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�is paper proposes an e	cient hybrid methodology for multi-objective optimization design of a compliant rotary joint (CRJ). A
combination of the Taguchi method (TM), 
nite element analysis (FEA), the response surface method (RSM), and particle swarm
optimization (PSO) algorithm is developed to solving the optimization problem. Firstly, the TM is applied to determine the number
of numerical experiments. And then, 3Dmodels of the CRJ is built for FEA simulation, andmathematical models are formed using
the RSM. Subsequently, the suitability of the regression equation is assessed. At the same time, the calculation of weight factors is
identi
ed based on the series of statistical equations. Based on the well-established equations, a minimum mass and a maximum
rotational angle are simultaneously optimized through the PSO algorithm. Analysis of variance is used to analyze the contribution
of design variables. �e behavior of the proposed method is compared to the adaptive elitist di�erential evolution and cuckoo
search algorithm through the Wilcoxon signed rank test and Friedman test. �e results determined the weight factors of the mass
and rotational angle are about 0.4983 and 0.5017, respectively. �e results found that the optimum the mass and rotational angle
are 0.0368 grams and 59.1928 degrees, respectively. It revealed that the maximum stress of 335 MPa can guarantee a long working
time.�e results showed that the proposed hybrid method outperforms compared to other evolutionary algorithms. �e predicted
results are close to the validation results. �e proposed method is useful for related engineering 
elds.

1. Introduction

�e stroke is one of the main causes resulting in either
death or limited movement for many people in the word
[1–4]. Limited movements of muscles a�ect their families
and sociality. Although there are a lot of recent innovations,
such as assistive devices, robotic rehabilitation systems, or
exoskeletons to assist the upper limbs of disabled people [5–
7], these devices had a large size and are of heavyweight
[8]. Some researchers in the literature review focused on a
design process and others investigated static and dynamic
behaviors of the assistive devices [9]. It is known that
the behaviors of the system can be e�ectively improved

by good structural design or an optimal design proc-
ess.

In order to enhance the quality of a product, an opti-
mization process is a very necessary procedure. Nowadays,
multiobjective optimization has been widely used to solve
technical problems. For example, M. Costas et al. [10] used
surrogate-based multi-objective optimization techniques to
a crashworthiness problem in which the impact performance
of a frontal crash absorber made of steel and a glass-
ber
reinforced polyamide is optimized. J. Fang et al. [11] employed
metamodel based multi-response objective-oriented sequen-
tial optimization to optimize the design of steel–aluminum
hybrid structures for the highly nonlinear impact scenario
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of rail. Y. Zhang et al. [12] used a hybrid optimal algo-
rithm based on Monte Carlo simulation technique, Genetic
algorithm, and Grey relational analysis to optimize tapered
sandwich column for crashworthiness. Y. Zhang et al. [13]
optimize a novel hierarchical circular tube using multi-
objective optimization based on radial basis function, neural
networks, and multi-objective particle swarm optimization
algorithm. G. Sun et al. [14] used a heuristic optimization
method to determine the value of the wall thickness of
tailor rolled blank parts to maximize the energy absorption
capacity. G. Zhou et al. [15] applied an enhanced hybrid and
adaptive meta-model based global optimization to improve
the performance of the steering system. G. Zhou et al. [16]
proposed a multi-objective optimal algorithm using Latin
hypercube sampling technique, orthogonal design, response
surface model, radial-based importance sampling technique,
and multi-objective particle swarm optimization algorithm
to develop novel side door negative Poisson’s ratio impact
beam. G. Sun et al. [17] developed a multi-objective and
multi-case reliability-based design optimization based on
the radial basis function, the non-dominated sorting genetic
algorithm II, and Monte Carlo simulation to optimize the
tailor rolled blank hat-shaped structure. G. Sun et al. [18] used
an iterative optimization algorithm with arrays to maximize
the mass and minimize energy absorption capacity of hybrid
structures for transverse loading. However, in the literature
review, a multi-objective optimization problem for assistive
devices has not received great interest yet. �erefore, the
contribution of this study is to enter into a new entry related
to amultiple response optimization for a rotary joint of upper
limb assistive device.

In our design, a compliant rotary joint (CRJ) can support
the forearm of disabled people in terms of handling their
activities without a large dependence on their sta�s and fam-
ilymembers. It is known that the characteristics of an assistive
device are in�uenced by the qualities of the proposed joint.
�erefore, the present study proposes a multi-objective opti-
mization of the CRJ.�e CRJ is constructed based on a com-
pliant mechanism (CM) that is an outperformed mechanism
compared to conventional mechanisms due to its advantages,
such as miniature size, being lightweight, increased accuracy,
energy storage capability, and decreased vibrations [19–22].
�e qualities of CRJ include a large rotational motion to be
suitable for di�erent people, being lightweight to be easily
integrated into the upper limb, and minimal stress. �e stress
should be less than the allowed stress so as to guarantee long
working fatigue without plastic failures.

