergence h i s t o r i e s  between t h e  two a l g o r i t h m s  
i s  shown i n  F ig .  4. The AD1 s o l u t i o n  converges 
ve ry  s l o w l y  such t h a t  a f t e r  4000 s teps ,  t h e  

has been reduced t o  o n l y  
approx im maximum /"I t e  y 10-5. The AF s o l u t i o n ,  however, 
has converged ve ry  q u i c k l y  t o  maximum 
10-7 i n  on l y  250 steps. 

A comparison of t h e  A01 and AF s teady  
p r e s s u r e  d i s t r i b u t i o n s  f o r  t h e  F-5 wing i s  shown 
i n  F ig .  5. These p r e s s u r e  d i s t r i b u t i o n s  
i n d i c a t e  t h a t  t h e r e  i s  an embedded superson ic  
r e g i o n  on t h e  w ing  upper su r face  and t h e  f l o w  i s  
s l i g h t l y  s u p e r c r i t i c a l  a long t h e  lower  surface. 
The AF p ressu res  a r e  near l y  i d e n t i c a l  t o  t h e  AD1 
p ressu res  and bo th  sets of  r e s u l t s  a r e  i n  good 
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F ig .  5 Comparison o f  F-5 wing steady p r e s s u r e  
d i s t r i b u t i o n s  a t  M = 0.9 and % = 0". 

genera l  agreement w i t h  t h e  exper imen ta l  data.  
The AF a l g o r i t h m  thus  produced t h e  same 
s t e a d y - s t a t e  s o l u t i o n  f o r  t h i s  case as t h e  A O I  
a l g o r i t h m ,  a t  one - ten th  o f  t h e  compu ta t i ona l  
cos t .  

Unsteady r e s u l t s  were ob ta ined  u s i n g  bo th  
a l g o r i t h m s  f o r  t h e  w ing  o s c i l l a t i n g  w i t h  
amp l i t ude  a1 = 0.109" a t  a reduced f requency  
o f  k = 0.137, f o r  comparison w i t h  t h e  
exper imen ta l  data.  The AD1 c a l c u l a t i o n s  were 
performed u s i n g  2000 s teps  per  c y c l e  o f  mot ion  
which cor responds t o  a s tep  s i z e  o f  A t  = 0.0115. 
( I n  Ref. 4, s i m i l a r  c a l c u l a t i o n s  were per fo rmed 
u s i n g  2160 s teps  pe r  c y c l e  w i t h  a s tep  s i z e  of  
A t  = 0.0106.) For  unsteady c a l c u l a t i o n s  w i t h  
t h e  AD1 a l g o r i t h m ,  t h e  s tep  s i z e  i s  t y p i c a l l y  
s e l e c t e d  based on numer ica l  s t a b i  1 i t y  
c o n s i d e r a t i o n s  r a t h e r  than on accuracy.  Because 
of t h e  s t a b i l i t y  r e s t r i c t i o n  i n h e r e n t  i n  t h e  AD1 
a l g o r i t h m ,  t h i s  g e n e r a l l y  leads  t o  u s i n g  many 
more t i m e  s teps  p e r  c y c l e  than i s  necessary t o  
r e s o l v e  t h e  p h y s i c s  o f  t h e  problem. The AF 
a l g o r i t h m ,  however, a l l o w s  t h e  s tep  s i z e  t o  be 
s e l e c t e d  based on accuracy  r a t h e r  than on 
s t a b i l i t y .  Consequent ly,  a convergence s tudy  
was per fo rmed u s i n g  t h e  AF a l g o r i t h m  t o  
de termine t h e  l a r g e s t  s tep  s i z e  ( fewes t  number 
o f  s t e p s  p e r  c y c l e )  t h a t  wou ld  produce converged 
answers. Unsteady r e s u l t s  were ob ta ined  f o r  
100, 200, 300, and 400 s teps  p e r  c y c l e  wh ich  
r e q u i r e d  h t  = 0.2293, 0.1147, 0.0764, and 
0.0573. r e s p e c t i v e l y .  Only one Newton i t e r a t i o n  
p e r  t i m e  s t e p  was r e q u i r e d  t o  s a t i s f y  t h e  
convergence c r i t e r i a  of  maximum JAp j  c 
f o r  t h e  l a t t e r  t h r e e  cases. For  t e 00 s teps  

