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Abstract

This paper presents an efficient collision resolution protocol and its variations for the tag identification
problem, where an electromagnetic reader attempts to obtain within its read range the unique ID number of
each tag. The novelty of our main protocol is that each tag is memoryless, i.e., the current response of each tag
only depends on the current query of the reader but not on the past history of the reader’s queries. Moreover,
the only computation required for each tag is to match its ID against the binary string in the query. Theoretical
results in both time and communication complexities are derived to demonstrate the efficiency of our protocols.

Keywords: Radio Frequency Identification, Anti-Collision Algorithms, Conflict Resolution

1 Introduction

Recent advances in low-cost, network-aware embedded processors enable the efficient control of most devices and
machines over an open communication infrastructure ranging from a small home network to the global Internet.
Moreover, the emergence of low-power and low-cost sensing technologies also makes it likely that in the near future,
a variety of consumer goods will be tagged with remotely readable identification tags. For example, electromag-
netic tags, which are being considered to replace Uniform Product Codes (Bar Codes), can be read automatically
from a distance without line-of-sight. This opens up vast new opportunities for implementing smart automated
systems exhibiting intelligent, collaborative behavior that can drastically improve human productivity and effi-
ciency. Example applications include automatic object tracking, inventory and supply chain management, and
Web appliances [1].

Motivated by the need for implementing a low-cost, robust automatic identification system using electromagnetic
readers and tags, we consider in this paper a tag identification problem in which a reader attempts to obtain the
information (a unique identification number) stored in each individual tag within the read range. Because of the
severe cost constraints in implementing these tags in practical applications1, each tag is desired to be passive (i.e.
no battery requirement) and can only have minimal built-in computing circuitry. The reader is responsible to
transmit certain signals, which will power each individual tag at a distance to respond with its unique ID to the
reader.

The natural question is: what protocol should the reader and the tags use so that the ID of each tag can be
communicated to the reader as fast and reliably as possible? Without any coordination among the reader and
the tags, the responses from the tags to the reader can collide, in which case the IDs of the tags will become
illegible to the reader. This is a special case of the multiple-access communication problem and the solution to the
general problem which does not require prior scheduling or central control is often referred to as the collision (or
conflict) resolution protocol. This problem has been studied extensively in the past several decades. However, our
applications introduce a more challenging aspect to the problem. Because of the severe computational and energy

The conference version of this paper appears in the Proceedings of the 4th International Workshop on Discrete Algorithms and
Methods for Mobile Computing and Communications, August 11, 2000, Boston, Massachusetts. (In conjunction with ACM Mobicom
2000)

This work was supported in part by the MIT Auto-ID Center, with industrial sponsors consisting of the Uniform Code Council,
Procter & Gamble, Gillette, International Paper, EAN International and CHEP. Please forward any future correspondence to Kai-Yeung
Siu at siu@list.mit.edu.

1For example, to replace the Bar Codes with electromagnetic tags, the objective is to bring the manufacturing cost of each tag to
less than 1 cent.
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constraints in each tag, it is unreasonable to assume that the tags can communicate with each other directly and
that they can maintain dynamic states of the communication process in their circuitry.

We present here a novel collision resolution protocol which allows the reader to obtain the ID from each tag
within its read range, while the computational and memory requirement for each tag is minimal. In fact, the key
feature of our main protocol is that each tag is memoryless, i.e., the current response of each tag only depends on
the current query of the reader but not on the past history of the reader’s queries. Moreover, the only computation
required for each tag is to match its ID against the binary string in the query. The rest of the paper is organized
as follows: Section 2 introduces an abstract model for the tag identification problem. Section 3 presents the basic
Query-Tree (QT) protocol. Section 4 discusses related work. Section 5 analyzes the time complexity of the QT
protocol. Section 6 presents a generalization of the QT protocol to handle an unreliable tag-reader communication
channel. Section 7 analyzes the communication complexity of the QT protocol and introduces two variants for
reducing the communication complexity. Concluding remarks are given in Section 8.

2 Tag Identification

A tag identification system consists of one reader and n tags. The reader is a powerful entity with abundant
memory and computation power. On the other hand, the tags are limited in memory and computation power.

There is a single communication channel between the reader and the tags. However, the tags are not able to
exchange messages among each other. The reader can broadcast messages to the tags. Upon receiving a message,
each tag can optionally send a response back to the reader. If only one tag responds, the reader receives the
message. But if more than one tag respond, their messages would collide on the communication channel, and thus
cannot be received by the reader. In this case, the reader detects a collision on the channel but nothing else.

Each tag i ∈ {1, . . . , n} has a unique ID string in {0, 1}k, where k is the length of the ID string. At the
beginning, the reader does not know anything about the tags. A tag identification protocol specifies the algorithms
for the reader and the tags, so that the reader can collect all the tag IDs.

3 The Query-Tree Protocol

In this section, we will introduce the Query Tree (QT) protocol. Our time and communication complexity analyses
will be based on this protocol. In Section 5.4 we will introduce different variations of the protocol to optimize
the running time. In Section 7 we will introduce the QT-sl and QT-im variants for optimizing the communication
complexity.

The QT algorithm consists of rounds of queries and responses. In each round, the reader asks the tags whether
any of their IDs contains a certain prefix. If more than one tag answer, then the reader knows that there are at
least two tags having that prefix. The reader then appends symbol 0 or 1 to the prefix, and continues to query
for longer prefixes. When a prefix matches a tag uniquely, that tag can be identified. Therefore, by extending
the prefixes until only one tag’s ID matches, the algorithm can discover all the tags. The following describes the
protocol:
The QT Protocol

Let A = ∪ki=0 {0, 1}
i be the set of binary strings with length at most k. The state of the reader is a

pair (Q,M), where

1. queue Q is a sequence of strings in A;

2. memory M is a set of strings in A.

A query from the reader is a string q in A.

A reply from a tag is a string w in {0, 1}k.

Reader For convenience, let us define the queue Q be 〈ε〉, where ε is the empty string, and memory
M be empty initially.

1. Let Q = 〈q1, q2, . . . , ql〉.
2. Broadcast query q1 to the tags.

3. Update Q to be 〈q2, . . . , ql〉.

2
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Figure 1: Communication between the reader and the tags with the QT Protocol.

4. On receiving the responses from the tags:

• If the reply is string w, then insert string w into memory M .
• If a collision is detected at communication channel, then set Q to be
〈q2, . . . , ql, q10, q11〉.
• If there is no reply, do nothing.

Repeat the above procedure until Q is empty.

Tag Let w = w1w2 · · ·wk be the tag’s ID. Let w be the query string received from the reader. If q = ε
or q = w1w2 · · ·w|q|, then the tag sends string w to the reader.