Prior to implementing an optimization process for the
CRJ, mathematical equations describing relations between
the design parameters and the responses are actually desired.
Although the mathematical models can be found by applying
the theory of mechanics, they are di	cult to achieve a precise
equation. It is known that the CRJ is also a type of CMs,
while the approximately mechanic theories for CMs are still
large errors. In order to overcome such disadvantages and
to achieve the above properties simultaneously for the CRJ,
a new e	cient approach of the Taguchi method (TM), 
nite
element analysis (FEA), response surfacemethod (RSM), and
particle swarm optimization (PSO) algorithm is developed

in this study. It can be considered as a surrogate-based so�
computing optimization. It begins a collection of numerical
data and then establishes the equation prior to implementing
the optimization process. Commonly, a full factorial design
can create the experimental matrix, but it requires a large
number of experiments. �erefore, the TM is alternated with
a su	cient number of experiments [22–25]. Although theTM
reduces the number of experiments, it only optimizes a single
quality response, while this study needs to solve the multi-
objective responses, simultaneously. To implement a multi-
objective optimization process, mathematical models must
be established before starting the optimal process. Nowadays,
many surrogate models have been used to represent the
relationship between input variables and output responses
such as RSMmodel [26, 27], Krigring model [28, 29], support
vector regression [30], radial basis function [31], and adaptive
neuro-fuzzy inference system [32]. Among them, RSM is
an easy-to-use approximation model and able to accurately
modeling [33]. Currently, RSM is still useful and valid for
mathematical modeling in the 
eld of engineering and indus-
try [34, 35]. As a result, theRSM is integratingwith the FEA to
build the mathematical models in the present study.�en the
PSO algorithm [36–39] is utilized. PSO is a multi-objective
optimization technique that gives high precision results and
fast convergence capabilities for linear and weak non-linear
models. In the case of a strong non-linear model, the PSO
algorithm needs to be modi
ed or improved. For example,
X. Hu and R.Eberhart [40] gave two ways to modify PSO:
(i) In the initial population initialization process, all particles
are repeated continuously until they meet all the constraints,
and, (ii) during the calculation of the pBest and gBest values,
only the locations in the feasible space are counted. N.
B.Guedria [41] has improved PSO to overcome premature
convergence and weak diversity when optimizing strong
non-linear models. As mentioned, the CRJ must ful
ll two
objectives, including being lightweight and a large rotation
angle.�ese two responses are contradictory. To optimize the
multiple responses,most previous studies assigned theweight
factor (WF) for each objective function according to the
expert’s experience or customer’s requirements but a wrong
experience may result in an unprecise optimal solution.
�erefore, we follow a calculation of WF in [42].

�e new contribution of this study is to develop an
e	cient hybrid integration for multi-objective optimization
design of the CRJ. �e hybrid method is a combination of
the TM, FEA-based RSM, and PSO algorithm. In this study,
a series of statistical equations are established to compute the
WF for objective functions. Analysis of variance is utilized
to investigate the signi
cance of each design parameter.
In addition, two statistical comparisons, Wilcoxon signed
rank test, and Friedman test, are implemented to compare
the behavior of the proposed hybrid method with other
evolutionary algorithms. �e prototype is built and evaluated
to validate the optimal results.

2. Design for Compliant Torsion Spring

Figure 1 illustrates an assembled system of an upper limb
rehabilitation device. It includes main parts: a CRJ (1) which
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Figure 1: Model of the upper limb assistive device.

its outer ring is 
xed to the cover (4) via three bolts (3).
�e inner diameter of the CRJ is 
tted to the sha� (10) in
which it is coupled with the passive gear (9). A Bracket (7) is
connected to the sha� while the bracket is 
tted to trap (5)
which used to locate the forearm. �e trap can be adjusted
to be suitable for people’s di�erent arm sizes accordingly. �e
cover is mounted on the chair where a patient is seating. To
perform the workout, the motor provides rotational motion
for the bracket through the gear train. At this point, the CRJ
is deformed a rotational angle. �is deformation reduces the
system's shock and ensures for the patient.

In the device, the CRJ is the most important part to
guarantee a good rehabilitation process. �e proposed CRJ
needs to create a su	ciently large rotation angle larger
than 50 degrees and small mass to ful
ll being lightweight.
However, it must also allow small stress to ensure the
reliability for the rehabilitation process, as seen in Figure 2.
�roughmany analyses and FEA simulations, it is discovered
that the thickness (t) and diameter (D) mainly a�ect the
outputs, such as the rotational angle, mass, and stress of the
CRJ.

