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1 10 100 1000 10000
Number of time step
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−5
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−4

∆t

h* = 0.05
h* = 0.04
h* = 0.02
h* = 0.01
h* = 0.005

� ➞✂✁❖✆☎✄✛➓✧↕✧➙✿➏✚➩✵→✉➑➒➓❦↕✧➦✉➑➒➔❳➏t➑ ✍✎➠➡➺♣➙❳➧✉➥➡↕❳➟✁➣✉➓✧➔➒➔✁� ➎ ➏t➣✒➙❳➥➡➺✪➓
➔➆➙❳➓✧→❥➓❬➫✻➏t➠➡➦✂➙➒➥➡➏t➣✡➜❖✄■➧✉➓✔✍✉➣✉➓✧➔➒➙✒➤t➑❳➥➡↔❷➠➡➓❬➫✻➓❦➠✿➥➡➔✲✏ ✷ ➢⑩➥❁➜ ➓t➜❈✄✂✆☎✬✒✶❈✄✂✆☎✁➜

0 2.5e−06 5e−06 7.5e−06 1e−05
t
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2
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h 0(
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33x33
65x65
129x129
257x257
513x513
1025x1025

� ✆✮✁❹✙❇➦✉➠ ➙➒➥➡➤t➑❳➥➡↔ ➔➒➏t➠➡➦✂➙❳➥➡➏t➣✂➔❴➏✚➩❯➙❳➧✂➓✇↔✉➑❳➏t→✂➠➡➓✧➙
➙➒➧✉➥➡↕⑨➟❊➣✉➓✧➔❳➔①➞❆➙✌➙➒➧✉➓▼↕✧➓❦➣✻➙➒➑❳➓■➏✚➩✜➞➨→✎➞✚➑➒➙➒➥➁➞✚➠➡➠ ➭ ✧➐➓❬➙➒➙➒➥➡➣✉➤
↔✂➑❳➏t→✉➠➡➓❬➙✮➞✚➔❇➞❘➩❏➦✉➣✉↕❬➙❳➥➡➏t➣❞➏✚➩r➙➒➥➡➺✪➓t➢ ✕⑨➢▼➞✚➣✉↔❥➤t➑➒➥➡↔
↔✂➓❦➣✂➔❳➥ ➙➯➭ ✧✿➥ ➙➒➧✝� ➎ ✚ ❉✟✞ ❉✡✠✉➜
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10

h 0(
t)

h* = 0.05
h* = 0.04
h* = 0.02
h* = 0.01
h* = 0.005

� ↕✬✁ ✙❇➦✉➠ ➙➒➥➡➤t➑❳➥➡↔ ➔❳➏t➠➡➦✂➙➒➥➡➏t➣✉➔ ➏✚➩ ➙➒➧✉➓ ↔✉➑❳➏t→✂➠➡➓✧➙
➙➒➧✉➥➡↕⑨➟❊➣✉➓✧➔❳➔➨➞❆➙■➙❳➧✉➓r↕✧➓✧➣❊➙➒➑❳➓➳➏✚➩✌➞❸→✎➞✚➑➒➙➒➥➁➞✚➠➡➠ ➭❄✧➐➓❬➙➒➙➒➥➡➣✉➤
↔✂➑❳➏t→✉➠➡➓❬➙✌➞✚➔✔➞▼➩❏➦✉➣✉↕❬➙❳➥➡➏t➣❸➏✚➩✎➙➒➥➡➺✪➓✻➢✬✕⑨➢t➞✚➣✂↔❾→✉➑➒➓✧↕❦➦✂➑❳➔❳➏t➑
✍✉➠➡➺❚➙➒➧✉➥➡↕⑨➟❊➣✉➓✧➔❳➔☛� ➎ ➜✶✄■➧✉➓✎✍✎➣✉➓✧➔➒➙■➤t➑➒➥➡↔✒➠➡➓❬➫✻➓✧➠✛➥➡➔✛✏ ✷ ➢
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✲✵✣ ✲✜⑦ ✲✔✣ ❼ ✰ ✚ ✲✵✣❅✢✄✱✔✢ ✲✵✣ ✫ ✫✵✢
✲✵✣ ✲✵✢ ✲✔✣ ✓✿✲✿✭ ✲✵✣❅✢✄✰✪✭ ✲✵✣ ✫ ✱✵✢
✲✵✣ ✲ ✲ ✚ ✲✔✣ ✓✌✢ ✲✵✣❅✢✄✰✪✭ ✲✵✣ ✫ ✱ ✫
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Similarity Solution
Numerical Solution 