We note that when more than one tag try to respond at the same time, the reader will detect a collision instead
of receiving the messages. An example of the communication between the reader and the tags in the protocol is
illustrated in Figure 1.

In reality, it is not possible for the reader to send the empty string ε. Thus, in practice, the protocol should
start with strings 0 and 1. This will only improve the performance unless there is only one tag, since otherwise the
empty string will guarantee a conflict.

4 Related Work

Before presenting the analysis of the QT protocol, we first discuss related previous work.
Our QT protocol is closely related to conflict resolution algorithms in the area of multiple access communication

[6, 11, 2]. Since our QT protocol is designed for tag identification, which is quite different from those applications
considered in prior research on conflict resolution protocols, the specific mechanism of our protocol is also quite
different. However, the underlying algorithm shares similar insights with previous work. Conflict resolution algo-
rithms were introduced by Capetanakis [3], and Tsybakov and Mikhailov [11]. It was further studied by Massey
[7], Fayolle et al. [5], and Mathys and Flajolet [8]. In particular, [8] contains a detailed theoretical treatment. For
a comprehensive survey and a bibliography on conflict resolution algorithms, see Molle and Polyzos [9].

Since conflict resolution algorithms have already been widely studied, our discussion will focus on the properties
of the QT protocol as applied to the problem of tag identification. In particular, we note the following differences
between the tag identification problem and the general multiple access communication problem:

• The tags are very limited in computational power and memory, whereas computation and memory are not
the limiting constraints in multiple access communication.

• The number of tags in our problem is fixed during the run of the algorithm, whereas the general multiple
access problem usually models network traffic as a stochastic process.

• Communication bandwidth is much more constrained in the tag identification problem than in the general
multiple access problem. Thus it is highly desirable to reduce the number of bits transmitted in the tag
identification problem. This will be further discussed in Section 7.
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• When fault tolerance issues are considered, the fault model in the tag identification problem is also different
from the general multiple access problem. We will discuss the issue of fault tolerance in Section 6.

We also want to emphasize the following characteristics of the QT protocol:

• The tags are memoryless: a tag’s response depends on the current query and its tag ID only.

• The QT protocol is deterministic and does not assume any randomization technique.

• The only computation required for a tag is prefix-matching its own predetermined ID.

Chan et al. [4] suggests a direct implementation of a conflict resolution algorithm commonly studied in pre-
vious work for the tag identification problem. However, we note that this approach suffers from the following
shortcomings.

• A log2 k-bit register is needed to store certain state information in each tag.

• Each tag needs to be able to increment and decrement its counter.

• Each tag needs to generate a random bit at each step.

• The number of bits sent by each tag is large compared to our QT-sl protocol to be introduced in Section 7.
In fact, the algorithm in [4] is optimized for the number of messages sent by the reader, while our Query-Tree
algorithm is optimized for implementation simplicity and power consumption.

5 Time Complexity

In this section, we analyze the time complexity of the QT protocol. Assuming that each query-response step takes
a fixed amount of time, we count the number of queries sent by the reader in a complete execution of the protocol.
We define the identification time of the QT protocol, denoted by TS , as the number of queries sent by the reader
in order to identify a set S of tags. As we have discussed in the preceding section, the underlying algorithm of QT
is similar to the conflict resolution algorithms studied in some previous work. Using similar analysis from [7], we
can show that for n = |S| ≥ 4,

2.881n− 1 ≤ E [TS ] ≤ 2.887n− 1 (1)

for a uniformly distributed random set S, where E [TS ] is the expected identification time. This gives us the average
time complexity of the QT protocol. In Section 5.2, we discuss the worst-case time complexity of the protocol. We
show that in the worst case, it takes n · (k+ 2− log n) steps to identify all the n tags. In Section 5.3, we argue that
with high probability, the running time of the protocol is O(n).

To help our analysis in the current section and subsequent sections, we introduce the notion of a query tree,
which describes the complete dialogue between the reader and the tags in an execution of the QT protocol. Knowing
the size of the query tree, we can find out the identification time of the QT protocol.

5.1 Query Tree

A query tree is a full binary tree (a binary tree in which each node has either two children or no children) capturing
the complete reader-tags dialogue of the QT protocol. For a given execution of the protocol, there is a one-to-one
correspondence between every node in the query tree and every query sent by the reader. Therefore, the size, i.e.
number of nodes, in the query tree is equal to the number of queries sent by the reader.

For any node x in the query tree, let l(x) and r(x) be the left child and right child of x respectively. If x is a
leaf node, then l(x) and r(x) are defined to be NIL.

Definition of a Query Tree

Suppose in an execution of the QT protocol, the reader has sent the set Q of query strings. The query tree of the
QT protocol execution is defined recursively by Q.

1. The root of the query tree corresponds to the query string ε.
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Figure 2: The query tree for the example in Figure 1

2. If the query tree node x corresponds to the query string q, and both q0, q1 ∈ Q, then l(x) and r(x) are query
tree nodes that correspond to the query strings q0 and q1 respectively. Otherwise, both l(x) and r(x) equal
NIL.

The above definition implies that an internal node of a query tree corresponds to a query string that results
in a collision in the communication channel. On the other hand, a leaf corresponds to a query string that results
in either no reply or a response from exactly one tag. To facilitate our discussion, we shall call a leaf white if the
corresponding query string results in no reply, and black otherwise. Figure 2 shows the query tree for the example
in Figure 1.

Structure of a Query Tree

From the definition of query tree, we have the following observations:

1. The height of a query tree is at most k, since the query string sent out by the reader is at most k bits long.

2. If x is an internal node, then x has at least two black leaf descendants. This follows from the fact that each
black leaf corresponds to a unique tag ID and each internal node corresponds to a query that results in a
collision.

5.2 Worst-Case Time Complexity

The number of queries sent by the reader equals the size of the query tree. Given a set S of n tags, let YS be the
query tree for S. Also, let RS be number of internal nodes in the tree YS . Since a query tree is a full binary tree,
the size of the tree is simply 2RS + 1.

A simple argument can give a bound on the size of YS . In a query tree, any internal node is an ancestor of
some black leaf. For each black leaf, it has at most k ancestors, which are internal nodes. This gives us RS ≤ kn.
Therefore, it follows that the size of the tree equals 2RS + 1, which is no more than 2nk + 1.

An improved result is stated in the following:

Theorem 1 The number of queries sent by the reader to identify n tags is at most n · (k + 2− log n).

Proof. The number of queries sent by the reader to identify n tags equals the size of the corresponding query tree,
which has exactly n black leaves. In Appendix A, it is shown that the size of any query tree with exactly n black
leaves is no more than n · (k + 2− log n).
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5.3 Probabilistic Analysis

Here we show that with high probability, the running time of the QT protocol is O(n).
Mathys and Flajolet [8] claimed that the variance of the running time can be shown to be linear in n, as n→∞.