3. Proposed Hybrid Methodology

3.1. Statement of Optimization Problem. According to the
above design, a small mass is the 
rst objective to permit
being lightweight and a large rotational angle is the second
objective so as to allow a wide application. Both objective
functions are always con�icted but they are also simulta-
neously desired qualities for the CRJ in the rehabilitation
device. Besides, resulting stress should be also under the yield
strength of the proposed material so that the CRJ can operate
without plastic failures. Because the CRJ is constructed based
on the concept of CMs [19–22], a 
eld of non-traditional
mechanical engineering, the quality characteristics of joint
greatly depend on the thickness and length of the leaf springs.
If the twisted step of leaf springs is constant, the length
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Figure 2: 2D and 3D model of compliant rotary joint.

of leaf spring depends on the diameter of the CRJ. Hence,
the thickness t and diameter D are two design parameters,
while the mass and rotational angle are two output responses.
Furthermore, the stress is a necessary constraint for the
joint.

As aforementioned, if the performances of CRJ are
improved, the e	ciency of the assistive device for an upper
limb is enhanced accordingly. �e multiple-objective opti-
mization problem is brie�y stated as follows:

Determine the design variables: D and t.
Minimize the mass:

�1 (�, �) . (1)

Maximize the rotational angle:

50� ≤ �2 (�, �) ≤ 60�. (2)
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Figure 3: Flowchart for multiple objective optimization process for the CRJ.

Subject to constraints:

52 mm ≤ � ≤ 56 mm (3)

0.8 mm ≤ � ≤ 1.2 mm, (4)

�3 (�, �) ≤ 335 MPa, (5)

where f 1 is the mass, f 2 is the rotational angle, and f 3 is the
stress.

3.2. Methodology. In order to conduct the multiple objec-
tive optimization problems for the CRJ, a surrogate-based
optimization method is implemented. It starts with the
establishment of the number of numerical data through the
TM. And then, the FEA is used to collect the numerical
data. Two mathematical models for both responses are built
based on the RSM. Finally, the PSO algorithm is utilized to
optimize simultaneously both quality responses. A hybrid
optimization algorithm is an integration of the TM, FEA-
based RSM, and PSO. Figure 3 depicts the �owchart of the
optimal process of CRJ. It consists of main steps as fol-
lows.

Step 1 (identifying optimization problem). Basically, the CRJ
has to be lightweight and requires a large moving range and
an ensured durability.

Step 2 (de
ningdesign variables). �e required characteris-
tics of the CRJ depend on two key parameters, including
the thickness of leaf spring and diameter of CRJ. Two
chosen design variables for optimization are diameter D and
thickness t. �e relationship between the design parameters
and output responses can be presented by the following
formula:

� = � (�1, �2, . . . ��) + 
 (6)

where � is the function of output, �1, �2, . . . , �� denote
the independent variables, n is the number of independent
variables, and 
 is an error.

Step 3 (designing 3D model and collecting data). �e TM
is utilized to set up the number of numerical experiments.
�en, 3D models are drawn and the FEA is used to retrieve
the quality characteristics.

Step 4 (calculating weight factor). It is well-known that the
mass is desired as small as possible while the rotational angle
is needed as large as possible. �erefore, the designer must
balance among them. In fact, almost designers use their
experience to choose the WF for each objective function.
However, this choice is random, so the optimal results may
result in an unprecise solution. In order to determine the
correct WF, there are many ways to calculate WF. For
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instance, WF is calculated by combining the grey relational
analysis with the entropy measurement technique [43]. �e
grey relational analysis is coupled with principal component
analysis [25]. �e total score of each pepper was used
to calculate the weight [44]. Unlike previous studies, the
present study is based on the sensitivity of responses, an
e�ect of design variables on the responses, and statistical-
based equation sets were established to produce weighting
formulas. �is study follows a statistical method based on
signal-to-noise (S/N) ratio [42]. One of the most important
tasks is that each objective function should be normalized in
the range [0, 1]. �e TM with the S/N ratio shows a better
quality response corresponding to a larger S/N ratio value. In
this work, two objective functions are expected as follows.

�e smaller-the-better is used for the mass by following
equation:

� = −10 log(1
�∑
1
�2� ) . (7)

�e larger-the-better is utilized for the rotational angle as
follows:

� = −10 log(1
�∑
1

1
�2� ) . (8)

where f is the value of the response and n the number of
replicates of experiment ith.

Normalized S/N of each objective function was imple-
mented by the following formula:

�� = �� −min ��
max �� −min �� , (9)

where zi is the normalizedmean S/N value for the ith response
(i = 1, 2, . . ., n), n is the number of responses, and �i illustrates
the estimated S/N value from the TM. max�i and min�i are
the largest and smallest values of �i, respectively.