a 



p e r  c y c l e  case, two Newton i t e r a t i o n s  p e r  t ime 
s t e p  were r e q u i r e d  d u r i n g  approx ima te l y  60% of 
t h e  c y c l e  of mot ion.  Se lec ted  r e s u l t s  f rom t h i s  
convergence s tudy  a r e  p l o t t e d  i n  F ig .  6 f o r  200 
and 300 s teps  pe r  cyc le .  The unsteady pressure  
c o e f f i c i e n t s  a long  t h e  upper su r face  a r e  shown 
i n  F ig .  6 (a ) ;  t h e  unsteady p ressu re  c o e f f i c i e n t s  
a long  t h e  l ower  sur face  a r e  shown i n  Fig.  6(b ) .  
These c o e f f i c i e n t s  a r e  p l o t t e d  as r e a l  and 
imag ina ry  components co r respond ing  t o  the  
i n -phase  and ou t -o f  -phase uns teady  pressure  
d i s t r i b u t i o n s  no rma l i zed  by t h e  amp l i t ude  of 
mot ion.  The c a l c u l a t i o n  f o r  100 s teps  p e r  cyc le  
o f  m o t i o n  produced reasonab le  r e s u l t s  b u t  f a i r l y  
l a r g e  d i f f e r e n c e s  were observed i n  comparison 
w i th  t h e  200 s teps  pe r  c y c l e  c a l c u l a t i o n .  As 
shown i n  Fig.  6, t h e  r e s u l t s  f o r  200 and 300 
s t e p s  p e r  c y c l e  a r e  very  s i m i l a r  w i t h  the  
l a r g e s t  d i f f e r e n c e s  o c c u r r i n g  near t h e  l ead ing  
edge and i n  t h e  shock p u l s e  r e g i o n  on t h e  upper 
su r face .  The p ressu re  d i s t r i b u t i o n s  computed 
u s i n g  400 s teps  p e r  c y c l e  a r e  i d e n t i c a l ,  t o  
p l o t t i n g  accuracy,  t o  those computed u s i n g  300 
s teps  p e r  c y c l e  and t h e r e f o r e  a r e  n o t  shown. A 
converged s o l u t i o n  hence r e q u i r e s  approx imate ly  
300 s teps  p e r  c y c l e  o f  mot ion  f o r  t h i s  case, 
a l t h o u g h  t h e  r e s u l t s  computed u s i n g  200 steps 
may be accep tab le  f o r  eng ineer ing  purposes. 

F i g u r e  7 shows a comparison between t h e  A01 
and AF unsteady pressures  f o r  Case 1 a long  w i t h  
t h e  exper imen ta l  data. Upper su r face  pressure  
d i s t r i b u t i o n s  a r e  shown i n  F i g .  7 (a ) ;  lower 
s u r f a c e  p ressu re  d i s t r i b u t i o n s  a r e  shown i n  
F ig .  7(b). The two s e t s  o f  c a l c u l a t e d  r e s u l t s  
a r e  ve ry  s i m i l a r ,  and bo th  s e t s  g e n e r a l l y  agree 
w e l l  w i th  t h e  exper imenta l  data. The AF 
a l g o r i t h m  ( u s i n g  300 s teps  pe r  c y c l e  and one 
Newton i t e r a t i o n  p e r  t i m e  s t e p )  t h u s  produced 
approx ima te l y  t h e  same unsteady s o l u t i o n  f o r  
t h i s  case as t h e  A01 a l g o r i t h m  (us ing  2000 steps 
p e r  c y c l e ) ,  a t  30% o f  t h e  computa t iona l  cos t .  

Case 2: M = 1.1 and a. = 0" 

F o r  Case 2, c a l c u l a t i o n s  were performed 
u s i n g  o n l y  t h e  AF a lgo r i t hm.  The s teady  r e s u l t s  
were o b t a i n e d  by c y c l i n g  t h e  s tep  s i z e  through a 
range o f  values between A t  = 0.01 and 1.0. The 
t o t a l  l i f t  and moment were converged a f t e r  
app rox ima te l y  150 s teps  and t h e  p o t e n t i a l s  were 
converged t o  app rox ima te l y  10-6.5 a f t e r  41-10 
s teps .  The r e s u l t i n g  s teady  pressure  
d i s t r i b u t i o n s  a r e  compared w i t h  t h e  exper imenta l  
d a t a  i n  F ig .  8. Fo r  t h i s  superson ic  f rees t ream 
case, t h e  upper  and lower  su r face  pressure  
l e v e l s  a r e  w e l l  p r e d i c t e d  except  nea r  the  
l e a d i n g  edge. I n  genera l .  t h e  pressure  
d i s t r i b u t i o n s  computed u s i n g  t h e  AF a l g o r i t h m  
a r e  i n  good agreement w i t h  t h e  exper imenta l  
data.  
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Unsteady r e s u l t s  were ob ta ined  u s i n g  t h e  AF 
a l g o r i t h m  f o r  t h e  w ing  o s c i l l a t i n g  with 
a m p l i t u d e  a1 = 0.267' a t  a reduced frequency 
o f  k = 0.116. A convergence s tudy  was performed 
u s i n g  100, 200, 300, and 400 s teps  pe r  cyc le  
wh ich  cor responds t o  A t  = 0.2708, 0.1354, 
0.0903, and 0.0677, r e s p e c t i v e l y .  Unsteady 
p r e s s u r e  d i s t r i b u t i o n s  f o r  200 and 300 s teps  p e r  
c y c l e  a r e  p l o t t e d  i n  F ig .  9 a l o n g  w i t h  the  
exper imen ta l  data. The upper s u r f a c e  pressures 
are  shown i n  F ig .  9 (a)  and t h e  lower  surface 
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( b )  lower  su r face .  