This would be sufficient to show that the running time is linear in n with high probability. However, the derivation
was omitted in [8] because it is “rather lengthy and complicated”.

In the following we will present a proof that QT has linear running time with high probability. We note that by
bounding the number of white leaves (as introduced in Section 5), we essentially bound the total size of the tree.

Let Wn be the random variable of the number of white leaves in a query tree with n black leaves. We will apply
the Chernoff bound on the upper tail of the distribution of Wn.

We first need the following technical lemma.

Lemma 1 For n ≥ 2,

E
[
e0.4Wn

]
≤ e0.4n.

Proof. See Appendix B.

Lemma 2

Pr {Wn ≥ a} ≤ e0.4(n−a).

Proof. See Appendix B.

We now show that the running time of QT is O(n) with high probability. In particular, the probability that
QT takes at least cn steps decreases exponentially with size n.

Theorem 2 The probability the QT protocol takes at least cn steps to identify n tags is at most e−0.4n(c/2−2).

Proof. When the size of the query tree is larger than cn − 1, the number of white leaves is at least cn/2 − n. By
Lemma 2,

Pr {Wn ≥ a} ≤ e−0.4(a−n)

for all a > 0. Let a = cn/2− n, then,

Pr {Wn ≥ cn/2− n} ≤ e−0.4((cn/2−n)−n)

= e−0.4n(c/2−2).

5.4 Further Enhancement

Here we discuss several techniques of reducing the running time of the QT protocol.

5.4.1 Shortcutting

Consider any internal node of the query tree. This corresponds to a collision for certain prefix q during an execution
of the QT protocol. The algorithm will continue to search for the tags by appending 1 and 0 to the prefix q. Without
loss of generality, assume that the algorithm chooses to search for 0 first. If it turns out that there are no tags with
prefix q0, then we know that there are at least two tags with prefix q1. Therefore, the reader should as well skip
the prefix q1.

In the shortcutting QT algorithm, the reader can randomly choose the order of sending q1 and q0. But this
would be unnecessary if we assume that the tag IDs are uniformly distributed.

This technique is similar to the modified conflict resolution algorithm in the literature [7, 8], and has been
shown to give an improved expected running time bound of 2.665n− 1.
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5.4.2 Aggressive Advancement

Assume the reader knows that there are at least n unrecognized tags with prefix q. For example, this could be an
a prior knowledge: maximum number of items in a checkout counter. Or the reader can detect the strength of the
response from the tags to estimate the number of tags. When n is large, it is very likely that the responses for q1 and
q0 will collide. The probability that either one of the queries does not result in a collision is 2 · ( 1

2n +n · 1
2n ) = n+1

2n−1 .
Now suppose we extend the prefix string by two bits. That is, the reader will query q00, q01, q10, and q11. In this
case, we save two queries q1 and q0 with probability 1 − n+1

2n−1 . Note that we send more queries (campared with
the original QT protocol) only in the case where both q0 and q1 have exactly one tag with a matching prefix. This
cannot happen when n ≥ 3.

This technique is equivalent to the “Q-ary tree conflict resolution” as analyzed by [8], which showed that a
3-ary tree is optimal without shortcutting, but the basic 2-ary tree is preferred if shortcutting is used.

5.4.3 Categorization

If the reader has some information about the types of the tags, then it is possible to speed up the protocol. For
example, suppose a set S of IDs is given. Assume the reader knows that set S can be partitioned into S1, . . . , Sm
such that all IDs in Si have prefix qi. Now the reader can just identify each set Si independently. In particular,
if we can partition the tags into m groups, then the upper bound on the expected running time is improved to
2.887n−m.

6 Fault Tolerance

We now introduce a dynamic version of the QT protocol that is useful when the communication between the tags
and the reader is unreliable. We assume that there is a probability p that a given tag would fail to reply to a query.
We assume that these failures are statistically independent events. During any execution of the QT protocols, some
tags may not be identified due to these failures. We will develop a QT algorithm with multiple tries such that the
probability of missing any tags is low.

It is impossible to identify all tags with 100% certainty if we want our protocol to terminate. Instead, our
algorithm is designed to trade off between running time and the probability of missing some tags. In particular,
in the QTl protocol, if the reader receives no collision on a query string q, it will repeat sending the the same
query string until it detects a collision or the same query has been sent for l times. The reader will summarize
the responses to all such queries and determine whether there are multiple, one or no tags having the prefix q.
Specifically, while the reader is repeatedly sending the query string, it will summarize the responses as follows:

• If the reader detects a collision for the query string, it will conclude that more than one tag have a matching
prefix.

• If in the course of the l queries, no tag has replied, the reader will conclude that no tag has a matching prefix.

• If in the course of the l queries, it receives response(s) from exactly one tag, the reader will conclude that
only the tag has a matching prefix.

• If in the course of the l queries, it receives responses from different tags, the reader will conclude that more
than one tag have a matching prefix. It will then behave as if a collision is detected.

Since the same query string is sent for multiple times, it is unlikely that a tag with a matching prefix is not
identified.

Theorem 3 With failure probability p ≤ 1/2, the expected running time of the QTl protocol is at most 3l+9
2 n− 1.

Proof. See Appendix C

Theorem 4 With failure probability p, the probability that the QTl protocol does not recognize a particular tag is
at most pl.

Proof. Consider an arbitrary tag w. For the tag w to be unidentified, the reader must have repeated sending some
prefix of w for l times. In addition, the tag w must have failed to respond to all these l queries. The probability
for this to happen is at most pl.

7



Corollary 1 With failure probability p, the probability that the QT(c+1) log1/p n protocol does not identify all tags is
at most 1/nc.

Proof. The probability that a certain tag is not identified is at most p(c+1) log1/p n. Therefore, the probability that
any tag is unidentified is at most np(c+1) log1/p n = 1/nc.

7 Communication Complexity

In this section we turn our attention to the communication complexity of the protocol. The reader communication
complexity is the number of bits sent by the reader; and the tag communication complexity is the number of bits
sent by a tag. The tag communication complexity is especially important because it is desirable to minimize the
power consumption of the tags.

We will first derive the communication complexities of our QT protocol and then introduce several variants that
improve upon the performance of QT.

7.1 Basic Query-Tree

In the followings, we will first find the expected number of collisions experienced by a tag. We assume that the bit
length k of each tag ID is infinite. This will give us an upper bound for cases where k is finite. We show that in
the QT protocol, the expected number of responses a tag makes is no more than 2.21 log2 n+ 3.19, where n is the
total number of tags.