�e average value of normalized S/N ratios for each
objective function was calculated by the following formula:

��� = 1����
�∑
�=1
�ij, (10)

where aLi is the average value of S/N ratio of level ith of each
design variable of each objective function.mLji is a number of
repetitions of level ith. zij is the value of S/N ratio of level ith
of objective function jth.

�e rank of each level of each design variable was
determined as follows:

��� = max {��,�,1, ��,�,2, . . . , ��,�,�}
−min {��,�,1, ��,�,2, . . . , ��,�,�} ,

(11)

where ��� is themean rank (max-min) of the normalizedmean
S/N ratio for each level of each design parameter � = 1, 2, ..�,� is the number of design parameters, � = 1, 2, ..�, � is the
number of experimental level of each objective. zi,j,r is the

Table 1: Design variables and their levels.

Parameters Level 1 Level 2 Level 3

� (mm) 52 54 56

� (mm) 0.8 1.0 1.2

normalized mean value of S/N for the ith response of the
parameter jth at the kth experiment.

�e WF of each objective function was calculated as
follows:

�� = ∑
	
�=1 ���

∑��=1∑	�=1 ��� , (12)

where�� is the weight factor of objective ith
Step 5 (establishing regression equation). �e RSM is then
used to establish the regression equations to describe a rela-
tionship between the design variables and quality responses.
Because these relations are almost nonlinear, a full quadratic
form was a suitable model for the CRJ as follows [45]:

�
 = �0 +
�∑
�=1
���� +

�∑
�=1
����2� +

�−1∑
�=1

�∑
�=�+1
������� + 
�, (13)

where �i are unknown regression coe	cients; �ii are
quadratic coe	cients; �ij are interaction coe	cients, x1,
x2,. . .xn are a set of n predictor believed to be related to a
response variable f k, 
i random error.

�e analysis of variance (ANOVA) also performs evalu-
ating the contribution of the parameter.

Step 6 (validating the precision of regression equation).
�e established regression equation o�en has an undesired
error. Hence, to evaluate the prediction precision of those
equations, some random values of the design variables are
chosen to build 3D models. And then, the FEA simulations
are compared with the predicted results from the regression
equation. If the error is large, several types of regression equa-
tions are recalculated to form new mathematical equations.

Step 7 (optimization). �e regression equations were deter-
mined in Step 5 and validated in Step 6. At the same time,
the WFs are computed in Step 4. At last, the optimization
process is implemented by programming the multi-objective
PSO algorithm in MATLAB.

4. Results and Discussion

4.1. Numerical Data and Regression Equations. Firstly, the
TM was utilized to re
ne the design parameters to achieve
a good initialization for the CRJ. �e two design variables
of CRJ, including the diameter D and the thickness t, were
divided into three levels, as given in Table 1. A matrix
of numerical experiments was established by using the
L9 orthogonal array. And then, nine models of CRJ were
drawn by Inventor so�ware. Numerical experiments were
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Table 2: Results of numerical experiments.

No. D (mm) t (mm) Mass, f 1 (Gram) Angle, f 2 (degree) Stress, f 3 (Mpa)

1 52 0.8 0.0328 56.55 398.00

2 52 1 0.0355 37.42 251.57

3 52 1.2 0.0381 23.57 172.08

4 54 0.8 0.0345 59.79 379.28

5 54 1 0.0373 40.99 248.74

6 54 1.2 0.0402 26.37 177.14

7 56 0.8 0.0361 62.51 362.21

8 56 1 0.0392 44.28 247.33

9 56 1.2 0.0423 29.16 185.38

Table 3: ANOVA for the mass.

No. Source Degrees of freedom (DoF)
Contribution

(%)
F-Value P-Value

1 � 1 29.46 2914851.94 0.001

2 � 1 70.20 6946032.12 0.001

3 �2 1 0.00 70.14 0.004

4 �2 1 0.00 0.03 0.871

5 � ∗ � 1 0.34 34001.67 0.001

6 Error 3 0.00

7 Total 8 100.00

ANSYS
R18.1

Fine mesh

Moment

Deformation
probe

Fix hole

Y

X

Figure 4: Meshing model and boundary conditions.

performed to collect data by FEA inANSYS.�emeshmodel
and boundary conditions were set up, as seen in Figure 4.
�e CRJ model was 
xed by three holes, a moment applied
to the inner hole. Al7075 was chosen as the material for the
CRJ because of its light density of 2770 kg/m3, a high yield
strength of 503 MPa, Young modulus of 72000 MPa, and
Poisson’s ratio of 0.33.�e face sizing method was chosen for
meshing.�emain parameters of themeshedmodel included
the element size of 0.3mm, the number nodes of 1243588, and
the number of elements of 720074. Based on the Skewness
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Figure 5: Evaluating the quality of the meshing.

criteria, the results indicated that the element metrics are
within the range value from 0.25 to 0.5. as seen in Figure 5.
According to the Skewness in ANSYS, this range proved that
the accuracy of 
nite element models is relatively good [46].
�e results of the analysis are presented in Table 2.