Convergence s tudy  u s i n g  AF a l g o r i t h m  f o r  
F-5 wing uns teady  p ressu re  d i s t r i b u t i o n s  
due t o  w ing  p i t c h i n g  a t  H = 0.9, 
% = O", a1 = 0.109", and k = 0.137. 
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Fig .  8 Comparison o f  F-5 wing steady p ressu re  
d i s t r i b u t i o n s  a t  M = 1.1 and +-, = 0'. 

pressu res  a r e  shown i n  F ig .  9(b). S i m i l a r  t o  
t h e  unsteady p ressu res  of Case 1. approx ima te l y  
300 s teps  p e r  c y c l e  a r e  r e q u i r e d  i n  Case 2 f o r  
convergence. A long t h e  upper sur face ,  t h e  AF 
p ressu res  g e n e r a l l y  compare w e l l  w i t h  t h e  
exper imen ta l  da ta  except i n  the  r e a l  p a r t  nea r  
t h e  l e a d i n g  edge. Along t h e  lower  su r face ,  t h e  
AF r e s u l t s  aga in  compare w e l l  w i t h  the  da ta  and 
t h e  c a l c u l a t i o n  p r e d i c t s  the  l a r g e  change i n  t h e  

r e a l  p a r t  near 10% chord  a t  = 0.51, 0.72, and 
0.88. There fo re ,  t h e  AF a l g o r i t h m  i s  a c c u r a t e  
and e f f i c i e n t  f o r  a p p l i c a t i o n  t o  superson ic  as 
w e l l  as subson ic  f rees t redm cases. 
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-6 
0 . 1  

X I  c 

(b) lower  surface. 

F ig .  7 Comparison o f  F-5 w ing  unsteady p ressu re  
d i s t r i b u t i o n s  due t o  w i n g  p i t c h i n g  a t  
M = 0.9, QO = 0". a1 = 0.109". and 
k = 0.137. 

Conc lud ing  Remarks 

A t i  me - a c c u r a t e  app rox i  mate f a c t  o r i  z a t  i on 
(AF) a l g o r i t h m  has been developed f o r  t h e  
s o l u t i o n  o f  t h e  uns teady  t r a n s o n i c  s m a l l -  
d i s t u r b a n c e  equat ion .  The new a l g o r i t h m  was 
developed as an a l t e r n a t i v e  S o l u t i o n  procedure  
t o  t h e  a1 t e r n a t  i ng -d i  r e c t i  on imp1 i c i  t (AD1 ) 
a l g o r i t h m ,  The AF a l g o r i t h m  c o n s i s t s  o f  a t i m e  
l i n e a r i z a t i o n  procedure  coup led  w i th  a Newton 
i t e r a t i o n  techn ique.  For uns teady  f l o w  
c a l c u l a t i o n s ,  t h e  s o l u t i o n  p rocedure  i n v o l v e s  
two  steps. F i r s t ,  a t ime  l i n e a r i z a t i o n  s tep  i s  
per fo rmed t o  de termine an e s t i m a t e  o f  t h e  
p o t e n t i a l  f i e l d .  Second, Newton i t e r a t i o n s  a r e  
per fo rmed t o  p r o v i d e  time accuracy.  I n  genera l ,  
o n l y  one o r  two Newton i t e r a t i o n s  a r e  r e q u i r e d  
t o  ach ieve  accep tab le  convergence. For s teady  
f l o w  c a l c u l a t i o n s ,  Newton i t e r a t i o n s  a r e  n o t  
used s i n c e  t i m e  accuracy  i s  n o t  necessary when 
march i n g t o  s t  ea dy - s t a t  e. 
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F ig .  9 Comparison o f  F-5 wing unsteady p ressu re  
d i s t r i b u t i o n s  due t o  Wing p i t c h i n g  a t  
M = 1.1, QO - 0". a1 = 0.267'. and 
k - 0.116. 