In the algorithm QT, each tag responds to query strings that match its prefix. It will experience a collision only
if there is some other tag having the same prefix, which is the query string sent by the reader.

Let w be the ID of an arbitrary tag in a set of n tags, in which the IDs are uniformly distributed. Let Cw be the
number of collisions the tag experiences during the execution of the QT protocol. In addition, let Ijw, j = 0, 1, 2, . . . ,
be an indicator variable such that:

Ijw =


0 if none of any other n− 1 tags has the same

j-bit prefix as w,
1 otherwise.

Then we have the following equation:

Cw =
∞∑
j=0

Ijw.

By linearity of expectation,

E [Cw] =
∞∑
j=0

E
[
Ijw
]
.

Let wj be the j-bit prefix of w. Then for each j = 0, 1, 2, . . . ,

E
[
Ijw
]

= Pr {some other tag ID has prefix wj}
= 1− Pr {all other IDs do not have prefix wj}
= 1− (Pr {an ID does not have prefix wj})n−1

= 1− (1− 2−j)n−1.

Therefore, the expected number of conflicting responses the tag experiences is given by:

E [Cw] =
∞∑
j=0

E
[
Ijw
]

=
∞∑
j=0

(
1− (1− 2−j)n−1

)
. (2)

A bound on E [Cw] is derived in Theorem 5, which depends on the following two technical lemmas.
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Lemma 3 For all n ≥ 2,

∞∑
j=0

2−j(1− 2−j)n <
log2 e+ 2e−

2
3 + e−

1
3

n+ 1
.

Proof. See Appendix D.

Lemma 4

∞∑
j=0

1− (1− 2−j)n−1 ≤
n−1∑
j=1

C

j
,

where C = log2 e+ 2e−
2
3 + e−

1
3 ≈ 3.19.

Proof. See Appendix D.

Now we are ready to state the theorem and prove it.

Theorem 5 For a system with n tags, a tag is expected to experience no more than 2.21 log2 n + 3.19 conflicts
before it successfully transmits its ID.

Proof. From Equation (2), the expected number of conflicting responses a tag experiences, E [Cw], is given by:

E [Cw] =
∞∑
j=0

1− (1− 2−j)n−1.

Therefore, by Lemma 4,

E [Cw] ≤
n−1∑
j=1

C

j
,

where C = log2 e+ 2e−
2
3 + e−

1
3 ≈ 3.19.

This implies

E [Cw] ≤ (1 + ln(n− 1)) · C
< 2.21 log2 n+ 3.19.

Theorem 6 Let there be n tags to be identified. The expected reader communication complexity for QT is at most
2.89kn. The expected tag communication complexity is at most 2.21k log2 n+ 4.19k.

Proof. Since the expected running time for the QT protocol is at most 2.887n− 1, and the length of each query is
at most k. Therefore the expected total number of bits sent by the reader is at most 2.89kn.

Theorem 5 implies that each tag is expected to respond for 3.19 + 2.21 log2 n+ 1 = 4.19 + 2.21 log2 n times. On
each step, the tag sends a k-bit ID. Therefore, the expected tag communication complexity is at most

2.21k log2 n+ 4.19k.
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7.2 Short-Long Queries

Now we introduce the QT-sl (Query-Tree short-long) protocol that reduces the number of bits transmitted. We
note that in QT, a lot of the k-bit responses from the tags would end up in collisions. To minimize these wastes,
we can have two types of queries from the reader. The short queries will only induce 1-bit responses from the tags,
while the long queries will induce the full tag IDs. The reader will send a long query only when it knows that only
one tag matches the prefix.
The QT-sl Protocol

Let A = ∪ki=0 {0, 1}
i be the set of binary strings with length at most k. The state of the reader is a

pair (Q,M), where

1. queue Q is a sequence of strings in A;

2. memory M is a set of strings in A.

A query from the reader is a pair (c, w), where c ∈ {short, long} and w ∈ A.

A reply from a tag is a string 1 or a string in {0, 1}k.

Reader For convenience, let us define the queue Q be 〈ε〉, where ε is the empty string, and memory
M be empty initially.

1. Let Q = 〈q1, q2, . . . , ql〉.
2. Broadcast query (short, q1) to the tags.

3. Update Q to be 〈q2, . . . , ql〉.
4. On receiving the responses from the tags:

• If the reply is 1, then
(a) broadcast query (long, q1) to the tags;
(b) insert the resulting response string w into memory M .
• If a collision is detected at the communication channel, then set Q to be 〈q2, . . . , ql, q10, q11〉.
• If there is no reply, do nothing.

Repeat the above procedure until Q is empty.

Tags Let w = w1w2 · · ·wk be the tag’s ID. Let (c, q) be the query received from the reader. If q = ε or
q = w1w2 · · ·w|q|, then

• if command c is short, send string 1 to the reader;

• if command c is long, send string w to the reader.

Theorem 7 Let there be n tags to be identified. The expected reader communication complexity of QT-sl is at most
3.89kn+ 3.89n. The expected tag communication complexity of QT-sl is at most 2.21 log2 n+ k + 4.19.

Proof. Note that with QT-sl protocol, we need one extra bit to specify whether the query is short or long.
The expected total number of short and long queries is at most 3.887n − 1. Each query is at most k + 1-bit

long, thus the expected reader communication complexity is at most

(3.887n− 1)(k + 1) < 3.89kn+ 3.89n.

Theorem 5 implies that each tag is expected to respond for 4.19 + 2.21 log2 n times. For each short query, the
tag sends a 1 response. For the long query, the tag sends a k-bit ID. Therefore, the expected tag communication
complexity is at most

2.21 log2 n+ k + 4.19.
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Reader Tag Total
QT 2.89kn 2.21k log2 n+ 4.19k 2.21kn log2 n+ 7.08kn
QT-sl 3.89kn+ 3.89n 2.21 log2 n+ k + 4.19 2.21n log2 n+ (8.08 + 4.89k)n
QT-im 4.42n log2 n+ 12.18n 2.21 log2 n+ k + 4.19 6.63n log2 n+ (16.37 + k)n

Table 1: Summary of communication complexities of QT, QT-sl, and QT-im. We note that log2 n ≤ k and k is around 96 in
practice.

7.3 Incremental Matching

Here we introduce another technique to further reduce the expected reader communication complexity when log2 n
is small compared to k. However, this optimization requires a tag to remember the bit position of the prefix it has
matched so far. Therefore, the modified protocol is no longer memoryless.

The algorithm QT-im (Query-Tree incremental-matching) is very similar to QT-sl. Thus we will only describe
the difference between these two protocols.

First, the QT-im protocol will follow the query tree in a preorder fashion.
In QT-im, each tag has a bit marker b ∈ {1, . . . , k}. A tag is active if it has responded 1 in the previous step.