Based on the data from Table 2, the RSM was used to
determine the mathematical equations for the mass. �e
results found the determination coe	cient (R2) of the equa-
tion is almost 100%. It can be concluded that the regression
equation is a good predictor for the mass. According to statis-
tical theory, the p-value of a design parameter is larger than
0.05 that parameter is not statistically signi
cant. However,
the parameters still had a certain in�uence on the mass, and
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Table 4: ANOVA for the rotational angle.

No. Source DoF
Contribution

(%)
F-Value P-Value

1 � 1 3.27 412.15 0.001

2 � 1 96.19 12118.95 0.001

3 �2 1 0.00 0.26 0.645

4 �2 1 0.51 64.24 0.004

5 � ∗ � 1 0.00 0.26 0.644

6 Error 3 0.02

7 Total 8 100.00

Table 5: ANOVA for the stress.

No. Source (DoF) Contribution F-Value P-Value

1 � 1 0.19% 21.44 0.019

2 � 1 96.04% 10979.99 0.001

3 �2 1 0.00% 0.39 0.576

4 �2 1 2.80% 319.82 0.001

5 � ∗ � 1 0.95% 108.47 0.002

6 Error 3 0.03%

7 Total 8 100.00%

all parameters were included in the regression equation. �e
regression equation for the mass was achieved as follows:

�1 = 0.01746 − 0.000112� − 0.018911�
− 0.000004�2 + 0.000008�2 + 0.000616�� (14)

ANOVA was then used to determine the signi
cant
contribution or sensitivity analysis of each factor on themass.
As seen in Table 3, the results revealed the contribution level
ofD approximately 29.46%, of t approximately 70.20%, and of�∗ � approximately 0.34%. As a result, to reduce the mass of
the CRJ, the value of the thickness t should be reduced, since
the contribution of t is greater than D.

In a similar procedure, the mathematical model for
rotational angle was built via the RSM. �e results 
nd out
that R2 is approximately 99.98%. It showed the established
regression equation for the rotational angle is relatively well.
�e regression equation for the rotation angle was established
as follows:

�2 = −16 + 5.38� − 175.2� − 0.0334�2 + 52.41�2
− 0.236��. (15)

�en, the contribution of each design variable on the
rotational angle was identi
ed using ANOVA. Table 4 shows
that the contribution levels of D, t, t2 are approximately
3.27%, 96.19%, and 0.51%, respectively. It can conclude that
the in�uence of t to the rotation angle is highest. To increase
the rotational angle, it is necessary to decrease the thickness
t.

Finally, the RSM was also applied to establish the regres-
sion equation for the stress. �e results given the R2 is
approximately 99.97%. It is noted that the regression equation
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Figure 6: Sensitivity analysis of design variables.

is relatively accurate. �e equation for the stress was given as
follows:

�3 = 4034 − 61� − 3651� − 0.26�2 + 745�2
+ 30.68��. (16)

ANOVAwas analyzed for the stress.�e results of Table 5

give that the contribution levels ofD, t,D2, t2,�∗� are 0.19%,
96.04%, 0.00%, 2.80%, and 0.95%, respectively. It shows that
the contribution of t to the stress is largest. �e contribution
level of D was not signi
cant. To reduce stress, the thickness
t should be increased.

�e statistical-based sensitivity analysis was used to
con
rm how di�erent values of the variables on each output
response. As seen in Figure 6, factor D has a value from 52
mm to 56mm; this parameter a�ected the mass and the angle
in increase slightly, the stress in decrease slightly. Factor t has
a value from 0.8 mm to 1.2 mm, the mass in increase slightly.
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Table 6: Evaluating the precision of mathematical models.

Parameter
predicted FEA Error (%)

Mass (gram) Stress (MPa) Angle (degree) Mass (gram) Stress (MPa) Angle (degree) Mass Stress Angle

D = 53 mm;
t = 8.8 mm

0.0337 388.17 58.69 0.0337 387.77 58.22 0.28 0.1 0.81

D = 54 mm
t = 0.9 mm

0.036 306.76 50.43 0.0359 312.94 50.15 0.3 2.02 0.55

D = 55 mm
t = 1.2 mm

0.0414 181.98 28.52 0.0413 187.17 27.79 0.27 2.85 2.57

Average 0.28 1.66 1.33

Table 7: S/N ratio values and normalized S/N values.