� ➞✂✁✘✣➨➑❳➏t→✂➠➡➓✧➙❵➙❳➧✉➥➡↕❳➟✁➣✉➓✧➔➒➔s➞❆➙❞➙➒➧✉➓❢↕✧➓✧➣✻➙❳➑➒➓❝➏✚➩✟➞
↕✧➏t➺✪→✉➠➡➓❬➙➒➓✧➠ ➭✶✧➐➓❬➙➒➙➒➥➡➣✉➤➨↔✂➑❳➏t→✉➠➡➓❬➙ � ✎ � ✕ ✁✫❍❆↕❦➏t➺✪→✉➞✚➑❳➥➡➔❳➏t➣✆✽➓❬➙✻✧➐➓✧➓✧➣ ➙➒➧✉➓❧➣✁➦✂➺✪➓❦➑➒➥➡↕❦➞✚➠♠→✉➑❳➓✧↔✉➥➡↕❬➙➒➥➡➏t➣✉➔❻➞✚➣✉↔❥➙➒➧✉➓
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� ↕✬✁❳✜➐➑➒➏t➔❳➔➆➸➯➔❳➓✧↕❬➙❳➥➡➏t➣✉➞✚➠➨➙❳➧✂➥➡↕⑨➟✁➣✂➓❦➔➒➔ � �❑✁✬→✉➑➒➏❁✍✎➠➡➓✧➔✒➩❏➏t➑
➞☎↕✧➏t➺✪→✉➠➡➓❬➙➒➓✧➠ ➭ ✧➐➓❬➙➆➙❳➥➡➣✉➤❶↔✉➑❳➏t→✂➠➡➓✧➙✱➏✲➫✻➓✧➑✬➞❻↕✧➥➡➑❳↕✧➦✉➠➁➞✚➑
➙❳➏t→✽➏t➤t➑⑨➞✚→✂➧❊➭❣❍✪↕✧➏t➺✪→✎➞✚➑❳➥➡➔➒➏t➣ ✆✽➓✧➙✻✧⑩➓❦➓✧➣❯➣❊➦✉➺✪➓✧➑❳➥➡↕❦➞✚➠
→✉➑❳➓✧↔✉➥➡↕❬➙➒➥➡➏t➣✉➔ � ➔➒➭✁➺✖✆✽➏t➠➡➔☞✁✈➞✚➣✂↔ ➙➒➧✉➓ ➔❳➥➡➺✪➥➡➠➁➞✚➑❳➥ ➙➯➭
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➏✚➩✎➙✻✧⑩➏✚➸➯↔✉➥➡➺✪➓✧➣✉➔❳➥➡➏t➣✉➞✚➠✁➔➆➙❳➓❦➞✚↔✂➭❸➥➡➣✉↕✧➏t➺✪→✉➑➒➓❦➔➒➔❳➥ ✆✉➠➡➓✔➫✂➥➡➔➒↕✧➏t➦✉➔✵➺✱➦✉➠ ➙➒➥➡→✉➧✎➞✚➔➒➓✮✫✎➏✯✧✿➔❦➜❙✩▲✪✭✬✂✮✭✰✱✮✱✲✥✴✶✵✸✷✺✹✻✮✶✼➲✷✺✬❯✾✭✮❃❀✛❁ ✴❃❂❅❄❇❆✔❊✄✣✢✗★❍❏■✻❈✶■ ☎✻❑■✻❈ ★ ➲✂➜■✥✂✂➜✍✞⑩➑❳➞✚➣✉↔✂➙í✡❾➜✬➝➨➦✉➥➡↔✉➓❥➙➒➏❝➺✱➦✉➠ ➙➒➥➡➤t➑❳➥➡↔❚↔✉➓❬➫✻➓✧➠➡➏t→✉➺✪➓✧➣❊➙❦➜❿�➯➣ ✼q✴✶❁ ✬❅❂❏❱❇✹✫❂❅❄➬✵✸✷✺✬✿✾✶❡✻❄❙❆✫❢q➷↕✷▲➳✺✬❅✴✶✹✌✷➞✪●❡❇✬✯✷✻❆ù❂❯✪ ✼➲❘❇✬✿✾✶✷✺✵✸❘❙✬❅❂❅➳✻❆◗➼✢✿➞✚↕⑨➟■✆✉➦✉➔❳↕❳➧❥❤s➢✱✄✖➑❳➏✚➙➆➙❳➓✧➣■✆✛➓✧➑➒➤✦✓ � ➓✧↔✉➔◆✁⑨➜❧✤✁→✉➑➒➥➡➣✉➤t➓✧➑➒➸✁�✌➓✧➑❳➠➁➞✚➤✉➢✦✞⑩➓✧➑❳➠➡➥➡➣↕❊✱❈❇❈❇❉✺❑ ★ ■✻❈✂➜■❦➲✂➜❖✜⑩➧✎➞✚→✂➑⑨➞❿✤✱✜➨➢✭✜■➞✚➣✉➞✚➠➡➓ì✞▼➛✵➜❧✲✥✴❃✵➃✷✻✹✫❂❅➳▲❘❇❁✳✵✸✷✺✬✿✾✶❡✻❄❇❆✟➾✫❡❇✹❸✷✺✪❃❱❙❂❯✪●✷▲✷✻✹✫❆⑨➜✭✙❇↕✲➝➨➑⑨➞ ✧■➸✂✢✿➥➡➠➡➠❁➢●■❦➲t➲✄✂✂➜❈❇❉✂➜❖☞➨➑➒↕⑨➧✎➞✚➑➒↔✚✤❃✆▼➜❣☞➨➣✒➔❳➦✉➑➆➩❁➞✚↕✧➓➳➠➡➓❬➫✻➓✧➠➡➠➡➥➡➣✉➤✱➥➡➣✒➫✂➥➡➔➒↕❦➏t➦✂➔✿➠➡➥☛✡❊➦✉➥➡↔✉➔■➞✚➣✉↔✮➤t➓❦➠➡➔❦➜✝✑❖P✒P●❁ ✮★➽❧➳✺❂❅✮↕➸✝✷✺❆✫✮✯✑ ❊✯✕✝✕●❍ ✠✆✂✶■t➜❈✶■t➜✟✙❇➥ ➙➒➠➡➥➡➣✓�ì✤✛➜●☞➨➣❩↔✉➓◆✧➐➓❬➙➆➙❳➥➡➣✂➤✒↕✧➏t➣✉↔✂➥ ➙❳➥➡➏t➣✉➔❦➜✟➪☛❡❇❁✿❁ ❡❙❂✿❄❇❆✍➽❣✴✶✹✿➾✫❘✒➳➵✷✺❆✰✑⑨❢❧◆✟✾❃➴❇❆▲❂✿➳▲❡✻➳❛✾✶✷✺✵➃✮ ➯ ✪❃❱✒✮✯✑✥❆➶P✶✷➵➳✺✬➶❆⑨■❦➲t➲✡✠✱❊✁✗✁✌✳❍ ➲✆☎✻❑●■✻❉✶■t➜❈❇❈✂➜❖✤✻➙⑨➞✚➑➒➏✲➫❁�✥✙❘➢✉➵➳➞✚➠➡➥➡➣✉➥➡➣ � �✱➢✭✜➐➧✂➓❦➣❚✄➐➸✂✣❾➜✜✑☎❄❇♣❇✮✠➪☛❡❇❁❯❁ ❡❇❂❅❄➃✩✫✪✭✬➶✷✺✹✿➾✫❘✒➳➵✷❸➽❧➳✺❂❅✮↕■❦➲t➲✡✠✱❊✁☎✭❋✳❍❏■✥✂✆☎✁➜❈ ★ ➜✭✱✽➧✉➏t➑❳➣✂➥ ➙❳➔➒➟✚➞❦➭❊➞✝✎①➢✲✞⑩➓✧➑➒➙➒➏✄✎✏✎❦➥✒✡✔✎✌➜✲➛✵➏t➔➒➥ ➙❳➥ ➫✁➥ ➙➯➭✁➸❁→✉➑❳➓✧➔❳➓✧➑➆➫✂➥➡➣✉➤■➣❊➦✉➺✪➓✧➑❳➥➡↕❦➞✚➠t➔❳↕❳➧✉➓✧➺✪➓❦➔✜➩❅➏t➑❋➠➡➦✑✆✉➑❳➥➡↕❦➞❆➙➒➥➡➏t➣✂➸❁➙➯➭✁→✛➓✌➓✏✡✁➦✎➞❆➙➒➥➡➏t➣✉➔❦➜❙➽✱✩✳✑✍✼✰✶✮★✲✍✴✶✵✸✷✺✹✻✮✤✑✍✪●❘❇❁ ✮❧❈❇❉❇❉❇❉✶❊✝★✁✆ � ❈✂✁✫❍ ✂❇❈ ★ ❑ ✂✄✂✄✂✂➜❈✡✠✉➜✟✙❻➞✧✎✧➏t➦✉↕❳➧✉➥●✡❾➢❙✢▼➏t➺✪➔➒➭✱➝✍✙❘➜❇✕✎➑❳➓✧➓▼➔❳➦✉➑➆➩❁➞✚↕✧➓☎✤❊➙➒➏t➟t➓✧➔✴✫✎➏✬✧❷➏❦➫✻➓❦➑✌➙❳➏t→✽➏t➤t➑⑨➞✚→✂➧❊➭✻➜✶◆✟✾❃➴❇❆❛✮●❀✛❁ ✴❃❂❅❄❇❆✠❈❇❉❇❉✶■❇❊✝✕✘★ � ■✻❉✂✁▲❍✒❈✆☎✡✂✶■▲❑❃❈✆☎❥▼✶■t➜❈✄✂✂➜➐➝♠➞✚➔➒➟t➓✧➠➡➠❋➛✟✢r➢●✏t➥➡➺✬➞✚↕⑨➟✬➛⑩➵✱➢❣✤✁➓✧➠➡➠➡➥➡➓✧➑✠✙❘➢✱✄■➧✉➏t➺✪→✉➔➒➏t➣✚✢☎✙❘➢✼❤❵➥➡➠➡➔➒➏t➣✚✙✽✜✟✄➳➜✽➝➨➑❳➞❦➫✁➥ ➙➯➭✁➸➯↔✂➑❳➥ ➫✻➓✧➣✵✫✎➏✯✧s➏✚➩✔↕✧➏t➣✻➙❳➥➡➣❊➦✉➏t➦✉➔➨➙➒➧✉➥➡➣
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★ ❈✂➜✟✁✿➞✚➟✚➞✧➭❊➞✦✜♠➜✭✤✁→✉➑➒➓✲➞✚↔❩➏✚➩☛✕✔➠➡➦✂➥➡↔➮✣➨➑➒➏t→✉➔■➏✲➫✻➓✧➑✿➞➃✢✿➏t➑➒➥☛✎❦➏t➣✻➙❳➞✚➠❋➛①➠➁➞✚➣✉➓t➜❧✰✱✮↕◆✟✾❃➴❇❆❛✮★➽❧❡✻➳❥✮✗✰✶❘✫P❃❘❇✪❣✮☛■❦➲✆☎ ✠✱❊✝★✁✆↕❍ ✂ ★ ➲✂➜
★ ★ ➜❖✤✻➙❳➥➡➠➡➠ ✧■➞✚➤t➏t➣❚✎✳✆✿➢✶✎✖➞✚➑❳➔➒➏t➣✚✞■➝❾➜✶✕✎➦✉➣✉↔✎➞✚➺✪➓✧➣✻➙⑨➞✚➠➡➔▼➏✚➩✵➙❳➏t→✽➏t➤t➑⑨➞✚→✂➧✉➥➡↕r➔❳➦✉➑➆➩❁➞✚↕✧➓➳➠➡➓❬➫✻➓✧➠➡➠➡➥➡➣✉➤✉➜↕✰✶✮✚✑❖P❙P❣❁ ✮★◆✟✾❃➴❇❆❛✮✳■❦➲✄✂✄✂✶❊✝✠✝★✳❍ ✂❇❈✄✂✶■t➜
★ ✠✉➜✟✣✿➓❦↕✧➑✁�➓ì✙q✏✎➢✜✞➐➞✚➑❳➓❬➙☎✏✚➸✌✜➨➜✽➝➨➑⑨➞✧➫✂➥ ➙➯➭✒↔✉➑➒➥ ➫✻➓✧➣ ✫✎➏✯✧▼➔✿➏✚➩✖➫✁➥➡➔❳↕✧➏t➦✉➔▼➠➡➥☛✡✁➦✂➥➡↔✉➔■➏✲➫✻➓✧➑▼➙✻✧⑩➏✚➸➯↔✉➥➡➺✪➓✧➣✉➔❳➥➡➏t➣✉➞✚➠✜➙➒➏t→✛➏t➤t➑❳➞✚→✉➧✉➥➡➓✧➔✲➜↕✰✱✮↕❀✟❁ ✴✶❂✿❄✼✽✷▲➳❛✾✱✮✭❈❇❉❇❉ ★ ❊ ✓ ✗✁✆✳❍❏■ ✠ ☎✻❑●■✻▼❇▼✂➜

✜⑩➏t→❊➭✁➑❳➥➡➤t➧✻➙ ↕❣ ❈❇❉❇❉❇❉❿✏t➏t➧✉➣●❤❑➥➡➠➡➓❬➭❥✐➬✤✁➏t➣✉➔✲➢✶✎✡➙➒↔✡➜ ✩✫✪✭✬✂✮✔✰✶✮★✲✍✴✶✵✸✷✺✹✻✮✠✼➲✷✻✬✿✾✱✮❖❀✛❁ ✴✶❂✿❄❇❆☎❈❇❉❇❉❇❉✶❊●❋●❋★❍❏■▲❑❃▼
◆✝✹✌✷◗P❃❘❇✹✌✷▲❄➮✴✶❆➵❂✿✪❃❱❳❲❙❨❙❩❙❬✒❭✿❪✱❫ ❴❛❵ ❜