When the tag is active, upon receiving the a query, the tag matches the query string starting from bit b. If the
matching is successful, then bit marker b is incremented by 1. Any active tag that mismatches would go into the
transient state. A transient tag will become inactive in the next query unless that query contains the reactivate
command.

When a long query is received, all tags would reset the bit marker to 1 and become active again. The active
tag, upon receiving a long query, will also respond with its full tag ID.

Whenever a short query does not receive any response the reader will send a reactivate query, which is
equivalent to a short query except that all transient tags will become active again. Each short command takes 1
bit as before, but the reactivate and long commands would need 2 bits each.

With these extra tag functionalities, the reader can then send the prefixes incrementally. For example, if the
reader sent q in the previous step and the reader plans to send q0 or q1, it can simply send 0 or 1 instead. Moreover,
it is no longer necessary to supply a prefix with the long query.

The tag communication complexity of QT-im is the same as that of QT-sl. However, the number of bits sent by
the reader is reduced.

Theorem 8 The expected reader communication complexity of QT-im protocol is at most 4.42n log2 n+ 12.18n.

Proof. We can partition the queries in groups such that each group ends with a long query. Since exactly one tag is
identified for each group of queries, there are n groups in total. We can find the number of bits transmitted in each
group. Theorem 5 implies that on average there are at most 2.21 log2 n+ 3.19 + 1 = 2.21 log2 n+ 4.19 short queries
in a group that result in either a collision or a single response. Since each short query is 2 bits long. The total
number of bits transmitted for short queries that result in a collision or a single response, over all the n groups, is:

4.42n log2 n+ 8.38n.

Each long query is 2 bits long. Therefore, in total the reader sends 2n bits for long queries. For each white leaf,
the reader sends a 2-bit short query that corresponds to the white leaf, and another 2 bits for the reactivate
command. Therefore, 4 bits are sent for each white leaf discovered. Equation (1) implies that on average there
are at most 0.444n white leaves. Therefore, the expected reactivate overhead is at most 1.8n. In summary, the
expected reader communication complexity is at most

4.42n log2 n+ 8.38n+ 2n+ 1.8n
= 4.42n log2 n+ 12.18n.

7.4 Summary and Comments

Table 1 summarizes the communication complexities of QT, QT-sl, and QT-im, together with simple lower bounds.
We showed that we can reduce the communication complexities with the more complicated implementations. Lastly
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we note that it is possible to achieve O(n) reader communication complexity by implementing reader commands to
decrease the bit marker of the tags. Such algorithm (like the one suggested in [4]) would resemble the implementation
of the conflict resolution algorithms in computer networking more closely. However, we have decided not to discuss
it in detail here because the implementation would be too complicated for the tags in practice.

8 Concluding Remarks

In this paper we introduce Query-Tree (QT) as the first memoryless protocol for the tag identification problem.
The Query-Tree protocol has simple and deterministic implementation for the tags.

We show that QT runs in n(k + 2 − log2 n) steps in the worst case, but in O(n) time with high probability.
In addition, we show that QT can be extended to find all tags with high probability, even if each tag can fail
independently during each step. We also study the communication complexity of the QT protocol, and suggest two
variations for further reducing the complexity. The communication complexity results are summarized in Table 1.

We note that given multiple electromagnetic communication channels, the QT protocol can be parallelized. We
are currently investigating how the performance of a parallel QT scales with the number of channels. The basic
approach is to statically assign the channels to different tag ID prefixes, so that the reader will identify the tags
using the preassigned channel. This approach essentially partitions the set of tags according to their prefixes, so
that each group of tags will be identified independently in parallel.

A more sophisticated approach is to dynamically assign the channels. In this approach, whenever a channel is
idle, it will be reused by the reader to communicate with the currently unidentified tags. Therefore, the channels
can be utilized more efficiently.
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Figure 3: (a): Two subtrees of a query tree with an unpaired black leaf. (b): The modified subtrees. Note that there is an
extra white leaf and internal node in the modified query tree.

A Bounding the Query Tree Size

Our objective in this section is to give an upper bound on the size of a query tree with n black leaves. Let T be a
query tree with n black leaves. Since it is a full binary tree, the number of nodes in T is simply 2l − 1, where l is
the number of leaves in T . Therefore, our goal in this section is to bound the number of leaves l in T . The result
will be stated in Theorem 9, which depends on the following Lemmas.

Lemma 5 For any query tree with height k and two black leaves, the number of leaves in the tree is at most k+ 1.

Proof. Suppose there are m ≥ k + 2 leaves in the query tree. Then the tree has at least k + 1 internal nodes.
Since the height of the query tree is at most k, there exist two internal nodes in the tree whose depth is the same.
Therefore, these two nodes do not have any common descendants. As a result, one of them must have fewer than
two black leaf descendants, since there are totally two black leaves in the query tree. This contradicts that every
internal node must have at least two black leaf descendants.

Lemma 6 Suppose T is the largest query tree with exactly n black leaves. If n is even, then the sibling of any black
leaf in T is also a black leaf. In n is odd, the same is true except for one black leaf, whose sibling is an internal
node.

Proof. First note that the sibling of a black leaf cannot be a white leaf, since otherwise the parent of the black leaf
will have only one black leaf descendant. Now suppose there are two black leaves in T whose siblings are internal
nodes. Then Figure 3 illustrates how we can construct a new query tree that is larger than T , which contradicts
that T is the largest query tree.

Lemma 7 If T is the largest query tree with exactly n black leaves, where n is odd, then there exists a query tree
T
′

that has exactly n− 1 black leaves and has the same size as T .

Proof. By Lemma 6 there is a black leaf in T whose sibling is an internal node. By replacing the black leaf by a
white leaf, the modified tree T

′
is still a valid query tree. In addition, it has n − 1 black leaves and has the same

size as T .

Because of Lemma 7, we only consider the case where n is even. Suppose T is the largest query tree with exactly
n black leaves. By Lemma 6, we can pair up all the sibling black leaves (b1i , b

2
i ) in T .

To count the number of leaves in T , we first “cut away” subtrees from T to form a set of subtrees Q, so that
any leaf in T belongs to some subtree in Q, as stated in Lemma 8. As a result, the number of leaves in T is at
most the total number of leaves in the subtrees in Q. The set Q is defined as follows:

Q = {Si|Si is the largest subtree of T that contains
only (b1i , b

2
i ) as its black leaf descendants}. (3)

Lemma 8 Suppose T is the largest query tree with exactly n black leaves, where n is even and positive, then any
leaf in T will appear in some subtree in Q.
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Figure 4: Modifying a query tree with the structure in (a) into a larger query tree in (b). The tree in (b) has one more white
leaf and internal node than (a).