No. D (mm) t (mm) S/N ratio of f 1 (dB) S/N ratio of f 2 (dB) Normalized S/N of f 1 Normalized S/N of f 2
1 52 0.8 -29.68 35.0487 0 0.897266

2 52 1.0 -29.00 31.4621 0.310995 0.473912

3 52 1.2 -28.38 27.4472 0.588876 0

4 54 0.8 -29.24 35.5326 0.19866 0.954388

5 54 1.0 -28.57 32.2536 0.505447 0.567337

6 54 1.2 -27.92 28.4222 0.79981 0.115089

7 56 0.8 -28.85 35.919 0.376887 1

8 56 1.0 -28.13 32.9242 0.700775 0.646493

9 56 1.2 -27.47 29.2958 1 0.218201

Table 8: Results of weight factor.

Parameter Mean of S/N ratio f 1 Mean of S/N ratio f 2 Rank

level 1 level 2 level 3 level 1 level 2 Level 3 f 1 f 2
D 0.3000 0.5013 0.6926 0.4571 0.5456 0.6216 0.3926 0.1645

t 0.1918 0.5057 0.7962 0.9506 0.5626 0.1111 0.6044 0.8395

Weight factor 0.4983 0.5017

�e factor t a�ected stress in the 0.8 mm to 1 mm range,
decreasing rapidly from 1.0 mm to 1.2 mm range and a�ected
to the angle in decrease slightly.

4.2. Precision of the Regression Equation. A�er the regression
equationswere established. Asmentioned in the previous sec-
tion, although the value R2 of three equations was relatively
good, it still needs a step so as to determine the prediction
precision of these equations.�reemodels of CRJwere drawn
based on randomly selected parameters. Subsequently, these
modelswere simulated throughFEA inANSYS 2018 so�ware.
As seen in Table 6, the average error of the mass is of 0.28%,
the stress of 1.66%, and the angle of 1.33%. �ese errors are
very small, and so the mathematical models are reliable for
prediction.

4.3. Computation of Weight Factor. �e numerical data of
the mass and the rotational angle were converted to S/N
ratios by (7)-(8), respectively. And then, the S/N ratios were
normalized to eliminate the e�ect of the unit factor using
(9), as given in Table 7. �e average value of normalized S/N
ratios for each objective function was computed by using (10).
�e rank of each level of each design variable was determined

Table 9: Optimal results.

D (mm) t (mm) f 1 (gram) f 2 (degree) f 3 (MPa)

56 0.841 0.0368 59.1928 335

by (11). �e weight factor was calculated by (12), as given
in Table 8. �e weights of f 1 and f 2 were 0.4983 and 0.5017
respectively.

4.4. Optimal Results. �e optimal results were achieved by
the PSOalgorithm inMATLABR2014a.�emain parameters
for PSO algorithm, such as the population size of 25 and
tolerance of 10-6 and maximum iteration of 5000, were set.
�e optimal results were found out the dimension D of 56
mm and t of 0.841 mm. �e optimum value of the mass, the
rotation angle, and the stress are 0.0368 grams and 59.1928
degrees, respectively. �e resulting stress was about 335 MPa
that is still less than the yield strength of material. It permits
a long working time for the CRJ, as given in Table 9.

4.5. Statistical Analysis. �is section provided a statistical
analysis so as to evaluate and compare the hybrid method
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Table 10: Pareto-optimal solution.

No.
Pareto-optimal solution of AEDE Pareto-optimal solution of PSO Pareto-optimal solution of Cuckoo

f 1 (gram) f 2 (degree) f 1 (gram) f 2 (degree) f 1 (gram) f 2 (degree)