The AF a l g o r i t h m  has been used t o  c a l c u l a t e  
s teady  and o s c i l l a t o r y  t r a n s o n i c  f l o w s  a t  
subson ic  and superson ic  f rees t ream c o n d i t i o n s .  
These c a l c u l a t i o n s  were performed f o r  t h e  F-5 
w ing  and comparisons were made w i t h  exper imen ta l  
d a t a  t o  assess t h e  accuracy  o f  t h e  a lgo r i t hm.  
The r e s u l t s  were f u r t h e r  compared w i t h  p ressu re  
d i s t r i b u t i o n s  computed u s i n g  t h e  AD1 a l g o r i t h m  
f o r  t h e  subson ic  f rees t ream case. I n  genera l ,  
t h e  s teady  p ressu res  c a l c u l a t e d  u s i n g  t h e  two 
a l g o r i t h m s  were n e a r l y  i d e n t i c a l  and bo th  s e t s  
o f  r e s u l t s  compared w e l l  w i th  t h e  exper imen ta l  
data.  The AD1 r e s u l t s  were computed u s i n g  4000 
t i m e  s teps  whereas t h e  AF r e s u l t s  were computed 
u s i n g  o n l y  400 t i m e  s teps  t o  ach ieve  s i m i l a r  
convergence. The new a l g o r i t h m  t h e r e f o r e  g i v e s  
an o rde r  o f  magnitude decrease i n  computa t iona l  
c o s t  f o r  s t e a d y - s t a t e  c a l c u l a t i o n s .  Unsteady 
p ressu res  due t o  harmonic w ing  p i t c h i n g  were 
very  s i m i l a r  f o r  t h e  two a l g o r i t h m s  and aga in  
b o t h  s e t s  o f  r e s u l t s  agreed w e l l  w i t h  t h e  
exper imenta l  data.  The AD1 r e s u l t s  were 
computed u s i n g  2000 s teps  p e r  c y c l e  w i t h  a t ime  
s tep  based on numer ica l  s t a b i l i t y  
cons ide ra t i ons .  The AF r e s u l t s ,  however, were 
computed u s i n g  o n l y  300 s teps  p e r  c y c l e  s i n c e  
t h e  s tep  s i z e  i s  s e l e c t e d  f o r  accuracy r a t h e r  
than  f o r  s t a b i l i t y .  Hence f o r  a p p l i c a t i o n  t o  
unsteady f l o w  problems, t h e  AF a l g o r i t h m  aga in  
y i e l d s  a s i g n i f i c a n t  decrease i n  computa t iona l  
cos t .  

For  a superson ic  f rees t ream case, t h e  
p ressu re  d i s t r i b u t i o n s  computed u s i n g  t h e  AF 
a l g o r i t h m  were i n  good agreement w i t h  t h e  
exper imenta l  p ressu res  f o r  b o t h  s teady  and 
o s c i l l a t o r y  f l ows .  (An AD1 s o l u t i o n  f o r  t h i s  
case was no t  ob ta ined  s i n c e  t h e  a l g o r i t h m  i s  
u n s t a b l e  f o r  swept -w ing  cases w i t h  superson ic  
f rees t ream c o n d i t i o n s . )  S i m i l a r  t o  t h e  subsonic 
f rees t ream case, t h e  s t e a d y - s t a t e  AF r e s u l t s  
were ob ta ined  u s i n g  o n l y  400 t i m e  s teps  and t h e  
o s c i l l a t o r y  AF r e s u l t s  were o b t a i n e d  u s i n g  
o n l y  300 s teps  p e r  cyc le .  There fore ,  t h e  AF 
a l g o r i t h m  i s  robus t  and e f f i c i e n t  f o r  
a p p l i c a t i o n  t o  s teady  o r  unsteady t r a n s o n i c  
f l o w s  w i t h  subson ic  o r  superson ic  f rees t ream 
c o n d i t i o n s .  The new a l g o r i t h m  can p r o v i d e  
accu ra te  s o l u t i o n s  i n  o n l y  seve ra l  hundred t i m e  
s teps  y i e l d i n g  a s i g n i f i c a n t  computa t iona l  c o s t  
sav ings  when compared t o  t h e  A01 method. 
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