Proof. By definition of Q, every black leaf must appear in some subtree in Q. Suppose there is a white leaf x that
does not appear in any subtree in Q. Let y denote the parent of x and S denote the subtree rooted at y. Then at
least two pairs of black leaves must appear in S. Suppose only one pair of black leaves appear in S. The fact that
S /∈ Q implies there is a different subtree Si ∈ Q of T such that Si contains the same pair of black leaves and it is
larger than S. This implies S is a subtree of Si. Since Si ∈ Q, the white leaf x does not appear in Si. As a result,
the fact that x appears in S contradicts that S is a subtree of Si.

Given that at least two pairs of black leaves appear in S, Figure 4 shows the structure of the subtree S. The figure
illustrates how we can modify S to construct a new query tree S

′
that has one more white leaf than S. If we replace S

by S
′

in the query tree T , it would give a new query tree that is larger than T . This contradicts that T is the largest
query tree among all the trees with the same number of black leaves.

As a result, we can count of total number of leaves in Q to give an upper bound of the number of leaves in T .
Since every subtree in Q has exactly two black leaves, we can apply Lemma 5 to count the number of leaves in
each subtree.

Now let Q be a set of subtrees constructed according to (3). For each subtree Si ∈ Q, let root(Si) denote the
root of the tree and let depth(Si) denote the depth of the node root(Si) in T .

Lemma 9 −
∑
Si∈Q depth(Si) ≤ −n2 log n

2 .

Proof. The node root(Si) has depth depth(Si) in the original tree T . Since T is a binary tree, and all the trees in
Q are disjoint, if we define h(Si) = 2−depth(Si), we have:∑

Si∈Q
h(Si) ≤ 1. (4)

By the fact that the geometric mean of a set of non-negative numbers is at most their arithmetic mean, we
have: ∑

Si∈Q
h(Si) ≥ |Q| · (

∏
Si∈Q

h(Si))
1
|Q|

= |Q| · (2
∑
Si∈Q

−depth(Si))
1
|Q|

=
n

2
(2
∑
Si∈Q

−depth(Si))
2
n .

Therefore, by Equation (4),
n

2
(2
∑
Si∈Q

−depth(Si))
2
n ≤ 1.

Dividing both sides by n
2 , taking the logarithm and then multiplying by n

2 on both sides, we have:∑
Si∈Q

−depth(Si) ≤
n

2
log

2
n

= −n
2

log
n

2
.
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Theorem 9 The total number of leaves in a query tree with height k and n black leaves is at most n
2 (k+2− log n).

Proof. Suppose T is the largest query tree with n black leaves. We construct the set of subtrees Q as in (3). Then
the height of each subtree Si in Q is at most k − depth(Si), since the height of the T is at most k. By Lemma 5,
the number of leaves in Si is therefore at most k − depth(Si) + 1. Summing over all the subtrees in Q, the total
number of leaves, denoted by L(Q), is given by:

L(Q) ≤
∑
Si∈Q

((k − depth(Si)) + 1)

= |Q|(k + 1)−
∑
Si∈Q

depth(Si)

=
n

2
(k + 1)−

∑
Si∈Q

depth(Si)

≤ n

2
(k + 1)− n

2
log

n

2
, by Lemma 9,

=
n

2
(k + 1− log

n

2
).

B Proof of Lemmas 1 and 2 in Subsection 5.3

Lemma 1 For n ≥ 2,

E
[
e0.4Wn

]
≤ e0.4n (5)

Proof. Since W0 = 1 and W1 = 0, we have

E
[
e0.4W0

]
= e0.4,

E
[
e0.4W1

]
= 1.

For n ≥ 2, we have the following recurrence:

E
[
e0.4Wn

]
=

n∑
i=0

Pi,n−iE
[
e0.4(Wi+Wn−i)

]
, (6)

where Wi and Wn−i are the number of white leaves in the two subtrees. Since Wi and Wn−i are independent, we
can write Equation (6) as

E
[
e0.4Wn

]
=

n∑
i=0

Pi,n−iE
[
e0.4Wi

]
E
[
e0.4Wn−i

]
(7)

First, for the base case n = 2, we have

E
[
e0.4W2

]
=

2∑
i=0

Pi,2−iE
[
e0.4Wi

]
E
[
e0.4W2−i

]
= 2P0,2E

[
e0.4W0

]
E
[
e0.4W2

]
+ P1,1E

[
e0.4W1

]
E
[
e0.4W1

]
=

1
2
e0.4E

[
e0.4W2

]
+

1
2
.

Therefore,

E
[
e0.4W2

]
=

1
2

1− 1
2e

0.4

≤ 1.97

< e0.4·2.

15



It remains to show that E
[
e0.4Wn

]
≤ e0.4n for n > 2.

Multiplying both sides of Equation (7) by 2n, we have

2nE
[
e0.4Wn

]
=

n∑
i=0

(
n

i

)
E
[
e0.4Wi

]
E
[
e0.4Wn−i

]
=
n−2∑
i=2

(
n

i

)
E
[
e0.4Wi

]
E
[
e0.4Wn−i

]
+ 2
(
n

0

)
E
[
e0.4W0

]
E
[
e0.4Wn

]
+ 2
(
n

1

)
E
[
e0.4W1

]
E
[
e0.4Wn−1

]
=
n−2∑
i=2

(
n

i

)
E
[
e0.4Wi

]
E
[
e0.4Wn−i

]
+ 2e0.4E

[
e0.4Wn

]
+ 2nE

[
e0.4Wn−1

]
(8)

Now, after subtracting both sides of Equation (8) by 2e0.4E
[
e0.4Wn

]
, we apply our inductive assumption that

E
[
e0.4Wi

]
≤ e0.4i for i = 2, . . . , n− 1,

(2n − 2e0.4)E
[
e0.4Wn

]
=
n−2∑
i=2

(
n

i

)
E
[
e0.4Wi

]
E
[
e0.4Wn−i

]
+ 2nE

[
e0.4Wn−1

]
≤
n−2∑
i=2

(
n

i

)
e0.4ie0.4n−i + 2ne0.4(n−1)

=
n−2∑
i=2

(
n

i

)
e0.4n + 2ne0.4ne−0.4

= e0.4n(2n − 2− 2n) + 2ne0.4ne−0.4

= e0.4n(2n − 2e0.4) + 2e0.4ne0.4 − 2e0.4n − 2ne0.4n + 2ne0.4ne−0.4

= e0.4n(2n − 2e0.4) + 2e0.4n((e0.4 − 1)− n(1− e−0.4))

For n > 2,

n(1− e−0.4) > e0.4 − 1.