1 0.03684694 59.1926 0.03684698 59.1928 0.03640000 56.4125

2 0.03684698 59.1927 0.03684698 59.1928 0.03680000 57.6736

3 0.03684699 59.1926 0.03684698 59.1928 0.03560000 54.7656

4 0.03684701 59.1926 0.03684698 59.1928 0.03650000 54.2459

5 0.03684701 59.1926 0.03684698 59.1928 0.03690000 54.6147

6 0.03684698 59.1926 0.03684698 59.1928 0.03640000 53.6284

7 0.03684698 59.1927 0.03684698 59.1928 0.03620000 55.6318

8 0.03684698 59.1927 0.03684698 59.1928 0.03730000 56.4305

9 0.03684697 59.1928 0.03684698 59.1928 0.03500000 49.8407

10 0.03684697 59.1927 0.03684698 59.1928 0.03540000 53.9830

11 0.03684698 59.1927 0.03684698 59.1928 0.03740000 52.1104

12 0.03684696 59.1927 0.03684698 59.1928 0.03650000 55.2316

13 0.03684698 59.1926 0.03684698 59.1928 0.03700000 54.0561

14 0.03684698 59.1927 0.03684698 59.1928 0.03550000 51.5698

15 0.03684697 59.1927 0.03684698 59.1928 0.03660000 57.9326

16 0.03684698 59.1927 0.03684698 59.1928 0.03720000 50.7281

17 0.03684699 59.1927 0.03684698 59.1928 0.03600000 56.0966

18 0.03684696 59.1927 0.03684698 59.1928 0.03580000 53.2667

19 0.03684699 59.1927 0.03684698 59.1928 0.03720000 56.3933

20 0.03684699 59.1926 0.03684698 59.1928 0.03610000 55.3665

21 0.03684698 59.1927 0.03684698 59.1928 0.03760000 54.3757

22 0.03684697 59.1927 0.03684698 59.1928 0.03460000 49.3076

23 0.03684698 59.1927 0.03684698 59.1928 0.03500000 51.9317

24 0.03684698 59.1928 0.03684698 59.1928 0.03580000 50.4642

25 0.03684697 59.1927 0.03684698 59.1928 0.03640000 52.0670

26 0.03684699 59.1927 0.03684698 59.1928 0.03590000 55.9478

27 0.03684700 59.1926 0.03684698 59.1928 0.03560000 51.7925

28 0.03684697 59.1927 0.03684698 59.1928 0.03540000 49.4596

29 0.03684698 59.1927 0.03684698 59.1928 0.03430000 48.3116

30 0.03684697 59.1928 0.03684698 59.1928 0.03730000 47.2540

Table 11: Wilcoxon’s comparison the proposed hybrid method with AEDE for the mass.

Number for tests Median of di�erence p-value Wilcoxon statistic

30 0.000 0.821 244

Null hypothesis: H0: Median of di�erence are zero

Alternative hypothesis: H1: Median of di�erence are not zero

to other evolutionary algorithms, such as the adaptive elitist
di�erential evolution [47] and cuckoo search algorithm [48–
51]. �e Wilcoxon’s rank signed test and Friedman test
[52–54] were both applied to evaluate the e�ectiveness of
the proposed hybrid method. �e numerical simulations
were conducted 30 runs for each algorithm. �e Pareto-
optimal solution was achieved, as given in Table 10. Table 10
shows that ADED and CUCKOO algorithms have small
di�erences in function values f1 and f2, in which the PSO
algorithm proven function f1 and f2 are the same. �is
means the convergence of ADED and CUCKOO algorithms
is lower than the PSO algorithm, because each algorithm
has given di�erent Pareto. �erefore, Wilcoxon’s comparison

and Friedman Test are used to compare the behavior of
algorithms. �eWilcoxon’s rank signed test was performed at
5% signi
cant level and 95% con
dence intervals. �e results
of Wilcoxon’s rank signed test were given in Tables 11–14.

Table 11 gives the result of statistical analysis for the mass
by comparing the proposed hybrid method with the AEDE. It
showed the P-value is greater than 0.05.�is suggests that the
null hypothesis (H0) is accepted. It means that the predicted
mass of the two algorithms was the same. However, the
statistical analysis for the angle in Table 12 shows that the null
hypothesis (H0) is not accepted. It means that the predicted
angles of the two algorithms are di�erent.�e predicted angle
of the proposed hybrid method is higher than of the AEDE



10 Mathematical Problems in Engineering

Table 12: Wilcoxon’s comparison the proposed hybrid method with AEDE for the angle.

Number for tests Median of di�erence p-value Wilcoxon statistic

30 -0.0000799 0.001 7

Null hypothesis: H0: Median of di�erence are zero

Alternative hypothesis: H1: Median of di�erence are not zero

Table 13: Wilcoxon’s comparison of the proposed hybrid method with cuckoo for the mass.

Number for tests Median of di�erence p-value Wilcoxon statistic

30 0.000647 0.001 389

Null hypothesis: H0: Median of di�erence are zero

Alternative hypothesis: H1: Median of di�erence are not zero

Table 14: Wilcoxon’s comparison of the proposed hybrid method with cuckoo for the angle.

Number for tests Median of di�erence p-value Wilcoxon statistic

30 5.7454300 0.001 465

Null hypothesis: H0: Median of di�erence are zero

Alternative hypothesis: H1: Median of di�erence are not zero

Table 15: Friedman Test for the mass.

Response Number of tests Median of di�erence Sum of Ranks

Mass by AEDE 30 0.036847 66

Mass by the proposed hybrid method 30 0.036847 68

Mass by cuckoo 30 0.036544 46

Overall 90 0.036746

DF Chi-Square P-Value

2 9.87 0.007

Null hypothesis: H0: All treatment e�ects are zero

Alternative hypothesis H1: Not all treatment e�ects are zero

algorithm. �us, the proposed hybrid method algorithm was
more e	cient than the AEDE algorithm, as given in Tables
11-12.