Thus, we conclude that

(2n − 2e0.4)E
[
e0.4Wn

]
< e0.4n(2n − 2e0.4) (9)

And dividing Equation (9) by 2n − 2e0.4 yields

E
[
e0.4Wn

]
< e0.4n

Lemma 2 Let Wn be the random variable of the number of white leaves in a query tree with n black leaves, then

Pr {Wn ≥ a} ≤ e0.4(n−a).

Proof. The Chernoff Bounds[10, p.39] state that for any random variable X and a > 0,

Pr {X ≥ a} ≤ e−taE
[
etX
]

(10)

for all t > 0.
Setting t = 0.4 and X = Wn, we can rewrite Equation (10) as

Pr {Wn ≥ a} ≤ e−0.4aE
[
e0.4Wn

]
.

And by Lemma 1, we have

Pr {Wn ≥ a} ≤ e−0.4ae0.4n

= e−0.4(a−n).
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C Proof of Theorem 3 in Section 6

Theorem 3 With failure probability p ≤ 1/2, the running time of the QTl protocol is at most 3l+9
2 n− 1.

Proof. There is a probability of pn that all tags fail to respond. And for n > 1, there is a probability of npn−1(1−p)
that exactly one tag responses.

Let T (n) be the expected running time of the QTl algorithm when there are n tags to be identified.
First, for the base cases,

T (0) = l

T (1) = l

For n ≥ 2, let

pn = pn + npn−1(1− p)

T (n) ≤ pnT (n) + (1− pn)
n∑
i=0

Pi,n−i · (T (i) + T (n− i)) + 1 (11)

We can rewrite Equation (11) as

(1− pn)T (n) = (1− pn)
n∑
i=0

Pi,n−i · (T (i) + T (n− i)) + 1

thus,

T (n) =
n∑
i=0

Pi,n−i · (T (i) + T (n− i)) +
1

1− pn
(12)

First, we consider the case when there are two tags to be identified. Since p2 + 2p(1− p) = 2p− p2,

T (2) =
1
2

(T (1) + T (1)) +
1
2

(T (0) + T (2)) +
1

1− p2
(13)

Solving Equation (13) for T (2) yields

T (2) = 3l +
2

1− p2

Since p2 is a decreasing function on p, thus 2/(1 − p2) is a decreasing function on p. Then, 2/(1 − p2) = 8 when
p = 1/2, thus

T (2) ≤ 3l + 8

Thus, since n = 2,

T (2) ≤ 3l + 9
2

(2)− 1.

Therefore, the upper bound 3l+9
2 n− 1 on running time is valid for n = 2.

Now we will prove the upper bound for n > 2 inductively. We have from Equation (12),

T (n) =
n∑
i=0

Pi,n−i · (T (i) + T (n− i)) + 1/(1− pn)

=
2
2n

n∑
i=0

(
n

i

)
T (i) + 1/(1− pn)
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Multiplying both sides by 2n−1,

2n−1T (n) ≤
n∑
i=0

(
n

i

)
T (i) +

2n−1

1− pn

≤
n−1∑
i=2

(
n

i

)
T (i) + T (0) + nT (1) + T (n) +

2n−1

1− pn

Subtract T (n) from both sides and assume that T (i) ≤ ki− 1 for i = 2, . . . , n− 1, where k = 3l+9
2 ;

(2n−1 − 1)T (n)

=
n−1∑
i=2

(
n

i

)
T (i) + l + nl +

2n−1

1− pn

≤
n−1∑
i=2

(
n

i

)
(ki− 1) + l + nl +

2n−1

1− pn

= kn(2n−1 − 2)− (2n − 2− n) + l + nl +
2n−1

1− pn

= kn(2n−1 − 1)− kn+−(2n−1 − 1) + (1 + n)(l + 1) +
pn2n−1

1− pn
It is straightforward to verify that

pn2n−1

1− pn
≤ 2n+ 1

for n ≥ 3. Thus,

(2n−1 − 1)T (n) ≤ kn(2n−1 − 1)− (2n−1 − 1)− kn+ (1 + n)(l + 1) + 2n+ 1

Since for n ≥ 3, (1 + n)(l + 1) + 2n+ 1− kn < 0, we conclude that

T (n) ≤ kn− 1.

D Proof of Lemmas 3 and 4 in Section 7

Here we give the proofs for Lemmas 3 and 4. Lemma 3 will be proved in Section D.1. Lemma 4 will be proved in
Section D.2.

D.1 Proof of Lemma 3

In this section we will prove Lemma 3:

Lemma 3 For all n ≥ 2,
∞∑
j=0

2−j(1− 2−j)n <
log2 e+ 2e−

2
3 + e−

1
3

n+ 1
.

We organize the proof as follows. We split the series
∞∑
j=0

2−j(1− 2−j)n

into 3 parts:
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1.
∑p1
j=0 2−j(1− 2−j)n,

2.
∑p2−1
j=p1+1 2−j(1− 2−j)n, and

3.
∑∞
j=p2

2−j(1− 2−j)n,

where p1 = blog(n+ 1)c−1 and p2 = blog(n+ 1)c+ 2. We give an upper bound on each part, as stated in Lemmas
12, 13, and 14. From the lemmas we can give an upper bound on the series as a whole.

We first prove the following two lemmas, which will be used in the proofs of Lemmas 12 and 13.

Lemma 10 Let f(x) = 2−x(1− 2−x)n. For non-negative x, f
′
(x) > 0 if and only if x < log(n+ 1).

Proof.

f
′
(x) = −n2−x(1− 2−x)n−1

(
d2−x

dx

)
+ (1− 2−x)n

(
d2−x

dx

)
=
(
d2−x

dx

)
(1− 2−x)n−1(1− 2−x − n2−x)

=
(
d2−x

dx

)
(1− 2−x)n−1(1− (n+ 1)2−x).

Since 2−x is strictly decreasing, d2−x

dx < 0. Also, (1− 2−x)n−1 > 0 for x > 0. Therefore, f
′
(x) > 0 if and only if:

1− (n+ 1)2−x < 0.

Solving the inequality gives:

x < log(n+ 1)

Lemma 11
∫ b
a

2−x(1− 2−x)n dx = 1
(n+1) ln 2

((
1− 2−b

)n+1 − (1− 2−a)n+1
)

for any a, b.

Proof. Let y = 2−x. Then we have :

1
y

dy

dx
= − ln 2. (14)

Therefore, ∫ b

a

2−x(1− 2−x)n dx =
∫ 2−b

2−a
y(1− y)n

−1
y ln 2

dy

=
−1
ln 2

∫ 2−b

2−a
(1− y)n dy

=
1

ln 2

∫ y=2−b

y=2−a
(1− y)n d(1− y)

=
1

ln 2

∫ 1−2−b

1−2−a
zn dz

=
1

(n+ 1) ln 2

[
zn+1

]1−2−b

1−2−a

=
1

(n+ 1) ln 2

((
1− 2−b

)n+1 −
(
1− 2−a

)n+1
)
.
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Lemma 12
∑p1
j=0 2−j(1− 2−j)n ≤ 1

(n+1) ln 2

(
1− 1

n+1

)n+1

, where p1 = blog(n+ 1)c − 1.

Proof. By Lemma 10, f(x) = 2−x(1 − 2−x)n is strictly increasing for 0 ≤ x < log(n + 1). Therefore, for any
j = 1, 2, . . . , p1, f(x) ≥ f(j) for j < x ≤ j + 1. It follows that:∫ j+1

j

2−x(1− 2−x)n dx =
∫ j+1

j

f(x) dx

>

∫ j+1

j

f(j) dx

=
∫ j+1

j

2−j(1− 2−j)n dx

= 2−j(1− 2−j)n.

Summing up the inequalities for j = 1, . . . , p1, we have:

p1∑
j=1

∫ j+1

j

2−x(1− 2−x)n dx >
p1∑
j=1

2−j(1− 2−j)n

=
p1∑
j=0

2−j(1− 2−j)n.

Therefore, we have:

p1∑
j=0

2−j(1− 2−j)n <
∫ p1+1

1

2−x(1− 2−x)n dx

=
∫ blog(n+1)c

1

2−x(1− 2−x)n dx

≤
∫ log(n+1)

1

2−x(1− 2−x)n dx

=
1

(n+ 1) ln 2

((
1− 2−log(n+1)

)n+1

−
(
1− 2−1

)n+1
)

, by Lemma 11,

=
1

(n+ 1) ln 2

((
1− 1

n+ 1

)n+1

−
(

1
2

)n+1
)

<
1

(n+ 1) ln 2

(
1− 1

n+ 1

)n+1

.

Lemma 13
∑∞
j=p2

2−j(1− 2−j)n ≤ 1
(n+1) ln 2

(
1−

(
1− 1

n+1

)n+1
)

, where p2 = blog(n+ 1)c+ 2.

Proof. The proof is similar to the proof of Lemma 12. By Lemma 10, f(x) = 2−x(1− 2−x)n is non-increasing for
x ≥ log(n+ 1). Therefore, for any j = p2, p2 + 1, . . . , we have f(x) ≥ f(j) for j − 1 ≤ x ≤ j. It follows that:∫ j

j−1

2−x(1− 2−x)n dx =
∫ j

j−1

f(x) dx

≥
∫ j

j−1

f(j) dx

=
∫ j

j−1

2−j(1− 2−j)n dx

= 2−j(1− 2−j)n.
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Summing up the inequalities for j = p2, p2 + 1, . . . , we have:

k−1∑
j=p2

∫ j

j−1

2−x(1− 2−x)n dx ≥
k−1∑
j=p2

2−j(1− 2−j)n.

Therefore, it follows that:

∞∑
j=p2

2−j(1− 2−j)n ≤
∞∑
j=p2

∫ j

j−1

2−x(1− 2−x)n dx

=
∫ ∞
p2−1

2−x(1− 2−x)n dx

=
∫ ∞
blog(n+1)c+1

2−x(1− 2−x)n dx

≤
∫ ∞

log(n+1)

2−x(1− 2−x)n dx

=
1

(n+ 1) ln 2

(
(1− 2−(k−1))k+1 −

(
1− 2−log(n+1)

)n+1
)

, by Lemma 11

<
1

(n+ 1) ln 2

(
1−

(
1− 1

n+ 1

)n+1
)
.

Lemma 14
∑p2−1
j=p1+1 2−j(1− 2−j)n ≤ 1

n+1 ( 2√
e

+ 2
4√e ) for n ≥ 2, where p1 = blog(n+ 1)c−1, p2 = blog(n+ 1)c+2.

Proof.

p2−1∑
j=p1+1

2−j(1− 2−j)n =
blog(n+1)c+1∑
j=blog(n+1)c

2−j(1− 2−j)n

= 2−blog(n+1)c(1− 2−blog(n+1)c)n + 2−(blog(n+1)c+1)(1− 2−(blog(n+1)c+1))n

≤ 2− log(n+1)+1(1− 2− log(n+1))n + 2− log(n+1)(1− 2− log(n+1)−1)n

=
2

n+ 1

(
1− 1

n+ 1

)n
+

1
n+ 1

(
1− 1

2(n+ 1)

)n
≤ 2
n+ 1

e−
n
n+1 +

1
n+ 1

e−
n

2(n+1)

≤ 2
n+ 1

e−
2
3 +

1
n+ 1

e−
1
3 for n ≥ 2

=
1

n+ 1

(
2e−

2
3 + e−

1
3

)
.

Now, we are ready to prove Lemma 3.

Lemma 3 For n ≥ 2,

∞∑
j=0

2−j(1− 2−j)n <
log e+ 2e−

2
3 + e−

1
3

n+ 1
.
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Proof. Let p1 = blog(n+ 1)c − 1, p2 = blog(n+ 1)c+ 2.

∞∑
0

2−j(1− 2−j)n =
p1∑
0

2−j(1− 2−j)n +
p2−1∑
p1+1

2−j(1− 2−j)n +
∞∑
p2

2−j(1− 2−j)n

≤ 1
(n+ 1) ln 2

(
1− 1

n+ 1

)n+1

+
1

n+ 1

(
2e−

2
3 + e−

1
3

)
+

1
(n+ 1) ln 2

(
1−

(
1− 1

n+ 1

)n+1
)

=
1

n+ 1

(
1

ln 2
+ 2e−

2
3 + e−

1
3

)

D.2 Proof of Lemma 4

In this section we will prove Lemma 4:

Lemma 4 For all n ≥ 2,

∞∑
j=0

2−j(1− 2−j)n <
log2 e+ 2e−

2
3 + e−

1
3

n+ 1
.

Proof. The lemma can be proved by induction on n.

Base Case: The statement is true for n = 1, 2 and 3.

Inductive Case: Assume the statement is true for n− 1, where n ≥ 4. In other words,

∞∑
j=0

1− (1− 2−j)n−2 ≤
n−2∑
j=1

C

j
.

Then we prove the statement is true for n:

∞∑
j=0

(
1− (1− 2−j)n−1

)
=
∞∑
j=0

(
1− (1− 2−j)n−2(1− 2−j)

)
=
∞∑
j=0

1− (1− 2−j)n−2 + 2−j(1− 2−j)n−2

≤
n−2∑
j=1

C

j
+
∞∑
j=0

2−j(1− 2−j)n−2 , by inductive hypothesis

≤
n−2∑
j=1

C

j
+

C

n− 1
, by Lemma 3

=
n−1∑
j=1

C

j
.
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