Similarly, statistical analysis for the mass and angle by
comparing the proposed hybrid method with the cuckoo
search algorithm. Table 13 showed that the null hypothesis
(H0) is not accepted. �e optimal predicted mass from
the proposed hybrid method is lower than that from the
cuckoo search algorithm. �us, the cuckoo algorithm ismore
e	cient. However, when analyzing the statistics for the angle,
the predicted angle result of the proposed hybrid method
is greater than that of the cuckoo algorithm, as shown in
Table 14. �is means that the proposed hybrid method is
more e	cient than the cuckoo algorithm.

Another way, the Friedman Test, a non-parametric
approach, is an alternative to the one-way ANOVA with
repeated measures. �is approach would determine the
di�erence between the optimization algorithms at signi
cant
levels of � = 0.05. �e Friedman test for the mass and angle
were conducted, separately. �e numerical simulations were
conducted 30 runs for each algorithm.

Table 15 shows the P-value was smaller than 0.05, so the
null hypothesis was not accepted. �e predicted mass from
proposed hybrid method di�ered from the other optimal

algorithms. �e sum of ranks of cuckoo search algorithm
was the smallest. So, the cuckoo algorithm was the most
e�ective. Similarly, Table 16 gives that the predicted angles
of the optimal algorithms were di�erent, but the proposed
hybrid method was the best.

In summary, the results of Wilcoxon's comparative and
Friedman Test methods indicated that the proposed hybrid
method was more e�ective than the AEDE and cuckoo
search algorithm. �erefore, the proposed hybrid method
was reliable to optimize the proposed CRJ.

5. Validations

Based on Wilcoxon’s comparison and the Friedman Test,
the Pareto-optimal solution of PSO is selected. Based on
Table 10, the Pareto of the PSO algorithm is similar, and the
value of mass and angle are 0.03684698 grams and 59.1928,
respectively, when the value of the diameter is 56 mm and
the thickness is 0.841 mm. �en a 3D prototype of CRJ was
created. �e stress distribution was given, as seen in Figure 7.
�e mass of 0.036 grams, the angle of 58.8067 degrees, and
stress of 326.63 MPa. �e results revealed that the errors of
mass, stress, and rotational angle are 0.31%, 1.98%, and 2.08%,
respectively, given inTable 17.�ese errors came from the size
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Figure 7: Stress distribution.

Table 16: Friedman Test for the angle.

Response Number of tests Median of di�erence Sum of Ranks

Mass by AEDE 30 59.1927 62

Mass by the proposed hybrid method 30 59.1928 88

Mass by cuckoo 30 54.0196 30

Overall 90 57.4683

DF Chi-Square P-Value

2 56.27 0.001

Null hypothesis: H0: All treatment e�ects are zero

Alternative hypothesis H1: Not all treatment e�ects are zero

Table 17: Comparison of predicted results and validation results.

Response Predicted result Validation results Error (%)

f 1 (gram) 0.0368 0.0367 0.2725

f 2 (degree) 59.1928 58.8067 0.6567

f 3 (MPa) 335 326.63 2.5625

tolerances andmodeling. For such a small error, the proposed
hybrid method had good reliability that can be applied for
optimizing the parameters for the assistive devices and related
engineering.

6. Conclusions

In this paper, a new hybrid method was proposed for
conducting the multi-objective optimization design so as
to improve the performing e	ciency of CRJ. �e proposed
integration was combined of the TM, FEA, the RSM, and the
PSO algorithm.

Firstly, the TM was applied to make the number of
numerical experiments. Subsequently, the FEA simulations
were programmed so as to collect the data. Based on the data,
the mathematical models for both the mass and rotational
angle were built using the RSM, and the WF of each
quality response was computed. �e precision of regression
equations was relatively good. Using the well-established
equations, the optimization problem was solved through the
PSO algorithm.

�e WF of the mass of 0.4983 and the WF rotational
angle of 0.5017 were determined. ANOVA results showed
that the CRJ thickness has the most e�ect. �e accuracy
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of mathematical models was evaluated by the coe	cient
and randomized testing. Valuation results revealed that the
coe	cients of determination of mass, angle, and stress are
100%, 99.98%, and 99.97% respectively. �e average error of
the predicted models and FEA is about 0.28, 1.66, and 1.33
corresponding to the volume, angle, and stress.

�e behavior of the proposed hybrid method was better
than that of the adaptive elitist di�erential evolution and
cuckoo search algorithm through using the Wilcoxon signed
rank test and Friedman test.

�e optimal result was found out for the dimension D
of 56 mm and thickness t of 0.841 mm for the CRJ. �e
optimal mass of 0.036 g and optimal rotational angle of
59.1928 degrees were found with minimal stress of 335 MPa.
�e errors between the predicted and the validation results
for the mass, stress, and rotation angle are 0.2725%, 0.6567%,
and 2.5625%, respectively. �e small error showed that
the proposed optimization is reliable to solve for multiple
optimization problems for the CRJ and related complex
optimization problems.
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